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Abstract. We study the partial sum operator for a Sobolev-type inner product related
to the classical Gegenbauer polynomials. A complete characterization of the partial sum
operator in an appropriate Sobolev space is given. Moreover, we analyze the convergence of
the partial sum operators.
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1 Introduction

Let the Sobolev-type inner product be

1
(f9)s = /_1 f(x)g(@)dpa(z) + M(f(1)g(1) + f(-1)g(-1))
+N(f'(Dg'(1) + f(=Dg'(-1)), (1.1)
where M > 0, N > 0, and

. T(2a+2)
© 220012 (q 4 1)

dpa(x) (1- xz)adm, a>—1/2,

is the probability measure corresponding to the Gegenbauer polynomials.

Let {Q%(z) }n>0 be the sequence of normalized Gegenbauer—Sobolev orthonormal polynomials
with respect to the inner product (1.1). For each appropriate function f, we define its sequence
of Fourier—-Gegenbauer—Sobolev coefficients by

~

f(k):<f7Qg>Sa k=0,1,...,

and the n-th partial sum operator as
n ~
Gof(2) = S FR)QE),  n=0,1,....
k=0
Given 1 < p < oo, we say that f € LP(du,) if f is a measurable function in [—1,1] and

1 1/p
T ( / 1 If(ﬂﬁ)l”dua(x)> .

Let us define the measure 1o, 07 := pia+M (61+6-1). We consider the space W', with 1 < p < oo,
as the set of equivalence classes, with respect to the (semi)norm in LP(uq ), of measurable

This paper is a contribution to the Special Issue on Orthogonal Polynomials, Special Functions and Applica-
tions (OPSFA14). The full collection is available at https://www.emis.de/journals/SIGMA /OPSFA2017.html


mailto:oscar.ciaurri@unirioja.es
mailto:judit.minguez@unirioja.es
https://doi.org/10.3842/SIGMA.2018.024
https://www.emis.de/journals/SIGMA/OPSFA2017.html

2 O. Ciaurri and J. Minguez

functions defined on [—1,1] such that there exists an element in the class f for which f’(1)
and f’(—1) are defined, and

1o = 11 n ey T MAFOP + [FEDF) + NS QP + [ (D) < oo

The main target of this paper is the study of the uniform boundedness of the operators G,,.
In fact, we will prove the following characterization.

Theorem 1.1. Leta > —1/2,1 <p < oo, and f € Wy, There exists a constant C, independent
of n and f, such that

|G fllwg < Cllfllwg
if and only if

4(a+1) - <4(a—|—1)

Har ) 1.2
20+3 P 2a+1 (1.2)

The uniform boundedness of the partial sum operators for Gegenbauer polynomials in LP(djug)
was given by Pollard [11] who extended it to the Jacobi setting in [12]. A general result including
weights for Jacobi expansions can be seen in [9]. In [3], by applying the boundedness with weights
of the Hilbert transform, the authors did a complete study of the boundedness of the partial
sum operators related to generalized Jacobi weights. The same authors studied the generalized
Jacobi weights with mass points on the interval [—1, 1] (see [4]). The uniform boundedness with
weights of the partial sum operator for the generalized Jacobi polynomials has been used to
proved, using an idea dating back to J. Marcinkiewicz, some results related to interpolating
polynomials (see [15, 16] and the references in [10]).

It would be natural to consider our problem for the Jacobi weight instead of the Gegenbauer
one. This extension requires some results about the corresponding Jacobi-Sobolev polyno-
mials that are unavailable in the literature at this moment. We hope to develop these tools in
a forthcoming paper to obtain a complete characterization in that case as well.

As far as we know, a complete characterization of the uniform boundedness of the partial
sums in the Sobolev setting is completely new. In [6], the authors observed that the main ob-
stacle to analyze this problem is the lack of Christoffel-Darboux formula for Sobolev orthogonal
polynomials. As a consequence of this fact, except for certain particular cases, the convergence
of Fourier expansions in Sobolev orthogonal polynomials has not been resolved. For example,
the particular case of the Fourier series associated to the Jacobi—Sobolev polynomials defined
by the inner product

1 1
/1 F(@)g(2)(1 = 2)*(1 + ) dz + /1 f(@)g (@)(1 =) (1 +2)" de

was treated in [5] but, unfortunately, the given results are not completely satisfactory.

Our proof of Theorem 1.1 relies on some results about multipliers and transplantation ope-
rators for Jacobi expansions proved by Muckenhoupt and other authors in the eighties of the
last century (see [8] and the references therein).

From a standard argument, the uniform boundedness of the operator G, will imply the
convergence for functions in the class W' if the polynomials form a dense class. However,
the reverse implication is not true because the space W' is not complete. The density of the
polynomials is contained in the next result.

Theorem 1.2. The set of polynomials is dense in the space Wi*. That is, given f € W', for
all € > 0 there exists a polynomial q, of degree n such that

1 = gallwy <=
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Now, from Theorems 1.1 and 1.2, we deduce the convergence for functions in the class W3
of the partial sums G,,.

Corollary 1.3. Let f € Wi* with a > —1/2 and 1 <p < co. If
4(a+1) e 4(a+1)
2a+3 'S 2a+1°

then

lim [[Guf — fllwg = 0.

In Section 2 we present the necessary definitions and results concerning to the Gegenbauer
and Gegenbauer—Sobolev polynomials. Section 3 and Section 4 are devoted to prove Theorem 1.1
and Theorem 1.2, respectively.

2 Definitions and auxiliary results

Let {R%},>0 be the sequence of Gegenbauer polynomials given by the Rodrigues formula

R (z) = ﬂQ”F(n +a+ 1)(1 _ x2)_ad7”((1 _ $2)n+a)‘
" MNa+1) dan

If we call { By },.0 the sequence of orthogonal polynomials with respect to (1.1), the following

relation between RS and BY was proved in [1]

an(n + 20+ 1)4(—n)4 212 pa-t4

BY(x) = 1— Ry

n(x) 26(a+2)(a+3)(a+1) ( €z ) n74(x)

bp(n 4 2a + 1)2(—n)2 2\ pa-+2 a
200t 1) (1 —x )Rnfz(a:) + e Ry (), (2.1)
where (a),, is the shifted factorial (or Pochhammer symbol), defined by (a),, = F(Iﬁl(z; ) and
N A0t at B 2203
(a+ 1) (a+2)nl(n—2)! (a+1)(n—1)!

. N (2a+3)p-1(n—2)(n+2a+3) 2]\4(2& + 3)n—2

"2 (a+1)(a+3)(n—1)! n! ’
oo=1— E (2004 3)n41

" 2 (a+1)(a+2)(a+3)(n—3)"

Here and elsewhere we use the convention that R), = 0 if n < 0.
In [7] it was proved the identity
+20+1) M(2a + 3),, 2
B = 20162 1 2w ("
1Bl Cnt < 2(a+1) (a+1)(a+2)(n—1)!
I'(2a+ 2)n! nn—1)(n—-2)(n—-3)(n+2a+ 1)4a
2n+2a+ 1)I'(n+2a+1) 16(a + 2)%(a + 3)2
—2)(n—3)(n+2a + 1)2a,b,
< n(n—1)(n + 20 + 1)t — D@
n(n—1)(n+2a+ 1), 20 £ 2),

+ ¢ —2n(n — 1)bncn + n(n —1)(n—2)(n — 3)ancn> |

2(a + 2)(a + 3)
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Then Q%(z) = An,oBS(x), where A% = ||B,°1‘HI2/V2@ Now, denoting by {P5 }»>0 the sequence of
orthonormal Gegenbauer polynomials, given by P = 3, R, with
_9 o2 I'(2a + 2)n!
n,a HRnHLZ(d ) - ’
’ pa) o (2n 4 20+ 1)I'(n + 200 + 1)

from (2.1) we can write

Q¥ (z) = Apa(l — x2)2pgjf(az) + Apa (1= 2®) P03 () + Ano P2 (), (2.2)
where
an(n+2a+1)4(—n)y An.a bp(n+2a+1)2(—n)2 Ao
An 4 = ) An 2 = )
T 2(a+2)(a+ 3) (v + 1)4 Br—a,044 ’ 22(a+1)9 Bn—2,a-+2
An,a

and A, 0 =cp -
We consider the notations

= 4 1
g(n,J):Z(n+1)j +O<W>, JeN,

=0
|2a+2]

D; 1
h(n,a) = ) WJFO(W), a>—1/2,

J=0

for some constants d; and D; that will be different in each occurrence of the g(n, J) and h(n, «),
respectively. With the previous notation, by using that

I'(n+a)

T+ b) =n2bg(n,J), (2.3)

for any J € N, we deduce in an easy way that

(n+1)"“"2¢(n,J), M=0, N>0,
Ma =1 (n+1)3*"2h(n,a), M >0, N>0, (2.4)
(n+1)"*2h(n,a), M >0, N=0,
for any J € N.

Lemma 2.1. Let « > —1/2. Then the constants An 4, Anz2, and Ano in (2.2) satisfy the
following:
i) If M =0 and N >0,
An,4:g(n7‘])7 An2:g(naJ)7 An,0:g<n7‘])7

)

for any J € N.
i) If M >0 and N > 0,

h(n, Oé) h(”? Oé)
Apa = h(n,a), n2 = 1)ty "0 = (n ¢ 1)2aF2

iti) If M >0 and N =0,

An,4 - 07 An,2 — h(”v a)a AnO -
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Proof. From (2.3) we have

(n+1)2*2g(n,J), M =0, N >0,
an = (n+1)***h(n,a), M >0, N >0,
0, M >0, N=0,
(n+1)%*g(n,J), M =0, N >0,
bp =< (n+1)2Fg(n,J), M >0, N >0,
(n+1)%2g(n, J), M >0, N =0,
(n+1)22%6g(n,J), M =0, N >0,
cn =4 (n+1)22%%g(n,J), M >0, N >0,
1, M>0, N=0,

and B = (n + 1)2+1/2g(n, J), for any j € N. Then, using that (2.4), the result follows. |

The following results, that we will use in the proof of Theorem 1.1, can be found in [7]. The
notation appearing in Lemma 2.3, f(n) =~ g(n), indicates the existence of positive constants C
and D such that C'f(n) < g(n) < Df(n) for n large enough.

Lemma 2.2. Let {Q%}, be the sequence of orthonormal polynomials with respect to the inner
product (1.1), then

a 1
1—22)2711Q%(2)| < C.
“max (1-2%)27HQn(2)| < ©

Lemma 2.3. Let {Q%}, be the sequence of orthonormal polynomials with respect to the inner
product (1.1), then

(TL + 1)_0‘_3/27 M >0, N >0,
QY] = *(—1)| ~
|Qn( )‘ ’Qn( )‘ {(n+1)a+1/2, M =0, N >0,

a\/ _ aN/ (- ~ (n+1)—a—7/2’ MZOa N>0,
|(Qn) (1)‘ - ’(Qn) ( 1)‘ ~ {(TL+ 1)04—1—5/2’ M >0, N=0.

Let Sp f be the n-th partial sum of Fourier expansion in terms of orthonormal Gegenbauer

polynomials,
n 1
U@ =Y qNR . G0 = [ @R @,
k=0 -1

From the main result in [8] we can deduce the following result

Lemma 2.4. Let v > —1 and 1 < p < co. There exists a constant C, independent of n and f,
such that

1= OS2 F oy < CNA= Ol o)

if and only if

1 1 1
n(=-2)|<-.
a+ (y+ )<p 2>’<4
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Let d be an integer number. We define the transplantation operator

707 f(a Z L) P, g

The operator TC’lB 7 is well defined, for example, for functions f having a finite expansion in terms

of the Gegenbauer polynomials P,). The following result plays a crucial role in our work. It is
essentially a special case of a general weighted transplantation theorem due to Muckenhoupt,
see [9, Theorem 1.6].

Lemma 2.5. Lety>—1,8> —1,and 1 <p<oo. If2(b+ 1) > —p(B + 1/2) then

! sz, \'7 ! st/ 7
</ T8 fa)P (1 — 22) BT g > <c (/ F@)P(1— 2?)50TY2* dx) .
—1 —1

The last tool that we will need for the proof of Theorem 1.1 is related to the boundedness of
a specific multiplier for Gegenbauer expansions. We define the operator

Lemma 2.6. Lety> —1 and 1 <p <oo. If |2b+ 1| < p and

2b+1) 1
‘(H) -~ 2‘ < min{y 4 1,1/2},
p

then
1 1/p 1 1/p
([ 1msara-a) ) o ([ irra -t e
—~1 -1

This lemma is a particular case of [9, Theorem 1.10] because the multiplier 1/(k+ 1) belongs
to the class M (1,1) there defined.

3 Proof of Theorem 1.1

Taking the kernel
=Y Qr(@)QR(y)
k=0

it is easy to see that
Gnf(x) = (Ln(z,y), f)s-
Recall that
G fIye = HanHLp () T MG f P + |G f (1))
N([(Guf) (DI + (Guf) (=1)IF).

The necessity of the condition (1.2) is a consequence of [2, Theorem 1] and its sufficiency will
be obtained from two following propositions.
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Proposition 3.1. Let a > —1/2 and 1 < p < co. If (1.2) holds, then

1Gnf (@)l apa) < Cllflwg

where C' is a constant independent of n and f.

Proposition 3.2. Let a > —1/2 and 1 < p < co. If (1.2) holds, then

M (|G f(DP +1Gnf(=1)P) + N(|(Gnf) (I +[(Gnf) (=1)IF) < C[l fllwe,
where C' is a constant independent of n and f.

Proof of Proposition 3.1. From Minkowski’s inequality, we know that

P d;m(ﬂ:)) 1/p

( Lo, 1)+ F(-1)L <x,—1>|pdua<x>>1/p

(L]

First, it will be proved that

(L

Using (2.2), we have

|G @) oy <( L, 9)dpta(y)

Ln . 0L,
9y (z,1) + f (—1)@(%—1))

D 1/p
L, y)dpia(y) dua<x>) < Ol f Lo

/f )y = S MM (),

jme{4,2,0}

where
MI™ f(x / fly (z,y)dua(y),

K (e0) = (1= 2)72(1 = )" S Ay AP (@) P )
k=0

By using a standard duality argument, to deduce (3.2) it is enough to prove

IME™ fll o) < CNF Nl Lo (dpa)

for m < j. A
By Lemma 2.1, each operator M;"™ can be decomposed as

ME™ f(x) = SoME™ f(w) + SIMG™ f () + SpME™ f(z),
for some nonnegative constants Sy, S1 and Sz, with
MP™ f(x / F) K25 (2, 9)dpa(y), s=0,1,2,

K%,m,s(:my) _ (1 . x2)j/2(1 . y2)m/2 Z(k + 1)75P]?_—ZJ($)P]?_+$(Z/)7 S = O, 1,
k=0

p d,ua(:];)> 1/p |

(3.2)
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and

‘K%,m,Q(x’ y)| < C(l )J/ m/2 Z k= Q‘POH_] ‘Poz-i-m

where 6 > 1.
From the well-known estimate (it follows from [14, Theorem 7.32.2, p. 169])

|Pe(a)| < C(1—2?) @ pe 1),
with C a constant independent of n, we deduce

1=V gy < €

for p < 4(a+1)/(2a 4 1). In this way, applying Holder inequality,
HMrjz"mszLp(dua) < Ol fll e (dpa):

for each p verifying (1.2).
It is easy to check that

M f () = Ka(1 - 2?) 253t g @),

n—=j

for a constant K, with j =4,2,0 and g(z) = (1 — x2)7j/2f(x)- Then, if p satisfies (1.2), from
Lemma 2.4, with a = j(1/2 — 1/p) and v = o + j, we deduce

\wmmm%—mmb-wmw%wwm%m

< (=" ) ) < Ol -

Now, for m < j, we can check that

MP™0 f(z) = Co (1 — a?) PO 0dm (50mp) (),

m=j

for a constant C,, whith h(x) = (1 - mQ)_m/Qf(x). So, using Lemma 2.5 with f = o + 7,
vy=a+m,and b =a — p(a+1/2)/2, we have

B0 gy = Coll (1~ OB T (ST
< Ol = ) ™83 pogpy < CIF o)

where in the last step we have used Lemma 2.4 as we have done for M0,

To analyze the operators M2™! we observe the identities

Mﬂ;’j’lf(m) — Ka(l _ $2)j/2Ra+j (SaJr]jg)( ) ] — 4 2 0’

n

M£7m71f($) — Ca(l _ )]/2TQ+]’CM+m(ROé+m(Sa+mh))( ), m < j’

m=j

with g(z) = (1 — J;Z)_j/Zf(:v) and h(z) = (1 - x2)_m/2f(a:). Then the boundedness of these
operators follows as in the previous cases but using moreover the estimate

1= OB | gy < CNE = Ol oy
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which can be deduced from Lemma 2.6 taking b = o« — p(av + 1/2)/2 and v = a + j under the
assumption (1.2). In this way the proof of (3.2) is completed.
To finish the proof of (3.1), we are going to prove the estimates

1
| MU L 1) + S -1P(1 - ) < CUP(FQP +IF-DP). (33)
! ., 0Ly, , OL,
[ v (rw%swn s ren®re )
<ONP(F P +17-DP). 3.9

For (3.3) we suppose M > 0, because in other case this element does not appear in the norm.
From Lemmas 2.2 and 2.3, for = € [—1, 1], we have

p
(1 — x2)adaz

1

Lo(2, 1) <C(1—22) 7273, |Lo(z,—1)| < C(1—2%)"

[N]1)
S

Then (3.3) is deduced immediately because the integral
1
/ (1- x2)_%(a+1/2)+adx (3.5)
-1

is finite for p < 4(a+1)/(2a + 1).
To prove (3.4) we suppose N > 0, because if N = 0 the inequality is trivially true. Again,
by Lemmas 2.2 and 2.3, for z € [—1, 1], we obtain the bounds

wlR

1
1

wlQ
RN

oLy
Jy

(93,1)‘ < C’(lfx2)_ S —(, 1)‘ §C’(17m2)_

Then, as in the previous case, (3.4) is a consequence of the finiteness of the integral (3.5). W
Proof of Proposition 3.2. We are going to show the estimates

Gnf(D] < Cl fllwg,  for M >0, (3.6)
and

(Gnf) W < Cliflwg,  for N >0. (3.7)

The analysis of |G, f(—1)|, for M > 0, and (G, f) (=1)], for N > 0, are completely similar and
the details will be omitted.
It is clear that

/ F@) (L 9)dptay) + M(F()Ln(1,1) + F(=1)Ln(1, 1))

N (f’(l)a;y”u, D+ 02, —1>) |

If M > 0, from Lemmas 2.2 and 2.3 it is obtained that

@

Lo(Ly)| <CO—y?) 571 ye[-1,1).

Then, applying Holder inequality, we have

1 4y N p/q
‘ / ) En(L,)dialy >\ < Clfliran ( / (1) He dy) < Clfliran
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because the last integral converges if ¢ < 4(a + 1)/(2cc + 1), which is equivalent to p > 4(a +
1)/(2a + 3). On the other hand, using again Lemma 2.3 we deduce the bounds

IL(1,1)|<C,  |Lo(1,-1)|<C, for N>0

and

@—wgc, for N >0,

which imply, analyzing separately the cases N > 0 and N = 0,

ML)+ FEDL -0 + 8 (P05 + FEn T

CM(fMI+[F=DD) + NSO+ (=D)D),

and (3.6) is proved.
From the identity

D= [ 1022 v (1022 + 08 -)

2 2
+N<f’( >§ oo (L) + £ (1),

and the estimates for N > 0, deduced from Lemmas 2.2 and 2.3,

oL, gy—a_1
< _ 2714 _
5 (1,3/)‘_0(1 y) 2 yel-1,1],
oLy, oL,
Nl <
Sran|<e [Gray|<c
and
0L, 0L
< —_
8x8y(1’ 1)‘ =G 83:(93/(1 1)) ¢
the proof of (3.7) is obtained in the same way as (3.6). [

4 Proof of Theorem 1.2

Proof. Let f € W and € > 0. From [13, Theorem 4.1], we have that the space C2°([—1,1]) is
dense in LP(dpuq). Then, there exists a function g € C2°([—1, 1]) such that

g
1f = 9llz,(dua) < T
N).

withé=¢/(14+ M + We take now a function h € C2°([—1,1]) that satisfies

5
18l ) < 5
and

h(1) = f(1) —g(1),  h(=1) = f(=1) —g(=1),
ML) =f1)-g1), H(E=1)=f(-1)-g(-1).
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Then

1 = (g + Dl = 1 — (9 + Wiy
+M(IfQ) ~ (g + )P +|F(-1) — (g + (1))
N () = (g + WY QP +[£/(-1) = (g + hY (~1)]?)

and

5
1f =g+ Mlwe < IIf = gller@pe) + I1PllErane < 5-

On the other hand, given £ there exists a polynomial ¢, of degree n such that

5 5
lg+h=gnlle <55 Mg+h) = aullee < 3
Then, ||f — qn\|€vp < € and the proof is completed. [
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