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Abstract. We study representations of U, (su(1,1)) that can be considered as quantum
analogs of tensor products of irreducible x-representations of the Lie algebra su(1,1). We
determine the decomposition of these representations into irreducible *x-representations of
Uy(su(1,1)) by diagonalizing the action of the Casimir operator on suitable subspaces of the
representation spaces. This leads to an interpretation of the big g-Jacobi polynomials and
big g-Jacobi functions as quantum analogs of Clebsch—Gordan coefficients.
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1 Introduction

The quantum algebra U, = U,(su(1, 1)) has five classes of irreducible *-representations: the posi-
tive and negative discrete series 7+, the principal unitary series 7¥, the complementary series 7,
and the strange series 7. The first four classes of representations can be considered “classical”
in the sense that they are natural quantum analogs of the four irreducible *-representations
of the Lie algebra su(1,1). In the classical limit ¢ 1T 1 these representations all tend to their
classical counterparts. The fifth class has no classical analog, hence the name “strange series”.
This class of representations disappears in the classical limit.

In this paper we study representations of U, that can be considered as quantum analogs of
tensor products of irreducible x-representations of su(1, 1), but the representations that we con-
sider are not tensor products of irreducible *-representations of ¢,. The motivation for studying
such representations comes from corepresentation theory of the locally compact quantum group
analog M of the normalizer of SU(1,1) in SL(2,C). The dual quantum group M is generated
as a von Neumann algebra by the standard generators of U, and two extra generators. In this
sense U, can be considered as a subalgebra of M. An irreducible discrete series representation
of M restricted to U, decomposes as the sum 7t @ 7~ @ 75, with appropriate representation
labels, see [8, Section 5]. A tensor product of such representations consists of a sum of nine
simple tensor products. For five of these simple tensor products it is known how to decompose
them into irreducible Ug-representations: 7t @71, 7~ @7, 7t @71, 7T ® 75 and TS @7, see
e.g. [10, Section 4], [11, Section 2], [5, Section 8]. In this paper we consider the remaining terms
as two “indivisible” representations, T = (7~ @7 1)@ (rS®@75) and T’ = (=~ @15 @ (rS @),
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and determine their decompositions. In a similar way the principal unitary series and com-
plementary series representations of M restricted to U, decompose as ¥ & 7P and 7€ @ 7€,
respectively. Taking tensor products of these we end up again with “indivisible” sums of simple
tensor products that can be considered as natural analogs of the tensor product of two principal
unitary series or complementary series of su(1,1). It is remarkable that the decomposition of
the representations we consider here were already announced in [14, Section 12].

The Clebsch—Gordan coefficients with respect to standard bases for the five simple ten-
sor products mentioned above can be described in terms of terminating basic hypergeometric
spo-series. The orthogonality relations of the Clebsch—Gordan coefficients correspond to the
orthogonality relations of the (dual) ¢-Hahn polynomials and the continuous dual g-Hahn poly-
nomials. The Clebsch—Gordan coefficients for the representations we consider in this paper
turn out to be non-terminating syo-series, and consequently the corresponding orthogonality
relations are (in general) not related to orthogonal polynomials, but to non-polynomial unitary
transform pairs.

Let us now briefly describe the contents of this paper. In Section 2 we recall the definition
of the quantum algebra U,(su(1,1)) and its irreducible *-representations. In Section 3 we con-
sider the decomposition of 7. Our choice of representation labels is slightly more general than
allowed in the context of the locally compact quantum group M. The representation 7 can
be considered as a quantum analog of the tensor product of a negative and a positive discrete
series representation of su(1,1). We diagonalize the action of the Casimir operator, and this
naturally leads to the interpretation of big g-Jacobi functions as quantum analogs of Clebsch—
Gordan coefficients. We also consider the representation 7', which completes 7 to a genuine
tensor product representation of U, but has no classical analog. In Section 4 we consider the
representation (7F @ 7F) @ (7F ® 7F). The diagonalization of the Casimir operator leads in this
case to vector-valued big ¢g-Jacobi functions as Clebsch—Gordan coefficients. Finally in Section 5
we give the decompositions of several other quantum analogs of tensor product representations.

Notations. We use N = {0,1,2,...} and ¢ is a fixed number in (0,1). We use standard
notations for ¢g-shifted factorials, theta functions and basic hypergeometric series from the book

of Gasper and Rahman [3]. For z € C and n € NU {oo} the g¢-shifted factorial is defined
n—1
by (2;¢)n = [] (1 — 2¢¥), where the empty product is equal to 1. For x # 0 the normalized

Jacobi -function is defined by 6(z;q) = (%;¢)0(q/%; ¢)so. For products of g-shifted factorial
and products of f-functions we use the notations

m

m
(xla L2, ...y Tm; Q)n = H(xka Q)na 9((E1,{I)2, <oy Ty q) = H e(l'k, Q)
k=1 k=1

and

(:L'il;q)n = (z,1/z;q)n, 9(:ri1;q) =0(z,1/z;q).

The basic hypergeometric series 3¢9 is defined by

a,b,c > (a7bac;q>k‘ k
g,z | = R R,
v ( d7e 1 ) g] (Q7 d7€;q)k

2 The quantum algebra U,(su(1,1))

The quantized universal enveloping algebra U, = U, (su(l, 1)) is the unital, associative, complex
algebra generated by K, K~!, E, and F, subject to the relations

KK '=1=K'K, KE = ¢EK, KF =q¢ 'FK,
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2 2
EFF - FE = % (2.1)
q—dq
The Casimir element

_ q_1K2+qK_2*2

K24 gK?%2 -2
Q= +EF=1 ta

(' —q)? (g71 —q)?

is a central element of U,. The algebra U, is a Hopf x-algebra with comultiplication A defined
on the generators by

+FE (2.2)

A(K) =K® K, A(E)=K®QE+E® K™},
AKY=K'9K"', AF)=KF+FoK™\, (2.3)

and A is extended to U, as an algebra homomorphism. In particular, it follows from (2.2)
and (2.3) that

(qll_q)2[q_1(K2®K2) +g(K 20K ?) -201®1)]

+K*®@EF+KFQFEK '+ EK®K 'F+EF® K2 (2.4)

AQ) =

The *-structure on U, is defined on the generators by

K*=K, E* = —F, F* = —F, (K Yy =K1

Note that the Casimir element is self-adjoint in U, i.e. 2" = €.

There are, besides the trivial representation, five classes of irreducible x-representations of U,
see [15, Proposition 4], [2, Section 6]. The representations are given in terms of unbounded
operators on ¢?(N) or £2(Z). As common domain we take the finite linear combinations of the
standard orthonormal basis vectors e,,. The representations are unbounded *-representations in
the sense of Schmiidgen [20, Definition 8.1.9]. Below we list the actions of the generators K,
K~!' E, F on basis vectors e,,. The Casimir element {2 plays an important role in this paper,
therefore we also list the action of 2.

The representation listed below are completely characterized, up to unitary equivalence, by
the actions of K and 2. Let us briefly describe how these actions determine the actions of E
and F' up to a phase factor. Let m be a U,-representation acting on ¢?(Z) with orthonormal
basis {e, }nez, and suppose that w(K)e, = ¢"*°e, and 7(Q)e, = we, for all n € Z, where ¢
and w are real numbers. The commutation relations (2.1) imply that 7(E)e, = cpeny1 and
w(F)e, = dye,—1 for certain numbers ¢, and d,. Furthermore, the relation £* = —F implies
cn = —dyt1, so that 7(FE)e, = —|cy|?en. On the other hand, from (2.2) and the actions of K
and € it follows that

m(FE)e, = <w -
" (a7t —q)?
So ¢, can be determined up to a phase factor.
The five classes of irreducible *-representations of U, are the following:
Positive discrete series. The positive discrete series 772‘ are labeled by £ > 0. The

representation space is £2(N) with orthonormal basis {e, }nen. The action is given by

q2n+25+1 + q72n72571 _ 2)
€n

T (K)en = ¢ en, ™ (K_l)en =g *te,,
_ 1l
(67— Q) (B)e = ¢ 575" /(1 — 20#2) (1 — gt+2m)e, 1,

1
(67 — Q) mf (F)en = —q2 7+ /(1= g2) (1 — qth+20-2)e,_y,
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(q_1 — q)Qﬂlj(Q)en = (q%_1 + ql_% — 2)en. (2.5)

Negative discrete series. The negative discrete series m, are labeled by k& > 0. The
representation space is ¢2(N) with orthonormal basis {e, }nen. The action is given by

q €n, Ty (Kﬁl)en = qurnem
¢ = Q) (B)en = g2 /(L - 20 (1 - g F2n2)e,
(

(
(q—l _ q)ﬂ_’; F)en — q—%—k—n\/(l _ q2n+2)(1 _ q4k+2n)6n+17
(7 = a)°my (Qen = (7 + ¢ 72 — 2)e. (2.6)

Principal unitary series. The principal unitary series representations 7Tp . are labeled by

0<p < —55, and € € [0,1), where (p,e) # (0,1). The representation space is ¢2(Z) with

orthonormal basis {e,, },ecz. The action is given by

W[I;),E(K)en = qn+€en7 7TI1;€ (Kﬁl)en = qi(nﬂf)ena
(671 = ) nF(B)en = q—%—n—s\/(l  @n2eRipHl) (]  g2nt2e=2iptlye
(q_l . q)wia(F)en _ _q%—n—e \/(1 — @2nt2e42ip=1)(] — @2nH2e=2ip—1)e, |
_ 2 ; iy
(q t— Q) ﬂ—;a(Q)en = (q27'l’ +q 2P 2)671- (27)

P

For (p,e) = (0, 3) the representation 7¥ , splits into a direct sum of a positive and a negative

0
discrete series representation: 7r(1)3 , = 1 @m, . The representation space splits into two invariant
; 3

1
2 2

subspaces: {e, |n >0} @ {e, |n < 0}.
Complementary series. The complementary series representations 75(55 are labeled by A
and e, where ¢ € [0,3) and A € (—%,—¢), or e € (3,1) and A € (—3,e — 1). The representation

space is £2(Z) with orthonormal ba81s {en}nez. The action of the generators is the same as for
the principal unitary series, with ip replaced by A + %:

WSE(K)en =q""Ce,, 7&8 (K_l)en — q—(ﬂ-i-ff)en7

(7" = @) 7S (E)en = g 2 e \/(1 — @2nH2e 22 (] — g2nt2e-2N)e, Ly

(¢ q)ﬂ'i (F)e, = _grnE \/(1 _ @2n2eR2A) (1 _ g2nt2e-2A-2)e,

(7" = a)*7S.(Den = (P + g7 = 2)en. (2.8)

Strange series. The fifth class consists of the strange series representations 7705, labeled
by o > 0 and ¢ € [0, 1), with representation space (*(Z). T he actions of the generators are the

same as in principal unitary series with ip replaced by — 21nq + o
71-E,E(‘K-)en = anrEen, 7'('2,5 (Kﬁl)en = qi(n+5)€n7

Een = q—%—n—a\/(l + 222041 (]  2n+2e-20+1)e,
F)en _ 7q%—n—s \/(1 + q2n+25+2071)(1 + q2n+2572071)6n71’
ﬂgva(Q)en = — (qQU +q7% + 2) en. (2.9)

The representations Wge, TFSE, 7r§’8 with ¢ € R\ [0,1) are equivalent to the representations

C

P
7Tp,€+m7 7TA,5+m7 g

E,E +m Tespectively, where m € Z is such that € + m € [0,1). Therefore
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we will use these representations With any ¢ € R. Furthermore, the principal unitary series
representation 71'55 is equivalent to m pa and to 775',5 with p/ = p + ﬁl”(;, m € Z, and the
complementary series representation 7r§\J . s equivalent to 7'['9 Al

Tt will be convenient to use the convention e_n, =0 forn = 1,2,..., if e, is a basis vector
of /2(N). Furthermore, we sometimes denote a basis vector of the representation space of the

positive discrete series by e;', and similarly for basis vectors of other representation spaces.

3 A quantum analog of the tensor product of negative
and positive discrete series representations

Let k1,k2 > 0 and € € R. We consider the U;-representation

— — - + S
T =Tk e = <(7Tk1 ® Trkz) @ (Trklf%,fsflﬂ ® ﬂ-szf,erkz))A (3.1)

For the decomposition of 7 into irreducible representations we need the big ¢-Jacobi func-
tions [13]. Let a, b, ¢ be parameters satisfying the conditions a,b,c > 0 and ab, ac,bc > 1. The
big ¢-Jacobi functions are defined by

(v/a,1/be, —y/abey; q) oo 1/by,1/cy, —y/bc Ja
(1/ab, 1/ac, —y/be; ) 1/be, ~y/fabey *TTE)
for y € C\ (—o0, —bc] and |y| < a. By [3, (IIL.9)] ® is symmetric in v, vy, so for |y| > a we

define the big g-Jacobi function by the same formula with ~ replaced by y~1. If |y| < be, the
3po-function can be transformed by [3, (II1.10)] and then we have

, B v/a,ljay,~1/y
(I)’y(ya a, b? C‘Q) = 3¥2 < 1/ab, ]./CLC y 4, y/bC . (32)

P, (y;a,b,clqg) =

1

Let t > 0. We define discrete sets I'™ and T (‘fin’ and “inf’ stand for ‘finite’ and ‘infinite’)
by
~ q* q*
rfin — { ‘ e € {a,b,c}, k € N such that — > 1} ,
e e

~ b abeg”
me:{ abeg® ‘kEZsuchthat jq >1},

Note that the set Tf" is empty if a, b, ¢ > 1. Now we introduce the measure v(-) = v(-;a,b, c; t|q)

/ foav) = 7 [T+ S fopu.

’yEFfin UFinf

where v is the weight function on the counter-clockwise oriented unit circle T given by

0(—t;q)
— ca.b.oc tlg) =
v(y) = v(v;a.b,ctla) O(—t/ab, —t/ac,—t/bc; q)(q,1/ab,1/ac,1/bc; q) oo
N (7?1 9)o0
(v a, v /b, 4 [ ¢; @)oo O(—ty ! Jabe; q)
and
!
w(y) = w(y;a,b,¢tq) = Resvg) v e rfiny pinf,
¥'=v

The weights w in the discrete mass points can be calculated explicitly, see [13, Section 8§].
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Let H = H(a, b, c;t|q) be the Hilbert space consisting of functions that satisfy f(y) = f(y~ 1)
(v-a.e.) with inner product

g = / F(g) dv().

The set of functions {y — ®,(z;a,b,¢)|z € {—¢* | k € N} U {t¢* | k € Z}} is an orthogonal
basis for H, i.e.

(@.(y),2.(y)) = Nyoyy,  y,y' €{-d"|keN}U{td" | keZ},
where the quadratic norm N, is given by

(¢, 1/bc; Q)i 4,

/05 )k =—q¢"keN
(1/ab. 1/aci gt pmoeEen
N, = Ny(a,b,c;q) = i &
(¢,1/bc, —tq"/ab, —tq" /ac; @)oo ¢k Y=t kel
(1/ab,1/ac, —tq* /bc, —tq"*t1;q)0e ¢’ 7 .
We define
‘Dm(y;a,b’C’(J)
) = ¢y(x;a,b,c|lq) = ———=,
ulz) = byl ) = L

then {¢_ k }ren U {4k frez is an orthonormal basis for H. For ease of notations, it is useful to
define ¢_ r =0 for k= —1,-2,....

The difference equation for the big g-Jacobi functions leads to a recurrence relation for the
functions ¢, .k, 2 € {—1,t}, of the form

(.%' + afl)qﬁzqk (:C) = ak¢zqk+1 (.%') + bk(ﬁzqk ((IZ) + ak,lcbzqk_l(:c), (3.3)
where
1
_ oy abeg 2% ey (14 74 2q*
ak—ak(a,b,c,z|q)—z2\/1+zq +—b 1+— 1+E ,
_ abeq =2k
e B

abcql—2k‘ —1

Here we assume k € Nif z = —1 and k € Z if z = ¢, and we use a_1(a, b, c; —1|q) = 0. Note that
ar, and by are both symmetric in a, b, c.

Let us remark that for z = —1 the recurrence relation corresponds to the three term recurrence
relation for the continuous dual ¢~ !'-Hahn polynomials, i.e. Askey-Wilson polynomials with one

parameter equal to zero and base ¢ ';

_ _ b,ac;q 1)k ¢, ax,a/z | _
= ca.b 1y _ k[ (abacig™ )y » AT, ol g1
pk(x) Pk (I7a, 7C’q ) a (q_l,bc; q_l)k; 3¥2 CLb, ac yq ,q

So the function ¢_x is a multiple of the continuous dual ¢~ '-Hahn polynomials py. The moment
problem corresponding to the continuous dual ¢~'-Hahn polynomials is indeterminate, so the
measure v defined above is a (non-extremal) solution for this moment problem.
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We now turn to the decomposition of 7. First we diagonalize 7 (£2) on a suitable subspace
of F2(N)®2 @ (%(Z)®2. We define subspaces A, p € Z, by

Ay = span{ fy,, | n € N} @ span{f;, | n € 72},

where

f_ _J)én &K en—p, D <0, f - (_1)ne—n & €ptn, p <0,
b en+p ® en» p Z 07 b (_1)n+p€—n—p ® en, p Z 0

It is useful to observe that f,, = 0 for n = —1,—2,.... Furthermore, note that A, = A(N) @
(%(Z) and A = @D,cz Ap is a dense subspace of 2(N)®2 @ (2(Z)*2. From (2.4) it follows that
each subspace A, is invariant under 7 (2).

Proposition 3.1. Letp € Z, o0 € {—,+}, and let a, b, ¢, t, be defined by

2ko—2k1—2p—1 2k1—2ko—1
ao = p =0, b= gl—2k1—2k2 el p >0,
q2k172k‘2+2p71’ P < 0 ’ q2k‘272]€171, D S 0’

_17 o=,
ty :{ e gy (3.4)

Then the operator © : A, — H(a,b, c;t4|q?) defined by

g

o (:c > Py g2n (x; a, b, c\qz)) , n € 7,
extends to a unitary operator. Moreover, © intertwines T (2) with the multiplication operator

(q_l - Q)_2M:c+x*1—2 .

Proof. First of all, © extends to a unitary operator since it maps one orthonormal basis onto
another.

To check the intertwining property, we consider the explicit action of €. First assume p > 0.
From (2.4), (2.5), (2.6) and (2.9) it follows that the action of the Casimir operator is given by

_ 2
(@' =) T + 207 = ag £ pir + V0 f i + 51 f7 1
where

o _ 4—2 —2—2ko—2k1—2p—4n
(ln - tcr q

X \/(1 4 tgq4k1+2p+2n) (1 4 t0q2p+2n+2) (1 4 t(,q4k2+2n) (1 4 t0q2n+2)’

bz — q—2p—2k’1+2k2—1 + q2p+2k1—2k22+1 _ t;2q1—2k1—2k‘2—2p—4n(1 + t0q2n+4k‘2—2) (1 + t0q2n)

+ t;2q7172k1 —2ko—2p—4n (1 + tgq4k1 +2p+2n) (1 + 75Uq2p+2n+2) )

The intertwining property follows from comparing this with the recurrence relation (3.3) for the
function ¢;_,2n(2;a,b, c|¢?). For p < 0 the proof runs along the same lines. |

By Proposition 3.1 © intertwines 7 (£2) with a multiplication operator on H. This allows
us to read off the spectrum of 7(£2) from the support of the measure v. Since the irreducible
x-representations are characterized by the actions of 2 and K, we now only need to consider
the action of K to find the decomposition of T into irreducible representations;

T(K) o _ q—2p+2k2—2k1f;n_

p7n -

By comparing the spectral values of 7(K) and 7 (€2) with (2.5)—(2.9), we obtain the following
decomposition of 7.
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Theorem 3.1. The Uy-representation T, i, 15 unitarily equivalent to:

™

— i
® 1
0 [ hedeo @ b=kl <5 kit >,
0 jez
;>0
217:1q
y ¢ p S c 1
(#) / 7Tp,€/dp ® @ Toje DT k) ke Fi 4 ks < 2’
;>0
2lnq
1
(4i7) / paldp@@ﬁg 5/®@Wk+, kl_k2+§<07
0 JEZL JEN
0;>0 k+>,

21n

1
/ ps,dp@@waa,@@w ko —ki+ 5 <0,
0

JEZL yeN
0;>0 ky >,

where &' = kg — k1, oj :k‘1+/€2+6+%+j, k’j =ko—ki—j andkj_ =ki—ko—j. Forn,peZ
and o € {—,+} the unitary intertwiner is given by

() S A
(i1) ;,’,nHAf;’,nJr(@fﬁn)(q%”%‘l ¢w PRt b ety q?) e

—p>

-1

> ©f, \/w i sa,b,citq%)el, p >0,
+JEN1

k

(#1) = Af, + sto” . -
> ©f5 )@ u(@® b trig?)el .,  p<0,

jeN
+1
\kj >3

(
> (©f7)( \/w Bohab gty g?)ef,,,  p>0,
JEN
) Er>1
(i) Sy Afgn+q 72 \/
’UJ

> (©ff,)

JjeN

kj—p>§

B ;a,b,c;t+;q2)e;, ngv

where
Afyn = /0 015, () o(gesab it ) el dp
+ 3 (055) (~a¥) w25 a,b.cs s ?) S,

JEZ
U]'>0

© s as in Proposition 3.1 and a, b, ¢, t4 are given by (3.4).

Note that in case (i) the intertwiner maps from ¢%(N)®? @ (*(Z)®? into [, /@) p2(7) dpe
@Dy *(Z). In case (ii) another £*(Z) has to be added here, and in cases (iii) and (iv) a finite
number of £2(N)-spaces has to be added.
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Remark 3.1. (i) Letting ¢ 1 1 we (formally) obtain the decomposition of the tensor product of
a negative and a positive discrete series representation of su(1,1), see e.g. [19, Theorem 7.3] or
[7, Theorem 2.2].

(79) Theorem 3.1 shows that the big g-Jacobi functions have an interpretation as quantum
analogs of Clebsch—Gordan coefficients. In the classical case the Clebsch—Gordan coefficients
for the tensor product of negative and positive discrete series are essentially continuous dual
Hahn polynomials, see [17, Section 4] or [7, Theorem 2.2]. So in the context of Clebsch—Gordan
coefficients the big g-Jacobi transform pair should be considered as a g-analog of the transform
pair corresponding to continuous dual Hahn polynomials.

(¢4i) The U,-representation 7T’:r2 ® 7, can be decomposed similar as in Theorem 3.1, but the
infinite sum of strange series representations does not occur in this situation. The Clebsch—
Gordan coefficients in this case are essentially continuous dual ¢?-Hahn polynomials, see [11,
Section 2] or [4, Theorem 2.4].

(7v) The term (7rk_1 ® W,;;)A occurring in the definition of 7" would of course also be a quan-
tum analogue of the tensor product of a negative and positive discrete series representation
of su(1,1), but we consider it unlikely that this representation can be decomposed into irre-
ducible representations. Indeed, in this case the action of the Casimir operator corresponds to
the Jacobi operator for the continuous dual ¢~2-Hahn polynomials, see also [5, Remark 8.1]. The
corresponding moment problem is indeterminate (so the Casimir operator is not essentially self-
adjoint in this case!) and no explicit N-extremal solutions are known. Even if such a measure
was known, it would have discrete support, implying that the decomposition would be a direct
sum of irreducible representations, and not a direct integral as in the classical case.

Let us denote the intertwiner from Theorem 3.1 by I. The actions o T(X)oI™ !, X = E, F,
are given by the appropriate actions of E and F' in (2.5)—(2.9), up to a phase factor. It is possible
to determine the actions explicitly using the explicit expressions for the weight functions v and w,
the explicit expressions for ©f7, as gpz-functions, and the following contiguous relations for
3po-functions, see [9, (2.3), (2.4)],

Aq,B,C  DE AB,.C  DE
3¥2 D,E 34, ABCq 3P2 D,E 34, ABC

~ DE(1-B)(1-0) Aq,Bq,Cq  DE
T ABCq(1—D)(1—E)***\ Dq,Eq T ABCq)"

() () (52 0220
A A D,E 'TABC

(1= 9) (12 L) s (A5 0 22

A ABC D,E T ABC

_a(_PY(,_E Ale,B/q,Clq . DEq
A q ¢)**\ DJgElq TABC)

We do not work out the details.

3.1 Completing 7 to a genuine tensor product representation

In this subsection we define a representation 7’ that completes T defined by (3.1) to a genuine
tensor product. Let ki, ko >0 and € € %Z, and define the U -representation 7' by

A ] o — S S +
T = 77431,]6275 - ((Tr’ﬂ ®7Tk2—%,5+k2) ® (T‘-k L ek ® 7rk2)>A'

173

1 _ — S + S : :
Now the sum 7@ 7T' = ((Wkl @ﬂ-kl—%7—5—k’1) ® (7Tk2 @sz—%,ﬁkz)) A is a genuine tensor product
representation of U, which can also be considered as a quantum analog of the tensor product
of a negative and a positive discrete series representation of su(1,1).
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The decomposition of 7’ into irreducible x-representations is established in the same way as
the decomposition of 7, therefore we omit most of the details. We remark that we need here the
condition € € %Z (instead of € € R), because our method for constructing an intertwiner only
works if basis vectors of £2(Z) can be labeled by 2¢ + m for m € Z, which forces ¢ to be in %Z.

For the diagonalization of 77(Q2) we need the big g-Jacobi polynomials [1], [12, § 14.5]. They
are defined by

g™, abg™ ! x
10,q ) .

Pon(:0,b,10) = 302 (
aq, cq

We assume that m € N, z € {a¢"' | k € N} U {c¢"' |k € N}, 0 < a,b < ¢ " and ¢ < 0, then
the big ¢g-Jacobi polynomials satisfy the orthogonality relations

oo

q 5m1m2 vlm) = @
” Py () Py (2)u(w)dgr = v(’m1)’ Z w2)u(m) ‘l'l’u(fm)’

m=0

where the (positive) functions u(-) = u(+; a,b,¢;q) and v(-) = v(-;a,b, ¢; q) are given by

(z/a,x/¢; q) o
(2,0x/¢;q)o0
(1 — abg®™ 1) (aq, bq, cq, abq/c; q)

aq(1 —abq)  (q,abq? q)ocb(c/a)
(aq, abq, ¢q; q)m
(¢,bq, abq/c; @)m

u(w;a,b,c;q) =

v(m;a,b,c;q) =

(—acg?) Mg 2mm),

Here the Jackson ¢-integral is defined by

/ f dl‘— 1_qu k-‘rl 1_q2f k:-‘rl
k=0 k=0

We define functions r,(m), related to the big g-Jacobi polynomials, by

ry(m;a, b, c;q) = /|z|u(z; a, b, ¢; q)v(m; a, b, ¢; q) P (x5 a,b, ¢ q).

By the orthogonality relations for the big g-Jacobi polynomials we have

Zrml(m)rm(m) = Ogya9) Zraq M7 gk (M2 —I—Zrcq M1)7 gk (M2) = Opmymey -

Furthermore, from the g-difference equation for P, it follows that the functions r,(m) satisfy
the following g¢-difference equation in x:

w%q (1= 7™ (1= abg™ Y rp(m) = A(@)rge(m) + Bx)ra(m) + A(z/a)rssq(m),
where
A(x) \/1—x Y1 —=x/a)(1—x/c)(1—bx/c),

a:?\[
B(z) = ;/\; ((1 —z)(1 =bx/c)+ q(l —z/aqg)(1l — :L'/cq))
NG

. 3:2\[((1 —2)(1 - z/a) + q(1 - ba/cq)(1 — z/cq))




Quantum Analogs of Tensor Product Representations of su(1,1) 11

1 q 1 [ab
Vabg+ ——== —cy /= — =/ —-
* aq—i_\/abq “Vab ¢ q

Now we are ready to diagonalize 7'(2). For p € Z and n € N we define

pn = €n & Engp, S = €2enip @ en,
and we write
Ap = span{f,, | n € N} @span{f,, | n € N}.
Note that P,z Ay is a dense subspace of 2(N) @ 2(Z) @ 2(Z) @ £4(N).

Proposition 3.2. Let p € Z and define © : A, — (*(N) by

4k1—2  A4ko—2
)

fom 7 (M= 7 onsar, (my g2 g gt ),
;n — (m — (_1)TLT,_an+4kl_217_2E (m’ q4k172’ q4k272, _q4k‘1*2p72872; q2)),

then © extends to a unitary operator. Furthermore, © intertwines T' () with the multiplication
operator —(qil — q)72Mq2k1+2k2—1+2m+q—(2k1+2k2—1+2m)+2.

Theorem 3.2. The U,-representation 7;’1 k. 1S unitarily equivalent to

o
PR
k1+k2—%+m,5—k‘1+k2 :

m=0

The unitary intertwiner (2(N) @ (2(Z) @ (2(Z) @ £2(N) — @oc_, (*(Z) is given by

m=0

fgnHZ(@f;n)(m)eg, pEZ, neN, o€ {—,+}.

m=0

Remark 3.2. Theorem 3.2 shows that the big ¢g-Jacobi polynomials have a natural interpreta-
tion as Clebsch-Gordan coefficients for U,-representations. In this interpretation they do not
have a classical analog, since the Ug-representation 7’ vanishes in the classical limit.

4 A quantum analog of the tensor product
of two principal unitary series representations

Let p1, p2 € (0, —ﬁnq) and £1,e9,¢ € R. In this section we consider the representation

_ _ P P P P
T - 7;1,/)2781782,8 - ((ﬂ-pl,€1+€ X Trpz,sgfe) @ (ﬂ-p’l,al—a ® ﬂ-p’Q,ag—i—a))Av

where p} = p; — 57-, j = 1,2. The representation space is 2(2)%? @ 2(Z)®2. Observe
that for e1,e9,¢ € %Z the representation 7;17p/27517€275 D Tp1,pa,er,e0,6 1S @ genuine tensor product
representation, using the equivalence 77575 = 71')1;7& 11

For the decomposition of T into irreducible representations we need the vector-valued big
g-Jacobi functions [6]. Let a,c € C, 2, >0and z_ < 0. Weset b=a,d =cand s = ,/g|<|. For

a function f depending on the parameter a and b, f = f(-;a,b), we write

fT=f1(1a,b) = f(-;b,0).
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We define a discrete set I' depending on the parameters a, ¢, z4, z— by

r=Ti"urnurt

: 1

rinf — {z_z+qk7%\ac| ‘ keZ, —z_z+qk7%]ac| < 1}.

Let v be the matrix-valued function given by
I
_ (v2(7) vl(’v)>
T—=vily) = ( )
) vi(y) v2(y)
(cq/a, dq/a; q)3.0(bz+,bz—; q)

10 = T DabZ 200 s 24 [y afb bar )
y (7" @)oo
(s7E1, cqy*! Jas, dgy*! /as; q)ocf(s7*L, absz_z47F 5 q)
X (z_ﬁ(az+, czy, dzy, bz asz vl q) — 20 0(az_, ez, dz_, bzy, asziy L Q)),
va(y) = (cq/a,dg/a,cq/b,dq/b; q)scb(azy, az—, b2y, bz, cdz_245q)

abz? z (1 — q)0(zy/z—,a/b,b/a;q)
(V% @)oo
(75 @)oo (syHY, absz_zyytl )

For v € T we have 01(7) = v1(7). In this case the matrix v(7) is positive definite and we can

write

v(v) =8M)7"S(),

where ST is the conjugate transpose of S, and the matrix-valued function S is given by

Jva(7y + lv1 (y [v2 + lv1 (7Y
101 \
|1)1 ) U2 7 - \U1 ’Y
V \Ul MV 2

O(cz_,dz_,czy,dzy;q)
v(y) =v(ysa,¢2-,24]q) = — 2 (1= q)0(2—/zy)

S(y) = S(v;a,clg) =

We also define

y (V% 475 @)oo
(cqy/as,dqy/as, cqy/bs,dqy/bs, 57, q7/s; q)ocb(absz_z4 /q7; q)

With this function we define a positive weight function w on I' by

v(v')

1
w(y) =w(y;a,¢2-,%2 = ——Res ; el,
(7) = wly +l9) b gl
where
( k+1
O(cz—,dz_; i
T Olean,deig) y = z_z:q" %|ac| € T,
z_ 0(02+, dZ+§ Q)
k
b(y) = <Z_> : y=s"lgh el
Z+
k
z 9(az+,bZ+,CZ—7dZ—QQ)’ N =sq 1k e Tfin
zy O(az—,bz_,czq,dzy;q) afs
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Explicit expressions for w can be obtained by evaluating the residues, see [6, Section 4]. We
denote by F(TUT) the vector space of functions that are C2-valued on T and C-valued on I'. We
define H = H(a, c; z—, z+|q) to be the Hilbert space consisting of functions in F(TUT) satisfying
f(7) = f(71) almost everywhere on T, that have finite norm with respect to the inner product

R ORI ey
(f.9) /T o) )T+ 3 Fae ).

47
vyel

The vector-valued big g-Jacobi functions are defined by

(‘P:{/(ZD) ’ veT,
Wy, ) = Wy, riarclg) = 4 1Y) N
. DPIGAD =N d()e,(y) + dH (el (y), e Ui,
()4 (y), v e

Here ¢, is the reparametrized big g-Jacobi function given by

oY) = y(y;a,clq) = 4 (=1/by; 1/s,as/cq,as/dq|q),
so explicitly ¢, is given by, see (3.2),
q/ay, sy, s/ 1
a0 = e (0T o) <
and furthermore
_ (cq/a,dq/a; q)sB(bzy) (cqv/sb, dgy/sb; q)scb(aszi /qv)
d( )_ 2
0(a/b,czy,dzy) (@72, 8/7: @)oo

(cq/a,dg/a,1/% q)cb(b2)
(8/7,cq/asy,dq/asy; @)l (bszy)

9

c(v) =

For v € ngn U I‘fli/ns the function ¥(-;+) is actually a multiple of a big ¢g-Jacobi polynomial, see

[6, Lemma 3.9].
The set

{’v = Uy, lye{z-d" |keZ}u{zd" | ke Z}}
is an orthogonal basis for H. We have

<\Il(yv ')7\I](ylv )> = Nyéyy’a

where the squared norm NV, is given by

1| (ey; @)oo |?
Ny = Ny(a,C;Q) = ry’ m
We define
U(y, z;a,clq)

¢y($) :¢y($§a,C‘Q) = \/m?

then {1, grtrez U {t,, 4 brez is an orthonormal basis for H. Furthermore, for z € {2_, 24}
these functions satisfy the recurrence relation

(:v + x_l)wzqk () = ar gh+1 (T) + bpth,gr () + ag—19 451 (), (4.1)
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where
—k —k
ar = a(a, ¢; z;q) = ‘(1— q> (1—q> ;
az cz
1—k |2 k|2
b =bg(a,c;z5q) =s P +s—s 1 -4 ) g2
az cz

We are now ready for the decomposition of 7. For this we need the vector-valued big ¢>-
Jacobi functions and the corresponding Hilbert space H(a, c; z_, z1|q?), for certain values of the
parameters a, ¢, z—, z4. Note that in this case the ¢ in all the formulas above must be replaced
by ¢?, e.g. s is given by qlc|/|al.

As before, we first diagonalize 7 (£2) on a suitable subspace. For p € Z we define the subspace

Ap =span{f,, | n € Z} @ span{f,", | n € Z},
where

f;n =(—1)"e_p ® eptn, n,p € 7,

+ i : p P -
and we assume that f,, is an element of the representation space of , . .. ®m, ..., and f,,

an element of the representation space of 7%, ® 7k, Note that A, = (%(Z) & (*(Z).

pP1:E1—€ Po,E2te’

Proposition 4.1. Let a, ¢, z—, z1 be given by

P q2ip2+252+2p+1’ = q2iﬁl—2€1+1’ 2y = O_q—2crs = {7’+}. (4'2)

Then the operator © : A, — H(a, c; 24+, 2—|q*) defined by

o

o (T P gen (z3a,¢lg?)), oce{-+}
extends to a unitary operator. Furthermore, © intertwines T (Q) with (¢ — ¢ ') 2 M, p—1_o.

Note in particular that the continuous spectrum occurs with multiplicity 2.

Proof. From (2.4) and (2.7) we obtain

— 2 g g r£o g ro g ag
(q —dq 1) [T(Q) + 2]fp,n = anfp,nJrl + bnfp,n + a’n*lfp,nflv
where

o _ }(1 _ O_q—2n+261+206+2ip1—1)(1

—2n—2p—2e2+20e+2ipa —1) ’
n )

a —0q
ba’ — q17251725272p + q71+2€1+262+2p o
n

q
—2n—2p+20e+2ipa+1 ‘ 2

1—2e1—2e2—2p |1 —o0q

—2n+2e14+20e+2ip1 —1 ‘2

_ q—1+2€1+262+2p |1 —oq

The result follows from comparing 7(€2) f7,, with the recurrence relation (4.1). [

The action of K is given by

T(K) o pteitez po

pn — 4 p,n>

and together with Proposition 4.1 this leads to the following decomposition of 7.
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Theorem 4.1. The Ug-representation T, p, e e0.e 15 unitarily equivalent to

_m

21nq
2/ paldpEB EBWJ E,EB@WW EBEBWk_
0 JEL JEZ geZ

;>0 k>3 k>3

=j+e1+e9, ki =j—e1—eo. The unitary

whereaj:52—51737'—%,8':»51Jre32,k‘J-r :

intertwiner is given by ’
"z (el 0 . .
o '_>/0 2Ing (eg eg) S(qup;a7C’q2) (@ ;n) (qup)dp
IDMCHBICEO I CEarIL:

JEZ
a'j>0

+ S (@) (@ e e e @)t

+ Z (@f” - \/w 2kZp J'_l;a,c;qQ)e;

where a, ¢, z_, z4 are given by (4.2).

Remark 4.1. (i) In this classical limit ¢ 1 1 the infinite sum of strange series vanish, and
we (formally) recover the decomposition of the tensor product of two principal unitary series
of su(1,1), see [18, Theorem II] and [19, Theorem 4.6].

(74) Theorem 4.1 shows that the vector-valued big ¢-Jacobi functions have an interpretation as
quantum analogs of Clebsch-Gordan coefficients for ;. In this interpretation the vector-valued
big g-Jacobi function transform pair should be considered as a quantum analog of Neretin’s [16]
integral transform pair that has two 3 Fa>-functions as kernels.

(7i7) Note that the label € does not appear in the decomposition of Theorem 4.1.

5 More quantum analogs of tensor product representations

Using the (vector-valued) big g-Jacobi functions we can decompose several other quantum
analogs of tensor product representations. We list a few decompositions here. The proofs
are similar to the proofs of Theorems 3.1 and 4.1.

e A quantum analog of the tensor product of two complementary series: for A\j, Ao € (—%, 0),
€1,€2,€ € R,

C C S S
((FA1,€1+€ ® 7T>\27€2*€) b (7r)\1+%,61—a ® 7r)\2+%,52+e)>A
721nq
=2 / &Jdp D @Tr £ D @ 7Tk:+ D @ 7Tk_ @W}\l+)\28/
0 JEZ JEZ jGZ
0;>0 ki>3 k>3

under the condition Aj + Ay < —%, where 0 =0 —e1+j — %, g =¢e1 + &9, k: =j+e1+ e,

k:j_ =j—e1—¢eo If X+ X > —% the complementary series 7T>(\jl+>\2’6/ does not occur in the

decomposition.
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e A quantum analog of the tensor product of a principal unitary series and a complementary

series: for p € (0, —511), A € (—3 10), e1,62,¢ €R,

((71'5751_,_5 ® Wg@z—&) ® (W,loj’,fl—f ® 7T>\+2»62+6))A

_217:\q
22/ et & DS e @rlo @,
0 JEL JEZ ]EZ
0;>0 k+>f k> >7
J J
, _ )
where p' = p — qu, =e—€e1+j— 2,6—614-52,/4:] —]+61+€2,k‘j =j—€] —€o.

e A quantum analog of the tensor product of a principal unitary series and a positive discrete
series: for p € (0, —57.), k>0, 1,6 €R,

7217;q
D
P S ~ P " S +
(( Tper @ Ty, ) ® (Wp’m—e ® Wk—%,k-s-a))A - / Wﬂ”,é"dp ® EB Toje @ @ Tk;
0 JEL JETL

0;>0 k’j>%

where p' =p—ofic, o=k —e1+e+j+ g, =itk kj=k+e+j.
e A quantum analog of the tensor product of a complementary series and a positive discrete
series: for A € (—3,0), k >0, e1,¢ € R,

((71-)(\:751 ® 7le) b (ﬂ-i—i—%,sl—a ® 7[‘2_; k+s)>A

29

s
T 2Ing
© P S + C
= [ abudp o @500 @) oS .
0 JEZ JEZ
Uj>0 k:j>%

under the condltlon A+ k < —35, where o; :k—61+6+j+ 5 e =e1+k, kj=k+4+e+j. If
A+ k> —5 the complementary series 1° Ak’ does not occur in the decomposition.

Let us remark that for the first two cases we need the vector-valued big ¢g-Jacobi functions
and corresponding orthogonality relations as described in Section 4, but a # b and ¢ # d. In
this case one extra discrete mass point can appear, and this occurs if ¢d/as < 1, see [6]. In
the third case we need the big ¢-Jacobi functions and corresponding orthogonality relations as
described in Section 3, but with parameters a, b, ¢ satisfying ¢ = b, @ > 0 and ab, ac,bc > 1.
In this case the only discrete mass points are of the form agf < 1, with k& € N. Orthogonality
relations for the big g-Jacobi functions with these conditions on a, b, ¢ can be obtained by very
minor adjustments of the proof given in [13].
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