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Abstract. We list A,, C,, and D,, extensions of the elliptic WP Bailey transform and
lemma, given for n = 1 by Andrews and Spiridonov. Our work requires multiple series
extensions of Frenkel and Turaev’s terminating, balanced and very-well-poised 19V4 elliptic
hypergeometric summation formula due to Rosengren, and Rosengren and Schlosser. In our
study, we discover two new A, 12V71 transformation formulas, that reduce to two new A,
extensions of Bailey’s 19¢g transformation formulas when the nome p is 0, and two multiple
series extensions of Frenkel and Turaev’s sum.
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1 Introduction

The many different proofs of the famous Rogers—Ramanujan identities have led to a plethora of
fruitful ideas in mathematics and physics. This paper contains some results ultimately following
a path that began with Watson’s 1929 proof of these identities. Watson [49] proved a very
general transformation formula with many parameters. The Rogers—Ramanujan identities follow
by taking the limit as (most of) these parameters go to infinity, and then invoking the Jacobi
triple product identity. The proof of Watson’s transformation was later simplified by Bailey
during the course of his study of Rogers’ work; and the ensuing ideas used by Slater to prove
more than a hundred Rogers—Ramanujan type identities. Eventually, Bailey’s approach was
perfected by Andrews as a combination of three ideas. According to Andrews’ formulation, the
Bailey transform is a specific (invertible) lower-triangular matrix that transforms a sequence to
another sequence. A Bailey pair is a pair of sequences which satisfies such a relationship, and
the Bailey lemma is a method to generate a new Bailey pair (with additional parameters) from
a given pair. Thus, the Bailey lemma can be used to generate new identities from known results.
In particular, Watson’s transformation follows by two steps of the Bailey lemma, applied to the
unit Bailey pair.

In two important papers, Milne [27] and Milne and Lilly [29] lifted the Bailey transform and
lemma machinery to the context of multiple basic hypergeometric series associated with the root
systems A,, and C,,.

The primary purpose of this paper is to extend Milne’s and Milne and Lilly’s work to the
setting of the well-poised (WP) Bailey transform and lemma. In the n = 1 case this is again
based on Bailey’s [6] ideas; and again, these ideas have been made accessible by Andrews’ [2]
exposition. In particular, the WP Bailey transform and lemma captures the generalizations of
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the matrix formulation of the Bailey transform due to Bressoud [11] and Bailey’s [5] famous
1009 transformation which further generalizes Watson’s formula.

At the same time, we work in the setting of elliptic hypergeometric series associated with the
root systems A,, C,, and D,,. Elliptic hypergeometric series appeared explicitly in the work of
Frenkel and Turaev [16] in 1997, and it was quickly realized that some of the classical methods
used for studying basic hypergeometric series apply as well to this kind of series. In this context,
we find the work of Warnaar [46] very useful and influential, because it introduced a notation for
elliptic hypergeometric series very much like the one used for basic hypergeometric series. The
elliptic series contain a parameter p, called the nome. When the nome p = 0, the formulas reduce
to formulas for basic hypergeometric series. A key ingredient in Warnaar’s paper [46] is an elliptic
matrix inverse which as a special case contains an elliptic extension of the WP Bailey transform.
Spiridonov [39] found an elliptic analogue of the WP Bailey lemma, and Warnaar [47] applied
and further extended Andrews’ ideas in the elliptic setting. A comprehensive survey of elliptic
hypergeometric functions has been given by Spiridonov [42]. Many of the central summation
and transformation formulas concerning multiple elliptic hypergeometric series were given by
Warnaar [46] and Rosengren [31].

In this paper, we provide several extensions of the elliptic WP Bailey transform and lemma.
A feature of the theory of series associated with root systems is that often there are many
extensions on root systems of the same result. Indeed, in this paper we present six extensions
of the elliptic WP Bailey transform (and associated Bressoud matrices), and eight elliptic WP
Bailey lemmas which can be used in multiple ways to generate different identities. For n = 1
all our six elliptic WP Bailey transforms specialize to the same result by Warnaar, and, also, all
our eight elliptic WP Bailey lemmas specialize to the same result by Spiridonov.

When n = 1 and p = 0, the WP Bailey transform and lemma depend in an essential way on
a summation result of Jackson [20], which is contained in Watson’s transformation. Multivariate
extensions of Jackson’s sum on the root systems A,, C,, and D,, have been given by Milne [25],
Milne and Lilly [29], Denis and Gustafson [14], the first author [9], and the second author [36, 38].
As the second author showed in [37], Milne’s [25] A,, Jackson sum can be used to form a bridge
between A,, basic hypergeometric series and Macdonald polynomials [22, Chapter VI].

Our work in this paper depends on the elliptic A,,, C,, and D,, generalizations of this sum-
mation due to Rosengren [31] and one such result due to Rosengren and the second author [35].
(Recently, Rosengren [34] gave yet another such result, which we do not include in our study.)
One of the goals of our study is to recover the extensions of Bailey’s transformation formula listed
by Rosengren [31], which were obtained by a straightforward extension of the approach followed
in [10] for the basic hypergeometric case. Indeed, we recover all these results. In addition, we
give two new elliptic generalizations of Bailey’s transformation formula.

Our results are closely related with other work in this area. One of our elliptic generalizations
of Bailey’s 19¢9 sum was found independently by Rosengren [33]. It is motivated by formulas
previously given by the authors [8, 38]. The p = 0 case of one of our matrices was considered by
Milne [27] and a related Bailey lemma (again when p = 0) was previously obtained by Zhang
and Liu [52]. One of our Bailey lemmas is equivalent to a result of Zhang and Huang [51]. Most
of the matrix inversions that appear in our work can be obtained as special cases of very general
matrix inversions due to Rosengren and the second author [35]. Warnaar [48] found four of the
WP Bailey lemmas (including the one due to Zhang and Huang [51]) a few years ago but did
not publish his work.

Like Milne’s [27] important paper, we hope that our work too will open the door for further
work in this area. Further development of Bailey’s ideas in, for example, [2, 3, 21, 23, 39, 41, 44,
45, 47] certainly suggests that there is a lot that can be done. Notably, Andrews, Schilling and
Warnaar [4] established Ay Bailey lemmas and corresponding identities of Rogers-Ramanujan
type. However, the type of series these authors deal with in [4] are quite different from the
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(n = 2 instances of the) A,, series considered in this paper. Spiridonov and Warnaar [43],
building upon work by Spiridonov [41], obtained integral Bailey transforms relating integrals on
root systems of type A, and C,,. Briinner and Spiridonov [12] recently gave applications of the
integral analogue of the A,, Bailey lemma to supersymmetric linear quiver theories. Coskun [13]
had previously found a BC,, WP Bailey transform for a slightly different kind of series than
the one we consider and found multiple Rogers—Ramanujan identities. In this context, we also
mention the work of Griffin, Ono and Warnaar [18].

This paper is organized as follows. In Section 2, we record the notation and terminology of
elliptic and basic hypergeometric series. In Section 3 we give a short introduction to the WP
Bailey transform and lemma, in a format that suits our work. From Section 4 until Section 9
(except Section 6) we systematically extend the analysis of Section 3 by considering in each
section a particular multivariable extension of the elliptic Jackson summation. In Section 6, we
record some basic hypergeometric results which follow as special cases of our work. In Section 10
we summarize our work and motivate our final set of results in Section 11, which contain an
extra parameter. The extra parameter disappears when n = 1.

2 The notation and terminology

In this section, we record the notation and terminology used in this paper, following, for the
most part, Gasper and Rahman [17]. We recommend Rosengren’s lectures [32] for a friendly
introduction to elliptic hypergeometric series.

The series considered in this paper are all of the form

Z Sk7

kr=0
r=1,2,...,n
where the k = (k1,...,ky) is an n-tuple of non-negative integers ki, ko, ..., k,. The positive
integer n is called the dimension of the sum. We use the notation |k| := k; + --- + k,, for the

sum of components of the n-tuple; k + j for (k1 + j1,...,kn + jn), obtained by component-wise
addition; and k — j for (k1 — j1,...,kn — Jn)-
The summand Sy, itself is a product of various ¢, p-shifted factorials, which we define shortly.
First, for arbitrary integers k and m, we define products as follows.

m AkAk+1 <A, if m >k,
H if m=k—1, (2.1)
ik (Am+1Am+2 e Ap) T ifm<k -2

The primary reason why this definition is useful is because the relation

m—+1

HA —HA A1,

applies for all integers k and m.
Next, we define the q-shifted factorials, for k any integer, as

k .
(a; q)y, = ' (1-ad’),

|
—

<
Il
o

and for |g| < 1,

e}
H 1 —aq
7=0
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The parameter ¢ is called the base. With this definition, we have the modified Jacobi theta
function defined as

0 (a;p) := (a;0) s (P/0; D) s

where a # 0 and |p| < 1. We define the g, p-shifted factorials (or theta shifted factorials), for k
an integer, as
k—1 ‘
(a:¢,p)y, := | [ 0 (ad’;p) .

j=0

The parameter p is called the nome. When the nome p = 0, the modified theta function 6 (a; p)
reduces to (1 — a); and (a; g, p), reduces to (a;q),.
We use the short-hand notations

6 (ai,a2,...,ar;p) := 0 (a1;p) 0 (az;p)--- 0 (ar;p),
(alu a2, ..., 0ar; qap)k = (a’l; qup)k(GQ; Q7p)k e (a’l‘; qap)ka
(a1,a2,...,a:;q); = (a1;9)x(a2; @)y, - (ar; @)

Observe that in view of (2.1), we have
(CL; q7p)() = 17

and, for k an arbitrary integer

(a:4.p) !
Gqp) = -
7 (ag*;q,p),

Two important properties of the modified theta function are [17, equation (11.2.42)]

0 (a;p) = 6 (p/a;p) = —ab (1/a;p), (2.2a)
and [50, p. 451, Example 5]

0 (zy, x/y, uwv,u/v;p) — 6 (xv, /v, uy, u/y; p) = g 0 (yv,y/v, zu, x/u;p) . (2.2b)
Using (2.2a), we can “reverse the products”, and obtain the identity [17, equation (11.2.53)]

. _ (=g
(a;q,p)_ = Waanl (2.3)

We can combine the two identities above to obtain

(ag*:0,p),, = (g/asq,p);, (—a/a)* ¢~ ). (2.4)

More generally, we have [17, equation (11.2.49) rewritten]

(¢ "/a.p), = m (—q/a)* ¢l ™. (25)

Two other useful identities we use are [17, equation (11.2.47)]

(a:4,0) s = (a:4,p),,(aq"; ¢, D)y, (2.6)
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and a special case of [17, equation (11.2.55)],

(pa; q,p);, = (—1)*ka*q () (q; ¢D)- (2.7)

We will use the notation of basic hypergeometric series (or .¢s series). This series is of the
form

o
M0y (e

] s 4, _1 )

0 {bl’bQ’ : b & ] Z (q,b1,b2,...,bs;q); (( ) a2 ) z

See Gasper and Rahman [17] for the convergence conditions for these series.

A series is terminating if it is not an infinite series. Usually, this happens due to a factor
(q_N ; q)k in the numerator of the summand. When k& > N, this factor is 0, and so the series
terminates. Observe that in view of (2.1)

1
(¢ 9y

=0, when k < 0. (2.8)

This ensures that the series terminates naturally from below too. That is, the terms with
negative index in the series are 0.

An ,,1¢, series is called well-poised if a1qg = asby = agby = -+ = a,11b.. In addition, if
as qa}/ , a3 = —qai/ 2, then the series is called very-well-poised. Note that in such a case,

taking the special parameter a; = a, the summand contains the term

(¢a'? —qa'?q), 11— ag
(al2,—al2;q), 1_a "’

which we call the very-well-poised part. This suggests the compact notation

r1Wila; ag, as, ..., arq15, 2)

for very-well-poised series.

An ,,1¢, series is called balanced if by ---b, = qa1---ar4+1 and z = q.

Recall that for an ordinary (resp. basic) hypergeometric series » ¢ the quotient g(k) =
Cr+1/ck is arational function in k (resp. ¢*). Now, a series 3 ¢, is called an elliptic hypergeometric
series if g(k) = ci11/c is an elliptic function of k with k considered as a complex variable, i.e.,
the function g(x) is a doubly periodic meromorphic function of the complex variable z. Without
loss of generality, by the theory of theta functions, we may assume that

g(ﬂf) _ 0 (aqu7 aqu’ EEE aTJrqu;p) 5
0(q1+z’b1qx7. . aqux7p) ’

where the elliptic balancing condition,

a1a2 -+ ary1 = qgbrby - - - by,

2mio 2miT

holds. If we write ¢ = e“™?, p = €“™7, with complex o, 7, then g(z) is indeed doubly periodic
in = with periods o~! and 707 !.

One usually requires a,+1 = ¢ N being a nonnegative integer), so that the sum of an
elliptic hypergeometric series is terminating, and hence convergent.

Very-well-poised elliptic hypergeometric series are defined as

—N(

ee}

Z 0 (a1¢*;p) (a1, a6,....0r11:4,D)k k
= 0(aisp) (¢a1q/ag, .- a1q/ari154,P)k

r+1‘/;«(a1; ag, ..., Qr4+1; Q7p) =

)
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where

2 2

q*agai---al,, = (a1q)" .

Note that in the elliptic case the number of pairs of numerator and denominator parameters
involved in the construction of the very-well-poised term 0(a1q?*; p)/0(ay;p) is four (whereas in
the basic case this number is two, in the ordinary case only one). See Gasper and Rahman [17,
Chapter 11] for details. The notions of balancing, well-poisedness and very-well-poisedness were
explained from the point of view of elliptic functions for the first time in Spiridonov’s paper [40].
This justifies the notations 19V and 12V41 (corresponding to g¢7 and 19¢g in the p = 0 case) for
the series below.

Frenkel and Turaev [16] discovered the following 19Vy summation formula (as a result of
a more general 12V7; transformation), see [17, equation (11.4.1)]:

(aq,aq/bc, aq/bd, aq/cd; q, p) N
(aq/b,aq/c,aq/d, aq/bed; q,p) N’

10‘/9((1; ba c, d7eaq_N;Q7p) = (29)

where a?¢N ! = bede.

It should be clear that for p = 0 elliptic hypergeometric series reduce to basic hypergeometric
series. When the reference point is a basic hypergeometric result, we refer to the result by
adding the word “elliptic” to it. For example, we refer to Frenkel and Turaev’s [16] elliptic
extension of Bailey’s 19¢9 transformation formula [17, equation (11.5.1)] as the elliptic Bailey
1009 transformation. This formula transforms a 15V71 series which is terminating, balanced and
very-well-poised to a multiple of another series of the same kind. Similarly, we refer to elliptic
extensions of Bressoud’s matrix.

Next we note some identities useful in our calculations with multiple series.

The summand of the series we consider typically has a factor of the form

0 (qkr_ksxr/xs§p)
H 0 (mr/xs”j) .

1<r<s<n

This is referred to as the elliptic Vandermonde product of type A. When p = 0, it reduces to
H 1- qkTikar/xs
1—x./zs

1<r<s<n

Next we note two useful lemmas which in the p = 0 case were given by Milne [27]. The first
lemma shows an alternate way of writing the elliptic Vandermonde product.

Lemma 2.1. We have

n 0 (g"Fksz,./as;p
H (qu/xs;Q7p)kr—ks = H ( / )

r,s=1 1<r<s<n 0 (l‘r/l's;p)

n & kT' — n
3 (r71)kr+(n71)r§1 (3)= X krks H xyf}’“*"“'.
r=1

X (_1)(n71)‘k|qr:1 r<s

The p = 0 case of this identity appeared as [27, Lemma 3.12]. Its proof in the elliptic case
proceeds along the same lines.
Next, we have a lemma that extends the elementary identity [17, equation (1.12)]

1 (@9, NE—(%)
G @ay ‘
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Lemma 2.2. We have

n

1 0 (qF Pz, jxg;p) 2 (q_Nsl“r/fEs;Qap) ;

1<r<s<n 0 (xT/xS; p) (qu/xs; q, p)NT

(q"thr ko, fog a,p) vy,
N k _ |k\ & —1 k"r
(M E e

r,s=1 r,s=1

The special case N, = k, appears in Rosengren [31, equation (3.8)]. When p = 0, this reduces
to Milne [27, Lemma 4.3]. The proof uses Lemma 2.1 but otherwise just proceeds as in the p = 0
case.

Next, as motivation, we outline the basic hypergeometric case of our work, for n = 1.

3 The WP Bailey transform and lemma:
a very short introduction

Here we outline an approach to the theory of basic hypergeometric series beginning with Jack-
son’s sum. From this result one can extract all the components of the well-poised Bailey trans-
form and lemma. Our purpose here is to explain and motivate the steps of our approach to find
analogous results on root systems. This should help the reader get a bird’s eye view of our work
in later sections.

The idea for the WP Bailey transform and lemma was given by Bailey [6] and explained (and
then extended) by Andrews [2]. It was further studied by various authors (see [3, 21, 23, 39,
44, 47, 52] for a small selection of references). The matrix inverse due to Bressoud [11] is an
important ingredient. The ideas presented below are primarily based on Andrews [2], but they
have been sequenced in a way to explain our work in later sections.

The essential idea is as follows. A pair of sequences o = () and 5 = (k) is given which
follows a relationship of the form

N
By = Y Bnjoy, (3.1)
i=0

where B = (By;) is an infinite lower-triangular matrix called the Bressoud matrix (to be defined
shortly), with entries indexed by k and j. The entries By; = By;j(a,b) of the matrix depend on
two parameters a and b (in addition to the parameter ¢). This relationship is called the Bailey
transform, since it transforms a sequence into another sequence. Given B, the pair of sequences
(ag, Br) is called a WP Bailey pair. The WP Bailey lemma is a method to construct sequences
(a}, B;,) that also form a WP Bailey pair. The aj, and f, are also dependent on a and b. B is
a lower triangular matrix, so the equation (3.1) corresponds to the matrix equation 8 = Ba.

For our purposes, it is useful to note that one can extract the Bressoud matrix and a key
WP Bailey pair from Jackson’s sum, the p = 0 case of (2.9) (given in Gasper and Rahman [17,
equation (2.6.2)]),

i (1 _ank) (aa ba ¢, d7 a2q1+N/de> qu; q)k k_ (GQ7 CLQ/bC, aq/bd7 CLQ/Cd; Q)N

q = . (3.2
2 =), aq/b,aq]e, q)d, bedq=Ja, a5 91, ¢~ (aafb, agfer aq)d, agfbediq)y” )

The b — ga?/bed case of (3.2) may be written in the form (3.1), where the Bressoud matrix
B = (By;(a,b)) is defined as

(054) j11,(b/a; )y,
(043 0)j 1 (@ Dy

Byj(a,b) := (3.3)
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and the sequences (ay) and (by) are defined as

1—ag® (a,c¢,d,a®q/bed;q),  (b\*
1—a (q,aq/c,aq/d,bed/a;q), \a) ’
(b,bc/a,bd/a,aq/cd; q),

Bi(a,b) := (¢,aq/c,aq/d, bed/a; q), (3.4b)

Note that, in view of (2.8), By;j(a,b) = 0 unless k > j, so B is indeed a lower-triangular matrix.
If B, (o) and (B) satisfy (3.1), we say (o) and (Bx) form a WP Bailey pair. Observe that
if we set d = aq/c, we obtain the unit WP Bailey pair

) = L 00 o/, ()
RO 2a (bgig), \a)

1 ifk=0,
Br(a,b) := b0 = {

ag(a,b) = (3.4a)

0 otherwise.

The fact that this is a WP Bailey pair translates into an expression of the form

N

> Byj(a,b)aj(a,b) = dnyp. (3.5)
Jj=0

One can view this as a matrix inversion and from here obtain an explicit formula for the inverse
of B. To do that, we replace N by N — K, shift the index, and after a change of variables (see
remarks below), write this sum in the form

N
Z BN]'B;]% = 5N,K~
J—K

From here, one can read off the formula for the inverse B~! of the matrix B. The entries of the
(uniquely determined) inverse are given by

a

L 1—ag® 1 —bg¥ (a30) 4 (a/bia)_; (BN
R e A (0a: @) 41.(4: D) g—; ( ) ' (36)

Remarks.

1. The entries of the inverse of the Bressoud matrix in (3.6) can be computed as follows:
In (3.5), replace N by N — K, a by ag*, b by bg*/, and shift the index j + j — K. Then
by

By ki x (ag® bg®K :MB (a,b
N—K.,j K( q q ) (bﬂ])ZK NJ( )

it follows that

(aq; @)2k

9K , 9K
, b
(b;q)2K )

K (aq

can be identified as the (j, K) entry of the inverse Bressoud matrix B~!. The details of
the analogous computation in our work, for example, in the proof of Corollary 4.5 below,
vary slightly from those given here, but the essential idea is the same.
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2. By comparing the entries of B and B™!, one sees that they are almost the same. In fact,
Bressoud [11] expressed them more symmetrically. Let M(a,b) = (My;(a,b)) with

1 —ag® (b;q)41,(b/a;q)_; ki
l—a (aq;q)14(@ D

Mkj(a, b) =

Then Bressoud showed that M(b, c)M(a, b) = M(a, ¢). In particular, this implies M(b, a)
is the inverse of M(a,b). However, in our work, we find it beneficial to follow the exposi-
tion of Andrews [2] rather than Bressoud’s symmetric formulation. Both approaches are
equivalent.

Given B™1, and the WP Bailey pair (ay, 81) as in (3.4), one has the inverse relation

N
N = ) (Bla,b)y}b;
§=0

This is again equivalent to Jackson’s sum (3.2).
Given a Bailey pair, the WP Bailey lemma (see Andrews [2, Theorem 7]) gives a method to
construct a new WP Bailey pair, with two additional parameters p; and pa, given by

(P1,,02;Q)N ( aq
(aq/p1,aq/p2; @) \ P1P2

) (bp1/a,bpa/a; q) x 2 < (p1, 02,0, (B50)pyn(aa/P1P2; D) N
(aq/p1,aq/p2; @)y = \(bp1/a, bpa/a; @) (bp1p2/a3 @)y n (43 Q) Ny

. L= bo1p2q**/aqg ( aq
1 —bpipa/ag \ p1p2

N
oy (a,b) := ) an(a,bpipa/aq),

B (a,b

) Br(a, bpmz/ﬂm)) -

The WP Bailey lemma is the assertion that o) (a,b) and 3)(a,b) also form a WP Bailey pair.
This step too depends on Jackson’s sum (3.2).

If one begins with the Bailey pair (o) and (3j) given by (3.4), then substituting the WP pair
a}.(a,b) and . (a,b) into the definition of a WP Bailey pair gives a transformation equivalent
to Bailey’s 19¢9 transformation [17, equation (2.9.1)]:

N (1 —ag**)(a,b,c,d,e, f,Nag" ™ Jef, _N;q) .
kzo 1~ a)(q, aq/b, ag/c aq/d, ag/e,aq/f.efq N /X, agV T q), !
_ (ag,ag/ef, Ma/e, M/ f; @)y
(aQ/e aQ/f Ag; Ag/ef; )y
)\q%)()\ Ab/a, \c/a, \d/a,e, f, \aq" TN Jef, q~ ;q) .

Z )(q,aq/b,aq/c,aq/d, Aqg/e, \q/f,efq N Ja, \gN T q), T

(3.7)

where A = ga?/bed.

The main summation and transformation formulas of basic hypergeometric series now follow
from (3.7). For example, Watson’s g-analog of Whipple’s transformation formula follows by
taking the limit as d — oo, and relabeling the parameters. Other key identities such as the
terminating, very well-poised g¢5 summation and the terminating, balanced 3¢9 summation are
immediate consequences of Watson’s transformation formula. (Note that in the case of elliptic
hypergeometric series, one cannot let parameters go to 0 or <0.)

To summarize, a special case of the Jackson summation yields a Bressoud matrix as well
as a WP Bailey pair. A further special case allows us to compute the inverse of the matrix.
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Another application of Jackson’s sum is used to find the WP Bailey lemma. And finally, an
application of this yields Bailey’s 19¢g9 transformation formula.

The ideas outlined above extend immediately to elliptic hypergeometric series. This was
shown by Spiridonov [39]. Here we begin with Frenkel and Turaev’s [16] 19Vo summation [17,
equation (11.4.1)], equation (2.9) above, the elliptic extension of Jackson’s sum. Our goal is to
extend this analysis to elliptic extensions of multiple basic hypergeometric series associated with
root systems. We take a step in this direction in the next section.

4 Consequences of an A,, elliptic Jackson summation
of Rosengren

When the dimension n = 1, the WP Bailey transform and lemma are consequences of Jackson’s
sum. In this section, we consider one of Rosengren’s [31] A,, elliptic Jackson sums, and investigate
whether the ideas of Section 3 can be extended to this setting.

A multiple series extension of (3.1) is as follows

AN =Y, Bnjoy. (4.1)
0 <Jr <N
17 kA 7

Here the sequences a = (ag) and 8 = (f) are indexed by n-tuples k with non-negative integer
components. The rows and columns of the matrix B = (By;) are indexed by n-tuples k and j of
non-negative integers. Following Milne [27], one can consider these n-tuples to be ordered lexi-
cographically. With this ordering the matrix operations can be carried out in the usual manner.
Moreover, the matrix is lower-triangular, so Byj = 0 if j > IN. The entries By; = Bgj(a,b),
and the sequences o = ag(a,b) and fx = Br(a,b) depend on two parameters a and b (in
addition to p and ¢ and perhaps other parameters).

The A, elliptic Jackson summation theorem that we use is due to Rosengren [31, Corol-
lary 5.3], its p = 0 case being due to Milne [25]. Rosengren’s result is

2 1—[ 0 (¢ ", /25 p) ﬁ (qusxT/xs;q,p)kr
0<ke <N, \lsr<s<n 0(er/zsip) 2 (a2r/Tsi4,0)y,
r=1,2,...,n

ﬁ ax qu"+|k\ p ﬁ azx,;q,p) k| (dm,a xrq1+|N|/bcd q, p)
o (azy;p (azrq" ™V q, p) gy (azrq/b, azrq/c; q, )y,

T=1

(bv C;Qap)uq i rky

X _N‘ qr:l
(aq/d, bedg=Nl/a; q,p)

(aq/bd, aq/cd; q,p)\n| {4 (azrq, azrq/be; q,p)y,

= : 4.2
(aq/d, aq/beds q,p) | 7 (azrq/baxrq/c; q,p)y, .

To extract the A, extension of Bressoud’s matrix and the definition of a WP Bailey pair, we
wish to write the case b+ ga®/bed of (4.2) in the form of (4.1). After multiplying both sides by

[1 (bxr;q,p) N

r=1

n
[T (q@/xs;q, p)Nr

r,s=

—_
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and rearranging factors, we obtain

(b/a; q,p)|N‘ ﬁ b%«v‘] P IN|

[T (qr/zs;q,p)y, r=1 @5 G PN,

r,s=1
Coy ([ e pp ),
0<j <N l<r<s<n 0 (zr/s;p) rs=1 qxr/wsa%p)j,.

r=1,4,.

n ax cqirtlal: p (azxy; q,p)); (da:r,b:mq‘M;q,p),

« H |71 Ir
0 (azr;p)  (azrq'™Nriq,p) j (beday/a, azrq/c;q,p);,

(qa /de7 G Q7p) I5] >, rjr

x 1—-|N| q=t

(aq/d, ag*=N1/bsq,p) ;

B (be/a, aq/cd; q,p) | ﬁ (bzr; q, p) | (bdar/as q,p) y,
B (bedxy/a,azxrq/c; q,p) N,

r=1

(4.3)

(aq/d; q,p) N [T (g20/7si0, P)n, =1
T, s=1

For a moment, ignore the product in front of the sum and compare the rest with the form (4.1).

It is easy to separate the terms in the summand that depend on both N and j (and so appear

as a part of Byn;) and the others that depend on j (and thus comprise ;). The product on the

right-hand side depends only on N, of course.

We use the elementary identity (2.6) to combine terms, for example:

n n
H bxy;q, p)|N‘(bxrq 3 4q, P = H bxy; ¢, p) [N [+5,"

Further, we use (2.5) to reverse the products in (aql_“\”/b; q,p) il We also require Lemma 2.2.
In this manner, we obtain an equation of the form

Z B (a,b)aj(a,b) = BN(a,b),

0<] < r
where the matrix B(Y) = (B,(:j)(a, b)) is defined in (4.4), and the sequences ag(a,b) and fg(a,b)
are as defined by (4.7). These considerations motivate the following definition and Theorem 4.3
below.

Definition 4.1 (an A, elliptic Bressoud matrix). Let B() = (B,(clj) (a,b)) with entries indexed
by (k,J) be defined as

B,(cl.) (a,b) :=

(b/a7Q7p) kl—|9 n bm?”aq p k
! [kl — 1] H ir+1k| (4.4)

n
[T (¢*tir—dsz, fag; q’p)krh (azrq; q, P)kﬁlﬂ
r,s=1

We call B an elliptic Bressoud matriz, because it reduces to a form equivalent to (3.3)
when n = 1 and p = 0. The label A, is placed to indicate that it is associated with A,, series.
An equivalent form of the p = 0 case of this matrix appeared in Milne [27, Theorem 3.41].

For some applications, it helps to use Lemma 2.2 to rewrite the terms of the matrix B() as
follows

(b/a;q,p) g T (b 4 p) g

B (a,b) =

] n

IT (qar/asiq,p)y, ™= (a2:; 9, P)y,

r,s=1
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0 (¢, fosp) 1 (b2rd®sa,p);

< 11 [1+

tercsen O@n/Esip) 1 (azgtHEng, P)m
n
—ks .
q Lr/Ts54,P) ; . n .
T,Ql( e, (a)m z, (4.5)
(ag'=Ik/b; q,p)u| p) 4 ' '

Definition 4.2 (WP Bailey pair with respect to a Bressoud matrix). Two sequences an(a,b)
and By (a,b) are said to form a WP Bailey pair with respect to a Bressoud matrix B if

Bn(a,b) = > Bnj(a,b)aj(a,b). (4.6)
QSf <Ah

As we shall see, there are many multivariable Bressoud matrices. That is why we find it
necessary to mention the matrix B with respect to which the sequences form a WP Bailey pair.

Theorem 4.3 (an elliptic WP Bailey pair with respect to B(l)). The following sequences

ﬁ 0 (amqu’“ﬂk';p) (a$r§q7p)|k\(d$r;%l7)kr

ag(a,b) :=
5 Olawp)  (axrq/c,beday/aiq,p)y,

¢, a*q/bed; q,p [k
X ( n )|k‘ (l)) ’ (4.7&)
(ag/d; q, )y, Hl (q2r/%s:4, )y,
and
be/a,aq/cd; q, p n(bxr; q, p) g (b fa; q, p
Br(a,b) := (be/ ,{ i H b/ )’“T, (4.7b)

(aq/d; ¢, p) 11 (q2r/2siq,p)y, (azrq/c,bedxy/as q,p)y,

r,s=1
form a WP Bailey pair with respect to B,

Proof. We have already indicated how to discover this theorem. Alternatively, we can verify
the theorem as follows. With «;(a,b) as above, we compute the sum

Z BNJ a,b)o(a,b), (4.8)

O r<N,
1

1<y

with B replaced by B(") to calculate S (a,b). (It is helpful to take the form (4.5) for BR:(a,b).)

The sum can be summed using the b +— ga?/bed case of (4.2). After canceling some factors, we
immediately obtain the expression in (4.7b) (with k replaced by IN). |

As a corollary, we obtain a unit WP Bailey pair.

Corollary 4.4. The two sequences

a(a,b) = ﬁ H(axquT.Jr\kl;p) (amr;q,p)w . (a/b; q,p)‘k| | <b>|k|7

i Pl ORGP T (g, frap),

r,s=1

and

)= [ k.00
r=1

form a WP Bailey pair with respect to B,
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Proof. Take d = ag/c in (4.7) to obtain this simpler WP Bailey pair. [

Take d = ag/c in (4.3) to obtain an equivalent form of Corollary 4.4. This is an expression
of the form

Z Frnjoj =] on,0. (4.9)
<N' r=1

One can view this as a matrix inversion and from here obtain an explicit formula for the inverse
1
of B,

Corollary 4.5 (inverse of BM). Let B = (B,(clj)(a, b)) be defined by (4.4). Then the entries
of the inverse are given by

(B<1 b ﬁ ar qerkl;p) O(bxrqu+|j\;p) ANLEE
o - Olawep) 0 (bx,; p) a
(a/b; 4, P) k-5 2 (aTr6,0)5 4k
X — — k4] beqqp; Ly (4.10)
Hl (¢ I =dsay fxs; q,p)y, y, r=1 " b+

Remark. When p = 0, this matrix inversion is equivalent to a result of Milne [27, Theorem 3.41].
Rosengren and the second author [35] have proved more general elliptic matrix inversions, which
contain the inverses of most of the matrices in this paper.

Proof. Take d = ag/c in (4.3) to obtain an expression of the form (4.9). We replace N, by

N, — K,, for r =1,2,...,n and obtain an expression of the form
n
Y. Fov-mygoi=]]onx.
0<jr< N@ K, r=1
r=1,2

y&yeey Tl

We shift the indices to write it as

n

Z FN-1) (i-K) Y- K = H ON, I, -

Kr<jr<Nr r=1
r=1,2,...,n
Next, we substitute z, — z,.¢’", for r = 1,2,....n, a = aq®!, b — bgl¥!, and simplify terms

using (2.6) to obtain

(b/a; q7p)|N‘_|j| ﬁ (bzr;q,p) jr+|N]|

n
Kr<jr<Nr ( I] (q1+jr_jsxr/xs§Q7p)AHAJT axTQ7q p)N}+U|

>
— =

aqujﬁljl;p)g(bxrwar\Kl;p) (b>j—K|
-1 Olaxp) 0 (bxy; p) a

n

(a/b;q,p) - K| H (azyiq,p K+J’|>

I (qt+Fr=Rom, o q,p);, K =1 01 4:P)j 1

r,s=1

n
= [ [on .-
r=1

From here it is easy to read off the entries of the inverse matrix. |




14 G. Bhatnagar and M.J. Schlosser

Consider the inverse relation

0<jr <N,

r=1,2,....n
where B = BM | and aj and fj are defined as in Theorem 4.3 and (B(l)(a,b)),:j1 is given
by (4.10). Next, simplify using (2.4), (2.6) and Lemma 2.2. If we now make the substitutions
a — qa?/bed, b+ ¢, ¢ — aq/bd and d — aq/bc, we again obtain (4.2). This is an interesting
symmetry of Rosengren’s result.

Theorem 4.6 (an elliptic (B(l) — B(l)) WP Bailey lemma). Suppose an(a,b) and Bn(a,b)
form a WP Bailey pair with respect to the matriz B, Let o/N(a,b) and By (a,b) be defined as
follows

(Pia:P)Ny 5 (p22r34,D) ( a )|N|

/ X s 45 P)N, q

apnla,b) = L. an(a,bpipa/aq), 4.12a
w0 (aq/p2; 4, P) N+ (azra/p1;a:P) N, \P1p2 (@.bp102/a9) (4.122)
i (a.b) = (bp1/a;4,0) Ny vy (bp2ar/a;4,p)

N (aa/paiaop) |y s (azea/priaip)

- ((m;q D) k| ﬁ (p2r; 4, D)y,
(

<t < bpl/a q, p)|k‘ it (bp2xr/a q, p)kr
1,2 N

3o

ﬁ bmpzx ¢t Jag;p)  (bTri ¢, )y, i)

-1 0pip2xr/agip)  (bp1p2tr/a;q;p) g4,

y (GQ/pIIOQ;Q7p)|N|7|k‘ ( aq
P1P2

||
) Br(a, bmpz/aq)>. (4.12b)

s

) (qtFr ks, /2654, 0) N, e

r

Then o'y (a,b) and B (a,b) also form a WP Bailey pair with respect to B,

Remark. When p = 0, n = 1 and 1 = 1, then Theorem 4.6 reduces to Theorem 7 of An-
drews [2]. When n =1 and x; = 1, then Theorem 4.6 reduces to the elliptic WP Bailey lemma
by Spiridonov [39, Theorem 4.3]. When p = 0, Theorem 4.6 reduces to an A, WP Bailey
lemma given by Zhang and Liu [52]. A slightly different formulation of Theorem 4.6 appears in
unpublished notes of Warnaar [48].

Proof. Our proof is an extension of Andrews’ proof [2, Theorem 7]. We begin with the expres-
sion (4.12b) for 7 (a,b). Substitute for Sk (a, bpip2/aq) from (4.6) written in the form:

Br(a,bp1p2/aq) = 2 Bij(a, bp1p2/ag)ej(a, bpip2/aq), (4.13)

with B replaced by B(), to obtain a double sum. After interchanging the sums, the inner sum is
summed using (4.2) and the result can be recognized as the defining condition for a WP Bailey
pair with respect to the matrix B, The details are as follows.

We interchange the sums and shift the index using the following;:

2 > Ajk= ), Y Ajkei

0<k,- <N, 0<Jr kr g <N, 0<k, <Nr_jr
r=1,2,.,n r=1,2,. 1,, n o r=1,2,..n
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We now need the following simplification which follows from Lemma 2.2, by replacing N, —
N, — j, and z, — z,.¢'", for r = 1,2,... n,

T o .

1+kr—ks+jr—
sl (q r—RKs+]r ]s.’I}r,‘/.’L'S,q,p)NTikrijr l<r<s<n

9 (qkr—ks +j7‘_jsxr/x8; p)
0 (qu_jsxr/-%'SQP)

no (N agq,p), o INIIEL1R]G - (%) + 5 (1,
H T _1)‘ |q r=1

_ (
rs—1 (qtHir—Ism, [ag; q,p)N,._j,.

We also need the elementary identities (2.4) and (2.6). In this manner, we obtain the following
expression for S (a,b)

(bp1/a; Q7p)‘N| n (bpar/a; q,p) .

(ag/p2;a,p) Ny 15 (azra/p15 4, p)y,

(154, p) 5(aq/p1p2; 4, )| N j)

n
0jr<Ne \ (bp1/a; g, )y 11 (@9 wr/xs;4,0)y, -,

7777 =

ﬁ (pQIEr; q,p)]r (bSUTa q, p)],-HN‘ (bplpng/aq; q)]r+|.7|
~7 (bp2ar/asq,p); (axrq; q,p);, 15 (bP1p22r /05 4, D) j 4N,
n

0 (bprparq’ 1l fag; p) ( ag )ﬂ
. aji(a,b a
0 (bprp2r/ag; p) g bpspafac)

£1P2

r=1
—Ngs+j .
« 2 H 0(6]]7" Js+kr— ksmr/afs, ﬁ s+]r1}7‘/$5,q,p)kr
_ 1 S— K
0<kr <Nr—jr \1<r<s<n 0 (g7 =Ixay/ws; p) s=1 Ty fass q,p)kT

r=1,2,...n

1—[ 6 (bp1paz, qﬁ+|9\+kr+|k|/aq p) 1~ (bprpoey ¢l jag; q, p)‘k|
X

[17

=1 e(bplpﬂrqh*“'/aqp 1 (bprpowrg™Nrtlilfasq,p)
n N

xl—[ $4D),,

ol bpzxrqﬁ/a a:rrq”““‘ q, p)

(4.14)

(0101, bprp2/a*q; 4. p) i "l
qr:l
(bplqm/a ppoqm |N ‘/a q, p)|k‘

The inner sum can be summed using (4.2). Take the equivalent formulation of (4.2) obtained by
replacing ¢ by a2q1+‘N|/bcd and use the following substitutions: z, + z,¢’~ and N, — N, — j,
forr=1,2,...,n,a— bplpgqm/aq, b— plq‘j‘, cr— po,d— bg!N!. In this manner, we find that
the inner sum in (4.14) equals

(b/a, p2a Wl /a;4,p) 515 n(bprparg? Vil fa, prg N fazyiq,p)
(0102091 1N fa,bp1gH fas ¢, p) iy v (bp20gin fa, g Nl fayg,p)

Now we use (2.4) and (2.6) to write the sum (and therefore, S (a,b)) in the form
Z BNJ a,b),
<jr<N,
1 kA 7

where B = B() and o/;(a, b) is defined by (4.12a). This shows that a/y(a,b) and By (a,b) form
a WP Bailey pair with respect to BW, |
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Remark 4.7. An elliptic A, Bailey 19¢9 transformation formula follows immediately by apply-
ing the B — B elliptic Bailey lemma in Theorem 4.6 to the WP Bailey pair in Theorem 4.3.
This A, elliptic Bailey transformation is due to Rosengren [31, Corollary 8.1]. When p = 0,
this reduces to an A,, Bailey 19¢9 transformation formula found by Denis and Gustafson [14]
and independently, by Milne and Newcomb [30, Theorem 3.1]. When p = 0, this was noted
previously by Zhang and Liu [52].

We used an equivalent, altered formulation of the elliptic Jackson sum in (4.2) in our proof
of Theorem 4.6. More precisely, we altered (4.2) by a specific substitution of variables with the
effect that the occurrence of the nonnegative integer sequence IN in the respective factors got
changed. By using the altered formulation of (4.2), we can extract another Bressoud matrix

and corresponding WP Bailey pair. The matrix B = (B,(fj)(a, b)) is defined as follows.

Definition 4.8 (an A, elliptic Bressoud matrix). We define the matrix B(?) with entries indexed

by (k. j) as
o (b:9: D)5 11 (bgl*=*r Jazr; 4, p),,
By; (a,b) := — = - . (4.15)
Hl (q1+jr_jsxr/$s§ Qap)krfjr Hl (azrg; Q7p)kr+|j\
Theorem 4.9 (an elliptic WP Bailey pair with respect to B(z)). The two sequences
" 0 (ax "Ikl p) (axy; g, p) g (o, dars g, p
an(a,b) = 1—[ (CLUC q p) ( )|k\( )kr
r—1 e(al%;p) (dexr/a§Q7p)kT
a*q/bed; g, p by Kl Y koks
x ( _ i (5) o [Tz (4.16a)
(ag/c, aq/d; q,p) H_l (q2+/%s3 4, D)y, r=1
and
(b7bc/a7bd/a;Qa10\k\ n (aq1+¢kw_kr/0d$TQQ7p)kr

Bila,B) = n I1 _ ., (4.16b)
(ag/c,aq/d; ¢, p)x 11 (azr/7s:4,p)5, 7=1 (bedzy/as q,p)y,

r,s=1
form a WP Bailey pair with respect to B,

Proof. The proof is analogous to that of Theorem 4.3. The proof requires (4.2). With a;(a,b)
as above, we compute the sum (4.8), with B = B(?), to calculate S (a,b). We take the altered
formulation of (4.2) obtained by replacing ¢ by a2g N /bed. The sum can be summed using
the b+ qa®/bed case of this altered form of (4.2). After canceling some factors, we immediately
obtain the expression (4.16b) (with k replaced by IN). |

Theorem 4.10 (an elliptic (B(Y) — B®)) WP Bailey lemma). Suppose an(a,b) and Bn(a,b)
form a WP Bailey pair with respect to BY . Let o'y (a,b) and B (a,b) be defined as follows

n

Hl (P1Zr, P215 ¢, D) N, ag \'NI ™ > N:N.
/N (a,b) == = ( ) o an a,bprp2/aq), (4.17a
~la.b) (aq/p1,aq/p2;4,p) N \P1P2 71:[1 ( ! |
(bpi/a,bpa/a;q,p) N
B (a,b) = ol

(ag/p1, aq/p2; ¢, )N
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n

Ty, P2Ty; )
x ), (E(pl P P, (554, P
bpi/a,bps/a; n
oshyin, \ OPVOIRIET DI [ (et o p)y
r=1,2, r,s=1
(aqlJr‘N'*NT/lefﬁr; (Lp) Ny—k,

y I]:Q (bp1p2xrg™ ¥ fag; p)

11 0(bpipawy/ag;p) (bp1p2r /a5 4, P) )+ N,

r=1

aq k| bk 2 krks
X [Ja b -a= " Brla,bpipa/ag) ). (4.17b)
P1P2 bt}

Then o/ (a,b) and B (a,b) form a WP Bailey pair with respect to B®.

Proof. The proof is analogous to the proof of Theorem 4.6. We begin with the expres-
sion (4.17b) for B (a,b). Substitute for Bg(a,bpipa/ag) in (4.13) with B = BM. The inner
sum can be summed using (4.2). We take the altered formulation of (4.2) obtained by replac-
ing ¢ by a2q1+|N‘/bcd. We use the following substitutions: z, — z,¢" and N, — N, — j, for
r=12,...,n,a— bp1p2q|j|/aq, b bgldl+INI ¢ s p1, d — pso. Now after some simplification,
we find that o'y (a,b) and By (a,b) form a WP Bailey pair with respect to B®. |

An elliptic A,, Bailey 19¢9 transformation formula due to Rosengren [31, Corollary 8.1] follows
immediately by applying the B) — B® elliptic Bailey lemma in Theorem 4.10 to the WP
Bailey pair in Theorem 4.3. This A, elliptic Bailey transformation formula is the same as
obtained in Remark 4.7.

We have seen two A,, Bressoud matrices which follow from the same A, elliptic Jackson sum.
We also obtained a WP Bailey lemma that transforms a WP Bailey pair with respect to a mat-
rix BM) into a more complicated WP Bailey pair (with 2 additional parameters). However, this
time the WP Bailey pair is with respect to the matrix B®). In the next section, we explore the
consequences of another A, elliptic Jackson sum.

5 An A, elliptic Bailey transformation

In the previous section, we examined the consequences of one of Rosengren’s elliptic Jackson
summation over A,. In this section, we consider another A,, elliptic Jackson summation. We
will find that we can obtain some WP Bailey lemmas relating to the Bressoud matrices obtained
in Section 4. In addition, we find another useful Bressoud matrix closely related to B(2),

The A, elliptic Jackson summation we use in this section is due to Rosengren and the second
author [35]. The p = 0 case is due to the second author [38]. We have

3 I 0 (" *oz, /x5 p) ﬁ (¢ Noar/2s30,),,
0<k,<N, \ 1<r<s<n 0 (ZET/IL'S;p) rs=1 (qxr/ms; Qap)kr
r=1,2,

ghigesay

d/xr,q p W(a T q|N‘+1/de q, p) (de/awr;q,p)‘k|,kr
25 (A2 4, D) gk, (axra/d; q,p)y, (bedg=" fazy; g, p)

0 anW;p) (a,b, ¢;q, D)y é”‘”
6(a;p)  (agNI*1, aq/b, ag/c;q,p)

n

_ (ag,aq/be; g, p) |N 1—[ (azrq/bd, ax,q/cd; q,p)y,
(aq/b, aq/c; q,p) N 77 (axrq/d, axrq/bed; q,p) y,

:]:

(5.1)
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Observe that (5.1) has a simpler very-well-poised part, namely

0 (ag?*!; p)
0 (a;p)

compared to the one in (4.2), given by

ﬁ az,q*t1¥; p)

0 (azy; p)
We begin with a WP Bailey lemma which follows from (5.1).

Theorem 5.1 (an elliptic (B® — B()) WP Bailey lemma). Suppose an(a,b) and Bn(a,b)
form a WP Bailey pair with respect to the matriz B, Let o/ (a,b) and By (a,b) be defined as
follows

(p1:p2; 4, D)\ N ag \'N 1~ — Y NoN,
aly(a,b) = il (p/)) [T2Ya =" anla.bpips/aq),
[ (azrq/p, azrq/paiq. )y 27 =
r=
(bpl/a'u bPQ/aa(Lp) N
B (a,b) = — V]
Hl (azrq/p1, axrq/p2; 4, D) N,
r=
" Z (p1, p2; Q7p)‘k| 0 (bp1p2q2|k‘/aq;p)
o<t \(bp1/a,bpa/a;q,p)yy 6 (bprp2/ag;p)
r=1,
& 1k —|k
I (bxr;q,p)\NHkr (azrg" =¥ p1poia,p)
r=
X

n
(bp1p2/a; 4, D) | N+ |k Hl(q”’“r—’fsxr/:cs;q,p)m_kr
r,s=

(aq>mflk "R (b ag)
X x," . r<s a, a .
0102 r "4 k pP1p2/aq

Then o'y (a,b) and B (a,b) form a WP Bailey pair with respect to B(1).

Proof. The proof is analogous to the proof of Theorem 4.6. The only difference is that this
time we sum the inner sum using (5.1), with the substitutions: z, + z,.¢’~ and N, + N, — j,
forr=1,2,...,n,a— bplpgqmj‘/aq, b— plqm, c— pgqm, d— b,olpgq‘j‘/aQq. The rest of the
computations are very similar. |

A new elliptic A,, Bailey 19¢g transformation formula follows immediately by applying the
B — BW ¢lliptic Bailey lemma in Theorem 5.1 to the WP Bailey pair in Theorem 4.9.

Theorem 5.2 (an A, elliptic Bailey 19¢9 transformation). Let A = ga®/bed. Then

0 (¢" P, fagip) o (@ Mwr/zsianp),,
ZN ( H g(xr/xs;p) H (qm'r/xs;(bp)kr

1<r<s<n r,s=1

ﬁ ax qkr+|k\ p ﬁ (azxy;q,p) k|

1+Np.
r=1 ax”" r=1 aac rd 14 p)‘k|
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ﬁ (cxr, dxy, Aaz N fefrq,p),
lic} axrq/b, a:crq/e, aer/ﬂ qvp)kT

(ba e)fﬂ]vp)‘kﬂ i rky
X 7N| q'r':l
(ag/c.aq/defqN1/X:q,p)
~ (Ag/e, M/ f4,0) Ny 1 (azrq, azeg/ef;q,p)y,
(Mg, Aa/ef;a,p)n| ooy (axra/e, azrq/f10,P) N,

y Z < 1—[ Q(qk’“*kSazT{xS;p) ﬁ (q*Ns:rr/ﬁ.Us;Qap)kr

0<kr <N, 1<r<s<n 9 (xT/xS7p) r,s=1 (qxr/w87 qap)kr

r=1,2,...,n

9 ()\qz\k|;p) (A, Ac/a, Md/a, e, f1q,p) g,
0(Xip) (AN ag/c, aq/d, Aqfe, Aa/f;q,p)

" (Abjaxy;q, p)|k‘()\a$rq‘N‘H/€f'q p)

|1

A (efg™Nrfazy; g, p) g (azrq/; ¢, D)y,

n

fff/aﬂfr,q p |k| ky i rkr
1_[ . qr:l .

(Ab/azr;q, P)W kr

(5.2)

Remark. When p = 0 and n = 1, this reduces to an equivalent form of Bailey’s 19¢g transfor-
mation formula (3.7), given in [17, equation (2.9.1)]. After discovering this result, the authors
were informed by Rosengren [33] that he obtained the same result by following the approach
used in [10, 31]. Other elliptic Bailey transformations on root systems were given previously by
Rosengren [31, 34].

Proof. This elliptic A, Bailey 19¢9 transformation formula is obtained by applying the B® -
B® elliptic Bailey lemma in Theorem 5.1 to the WP Bailey pair with respect to B() in Theo-
rem 4.9. The result is a WP Bailey pair with respect to the matrix B, Written explicitly, this
is an equivalent form of (5.2). The details are as follows.

First write the relation (4.6) explicitly

Bu(ab) = Y BY(a.b)aj(ab),
0<]7‘2<Nr
r=1,2,...n

with Bg)j(a, b) written in the form (4.5), and o) and S} given by Theorem 5.1. Here, replace
ak(a,bprp2/aq), Br(a,bpip2/agq) by the corresponding expressions from Theorem 4.9 (with b
replaced by bp1p2/aq). After some algebraic calculations involving the use of (2.3), (2.6), and
Lemma 2.2, we obtain a formula resembling (5.2). Next, set p1 = e, po = f and b — bg~ NI
Finally, replace b by a3q2+|N‘/bcdef = )\aqH‘N'/ef, where A\ = ga?/bed, to obtain (5.2). |

Using an analytic continuation argument, we can write (5.2) with sums over an n-simplex.
Theorem 5.3 (an A, elliptic Bailey 19¢9 transformation). Let A = ga®/bed. Then
Z 1—[ 0 (qkr_kswr/xs;p) ﬁ (fszr/2s; Qap)kr
0 ($r/$5; p) )

0<|k|<N 1<T’<S<'I”L 7,.7521 (qxr/x37Q7p)kr
k1,k2,....,kn=0

ﬁ ax qkr+|k‘ p ﬁ (Iﬂfr,q p k|
G-’IJT, a/-Ter/fr7q p)‘kg|

r=1 r=1
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g

car, dey, Aazr g™ fefi - i p)y,
(axrq/b, axrq/e, ax g N5 q, ),

) (be.a Nia,p) él m)
(GQ/QGQ/C[, efi - fna _N//\'q p)‘k|

_ (Ma/exg/fi-- friap)y 1—[ (axrq, azrq/efr; q,p)y
(Ag; Ag/efi -+ fasq,p)y 11 (awra/e,axrq/fria:p)y

(qxr/xsa q, p)k,,

y 0 (qkr_ SI'T/SUS;p) (fsxr/xs;qvp)kr
Z ( H 0 (xr/xs;p) 1_[ )

0<|k|<N 1<r<s<sn r,s=1
k1,k2,....kn=0
0 ()\q2‘k|,p) ()‘7 )\c/a, Ad/av €, qu; Q7p) \k|

0(N;p)  (Ag/fi--- fn,aq/c, aq/d, Ag/e, A\g" T g, p)y,
no (Abfazriq.p) g (eq ™ fazr; . p) 4,
1:[ (Ab/azr; q,p) k|, (efra™™ [azr; q,p)
ﬁ )\CLCET,qN-‘rl/efl fn;q,p)kr -qi rkr)

(azrq/b;q, )y,

(5.3)

Proof. Denote the left-hand side minus the right-hand side of the transformation in (5.3)
by F(fi,...,fn). Now F is meromorphic in each of the variables fi,..., f, in the domain
0 < |fs| < oo, for 1 < s <n. Using (2.7), it can be easily checked that F' is periodic in each fs,
ie.,

F(flv"-apf57--'7fn):F(f17-"7fn)7

for s = 1,...,n. For technical reasons we shall first assume that p, ¢ are chosen such that p™q¢"
are distinct for all integers m and n.

We will first demonstrate the existence of a convergent sequence of distinct points, such
that F' is zero when f; is equal to any term of that sequence. This will imply that F' is zero
for any f; where F' is defined. It follows from the f = ¢~V case of Theorem 5.2 that F is
zero for (fi,...,fn) = (q*Nl, . ,q*N"), where Ny, ..., N, are nonnegative integers. Now for
every 7 = 0,1,2,..., there is an integer m, such that if z, = p" ¢™", then p < |2,| < 1. By
periodicity of F', F must be 0 when f; = z,, for every r. Since there is an infinite number of z,
in the annulus p < |z] < 1, the 2z, must have a limit point. Thus there is a convergent infinite
subsequence (z, ) of distinct points, such that F' is 0 on this subsequence, and therefore F' must
be zero for any fi, as required.

By iterating this argument for f, ..., f,, we conclude that F'is identically zero for fi,..., fp.
By analytic continuation this is extended to the degenerate cases where the p™¢™ are not all
different (for various m, n), as long as those choices for p, q leave F' well-defined. |

Some consequences of Theorem 5.2 are noted in Section 6. Next we have an A, elliptic
well-poised B® — B2 Bailey lemma.

Theorem 5.4 (an elliptic (B — B(?)) WP Bailey lemma). Suppose an(a,b) and Bn(a,b)
form a WP Bailey pair with respect to the matriz B . Let a/N(a,b) and By (a,b) be defined as
follows

, _ (ening 5 (p2zriap)y, aq
OJN((Z,).Z )

|V
an(a,bp1p2/aq),
(aq/p2: ¢, p)|n| 7 (axra/p1; a4, D)y, p1p2) /
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(bp2/a;q,p) Ny & (bprad™N'"N Jazrsq,p)
|V r
(aq/p2;a,p) vy o7 (a@ra/p1;4,p)y,
2 ( (,01,q,p)‘k| ]ﬁ(szT‘;Q7p)kT(bp1qN|/amT’;Q7p)k|kr
X

0<k, <N, (bp2/as ¢, P) k) (bPIQ‘M_NT/a%;q,PMk‘

r=1,2,...n
0 (bp1p2q2|k‘/aq;p) (0; qap)\N|+\k|
0 (bp1p2/ag;p)  (bp1p2/a; q,P) N4 k)

(ag/p1P2; 4 P)|N|— 1k ag \*

o NI (p p) Br(a,bp1pa/aq) |.
Hl(qlJrkTikS:Cr/xs;Qap)Nr_kT 1

r,s=

B;\T(av b) =

Then o/5(a,b) and S (a,b) also form a WP Bailey pair with respect to B®.

Proof. The proof is analogous to the proof of Theorem 4.6. However, this time we sum the
inner sum using (5.1). We use the following substitutions: x, + z,.¢’* and N, + N, — j, for
r=1,2,...,n, a— bp1p2q®¥l/aq, b p1glIl, ¢ bgNIH3l d — bpipaglil/a?q. The rest of the
proof is similar to the earlier one. |

On applying the B® — B® elliptic Bailey lemma in Theorem 5.4 to the WP Bailey pair in
Theorem 4.9, we again obtain Theorem 5.2.
Next, we present another Bressoud matrix related to (5.1).

Definition 5.5 (an A, Elliptic Bressoud matrix). We define the matrix B(®) with entries
B,(f;.)(a, b) as

T . .
" [ (beria.p)j, (bzg =W a3 q,p),
B (a,b) = = — | (5.4)
(aq;q,p)|k‘+|j| Hl(ql+]r_]sxr/1's§Qap)kajT
r,5=

Remark. When p = 0 and further b = 0, this reduces to a multivariable Bailey transform
matrix given by Milne [27, Definition 8.24]. This matrix and its inverse were used in [8] to
derive a result related to (6.3) below.

Theorem 5.6 (an elliptic WP Bailey pair with respect to B(?’)). The two sequences

o (a,b) := 0 (ag”™;p) (a, ¢, d; 4, P)
O4D) (agfc,aq/d:q, p)\k|rls_[ (qzr/T53q, D)y,
n (a®q/bedzr; . p), N S S,
g ,1:[1 (aq/bedzys q,p) gy, (bedarfasq,p)y, (a) @ Bfn
and
Buab) = (ag/cd;q,p) ﬁ (bzr; 4, p)yg (bezr/a, bdzy/as q,p)y, ’

(ag/c,aq/d; 4, P 1 = (qfcr/xs,q, Py, (bedzy/a; q, p)y,

r r=1

form a WP-Bailey pair with respect to B®).
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Proof. The proof is analogous to that of Theorem 4.3. The proof requires the d — ga?/bed case
of (5.1), after interchanging b and d. We verify that a;(a,b) and Sn(a,b) satisfy the defining
condition of a WP Bailey pair with respect to B®), |

Corollary 5.7. The two sequences

ag? . n
ag(a,b) := W(GQQW)W H ( :

rs—1 qfvr/xs; Q>p)kr

n (a/bzy;q, p)‘k| D\ *l = S ks %
H : <a> q U:v :

=5 (a/bzr; 4, ) oy, (b3 4, D)y,

and

b) = H Ok,,05
r=1

form a WP-Bailey pair with respect to B3,
Proof. Take d = ag/c in Theorem 5.6 to obtain this unit Bailey pair. |
As before, we can derive a formula for the inverse of B(®) using this unit Bailey pair.

Corollary 5.8 (inverse of B®)). Let B() = (B,(;;)(a, b)) be defined by (5.4). Then the entries
of its inverse are given by

2k[. ) 0 (b Jr+ll. k| =71 e
(B(?:)(a’ b));]l (aq p 1—[ Ty p) <b) qT§S] J Hka i

0 (bx,;p) a

r=1

(@56 2) g 4 15 1_[1 (ag® =+ fbays q,p),,
r=
S - - (55)
1_[1 (qlJrJTiJS-Tr/xs;q?p)kr_jr [T (bzyq; Qap)kr+|j|
r,8=

Proof. We first write Corollary 5.7 in the form

n
Z Bjlatas = [ Tono
SN r=1

9

where o is as in Corollary 5.7, and the entries of B®) is given by (5.4). We now replace N
by IN — K, and shift the index by replacing 5 by 7 — K. The index of the sum now runs from
K, < j. < N,, for r = 1,2,...,n. Next we take z, — z,.¢%", a — a?®El and b — bglEl to
obtain, after some simplification, the sum

Z Bj(f’,)j(a,b)( B®(a,b)) H(SNT,KT; (5.6)

where (B(3)(a b)) is given by (5.5) with indices relabeled as (k,j) — (3, K). [

Observe that the entries of (B®)(a, b))~ consist of the entries of B()(b, a) multiplied by some
additional factors, which can be separated into factors containing either terms with index j or
with index k. This can help us find the inverse of B().
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Corollary 5.9 (inverse of B®). Let B®) = (B,(fj) (a,b)) be defined by (4.15). Then the entries
of its inverse are given by

(B(z (a,1)) ﬁ ax qkr+\k|;p) 'Q(bqZ\.ﬂ p) k| -4 gs(krks_jrjs) ﬁx”_kr
6 (ax,;p) 6 (b;p) a T

r=1

n . .
L1 (@r34,0);, 114 (azrg’ =V /biq,p),,
r=
X

_ .
(0G4, D) 114y 11 (@ —Isw, g q,p)y, s
kivlgl 11 j
r,s=

Proof. We can write the sum (5.6) in the form

2\J| n 9 KTHK\

3) 2) (5, ) (aq P)
BN-(a,b)B-K(b, | |

K'I‘gggNr ( ! ! r=1 bxr,p)
r=1,2,..n

D\ B s (kK= n
P )
r=1 r=1

Interchanging a and b, this expression can be written as

n Q(erquHK‘;p) . é | K|—|N| TZ:SKK —N,Ny) 1_[ No—Ko
0 (az,g"~+INlip) \a 4

r=1
b 203l p) 0 (azpg N p)
3 2 q p q p
_ (Bgvg.@,a)B;,y [[ret =
K’I‘gjrgNr r=1 Tap
r=1,2,...n

D\ N6 s (NN -
() ) < flo.
r=1 r=1

Note that when N = K the (non-zero) factors outside the sum on the left-hand side reduce
to 1, and thus cancel. We can now read off the entries of the inverse of B(®)(a,b) from this
expression. |

Consider the inverse relation (4.11) where B = B®)| and oy, and S, are defined as in Theo-
rem 5.6 and (B®)(a, b)) is given by (5.5). After using Lemma 2.2 and canceling some products,
we make the substltutlons a > qa®/bed, b a, ¢ — aq/bd and d — aq/bc. Finally, we replace c
by a?¢" Nl /bed to again obtain (4.2). Thus (4.2) and (5.1) are inverse relations. Indeed, Rosen-
gren and the second author originally obtained (5.1) by taking the inverse relation of (4.2) using
a matrix inversion equivalent to B(®).

Theorem 5.10 (an elliptic (B®) — B®)) WP Bailey lemma). Suppose an(a,b) and Bn(a,b)
form a WP Bailey pair with respect to the matriz B®). Let a/N(a,b) and By (a,b) be defined as
follows

(pl7p2;Q7p) N aq |N‘
v(a,b) = IN| ( ) oan(a.b aq)
wie?) (ag/p1,aq/p2;a:p) Ny \ P1P2 ~(a,bp1pa/aq)

Hl (bpll'r/a, bPZfET/a; q’p)N?«
B (a,b) ===

(aq/p1, aq/p2; 4, p) N
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(p1, p2: ¢, p)|k‘ L bpl,ozx g~ Hk'/aq p)
) H 0 (bp1p2r/ag; p)
0<kp <Ny ]_[ (bprzr/a, bpazy/a; q,p);, =1
r=1,2,...n r—1
(aq/p1p2; 4. P) || k| ﬁ (03 4, D)y, 1N
n .
[T (gttFrFsa, /o q,p) N, g, 7=1 (bp1p2r /0 4, P) ko,
r,s=1
ag \
X ( > Br(a,bpip2/aq) |.
P1P2

Then o/ (a,b) and B (a,b) also form a WP Bailey pair with respect to B®).

Proof. The proof is analogous to that of Theorem 4.6. Again we use (4.2), but this time with
the following substitutions: x, — x,¢’* and N, +— N, —j, forr =1,2,....,n, a — b,olpgqm/aq,
b— plqm, cr— pgqm, d— bplpgq_|j|/a2q. The rest of the proof is similar. |

On applying the B®) — B®) elliptic Bailey lemma in Theorem 5.10 to the WP Bailey pair
in Theorem 5.6, we again obtain Theorem 5.2.

We have now seen three multivariable Bressoud matrices, and various WP Bailey lemmas
connecting WP Bailey pairs with respect to them. As a result we obtained a new 1g¢g elliptic
Bailey transformation. In the next section, we suspend our study of WP Bailey pairs and
lemmas, to record special cases of this new transformation formula.

6 Special cases: new A, Watson transformations
and related identities

We now consider extensions of Watson’s transformation that follow from the A,, elliptic Bailey
1009 transformation formula (5.2). Previously, multiple series extensions of Watson’s transfor-
mations have been obtained by, for example, Milne [25, 26, 28], Milne and Lilly [29], Milne
and Newcomb [30], Coskun [13] and by the authors, see [9] and [10]. Some interesting appli-
cations of one of these transformations to the theory of affine Lie algebras appear in Bartlett
and Warnaar [7] and Griffin, Ono and Warnaar [18]. Below we present some new A, Watson
transformation formulas and some further special cases.

Multiple series extensions of Watson’s transformation formula [17, equation (2.5.1)] can be
obtained from the p = 0 case of (5.2) in multiple ways. We can take the limit as b, ¢, or d goes
to infinity. Alternatively, we can consider the equivalent formulation obtained by replacing e
or f by Aag'TNl/ef and then take the limits as one of b, ¢, or d go to infinity. We can also
interchange the role of A and a and then take limits as above. Many of these limits give rise to
the same formula, depending on the symmetry of the various parameters.

Theorem 6.1 (an A, Watson transformation). We have

Z I 1— gbr—heg, jz, ﬁ (¢ Noar/z55q),
N 1— . /xs ;

I<r<s<n r,s=1 (qmr/$8a Q)kr

n
ke,

ﬁ 1-— a:zqu’“+|k| (ax,; )\k|(b$r70$m€$ra Dy,
x x,

ol 1 —ax, (axpqt+Nr; Q)\k| ax,q/d; q) kr r=1

N (d, q)|k:‘ a2q2+‘N| | ‘ rgg krks+ é ( )
(aq/b,aq/c,aq/e;q)y, \  bede !
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_ (ag/de; )Ny 7 (azrq;9),
(ag/e;q)\n| i (azrq/diq)y,

% Z H 1-— qkr*kslﬂ,«/xs ﬁ[ (qiNSxT‘/xs;Q)kr
0<k, <N, \ 1<r<s<n 1- ZL‘T/$S r,s=1 (qu/ws; q)k’r
r=1,2,...

(d, q)‘k| T];[l (BZEr,aq1+|k|*kr/bCl’r;q)kr i ?"kT)

qr:l
(aq/b, aq/c,deq=INl/a; q),,,

Proof. We take p = 0 in (5.2), and replace e by Aag'*N!/ef. Now we take the limit b — oo
and replace d by b and f by d. |

Remark. By applying a standard polynomial argument to Theorem 6.1, we can obtain an
equivalent transformation formula, where both sums are summed over an n-simplex. (This result
could alternatively be obtained from Theorem 5.3 by applying a similar limit and substitution
as that used in the proof of Theorem 6.1.) That is, the summation indices on both sides range in
the region 0 < |k| < N, where N is a non-negative integer, and k, > 0, for r = 1,2,...,n. This
remark applies to all the results of this section. We do not write down these results explicitly.
For an example of such a calculation, see the proof of [27, Theorem 2.4] or [10, Theorem 3.7].

If we take p = 0 in (5.2), and take the limit b — oo, we obtain the A,, Watson transformation
formula [10, Theorem 4.3]. If we take p = 0 in (5.2), take the limit d — oo, we obtain an A,
Watson transformation formula due to Milne, see [28, Theorem 2.1]. Finally, we take p = 0
in (5.2), and replace e by )\aqH'N‘/ef7 and take the limit d — oo to obtain another A,, Watson
transformation due to Milne, see [30, Theorem A.3].

Next, we consider the formula obtained from (5.2) by first replacing A by ga?/bed, and
then taking (simultaneously) a ~— ga?/bed, b — aq/cd, ¢ — aq/bd and d — aq/bc. In the
resulting formula, we take A = ga®/bed and use the relations A\b/a = aq/cd, Ac/a = aq/bd and
Ad/a = aq/bc. In this manner we can write the right-hand side of the series (5.2) with special
parameter a and the left-hand side with special parameter A. Now we take p = 0 to obtain the
following A,, Bailey 19¢9 transformation formula. This is equivalent to the p = 0 case of (5.2),
but with A and a interchanged. Let A\ = ga®/bcd. Then

Z H 1— qkr*ksxr/xs 1”_[ (qiNSCBr/'rs; Q) K,
0<k, < 1<r<s<n 1- ZCT/J?S rs=1 (qu/ws; Q)kr
r=1 2

y 1 — ag?l*l (a,c.d, e, f;q)
L—a  (agNI*',ag/c,aq/d, aq/e, ag/f;q),,
17 Gler g (azeg™ e fiq), (e /A @), q2k>
=1 (b/xr; )\k| kT(axTQ/b'Q)kr(equNr/)\ﬂﬁr;(J)w
_ ({ag,aq/ef;q) |N\ (Azrq/e, \vrq/fiq)y,
~ (ag/e, ag/f;q)n Hl (Azrq, Azrgfef;q)y,

y 1—[ 1— qkr*ksxT/;L‘S ﬁ (q l‘r/ms, k. 1_[ 1=\ qkr+\k|
<N, 1 — /g 1— Mz,

I1<r<s<n r,s=1 (qu/wsa ko

2,m
(Ax,; )|k‘(/\cacr/a Mz, /a, \az,.qN 1 e f; q)
15 Azt g)  (Aerg/e, Azeq/ f, azrq/b; Q)kr
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% (67 fv )‘b/aa q)|k‘ qri:l rky
(aq/c,aq/d,efq 1Nl /a;q) '

(6.1)

Three new A, Watson transformations follow from this A, Bailey transformation formula.
Theorem 6.2 (an A,, Watson transformation). We have
kr

1—g¢q _ksxr/xs = (q_Nsxr/xS;q)kr
N (I

1<r<s<n rs=1 (qir/x& Q)kr

1— aq2|k| (G,C, d767Q)|k| H k
:E T
L—a (agN*, ag/c,aq/d aq/e;q) 7 "

(b/z,; )‘k| .(a2q2+N|>|kq T ks +T§ (r— 1)kr>

X

’:]:

b/wr’ 4) k|- kr(axTQ/b s, bede
B (aq,aq/de;q)‘m < 1—[ 1 — ghrheg, /x, ﬁ (q*Nsmr/xs;Q)kT

 (ag/d,ag/e; @) Ny o fn \ieisen L we/rs AL (azi/zsa)y,

r=1,2,...n

ﬁ (azrq/bc; q)y, (d, e59) gy 5 rk>

. r=1
11 (axrq/biq)y, (ag/c,deq—IN|/a; q)‘k‘
Proof. In (6.1), we take the limit as d — oo and replace f by d in the result. |
Theorem 6.3 (an A, Watson transformation). We have

5 ( I 1— gtz fz, ﬁ (¢ Noar/z55q),

0<k,-<N, \ 1<r<s<n 1= l’r/$s r,s=1 (qxr/xs; q)kv'
r=1,2,...,n

n 6(12'7«7 (ax q1+|N|/€. q)|k:\—kT Z . k5+2 r—1ky "
1:[ (az, g HIN =N fe: ) e Hm

L] =1

k
» 1-— aq2|k| ((17 b) c, d7 Q)‘k| CL2q2+‘N| | ‘
l—a (ag!N*1 aq/b,aq/c, aq/d; q)‘k| bede
(aq; @) Ny 1 (ag" NN Jdew, s q)

(aq/d7 q)‘N| 1 (alql"!‘|]\]‘_]Vr/6:1;‘r7 q) N,,.
k.-

1-— 7_ksxr T n (q_NS$7"/xSQQ)T
% 2 < H q / H k

0 krgN I<r<s<n 1- 1’7»/335 r,s=1 (q:ET/xS; q)kr
r=1,2,.

Il A

(dexrq=IN ‘/a q) .(aq/b,aq/c;q)wq (6.2)

12[ (exr;q (d, aq/be; q)|k\ élrkr>

Remark. If we take ¢ = 1 in (6.2), the sum on the left-hand side reduces to 1, and we obtain
an equivalent formulation of Milne’s balanced 3¢2 sum [27, Theorem 4.1].

Proof. In (6.1), we replace e — Aag' TVl /ef and take b — oo, and take f +— d and d — b in
the resulting identity to obtain (6.2). |

A summation theorem follows immediately from Theorem 6.3.



Elliptic Well-Poised Bailey Transforms and Lemmas on Root Systems 27

Theorem 6.4 (an A,, very-well-poised g¢5 summation). We have

2 ( 1_[ 1= gkrkom, [z, ﬁ (q*Nsxr/%%q)kr
0<kr- <N, \ 1<r<s<n 1— /2 rs—1 (qxr/ms;q)kr
r=1,2,...,n

1+|N| /..
ﬁ[ i d (a.’[‘rq ‘ ‘/C q)|k|*kr ﬁfE*kr
T
o aa: rqtTINI=Nr fes q)|k| L

1-— aq2|k| (a, b; Q)\k| aq1+|N‘ * 2 krks+ i (r—L)kr
X r<s r=1
1—a (agNI*', aq/b;q),, be !
(aq; @) Ny 1 (ag TNV bewrs q)

" (ag/biq) El (ag NN ez, q) N: ‘ (6.3)

Remark. When n=1, this formula reduces to the very-well-poised ¢¢5 sum [17, equation (2.4.2)].
Several other extensions of this formula on root systems have appeared previously, see, for
example, [8, 9, 15, 19, 27, 29, 37].

Proof. We take ¢ = ag/b in (6.2). The sum on the right-hand side becomes 1. In the resulting
identity, we replace d by b and e by ¢ to obtain (6.3). |

The identity (6.3) is related to the A, ¢¢5 summation due to the first author [8, Theorem 3.6].
It follows from this result by inverting the base or reversing the sum. It can also be obtained
from the A,, Jackson sum [38, Theorem 4.1], given by the p = 0 case of (5.1), by replacing ¢ by
a?qN1+1 /bed and letting d — oo.

Theorem 6.5 (an A, Watson transformation). We have

Z I 1— gbr—heg, fz, ﬁ (¢ Moar/z55q),
1—xz/xs ;

(qu/xsa Q)kT

o<k, < 1<r<s<n r,s=1
r=1 2
n (exr;q (b/.%'r, )|k;\ (axrqlﬂN'/e; q)|k:|—k:,»
X H I+|N|—N,
15 (azrq/byq),, (cwcrq "/€30) 1y (0/ri @) ey,
1—ag  (acdiq) 2N\ L o,
X q'r:l
1—a  (agNl* ag/c,aq/d;q),, \ bede

(aq; @) Ny 1 (ag" NN Jdew, s q)

(aq/d; @) Ny 5 (ag™tINI=Nrfea,iq)

q" s, Jxg 1—[ (q_Nsxr/%;(J)kT

1<r<s<n 1= xr/xs r,s=1 (Q$r/l‘s; q)kr

(aarrq/bC' @)y, (er; @)y, w2 m) . (6.4)

" 1:[ (ax2/b; q)y,, (dezrg N /a1 q),  (ag/c; q)wqml

Proof. In (6.1), we replace e — Aag' TNl /ef and take d — co. In the result, we take f +— d to
obtain (6.4). ]

When ¢ =1 in (6.4) the sum on the left-hand side reduces to 1 and we obtain an equivalent
formulation of Milne’s balanced 3¢9 sum [27, Theorem 4.1].
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If we set e = a?¢" 1Nl /bed in (6.4), we obtain the second author’s A, Jackson’s gp7 sum
(the p = 0 case of (5.1)). After replacing e as specified, the sum on the right-hand side can
be evaluated by setting a +— a2q1+‘N|/bcd, b=d, c— aq/b, x, — z,x,, for r =1,2,... nin
Milne’s balanced 3¢2 sum [27, Theorem 4.1].

Before proceeding to the next section, we remark on the motivation for our search for a new
Bailey 19¢9 transformation given in (5.2). Most results of this section contain a very-well-poised
part

1 — ag?¥l
1—a

instead of the usual

where the summation index is k. The first result of this type was given by the first author [8],
followed by several related results by the second author [38]. It was natural to search for an A,
1009 transformation involving a series with this kind of very-well-poised part that would contain
all those results as special cases.

7 Another WP Bailey pair for BV

The next elliptic Jackson summation we consider does not give rise to another Bressoud matrix.
Rather surprisingly, it provides yet another WP Bailey pair with respect to the matrix B,

The D, elliptic Jackson sum we apply in this section is due to Rosengren [31, Corollary 6.4].
Its p = 0 case is due to the first author [9]. Rosengren’s result is

0 (¢"Far/uip) o (@ V2r/250.p),,
Z ( H G(Q;T/xs;p) H (qm'r/xs;%p)kr

0<k,-<N, \1sr<s<n r,s=1
r=1,2,...,n
ax,xsq/d;
y 1gr1]ggn( " SQ/ 7Q7p)kr+ks n Q(erqkrﬂk\;p) (axrad/fr;%p)\k\
ﬁ (axrxsq/d; qu)k —1 0 (aa:r;p) (al’rqHN’ﬁ q,p)w(d/xr; q,p)w,kT
r,s=1 "
- 2 1+|N
]_[1 (bay, car, a®xpq +IN /bed; Q7p)kr 3k
r= r=1
(aq/b, aq/ec,bedg=Nl/a; q.p) ,,
(azr7s5q/d; Q7P)NT+NS
_ l<r<s<n
- n
H (amrmsq/d;q,p)NT
r,s=1
n
[T (azrq, azyq/bd, azyg/ed, aq™ NI fbears ,p) .
x =1 . (7.1)

(aq/b, aq/c, aq/bed; q,p) N,
Remark. The D, series (with summation index k) typically contain the elliptic Vandermonde
product

kr+tks ;p)

0 qkriks‘rr/xs;p 0 (ax,xsq
1 ( ) I (

0 ($r/xs§p) 0 (axrxs§p)

1<r<s<n I<r<s<n
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as a factor. (This is not followed very strictly. Sometimes the series is labelled as a D,, series
when this factor appears on reversing the sum or inverting the base, as in (8.1), below.)

We use (7.1) to obtain a WP Bailey pair with respect to the matrix BW.

Theorem 7.1 (second elliptic WP Bailey pair with respect to B(V). The two sequences

n 0 (azgtMp) M O,
ag(a,b) := H G @) _
r=1 ’ [I (Q$r/xs;Q7p)kT(axrxsq/d;q7p)kr

r,s=1

n

I_Il (car, a’xrq/bed; q,p), (azr, d/zr;q,p) (b)|k

<

X
a

(ag/c, de/a;Q7p)‘k| 1:[1 (d/xr;q,p)w_kr

and

H (axrxsq/d§ Q7p)kr+ks
1<r<s<n

Bk(avb)::

n
[T (azr2sq/d;q,p)y, (a7 /7559, D)y,
r,s=1

n (bxy, bd/axy; q,p) rljl (azrq/cd, bexy fa; q,p)y,
1 .
r=1

(bd/azr; q,p) k|, (ag/c,bed/a; q,p)

form a WP-Bailey pair with respect to B( .

Proof. The proof is analogous to that of Theorem 4.3, except that we use the b — ga?/bed case
of (7.1). [

Consider the inverse relation of (7.1), in the form (4.11) where B = B(), and oy, and §;, are
defined as in Theorem 7.1 and (B(M)(a, b)),;a1 is given by (4.10). After canceling some products,
we take a — bg IV, b a, ¢ — ag/cd and d — bd/agN!, to again obtain (7.1). Thus we do not
obtain a new result by taking the inverse relation.

Since we have another WP Bailey pair with respect to the matrix B(Y), we can apply the
B — B(1) WP Bailey lemma or the B() - B() WP Bailey lemma, to obtain a WP Bailey
pair with respect to the matrices BM or B®), respectively.

An elliptic D,, Bailey 19¢9 transformation formula due to Rosengren (which follows by re-
versing the sum in [31, Corollary 8.5]) follows immediately by applying the B — B elliptic
Bailey lemma in Theorem 4.6 to the WP Bailey pair in Theorem 7.1. When p = 0 this reduces
to the authors’ formula [10, Theorem 3.9].

The same elliptic D,, Bailey 199 transformation also follows by applying the B() — B®)
elliptic Bailey lemma in Theorem 4.10 to the WP Bailey pair in Theorem 7.1.

Next, we find another Bressoud matrix and another WP Bailey lemma, which will allow us
to use the WP Bailey pair of this section again.

8 The matrix B®

In this section we examine some results which are related to multiple series attached to a mix of
root systems, such as A,, C,, and D,,. These results are a consequence of a D,, elliptic Jackson
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sum due to Rosengren [31, Corollary 6.3]. The p = 0 case is due to the second author [36].
Rosengren’s result is

Z < 1—[ g(qkrks%{%;p) ﬁ (qiNSxT/y:;s;q’p)kr

1<r<s<n e(xT/xS7p) T’,S:1 (qu/x&(Lp)kr

<kr<N,n
r=1,
ﬁ 0 (aquk”"“‘;p) (azy; Q7p)|k:\(de/axr§ q,p)|k‘,kr
25 O0axpp)  (aweq TN q,p) (bedg™r fazis g, p) g,
n
(bac)d;q,phk‘ II (GQxszq1+A@/de;Q7p)kr n
rs=1 > Tkr)
X n q'r=1
1 (axrq/b,azrq/c,axrq/d;q,p)y, 1 (a?x25q/bed; q,p)y, 4.
r=1 1<r<s<n

ﬁ (azrq, azrq/be, axrq/bd, axrq/cd; q,p) y, (8.1)

(aacrq/b ax,q/c,arrq/d, ax,q/bed; q, p)

The above summation implies another Bressoud matrix and a WP Bailey pair. The matrix
B® = (B(4) (a,b)) is defined as follows:

Definition 8.1 (a D, elliptic Bressoud matrix). We define the matrix B{*) with entries indexed
by (k,j) as

7

H (bxrxs; Q7p)kT+jS

r,s=1

4
By(a,b) =

n

(bzrxs530,p); 45 1 (@92, /250, D),

1<r<s<n r,s=1
ﬁ (bxr/a; ¢, p)y, _yji

(bxr/a q, p)j 7\]|(a$r%q p)er,»‘J‘

Theorem 8.2 (an elliptic WP Bailey pair with respect to B(4)). The two sequences

ﬁ 0 (a$qu’“+‘k|;p) (ax,; Qap)\k|
r—1 0 (awr;p) (aqu/c awrQ/d dexr/a' Q7p)kT

(e, d, qa®/bed; q,p) o\ — S ko

X ﬁ Gofom ) (a) q r<* H:Jc (8.3a)

r,s=1

ag(a,b) :=

and

(b, 55 ¢, D), ﬁ (azrq/cd,bex,/a,bdx,[a;q,p),

3b
(qvr /2559, D)y, (bedzy /a, azrq/c, axrq/d; q, p)y, (8.30)

ﬂk(av b) = ﬁ

r,s=1
form a WP-Bailey pair with respect to BW.

Proof. The proof is similar to that of Theorem 4.3. We use the b +— ga?/bcd case of (8.1) to
verify that ag(a,b) and Pg(a,b) form a WP-Bailey pair with respect to B, |
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Theorem 8.3 (an elliptic (B(l) — B(4)) WP Bailey lemma). Suppose an(a,b) and Bn(a,b)
form a WP Bailey pair with respect to the matriz BY . Let oy (a,b) and By (a,b) be defined as
follows:

a,b -q T<s an(a,b aq),
oy (a,b) == s q ~{a,bpipa2/aq)

r=1

(1, P2:4,P) N ag \ Nl ™ — Y NeNs
(ie) 117
)

::]:

1 (azxrq/p1,axrq/p2; 4, p) N

r

/BNCLb

’:]:

r=1

(bprzr/a, bpazr/a; q,p) N (Plaﬂzsqm)w
(ax,q/p1, ax,rq/p2;q, p)NT 0<kr<Nr ﬁ (

r=1,2,..., n

bpl.’L‘r/a, bP233r/(1§ q, p)k,.

r=1

ﬁ bplpg;rqu”'k‘/aq p) (affrq "_‘k|/P1P2;Qap)NT,kT
0 (bp1par/ag; p) (bp1p22r/as 4, ) N, 4 k|

r=1

n
H (bxrxs; %p)]\[s.t,_kr
r,s=1

X
n
[T (bzrzs;0,0)p, 1, 11 (q”’“*’“sw/m;%?)NFkr
1<r<s<n r,s=1
aq k| n
X s 2" /Bk a,bp1p2/aq) |.
(i) T1o#47= " sttt

Then o/5(a,b) and S (a,b) form a WP Bailey pair with respect to B®, defined by (8.2).
Remark. A matrix reformulation of Theorem 8.3 appears in unpublished notes of Warnaar [48].

Proof. The proof is similar to that of Theorem 4.6. We need to use (8.1), with the substitutions:
o > 2pq7 and Ny > Ny — j, for 7= 1,2,...,n, a = bpip2g®l/ag, b p1gdl, ¢ — pagh,
d — bp1p2q7l/a’q. u

An elliptic D,, Bailey 19¢9 transformation formula due to Rosengren [31, Corollary 8.5] follows
immediately by applying the B() — B®) elliptic Bailey lemma in Theorem 8.3 to the WP Bailey
pair in Theorem 4.3. When p = 0 this reduces to the authors’ formula in [10, Theorem 3.13].

If instead we use the second WP Bailey pair in Theorem 7.1, we obtain a different elliptic D,
Bailey 19¢9 transformation formula, again due to Rosengren [31, Corollary 8.4]. When p = 0
this reduces to [10, Theorem 3.1].

We will compute the inverse of B®) in the next section.

9 Consequences of a C), elliptic Jackson sum due to Rosengren

In this section we consider a C,, elliptic Jackson summation theorem due to Rosengren [31,
Theorem 7.1]. The p = 0 case was found independently by Denis and Gustafson [14, Theorem 4.1]
and Milne and Lilly [29, Theorem 6.13]. We will find that the Bressoud matrix following from
this result is closely related to the one in Section 8. Again, the results are closely related to
both D,, and A,, series. The summation theorem we consider is

Z 1_[ 0 (¢" "= xy /55 p) H 0 (axrasq* ;)
ngréN <riien 0 (z,/zs;p) L<i<s<n 6 (az,xs; p)
7=17 I

2 2k n “Now, /xs, ax, 145 q, p)

ﬁ (axlq ,p I
r=1 axZ ql'T/xsaal'szqlJrNsaq p)

r,s= 1
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ﬁ (bay, ey, dzy, a*x, ¢V /bed; q, p) 3k,
X N qr:l
1 (az,q/b, azrq/c, axrq/d, bedz,q 1N /a; q, p)
n
Hl (al‘,ﬂ?s; Q7p)Nr
B H (axrws;q,p)Nr+N5
r<s

aq/be,aq/bd, aq/cd; q, p
) (ag/be, aq/bd, agfed; g, Py, | o)

(azrq/b, ax,q/c, ax,q/d, aq"*INI=Nr /beda,; q,p)

ﬁ
1

Remark. The C), series (with summation index k) contain the elliptic Vandermonde product

1_[ 9 (qkr'_ksxr/l-s;p) 1_[ 0 (axrx girtks: p ﬁ ax q2k,,-.p)
1<T‘<$<n (‘,'Ur/xs’p) 1<T<S<TL 0 (al"/‘x87p r=1 a$2 )
as a factor.

We use this result to obtain an elliptic WP Bailey lemma.

Theorem 9.1 (an elliptic (B(4) — B(l)) WP Bailey lemma). Suppose an(a,b) and Bn{a,b)
form a WP Bailey pair with respect to the matriz B® defined in (8.2). Let o/n(a,b) and B (a,b)
be defined as follows

n

H (Pll‘r, P2Tr; 4, p)N,. (

oln(a.b) ==

IN| n
aq N Z NeN,
Teqrss an(a,bpipa/aq), (9.2a
(aq/p1,aq/p2; 4,p) N ) H ( faq), (9-2a)

P1P2

r=1

]_[1 (bprzy/a, bpax,/a; q7P)NT
Bin(a,b) := =

(aq/p1,aq/pa; 4, )N

(aq1+|N\*NT/p1,02$r§ q’p)Nr—kr

n(P1%r, P27 4, D)y,
< 2 (11
, (bplxr/a>bp2x7‘/a;Q7p)kr

0<k,<N, r=1
r=1,2,...,n
T H(bplpgxrxsq'“’“/aq p ﬁ (bp1p2x2q®*r Jag; p)
rercien  Oprpamrxsfaqip) o5 0(bprp2ai/ag;p)
n
[T (bpip2aras/a;q,p)y, . n, H (bzr3 a4, D) N| <k,
1<r<s<n r=1

n

[T (bprpazras/a; ¢, p) n, i, (4" T owr /2534, p) N,

r,s=1
k| _n
X ( 44 ) Hm;k” - qr<sFrks B (0, bp1pa/aq) |. (9.2b)
P1P2 1

Then o/5(a,b) and S (a,b) form a WP Bailey pair with respect to BW, defined by (4.4).
Remark. A matrix reformulation of Theorem 9.1 appears in unpublished notes of Warnaar [48].

Proof. The proof is analogous to that of Theorem 4.6. The only difference is that we use (9.1),
with the substitutions: x, — x.¢" and N, — N, —j, for r = 1,2,....n, a > bpipa/aq, b+ p1,
¢ po, d > bpypagld] /a%q. The remaining calculations are very similar. |



Elliptic Well-Poised Bailey Transforms and Lemmas on Root Systems 33

Remark 9.2. An elliptic C,, — A, Bailey 19¢9 transformation formula due to Rosengren [31,
Corollary 8.3] follows immediately by applying the B® — B elliptic Bailey lemma in Theo-
rem 9.1 to the WP Bailey pair in Theorem 8.2. When p = 0 this reduces to [10, Theorem 2.1].
Note that the S% defined in (9.2b) has the very-well-poised part usually present in C), series.
However the o in (9.2a) (which comes from the definition (8.3a) of the WP Bailey pair with
respect to B(4)) contains the usual A, very-well-poised part.

Next we have another elliptic Bressoud matrix and a WP Bailey pair from (9.1). The matrix
BO) = (B,(c? (a,b)) is defined as follows.

Definition 9.3 (a C,, elliptic Bressoud matrix). We define the matrix B®) with entries indexed
by (k,j) as

n
- M (arwagia )y, o, 11 (bg*1* fazysq,p), o (brsd,p)yy s,
KIITSHN r=
Byj(a,b) := - — . (9:3)
Hl (gt Iz 7556, p)g, ;. (Tr TG G D)k, 4
r,8=

Theorem 9.4 (an elliptic WP Bailey pair with respect to B(5)). The two sequences

(a.b) = 1—[ H(axrxsqk’“JrkS;p) n G(Qx%q%’ p) D\ * > bk,
M D)= 0 (azrzsip) 15 O(axd;p) a

a
1<r<s<n

y ﬁ (azrxs;q,D); ﬁ a 22rq/bed, ey, dzy; g, p) ﬁ &y

(qzr /259, p)y, + % (azrq/c,azrq/d, bedz,]as q, p)kr o B

r,s=1

and

(be/a,bd/a, aq/cd; q,p) [[1 (bzr3q,p)

Br(a,b) :=

n n b
Hl (q@r /7559, p)y,. Hl (bedxy/a, axrq/c, axyq/d; q,p);,
r,s= r=
form a WP-Bailey pair with respect to B(®),

Proof. The proof requires the C,, elliptic Jackson sum given in (9.1). We verify that ag(a,b)
and By (a,b) form a WP-Bailey pair with respect to B(®) using the b +— ga?/bed case of (9.1). W

As a corollary, we obtain a unit WP Bailey pair.

Corollary 9.5. The two sequences

kr+ks. n 2 2k, k| "
on(at) = [] 0 (az,sq™ s p) T4 6 (axlq )p)_(b> 3 ok

— qr<.>
1<r<s<n 0 (az,zs;p) i} 0 (CL:L‘2,p a
« ﬁ (azr 539, p)y, 1—[ (azr/b;q,p)y, 1_[ .
r,s=1 (qxr/l’&q p kr pet bl‘rq,q p K 1

and

) =[] 6k..00
r=1

form a WP-Bailey pair with respect to B(®).
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Proof. Take d = ag/c in Theorem 9.4. [
We can find a formula for the inverse of B(®) using the unit Bailey pair.

Corollary 9.6 (inverse of BO®)). Let BO) = (B,(j;-)(a, b)) be defined by (9.3). Then the entries
of its inverse are given by

kr+ks

_ 0 (az,z5q n a$2q2kr p) 6 (bequ+|j|;p)
(5) 1 2
(B¥)(a, b))kj = H 0 (az,2s;p) 1:[ 9 (az2;p 9 (bzr: p)

1<r<s<n
n(azeg Wl big,p), o b\ IRl ;(krrks—ms)ﬁ oty
. — i S xT T

a a "

re1 (b$7’Q;Q7p)kT+\j|

X

n

[T (azrzs;q, p)ks-q-jT

r,s=1

X : — . (9.4)
H (a.ﬁriUs;q,p)errjs 1_[ (ql—m’“_jsl'r/%'s;Q7p)krfjr
I<r<s<n r,s=1
Proof. The derivation is analogous to that of Corollary 5.8 and left to the reader. |

Corollary 9.7 (inverse of B(*). Let BW = (B,(j.)(a, b)) be defined by (8.2). Then the entries

J
of its inverse is given by

. L, LS T
e e O I

(az,; p) a

r=1 r=1

0 (barzsg™ o p) 1 0 (bw3q2j’“;p)
* 1_‘[ e(bxrxs;p) H

1<r<s<n

IT (bzrzsq; qyp)k,,.Jrks

1<r<s<n

1 (¢ ir—Jsx, Jxg; q,p)kr_ﬁ(biﬂru’ﬂsq; %p)ks-i-jr

T

:]3 s

(aq‘k' — fbwy; g, p)k (@2 0P,
r 1 r—Jr

Proof. Observe that the entries of B®)(a,b)~! consist of the entries of B (b, a) multiplied by
some additional factors, which can be separated into factors containing either terms with index j
or with index k. This can help us find the inverse of B® as in the proof of Corollary 5.9. We
leave the details to the reader. |

Consider the inverse relation (4.11) where B = B®), and oy and S, are defined as in Theo-
rem 9.4 and (B(5)(a, b)),;]1 is given by (9.4). After canceling some products, make the substitu-
tions a — qa?/bed, b — a, c — aq/bd and d — ag/bc to obtain (8.1). Thus (9.1) and (8.1) are
inverse relations. This approach provides an alternate derivation of (8.1) beginning with (9.1).

Theorem 9.8 (Zhang and Huang [51]; an elliptic (B(5) — B(5)) WP Bailey lemma). Suppose

an(a,b) and B (a,b) form a WP Bailey pair with respect to the matriz B®). Let a'y(a,b) and
Bin(a,b) be defined as follows

n

(P10, P23 ¢, D) N, ag \V!
ain(a,b) =] Ne (L) an(a,bpipa/ag),

13 (axrq/pr, axrq/pasq,p)N,  \P1P2
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(bp1/a, bp2/a; q,p) N

Bn(a,b) == —
IIL(axrq/pl,a$TQ/p2;Q7p)Ah
e
n
Lyy P2Tr; 4, ;
7«1;[1 (P17, P2Tr3 G, D)y, (aq/p1,02,q,p)\N|f\k|
x Z (bp1/a,bpz/a;q,p) 5 kr—k
0<ky <Ny TR T (¢t the R s q,9) g,

) r,s=1

x H 0 (bprpawrd® ™ Jag;p)  (bxr; 4, D) Ny,
10 (bp1p2zr/aq;p)  (bp1pazy/a; Qap)N,.+|k\

x ( N >k| Br(a, bmm/aq))-

£1P2

Then o'y (a,b) and B (a,b) form a WP Bailey pair with respect to BO).

Remark. Theorem 9.4 is equivalent to a theorem of Zhang and Huang [51, Theorem 5.3]. The
matrix they consider is equivalent to (9.3), with slightly different notation. This result appears
in unpublished notes of Warnaar [48] too.

Proof. The proof follows the model of Theorem 4.6, except that we use (7.1), with the following
substitutions: z, — z,¢’* and N, — N,—j, forr =1,2,...,n,a— bplpgqm/aq, b— p1,cr— pa,
d — bp1p2q7l/a’q. u

An elliptic C,, - A,, Bailey 10¢9 transformation formula due to Rosengren [31, Corollary 8.3]
follows immediately by applying the B®) — B(®) elliptic Bailey lemma in Theorem 9.8 to the
WP Bailey pair in Theorem 9.4. This C,, — A, elliptic transformation formula is the same as
obtained in Remark 9.2.

We have completed our study of the existing elliptic Jackson theorems on root systems that
are relevant in this theory. In the next section, we summarize our results, and examine our
results from another perspective to see whether we have missed anything that fits our approach.

10 Summary of results

In Sections 4-9, we have systematically considered the consequences of five elliptic Jackson

summation theorems. In this section, we provide a summary of our findings so far and examine

our results. Our examination suggests one more idea to follow up before closing this study.
Here is a list of our findings.

1. We have considered five elliptic Jackson summations on root systems.

2. We have defined five elliptic Bressoud matrices, denoted BW-B®), 5o far.

3. We found six WP Bailey pairs. There were two WP Bailey pairs with respect to B,
(We are not counting the unit WP Bailey pairs.)

4. In case there is a unit WP Bailey pair, we are able to find a formula for the inverse of the
matrix.

5. Up to normalization, the inverse of B(l)(a, b) is given by B(l)(b, a). Similarly, the inverse
of B@(a,b) is (up to normalization) B(®)(b, a). The matrices B® and B®) are similarly
related.

6. We computed the inverse relations arising out of the elliptic Jackson summations and the

related Bressoud matrix inverses. We found the following relationships between the elliptic
Jackson summations.



36 G. Bhatnagar and M.J. Schlosser

Matrix: B B® BG) B(® B(®)
B® | Theorem 4.6 | Theorem 4.10 Theorem 8.3
B® | Theorem 5.1 | Theorem 5.4
B®) Theorem 5.10
B® | Theorem 9.1
B®) Theorem 9.8

Table 1. The WP Bailey lemmas.

e If we write the inverse relation of (4.2) with respect to B®, we obtain an equivalent
form of (4.2).

e If we write the inverse relation of (5.1) with respect to B®), we obtain an equivalent
form of (4.2). To go in the other direction, we use B(),

e If we write the inverse relation of (7.1) with respect to B®, we obtain an equivalent
form of (7.1).

e If we write the inverse relation of (9.1) with respect to B(®), we obtain an equivalent
form of (8.1). In the other direction, we use B4,

7. We have found eight WP Bailey lemmas (see Table 1 for the list).

8. We recovered the elliptic Bailey transformations in Rosengren [31] by the WP Bailey
lemma approach. In addition, we found one new A, elliptic Bailey transformation, so far.

9. As basic hypergeometric special cases of the new A,, Bailey 19¢9 transformation, we found
four new A,, Watson transformations and one A, terminating, very-well-poised, g¢s sum-
mation.

As we have seen, we can apply the WP Bailey lemmas to obtain elliptic Bailey transformation
formulas on root systems. As in the dimension 1 case, we can iterate the WP Bailey lemmas
and obtain results with more parameters. For example, one can begin with a WP Bailey pair
with respect to the matrix B() and apply a B() — B(*) Bailey lemma to obtain a WP Bailey
pair with respect to B®). One can now use the B® — B(1) WP Bailey lemma to obtain a WP
Bailey pair with respect to BW. In the next step, one can apply the BM — B@ wp Bailey
lemma.

If we look closely at the definitions of 7 in any of the WP Bailey lemmas, we can observe
an interesting pattern. For example, consider the definition of ﬁ;v given in the B® — BW
WP Bailey lemma in (9.2b). Observe that this expression contains the expression BJ(E’,)k(a7 b),
where a is replaced by bpip2/ag. One can say something similar for all the WP Bailey lemmas
presented in this paper, except for one.

The one exception is the B® — B() WP Bailey lemma given by Theorem 5.4. This suggests
that we may have missed the Bressoud matrix (stated here for p = 0):

(65 9) 1y 4131 (/03 D15

Bgj(a,b) := - — .
(ad; @)k 41 Hl(qlﬂr_ﬂsxr/xs;q)h,ﬁ
r,s=

Indeed, we have the A,, Jackson sum

Z 1_[ 1— gbrFksg, fz, ﬁ (qusxT/xs;q)kT
0<k, <N, \ l<r<s<sn 1- iL‘«,«/.’L‘S r,s=1 (qxr/IS; q)kr
r=1,2,...,n

)
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(1- aq2‘k|)(a b, ¢, d,a?q" N /bed; q)‘k| qrg k.
(1 —a)(aq|N‘+1 aq/b,aq/c, aq/d,bedq—IN! /a; q)‘k|
(aq, aq/be, aq/bd, aq/cd; q) N,

= ) 10.1
(aq/b,aq/c,aq/d, aq/bed, q)|N| ( )

which follows from the following result due to Milne [27], which the first author [8] dubbed the
“Fundamental Theorem of U(n) series”, namely

Z H 1- qkakswr/%ﬂ ﬁ (aszr/zs; Q)kT ) qgl(r_l)k” _ (a1 -ap; Q)K .(10.2)
k=K 1<r<s<n - xr/xs rs—1 (qxr/xs; Q)kr (q; Q)K
k1,k2,..., kn=0

Unfortunately, if we formally replace each term of (10.1) by its elliptic analogue, the resulting
summation is false. However, in the next section we find an elliptic Jackson summation which
contains (10.1) as a special case.

Before heading to the next section, we note that the observation above can be explained by
the matrix approach to the WP Bailey lemma, given by Agarwal, Andrews and Bressoud [1]
and Warnaar [47]. Indeed, Warnaar [48] extended this matrix formulation for his (unpublished)
work on multivariable WP Bailey lemmas.

11 Other elliptic Jackson summations, with an extra parameter

The objective of this section is to give an elliptic extension of (10.1) by adding another parameter.
To do that, we present a nice trick that is useful in many contexts. Essentially, this trick is an
elliptic extension of one of Milne’s lemmas [27, Lemma 7.3] that he used [24] to prove one of the
Macdonald identities.

We will use the following theorem of Rosengren, which can be shown to be equivalent to (4.2),
by replacing n by n + 1 relabeling parameters, and using an analytic continuation argument

0 (qkr_ksxr/trs;p) = (GS$T/.%'S; Q7p)kr
Z ( H 0 (xr/xs;p) H )

(qxr/xsa q, p)kT

|k|=K 1<r<s<n r,s=1
k1,k2,....kn=0
n
ﬁ (bwr/ay -~ an;q,p)y, X =Dk
-qT=
=1 bxr,q p)

_(m amqul—[ (bar/ar; q,p) i

11.1
(q,q D)k (bzy;q,p) (L)

This is equivalent to Rosengren’s result [31, Theorem 5.1], where we take N = K, z +— xy,
a — ag/xy (for k = 1,2,...,n) and replace a,+1 by b/ajas---a,. Note that when p = 0 and
b=0, (11.1) reduces to (10.2).

Theorem 11.1. Given the sequence fr, k =0,1,2,..., and N = 0, we have

Z H 9 (qkT_kaT‘/'ZESap) ﬁ (a/s-xr/xs;q,p)kr
O<|k|<N 1<r<s<n 0 (a?r/xs;p) r,s=1 (qxr/xs; q’p)kr
k1,k2,....kn=0

ﬁ (bwy/ay -~ an; g, p)y, (bor; 6:0) gy~ 3 -1k,
4 (bzesq, )y, (br/ar; q,p) g, 1
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_ i (al"'an;Q7p)Kf (11 2)
a0 (wapg '

Remark. When p =0 and b = 0 in (11.2), we obtain Milne’s lemma [27, Lemma 7.3]. Observe
that the right-hand side of (11.2) is not dependent on x1,xs, ..., 2, and b. Further, note that
the sums are indefinite.

Proof. The theorem follows by taking the products with parameter b from the right-hand side
of (11.1) to the left, multiplying both sides by fx and then summing over K from 0 to N. W

Remark. We can obtain a similar result from Rosengren [34, Theorem 3.1].

Theorem 11.1 allows us to choose the fi appropriately and use a dimension 1 identity to
obtain its multiple series extension. In particular, we now obtain an A,, elliptic Jackson sum in
this manner.

Theorem 11.2 (an A, elliptic Jackson summation). We have

Z ( 1—[ 0 (¢" =2, /zs; p) ﬁ (bsr/Ts5 0, D)y, 0 (ag?*!; p)

o<cliien \iercsen  O(@r/zsip) L2 (aar/esia ), 0(aip)

k1,k2,..., kn=0
(aa ¢, d7 a2ql+N/b1 U anda quS Q7p)|k‘

(aq/b1 - -+ by, ag/c,aq/d, b1 - - - bpedg™ fa, agNT1; ¢, p)
n (e /b1 bai €, D)y, (€205 6, D) g ilrkr)
.qr:

X

<]

r=1 (exr;Q7p)kr(exr/br;q7p)|k:‘
_ (G(L GQ/bl e an, QQ/bl Tt bnd7 CLQ/Cd, Q7p)N
(ag/by -+ by, aq/c,aq/d,aq/by - -bpcd;q,p) N

(11.3)

Proof. We take ay = by for k=1,2,...,n, b=ein (11.2), and take

0 (aq®™;p) (a,c,d,a®q* N /by - bped, Vi q,p) K
0(a:p)  (aq/bi-~-bn, aq/e,aq/d, by - bucdg N ja,aq¥ 1 q.p) |
The left-hand side of (11.2) then becomes the left-hand side of (11.3). Now in the right-hand

side of (11.2), we use the Frenkel-Turaev summation (2.9), with b + by - - b,,. In this manner,
we obtain the right-hand side of (11.3). [

fr =

We can rewrite this identity so that the sum is over an n-dimensional rectangle.
Theorem 11.3 (an A, elliptic Jackson summation). We have
Z 1—[ 0 (¢" *oa,/xs; p) ﬁ (¢ Var/xsiq,p),,

. 0 (@, /74 1)

0<kr <N, 1<r<s<n r,s=1 (qxr/xs;qvp)kr
r=1,2,...,n

0 (ag®*; p) (a,b, ¢, d, a’q" N /bed; q,p)‘k|
0(a;p)  (agd™'*',aq/b, ag/c, aq/d, bedq~N\/a; q,p)
n (exrq™liq,p), (exr:q, D), im)
o (exr;q,p)y, (exrg™Nriq,p)

(aq, aq/bc, aq/bd, aq/cd; q, p) N

_ : 11.4
(aq/b, aq/c, aq/d, aq/bed; q,p) N (14)
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Proof. This can be obtained by an analytic continuation argument, or directly from Theo-
rem 11.1, by observing that when a, = ¢~V then the indices k satisfy the additional condition
kr < N,, for r = 1,...,n. Then taking N = |N|, and choosing fx appropriately, we ob-
tain (11.4). [

Next, we obtain another A,, Bressoud matrix, from the b+ ga?/bcd case of (11.4).

Definition 11.4 (an A, elliptic Bressoud matrix). We define the matrix B(®) with entries
indexed by (k,j) as

(b3 q7p)|k\+\j|(b/a;qvp)\kHj\ ﬁ €xr; q,p) k| +3r

(6)
B; /(a,b) =
ki ( ) exraq p)k +|7]

; e (11.5)
(ad; 4, P) k)= 5 1_[1 (q'tor Iz [T55q,p)g, s =1
r,s=

The inverse of this matrix is as follows.

Corollary 11.5 (inverse of B()). Let B = (B,(:;.)(a, b)) be defined by (11.5). Then its inverse
s given by

9(aq2"“';p)9(bq2“' p ﬁ €213 45 P) ol v .(b)kHj
0 (a:p) rt (6Tr 4Pl g\
(a;q7p)|k\+|j|(a/b’q’p)\kl—lj\

(B©)(a, b));; -

X

. .
(0G4, D) g4y 11 (@ —Isw, fwg;q,p)y, s
kilgl 11 J
r,s=

Proof. We begin with the equivalent formulation of Theorem 11.3 which is obtained by taking
b+ qa?/bed. Now take d = aq/c to obtain a Kronecker delta function on the product side. The
rest of the calculation is analogous to the proof of Corollary 5.8. |

We have not stated the WP Bailey pair with respect to B(®) and the corresponding B(®) —
B WP Bailey lemma explicitly. While it is not difficult to find a corresponding WP Bailey
lemma, it appears that in this case the WP Bailey lemma is not so useful to derive further
identities. (We therefore have decided to omit it.) For this purpose it is actually better to apply
Theorem 11.1 instead. We illustrate this by writing down an elliptic Bailey 19¢g9 transformation
formula, which transforms an n dimensional sum to a multiple of an m-dimensional sum. (This
result cannot be obtained from the B — B WP Bailey lemma.)

Theorem 11.6 (an A, — A, elliptic Bailey 19¢9 transformation theorem). Let A = ga?/bed.
Then

Z 1—[ 9(qkr—ksng/x3;p) ﬁ (esxr/xs;q,p)kr
0<jkl<N  \l<r<s<n 0(zr/zsip) 2y (2r/2si4p)y,
k1,k2,....kn=0

0 (ag®*; p) (a,b,¢,d; ¢, )
0(a;p)  (agV*' ag/b,aq/c,aq/d;q, p),
(fl T fma /\aqlJrN/el U enfl T fma qu; Q7p)|k‘
X
(ag/e1---en,aq/fi- - fm,er - enfi - fma™ /X q,p)
n(gEr/er- - en; q,P)g (9T D)y S rhe
X H . qr:l
1 gz p)y, (920/€:6,p) gy
o (GQ7G’Q/61 "'enfl fM7AQ/elen7)‘Q/flfmaQ7p)N

(ag/er---en,aq/f1--- fm, A, Aqfer--enfi - fm;q,P) N
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1<r<aem O Wr/ysip) (qyr/ysi 4:p);,

- ( I 0 (¢ =7y, /ys; p) ﬁ (fsyr/ys; a,p);,

r,s=1

0<ljl<N
J1,925,Jm =0

9()\q2\j\;p) ()\,)\b/a,)\c/a,)\d/a;q,p)m
0(x;p) (ANt aq/b, aq/c, aq/d; q,p)
(€1 en, Aag' "N ey wenfi- - fm.a Via.p)
(Aafer--en, Mg/ fi- fmser--enfie fmaN Jasq,p) ;)
y ﬁ (hyr/ fr -+ fmi a,p);, (hyr; 6,0) _qém)
1 (hyeasp); (hye/fria:p)

X

(11.6)

Note that the series on the right-hand side is of the same type as that on the left-hand-side.

Proof. We begin with the left-hand side, and write it in the form

ifx D1 A

K=0 |k|=K

We now use Theorem 11.1 (with a; — e, and b — g) to obtain a single sum. We transform
this sum using the n = 1 case of the elliptic Bailey transformation formula given in (5.2). Once
again, we use Theorem 11.1, this time with n = m, x} + y, b — h, and a; — f;. In this
manner, we obtain the right-hand side of (11.6). [

An analytic continuation argument similar to the one used in the proof of Theorem 5.3 can be
applied to Theorem 11.6 to obtain a transformation for a sum over an n-dimensional rectangle
into a multiple of a sum over an n-simplex.

Theorem 11.7 (an A, elliptic Bailey 19¢9 transformation theorem). Let A = ga®/bed. Then

0 (¢ Poar/asp) T (e /rsiap),,
21\/( H 0 (z,/zs;p) TH

1<r<s<n s=1 (qxr/xs;q’p)kT

0 (ag”*'; p) (a,,¢,d: q,p)
0(a;p)  (ag™*1, aq/b, ag/c, aq/d; . p)
(e, 1 fms Aag" NI e fr - fiia,p)
(aq/e,aq/fr - fmefr - fma™ N1/X q,p)

n

1—[(gxrq'N;q,p)kr(gm;qm)m 5 rr
25 (92r34, )k, (92005 4, D)
(aq,aq/ef1 o 'fmv)\q/ea )\Q/fl o fm7Q7p)|N\

 (ag/e,ag/fr-- fms A Aa/efr- - fms 40

Y < I 0 (¢ I yr/ys; p) ﬁ (fsyr/ys;a,p);,

1<r<sem O Wr/Ysip) (ay+/ys: 4,p);,

X

0<[j|<|N|
j17]27~~~7,]m>0

0 (Aqmﬂ;p) ()\a)‘b/a> )\C/(l, )‘d/a; Q7p)|j|
0(N\;p) (AN ag/b,aq/c, aq/d; q,p)

r,s=1

11
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(67 )\aqlﬂN‘/efl fmv 7(] p)m
X
(/\q/e,/\Q/fl---fm,efr--fmq*‘ /a:q.p)

(hye/ 1 fms @ 0);, (hyri @:P))y S i
1 (hyriasp);, (hye/ fri :0) '

:l

As another example, we obtain a result similar to Theorem 11.1. For this we start with the
following D, elliptic Jackson sum from Rosengren [31, Theorem 6.1] (rewritten, using elementary
manipulations of ¢, p-shifted factorials) which is equivalent to (7.1) upon replacing n by n + 1
and using an analytic continuation argument. In the p = 0 case the corresponding D,, Jackson
sum was first given in [36, Theorem 5.17]

3 ( I H(ri‘ksxr/xs;p)

k=K l<r<s<n 9($r/$57p)($r$s§qvp)kr+ks
k17k27"'7kn>0

n—1

(0/2r; ¢ 0) |-k, 11 (ras, xr/as;q,p)k, il(r—l)kr>
. q’l‘*

n
« H s;l
r=1 (bzr; ¢, Pk, ] (qTr/Ts: 4, D)k,

s=1

n—1
Hl (ba87 b/as; Q)p)K

(¢;¢,P) K Hl(bwr; ¢ D) K

We use this identity to obtain a D,, version of Theorem 11.1.

Theorem 11.8. Given the sequence fr, k =0,1,2,..., and N = 0, we have

n
1 H (xra& -Tr/CLSQ q’p)kr

Z H a(qk‘r—k‘sxr/xs;p) n el
o<imien \isresen 0@/t D) (@026 @ P)kvhs o7 (bas,b/as; ¢, p)iwy
k1,k2,....,kn=0

n

(b b/, 3 (r ke al
<11 2 4, D)k O/ @)k, B0 f|k>22<fK.

qr*l

n .

U (bzr; ¢, )k, [1(qr /%53 6, D)k, o (@:4:P) i
s=1

(11.7)

As in Theorem 11.1 we can choose fx in Theorem 11.8 appropriately and use a single series
identity to obtain a multiple series extension. In particular, we now obtain a new D,, elliptic

Jackson sum in this manner which involves two independent bases ¢ and ¢, as well as two
independent nomes p and p.

Theorem 11.9 (a D,, Jackson sum). We have

n
1 (@rys, @0 /ys; 4D,

Z H a(qlﬂ—k‘sxr/xs’p) n el
o<liien \iercsen 0@/t P)(@resid PIitn 53 (9Ys: 9/Ysi 4 D)1
k1,k2,...,kn=0

“ (920 D)) (9/Tr3 D) k=, 2 (Ve
<[] qr=! (44, )k

n
r=1 (gz,;¢,p)k, || (q2r/2s; 4, D)k,
s=1
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0(a;p)  (d,aq/b,aq/c,aq/d,bedg N fa,agN*t1; G, p

_ (ag, aq/bc, ag/bd, ag/cd; §, p)n (118)

(ag/b,ag/c, aq/d, aq/bed; G, p)n-

0(?*:p)  (ab e d g N /bed G V0D g
Ik

Proof. We replace b by g, and as by ys, for s =1,...,n— 1in (11.7), and take

0(ag®™;p) (a,b,¢,d,a*q" " bed, ¢, p)k K

Jie = @O PIK g™ G ad/b. adje. aq)d, bedg=™ Ja, agN+ 4. P)

The rest of the proof is similar to the proof of Theorem 11.2. |

The last example shows that to obtain an elliptic extension of a terminating basic hypergeo-
metric series identity is not just a matter of replacing g-shifted factorials by ¢, p-shifted factorials.
While in the elliptic case, the factors depending on g in (11.8) are essential, they are not required
in the basic case (where one could let g — 0).

This brings us to the end of our study.
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