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Abstract. The self-dual spaces of polynomials are related to Bethe vectors in the Gaudin
model associated to the Lie algebras of types B and C. In this paper, we give lower bounds for
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flags in the Grassmannian. The higher Gaudin Hamiltonians are self-adjoint with respect
to a nondegenerate indefinite Hermitian form. Our bound comes from the computation of
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1 Introduction

It is well known that the problem of finding the number of real solutions to algebraic systems
is very difficult, and not many results are known. In particular, the counting of real points in
problems of Schubert calculus in the Grassmannian has received a lot of attention, see [2, 5, 6,
7, 13, 19, 20] for example. In this paper, we give lower bounds for the numbers of real self-dual
spaces in intersections of Schubert varieties related to osculating flags in the Grassmannian.

We define the Grassmannian Gr(N,d) to be the set of all N-dimensional subspaces of the
d-dimensional space Cy[z] of polynomials in x of degree less than d. In other words, we always
assume for X € Gr(N,d), we have X C Cylx]. Set P! = C U {oo}. Then, for any z € P!,
we have the osculating flag F(z), see (4.1), (4.2). Denote the Schubert cells corresponding
to F(z) by Q¢(F(2)), where { = (d =N > & > & > --- > &nv > 0) are partitions. Then the
set ¢ » consists of spaces X € Gr(INV,d) such that X belongs to the intersection of Schubert
cells Q) (F(z)) for z = (21,...,2,) and & = (f(l),...,f(")), where all z; € P! are distinct
and £ are partitions, see (4.3). A point X € Gr(N,d) is called real if it has a basis consisting
of polynomials with all coefficients real. A lower bound for the number of real points in € . is
given in [13].

Let X € Gr(NV,d) be an N-dimensional subspace of polynomials in x. Let XV be the N-
dimensional space of polynomials which are Wronskian determinants of NV — 1 elements of X

XY = {det (4 p;/dai ), pi(x) € X ).

1,)=
The space X is called self-dual if XV = - X for some polynomial ¢)(z), see [16]. We define sQ¢ .
the subset of ()¢ . consisting of all self-dual spaces. Our main result of this paper is a lower
bound for the number of real self-dual spaces in €)¢ ., see Corollary 7.4, i.e., a lower bound for
the number of real points in s{)¢ ,, by following the idea of [13].

Let gn be the Lie algebra sog,11 if N = 2r or the Lie algebra sp,, if N = 2r 4 1. We also
set g3 = sly. It is known from [10], see also [16, Section 6.1], that if sQ¢ . is nonempty, then
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gz@ — 5(3) - 5(8) for i =1,..., N — 1. Hence the sly-weight corresponding to the

i+1 — SN—i N—i+1
partition £(®) has certain symmetry and thus induces a gy-weight \®), cf. (4.4). Therefore, the
sequence of partitions £ with nonempty s{2¢ . can be expressed in terms of a sequence of dominant

integral gy-weights A = ()\1, ey )\(”)) and a sequence of nonnegative integers k = (ki,...,ky),

see Lemma 4.1. In particular, k; = 5](\?. We call &, z or A, k, z the ramification data.
As a subset of (¢ ., s{)¢ , can be empty even if ()¢  is infinite. However, if s{2¢ , is nonempty,
then s . is finite if and only if {)¢ . is finite. More precisely, if

€] =" [¢W| = N(d-N),
=1

then the number of points in s{}¢ , counted with multiplicities equals the multiplicity of the
trivial gny-module in the tensor product Vya) ® - -+ ® V() of irreducible gy-modules of highest

weights A, ... A" Since we are interested in the counting problem, from now on, we always
assume that [£] = N(d — N).
For brevity, we consider oo to be real. Ifall 21, ..., z, are real, it follows from [14, Theorem 1.1]

that all points in s{2¢ . are real. Hence the number of real points is maximal possible in this
case. Moreover, it follows from [15, Corollary 6.3] that all points in s€¢ , are multiplicity-free.

Then we want to know how many real points we can guarantee in other cases. In general,
a necessary condition for the existence of real points is that the set {z1,...,2,} should be
invariant under the complex conjugation and the partitions at the complex conjugate points are
the same. In other words, ()\(i), k‘l) = ()\(j), kj) provided z; = z;. In this case we say that z, A, k
are invariant under conjugation. Moreover, the greatest common divisor of X € s{)¢ . in this case
is a real polynomial. Hence we reduce the problem to the case that k; =0, foralli =1,...,n.

The derivation of the lower bounds is based on the identification of the self-dual spaces of
polynomials with points of spectrum of higher Gaudin Hamiltonians of types B and C (gu,
N > 4) built in [10] and [16], see Theorem 5.2. We show that higher Gaudin Hamiltonians of
types B and C have certain symmetry with respect to the Shapovalov form which is positive
definite Hermitian, see Proposition 6.1. In particular, these operators are self-adjoint with
respect to the Shapovalov form for real z1,..., 2, and hence have real eigenvalues. Therefore, it
follows from Theorem 5.2 that self-dual spaces with real z1,..., z, are real.

If some of zq,...,z, are not real, but the data z, A, k are invariant under the complex
conjugation, the higher Gaudin Hamiltonians are self-adjoint with respect to a nondegenerate
(indefinite) Hermitian form. One of the key observations for computing the lower bound for the
number of real points in s€)¢ . is the fact that the number of real eigenvalues of such operators
is at least the absolute value of the signature of the Hermitian form, see Lemma 6.4.

The computation of the signature of the form is reduced to the computation of the character
values of products of symmetric groups on products of commuting transpositions. The formula
for such character, similar to the Frobenius formula in [4] and [13, Proposition 2.1], is given in
Proposition 3.1. Consequently, we obtain our main result, a lower bound for the number of real
points in sQ¢ , for N > 4, see Corollary 7.4. The case N = 2 is the same as that of [13] since
every 2-dimensional space of polynomials is self-dual. By the proof of [10, Theorem 4.19], the
case N = 3 is reduced to the case of [13], see Section 7.2.

Based on the identification of the self-self-dual spaces of polynomials with points of spectrum
of higher Gaudin Hamiltonians of type Gg built in [1] and [8], we expect that lower bounds for
the numbers of real self-self-dual spaces in {¢ , with N = 7 can also be given in a similar way
as conducted in this paper.

It is also interesting to find an algorithm to compute all (real) self-dual spaces with prescribed
ramification data. The solutions to the Bethe ansatz equations described in [9] can be used to
find nontrivial examples of self-dual spaces.
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The paper is organized as follows. We start with the standard notation of Lie theory in
Section 2 and computations of characters of a product of symmetric groups in Section 3. Then we
recall notation and definitions for osculating Schubert calculus and self-dual spaces in Section 4.
In Section 5 we recall the connections between Gaudin model of types B, C and self-dual spaces
of polynomials. The symmetry of higher Gaudin Hamiltonians with respect to Shapovalov form
and the key lemma from linear algebra are discussed in Section 6. In Section 7 we prove our
main results, see Theorem 7.2 and Corollary 7.4. Finally, we display some simple data computed
from Corollary 7.4 in Section 8.

2 Simple Lie algebras

Let g be a simple Lie algebra over C with Cartan matrix A = (a;;); ;_, where 7 is the rank
of g. Let D = diag(dy,...,d,) be the diagonal matrix with positive relatively prime integers d;
such that DA is symmetric.

Let h C g be a Cartan subalgebra with the Cartan decomposition g = n_@®hdn. Fix simple
roots aq,...,a, in h*. Let &1,...,&, € h be the corresponding coroots. Fix a nondegenerate
invariant bilinear form ( , ) on g such that (d&;,d;) = a;;/d;. The corresponding bilinear form
on h* is given by (a4, ;) = d;a; j. We have (A, &) = 2(\, 04)/(as, o) for X € h*. In particular,
(0, &) = aj ;. Let wy,...,w, € b* be the fundamental weights, (w;, &) = d; ;.

Let P={ eb*|(\,&)€Z,i=1,....,r} and Pt ={Aeb*|(\,&) € Zzp,i=1,...,7} be
the weight lattice and the cone of dominant integral weights.

Let e1,...,er €ny, &1,...,0 €0, f1,..., fr € n_ be the Chevalley generators of g.

Given a g-module M, denote by (M)? the subspace of g-invariants in M. The subspace (M )?
is the multiplicity space of the trivial g-module in M.

A sequence of nonnegative integers £ = (£1,...,&;) such that & > & > -+ > & > 0 is called

k
a partition with at most k parts. Set || = > &;.
i=1

For A € b*, let V) be the irreducible g-module with highest weight A. For any g-weights A
and p, it is well known that dim(Vy ® V},)? = 0y, for g = 502,41, 5ps,..
For any Lie algebra g, denote by U(g) the universal enveloping algebra of g.

3 Characters of the symmetric groups

Let gn be the Lie algebra sog,4; if N = 2r or the Lie algebra sp,,. if N =2r 4+ 1, r > 2. We
also set gz = sly. Let Gy be the respective classical group with Lie algebra gy .

Let &5 be the symmetric group permuting a set of k£ elements. In this section we deduce
a formula for characters of a product of the symmetric groups acting on a tensor product of
finite-dimensional irreducible gy-modules.

For each dominant integral gy-weight A, denote by A = (A1,...,\,) the partition with at
most r parts such that

- - A, G if N =2
2N &) =N — A1, i=1,...,r—1, and A = (A ), ' "
2(\, dy), N =2r+1.
Define an anti-symmetric Laurent polynomial Ay in x1,...,z, as follows
Ay = det (w17 — gy VHEN (3.1)

We call Ay the Vandermonde determinant of gn.
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Let A be a dominant integral gy-weight. It is well known that the character of the module V)
is given by

Xi+N+1-2j —(N\j+N+1-2j
det(fEJ+ +1-2j (Aj+N+ ]))7"

SN (@1, 1) = try, Xy = ! ! =1 (3.2)
Ay
where X € Gy is given by
Xy = diag (m%,...,x%,l,w;{...,xIQ), if N =2r,
diag(az%,...,x%,xﬁ,...,xﬁ), if N =2r+1.
We call Sﬁv the Schur function of gn associated with the weight .
Note that Sf\v are symmetric Laurent polynomials in z1, ..., z,, Sﬁ\v € ((C [xfd, e ,33?1])6’".
Let A, ..., \®) be a sequence of dominant integral gn-weights and ki, ..., ks a sequence of

positive integers. Consider the tensor product of gy-modules

®k1 ®/€2 ks
A=V, A(D V,\<2) sz

and its decomposition into irreducible gy-submodules

Va=EPV,® M,
17

By permuting the corresponding tensor factors of Vy, the product of symmetric groups &g =
Sk, X 6, X -+ X G, acts naturally on V). Note that the Sg-action commutes with the
gn-action, therefore the group &y acts on the multiplicity space My , for all p.

For o =01 xo9 x--- X 04 € B, 0; € S,. Suppose all o; are written as a product of disjoint
cycles. Denote by ¢; the number of cycles in the product representing o; and l;;, j = 1,...,¢;,
the lengths of cycles. Note that l;1 +--- +1; ¢, = ki.

We then consider the value of the character of Gy corresponding to the representation My ,
on o. Let Xy = terw.

Proposition 3.1. The character value X}\M(U) equals the coefficient of the monomial

i1+N—1 _ fio+N-3 i —
xlfﬁ_ x§2+ ~"SU‘7‘fT+N+1 2r

in the Laurent polynomial
z li'
HHSA() o).
i=1j=1

Proof. The proof of the statement is similar to that of [13, Proposition 2.1]. |

4 Osculating Schubert calculus and self-dual spaces

Let N, d € Z~o be such that N < d. Consider P! := C U {oo}. Set

o

P, = {z=(21,...,2,) € (P")" |2 # zj for 1 <i < j<n},
]Rfﬁ’n::{z:(zl,...,zn)EIP’n|zi€]Rorzi:oo,forlgign}.
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4.1 Osculating Schubert calculus

Let Cy4[z] be the space of polynomials in « with complex coefficients of degree less than d. We
have dim Cg4[z] = d. Let Gr(XV, d) be the Grassmannian of all N-dimensional subspaces in Cg[x].
The Grassmannian Gr(N,d) is a smooth projective complex variety of dimension N(d — N).

Let Ry[z] C Cg4[z] be the set of polynomials in z with real coefficients of degree less than d. Let
Gr®(N, d) ¢ Gr(N,d) be the set of subspaces which have a basis consisting of polynomials with
all coefficients real. For X € Gr(N,d) we have X € Gr®(N, d) if and only if dimg (XNRy[z]) = N.
We call such points X real.

For a complete flag 7 = {0 C . C F C --- C Fq = Cylz]} and a partition £ = (&1,...,&n)
such that & < d — N, the Schubert cell Q¢(F) C Gr(N,d) is given by

Qe(F) ={X € Gr(N,d) | dim(X N Fy—j¢ey ;) =N —j,
dim(X N ﬁdfjng_]-fl) =N-—-j— 1}'

Note that codim Q¢(F) = [£].
Let F(oo) be the complete flag given by

F(o0) = {0 C Cy[z] C Calz] C --- C Cyla]}. (4.1)

The subspace X is a point of Q¢(F(o00)) if and only if for every i = 1,..., N, it contains
a polynomial of degree d — ¢ — Eny1—4.
For z € C, consider the complete flag

F(z)={0C (& — 2)471C[z] € (z — 2)?2Cyfz] C -+ C Calz]}. (4.2)

The subspace X is a point of Q¢(F(z)) if and only if for every i« = 1,..., N, it contains
a polynomial with a root at z of order exactly & + N — i.

A point z € C is called a base point for a subspace X C Cy[z] if ¢(z) = 0 for every ¢ € X.

Let &= (é(l), e 5(”)) be a sequence of partitions with at most N parts and z=(z1, . . ., zn)elf”n.

Set €] = ; €@)].
Assuming || = N(d — N), denote by Q¢ , the intersection of the Schubert cells

ez =[] Qo) (F(25))- (4.3)

s=1

Note that due to our assumption, )¢ . is a finite subset of Gr(N,d).
Define a sequence of polynomials T' = (71, ...,Tx) by the formulas

n
(s) _¢(s)
Ti(z) = [J(x—2)% %%, i=1,...,N,

s=1

where §](5)+1 = 0. Here and in what follows we use the convention that x — z; is considered as
the constant function 1 if z; = co. We say that T is associated with &, z.

4.2 Self-dual spaces

Let X € Gr(N,d) be an N-dimensional subspace of polynomials in z. Given a polynomial v
in z, denote by ¢ - X the space of polynomials of the form v - ¢ for all p € X.
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Let XV be the N-dimensional space of polynomials which are Wronskian determinants of
N — 1 elements of X

i— i—1\N-1
XV = {det (d "yp;/dx 1)2.7],:1, pj(z) € X}.
The space X is called self-dual if XV =1 - X for some polynomial 1)(x), see [16].
Let sGr(N,d) be the set of all self-dual spaces in Gr(N,d). We call sGr(N,d) the self-dual

Grassmannian. The self-dual Grassmannian sGr(N,d) is an algebraic subset of Gr(N,d).
Denote by s{)¢ » the set of all self-dual spaces in )¢ .

sQ¢ 2 = Q¢ 2 (]sGrr(N7 d).

Let 11 be a dominant integral gy-weight and k € Z>(. Define a partition j4 ; with at most IV
parts by the rule: (uax)n =k and

4.4
(poan—q), if [§] <i<N-1. (44)

(Bar)i = (Hak)iv = {

We call p14 ) the partition associated with weight | and integer k.
Let A = (/\(1), e /\(”)) be a sequence of dominant integral gy-weights and let k = (k1, ..., k)

be an n-tuple of nonnegative integers. Then denote Ay = ()\S)kl, ... ,)\%Ln) the sequence of

partitions associated with A®®) and ks, s =1,...,n.
We use the notation pa = pao and Ag = Ay o,..0)-

Lemma 4.1 ([10]). If& is a sequence of partitions with at most N parts such that |€| = N(d—N)
and sQ¢ , is nonempty, then & has the form & = sk for a sequence of dominant integral g -
weights X = ()\(1), ey )\(”)) and a sequence of nonnegative integers k = (k1,...,ky). The pair
(A, k) is uniquely determined by &.

In what follows we write Q)\7z, QA,k,z: SQ)MZ, SQ)\Jc’z for Q)\A,za Q}\A,lmZ’ SQ)\A,za SQ)\A,k,Z’
respectively.

Note that [Aa k| = [Aa| + N|k|, where |k| = k1 + - -- + k. Suppose |As| = N(d — N), there
exists a bijection between Q) . in Gr(N,d) and Qg , in Gr(N,d + |k|) given by

n
Q)"z — Q)\»"hz’ X H(l‘ — Zs)ks - X. (45)
s=1
Moreover, (4.5) restricts to a bijection between sQy . in sGr(N, d) and sQy g » in sGr(N, d+ |k|).

5 Gaudin model

Let g[t] = g ® C[t] be the Lie algebra of g-valued polynomials with the pointwise commutator.
We call it the current algebra of g. We identify the Lie algebra g with the subalgebra g ® 1 of
constant polynomials in g[t].

It is convenient to collect elements of g[t] in generating series of a formal variable z. For
g€ g, set

glz) =) (g@tHar (5.1)
k=0

For each a € C, we have the evaluation homomorphism ev,: g[t] — g where ev, sends g ® t*
to a®g for all g € g and s € Zsq. Its restriction to the subalgebra g C g[t] is the identity map.
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For any g-module M, we denote by M (a) the g[t]-module, obtained by pulling M back through
the evaluation homomorphism ev,. The g[t]-module M (a) is called an evaluation module. The
generating series g(x) acts on the evaluation module M (a) by g/(z — a).

The Bethe algebra B (the algebra of higher Gaudin Hamiltonians) for a simple Lie algebra g
was described in [3]. The Bethe algebra B is a commutative subalgebra of U(g[t]) which com-
mutes with the subalgebra U(g) C U(g[t]). An explicit set of generators of the Bethe algebra in
Lie algebras of types B, C, and D was given in [11].

Proposition 5.1 ([3, 11]). Let N > 3. There exist elements F;; € gn, 4,5 = 1,...,N, and

polynomials Bg(x) in dkFZ-j(:z:)/dxk, s=1,....,N, k=0,...,N, such that the Bethe algebra B

of gn 1is generated by the coefficients of By(x) considered as formal power series in x 1.

We denote M (c0) the gy-module M with the trivial action of the Bethe algebra B, see [10]
for more detail. )
For a collection of gy-weights A = ()\(1), ce )\(")) and z = (21,...,2,) € Py, we set

Vaz = Q) Vi (2),

s=1

considered as a B-module. We also denote Vy the module V) , considered as a gy-module.
Let 0, be the differentiation with respect to x. Define a formal differential operator

N
DP =0y + ) Bi(x)dy ™,
1=1
where
e .
Bi(z) =) Bz’ (5.2)
j=i

and B;j € U(gn(t]), j € Z=i, i =1,...,N. The operator DB is called the universal operator.

Let z = (21,...,2n) € P, and let A = (/\(1), . ,)\(")) be a sequence of dominant integral
gn-weights. For every g € gn, the series g(x) acts on V} ., as a rational function of x.

Since the Bethe algebra B commutes with gy, B acts on the invariant space (Vy ,)9V. For
b € B, denote by b(A, z) € End((V} »)9) the corresponding linear operator.

Given a common eigenvector v € (V3 ) of the operators b(\, z), denote by b(A, z;v) the
corresponding eigenvalues, and define the scalar differential operator

N oo
D, =Y + ZZBij(/\,z;v)x_jBiV_i.

i=1 j=i
The following theorem connects self-dual spaces in the Grassmannian Gr(N,d) with the
Gaudin model associated to gy .
Theorem 5.2 ([10]). Let N > 3. There exists a choice of generators B;(x) of the Bethe
algebra B, such that for any sequence of dominant integral gn-weights A = ()\(1), ey )\(”)), any
z € P,, and any B-eigenvector v € (Va2)®, we have

Ker ((Ty -+ Tn)Y? - Dy - (T1 - Tn)"?) € 8Qi 2,

where T = (T1,...,TN) is associated with A4, z.
Moreover, if |[Aa| = N(d— N), then this defines a bijection between the joint eigenvalues of B
on (Vxz)9N and sQy , C Gr(N,d).
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6 Shapovalov form and the key lemma

6.1 Shapovalov form

Define the anti-involution w: gy — gy sending eq,...,e., &1,...,&, f1,...,fr to f1,..., fr,
a1,...,0, €1,...,e., respectively.

For any dominant integral gy-weight A, the irreducible gy-module V) admits a positive
definite Hermitian form (-, -)y such that (gv,w)y = (v,@w(g)w)y for any v,w € Vy and g € gx.
Such a form is unique up to multiplication by a positive real number. We call this form the
Shapovalov form.

Let A = ()\(1), cees )\(”)) be a sequence of dominant integral gy-weights. We define the positive
definite Hermitian form (-,-)x on the tensor product Vy as the product of Shapovalov forms on
the tensor factors. The form (-, -)x induces a positive definite Hermitian form (-|-)x on (V} ,)®V.

Proposition 6.1. For anyi=1,...,N, j € Z>;, and any v,w € (Vx 2)*N, we have

(Bij(X, z)vw) y = (v]Bij (X, 2)w),,

where B;j are given by (5.2), Z = (%1,...,2,) and the bar stands for the complex conjugation.

Proof. We prove the proposition in Section 6.3. |

If z € RIfDn, then B;j(, z) are self-adjoint with respect to the Shapovalov form. Therefore
all B;j(A, z) are simultaneously diagonalizable and all eigenvalues of B;;(A, z) are real.
The following statement is also known.

Theorem 6.2 ([18]). For generic z € P,, the action of the Bethe algebra B on (Va2)9 s
diagonalizable and has simple spectrum. In particular, this statement holds for any sequence
z € RP,.

If some of the partitions AV, ..., A(") coincide, the operators b(A, z) admit additional sym-
metry. Assume that A = X0*D for some 7. Let P; € End(Vy) be the flip of the i-th and
(7 4+ 1)-st tensor factors and 20 = (214« vy Zim1y Zidk 1y Ziy Zidt 2y« -+ » Zn)-

Lemma 6.3. For any b € B, we have P;b(\, z)P; = b()\, i(i)).

6.2 Self-adjoint operators with respect to indefinite Hermitian form

In this section we recall the key lemma from linear algebra, see [17].

Given a finite-dimensional vector space M, a linear operator ¥ € End(M), and a number
a € C, let Mz(a) = ker(T—a)¥™M_ When Mz («) is not trivial, it is the subspace of generalized
eigenvectors of ¥ with eigenvalue «.

Lemma 6.4 ([17]). Let M be a complex finite-dimensional vector space with a nondegenerate
Hermitian form of signature , and let A C End(M) be a commutative subalgebra over R, whose
elements are self-adjoint operators. Let R = (Ngc 4 Poer Ms(a). Then the restriction of the
Hermitian form on R is nondegenerate and has signature k. In particular, dim R > |k|.

6.3 Proof of Proposition 6.1

In this section, we give the proof of Proposition 6.1. We follow the convention of [12]. We only
introduce the necessary notation and refer the reader to [11, Section 5] and [12, Section 3] for
more detail.



Lower Bounds for Numbers of Real Self-Dual Spaces in Problems of Schubert Calculus 9

Proof of Proposition 6.1. We prove it for the case N = 2r first.

Let E;; with 4,5 = 1,...,2r + 1 be the standard basis of gly.,;. The Lie subalgebra
of gly,. 1 generated by the elements F;; = E;j — Ear42_j2,42-; is isomorphic to the Lie al-
gebra §09,41 = gny. With this isomorphism, the anti-involution w: gy — gn is realized by
taking transposition, Fj; — Fj;. To be consistent with the notation in [12], we write g for gn.
The number N in [12] is 2r + 1 in our notation.

We write Fjj[s] for F;; ® t° in the loop algebra g[t,til]. Consider the affine Lie algebra
g = g[t,t_l] @ CK, which is the central extension of the loop algebra g[t,t‘l], where the
element K is central in g and

(91K, g2[l]] = [91, g2][k + 1] + Kbk, —1(g1, g2) K, 91,92 € 6, k,leZ.
Consider the extended affine Lie algebra g® Cr = g[t, t_l] @ CK ¢ Cr, where 7 satisfies
[T,Fij[s]]Z—SFij[s—l], [T,K]:O, s € 7.

Set U = U(G® Cr) and fix m € {1,...,N}. Introduce the element F|[s], of the algebra
(End ((C2r+1))®m ® U, see [12, equation (3.5)], by

2r+1
Flsle = Z 12007 @ ¢;; ® 190m7%) @ F[s),
ij=1

where e;; € End ((C27"+1) denote the standard matrix units. The map w induces an anti-
involution

w: Z/{(t_lg[t_l]) — L{(t_lg[t_l]), Fijls] — Fjils], SEL< .

For 1 < a < b < m, consider the operators P, and Qg in (End (C27"+1))®m defined as
follows

2r+1
P, = Z 18(a-1) & €ij ® 180—a-1) o €ji ® 1®(mfb)’
ij=1
2r+1
Qab = Z 120D @ e @197 D @ ey io 9p0 ;@ 180m70),
ij=1

Set

1 P 20
(m):7 1 ab ab
S m! H ( R 2r+2b—2a—1)°

" 1<a<b<m

where the product is taken in the lexicographic order on the pairs (a,b). The element S (m) ig the
symmetrizer of the Brauer algebra acting on ((C27"+1)®m. In particular, for any 1 < a < b < m,
the operator S satisfies

Replacing 7 with 9, and F;[—¢ — 1] with —0%F;;(x)/¢!, where Fj;(x) is defined in (5.1), for
¢ € Z>p, in the element

2r+m—1

CTr S (r 4+ F[=1]1) -+ (7 + F[=1]m),
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see [12, formula (3.26)], where the trace is taken on all m copies of End (C*" 1), we get a dif-
ferential operator

Do ()0 + 0y ()™ 4 - I (),

where ¥,,;() is a formal power series in = with coefficients in ¢(g[t]). The Bethe subalgebra B
of U(g[t]) is generated by the coefficients of ¥,;(x), m = 1,...,N, i = 0,...,m, see [l1,
Section 5].

Therefore, to prove the proposition, it suffices to show that the element

2r+m—1

mtfs(m)(T+F[—1]1)"'(T+F[—1]m)7 (6.1)

is stable under the anti-involution w. Here @ maps 7 to 7.
Applying transposition on a-th and b-th components to the commutator relation

FlkloFlly — FlllpFkla = (Pab — Qab) Flk + 1o — Fk + Jo(Pab — Qab)s
see the proof of [12, Lemma 3.6], we get
FUKGF o — FToF " [kla = F [k + 5(Pab — Qab) — (Pab — Qab) F' [k + U,

for all 1 < a <b<m. Here T stands for transpose, explicitly,

2r+1
FT[S]a = Z 1®(a—1) K e @ 1®(m—a) &® F]Z[S]
ij=1

Thus one can use the same argument as in the proof of [12, Lemma 3.2] to show that the image
of (6.1) under the anti-involution w equals

mtr5<m>(T+FT[_1]1)---(T+FT[—1}m). (6.2)
By applying the simultaneous transposition e;; — ej; to all m copies of End (C27"+1) we conclude
that (6.2) coincides with (6.1) because the transformation takes each factor 7 + F'[—1], to
T + F[—1], whereas the symmetrizer S (m) stays invariant. Hence we complete the proof of
Proposition 6.1 for the case N = 2r.

The case N = 2r + 1 is proved similarly, see for example [12, Lemma 3.9]. |

7 The lower bound

In this section we prove our main results — the lower bound for the number of real self-dual
spaces in {1 ., see Theorem 7.2 and Corollary 7.4.

Recall the notation from Section 4. For positive integers N, d such that d > N we consider
the Grassmannian Gr(N, d) of N-dimensional planes in the space Cy[z| of polynomials of degree
less than d. A point X € Gr(N,d) is called real if it has a basis consisting of polynomials with
all coefficients real.

7.1 The general case N > 4
=

Let us first consider the case N > 4.

Let A = ()\(1), e A(”)) be a sequence of dominant integral gy-weights, k = (ki1,...,ky,) an
n-tuple of nonnegative integers, and z = (21, ...,2,) € P,. Suppose that Akl = N(d— N).
Denote by d(, k, z) the number of real points counted with multiplicities in sQy g, C Gr(N,d).
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Clearly, d(A, k, z) = 0 unless the set {z1,...,2,} is invariant under the complex conjugation

and ()\(Z), kz) = ()\(J), k‘j) whenever z; = Z;. In particular, the polynomial [] (z — 2)" has only
s=1

real coefficients. It follows from (4.5) that the number of real points in sQx % . C Gr(N,d) is
equal to that of sQy ., C Gr(NN,d — |k|). From now on, we shall only consider the case that
k=(0,...,0). We simply write d(\, z) for d(A, k, z) if k= (0,...,0).

Let T' = (T1,...,Tn) be associated with A4, z. Note that if z, X, k is invariant under
conjugation, then the polynomial 77 - - - T also has only real coefficients.

In what follows we denote by ¢ the number of complex conjugate pairs in the set {z1,...,2,}
and without loss of generality assume that z; = 2a, ..., 20,1 = Z2, while zoc41, ..., 2, are real
(one of them can be infinity). We will also always assume that A1) = X2 \Ze=1) = \(20),

Recall that for any A and generic z € ICE)"n, all points of €2 . are multiplicity-free. The same
also holds true with A imposed above for any c.

Consider the decomposition of Vy into irreducible gy-submodules

Va=EPV.® My
m
Then My = (Va)®. Since %=1 = A\2) for i = 1,... ¢, the flip Py_; of the (2i — 1)-st and
2i-th tensor factors of V commutes with the gy-action and thus acts on (V). Denote by
Py . € End((Vy)9¥) the action of the product Py Ps--- Po.—1 on (Vy)9V.
The operator Pj . is self-adjoint relative to the Hermitian form (-|-)x on (V)% given in
Section 6. Define a new Hermitian form (-, )x . on (V)9 by the rule: for any v,w € (Vy)

(v,w)xae = (Prcv|w)a.
Denote by ¢(X, c¢) the signature of the form (-,-)x ..
Proposition 7.1. The signature q(X, c) equals the coefficient of the monomial

N—-1_N-3

N+1-2r
Ty Tg

..xr ,

in the Laurent polynomial

C n
Apn - HS/J\\{%) (:1;%, - ,;17%) H Si\fj)(:vl, ceey Tp).

i=1 j=2c+1
Here Ay and Si\és) are given by (3.1) and (3.2), respectively.
Proof. Since Pic =1 and My = (Va)?, we have ¢(A,c) = trar P ¢, and the claim follows
from Proposition 3.1. [ ]

Theorem 7.2. The number d(X, z) of real self-dual spaces in S . is no less than |g(X, c)].

Proof. Our proof is parallel to that of [13, Theorem 7.2].
By Proposition 6.1 and Lemma 6.3, the operators B;;(\, z) € End((Vy)9V) are self-adjoint
relative to the form (-,-)x .. By Lemma 6.4,

dim (YD ((3)™) 1, 0,(@)) > lax .

i,j acR

By Theorem 6.2, for any A and generic z € P, the operators B;j(, z) are diagonalizable and
the action of the Bethe algebra B on (V)% has simple spectrum. The same also holds true
with X imposed above for any c. Thus for generic 2z, the operators B;;(A, z) have at least |g(X, ¢)|
common eigenvectors with distinct real eigenvalues, which provides |g(, ¢)| distinct real points
in sQy , by Theorem 5.2. Hence, d(X, z) > |¢(X, ¢)| for generic z, and therefore, for any z, due
to counting with multiplicities. |
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Remark 7.3. If dim(Vy)9 is odd, it follows from Theorem 7.2 by counting parity that
d(X\, z) = |g(A o) = 1.

Therefore, there exists at least one real point in sQy .. In particular, if dim(Vy)9" = 1, then
the only point in s{2 . is always real.

The following corollary of Proposition 7.1 and Theorem 7.2 is our main result.

Corollary 7.4. The number d(X, z) of real self-dual spaces in Qy , (real points in sQy ) is no
less than |a(X, c)|, where a(X, c) is the coefficient of the monomial mN Lel =3 aNH1=2 i the

Laurent polynomial

AN HSA(QZ) .Z‘l,... 2) H S;\\(fj)(xl,...’;vrr).

j=2c+1

Here Ay is the Vandermonde determinant of gy and SN () @8 the Schur function of gn associated
with A&, s =1,...,n, see (3.1) and (3.2).

Remark 7.5. Recall that the total number of points (counted with multiplicities) in sy »
equals dim(Vy)® = ¢(A,0). Hence if z € RP,, Theorem 7.2 claims that all points in s 2
are real. It is proved in [15, Corollary 6.3] that for z € RP,, all points in Q) . are real and
multiplicity-free, so are the points in sy ..

7.2 The case N =2,3

Now let us consider the case N = 2,3. Note that sGr(2,d) = Gr(2,d), this case is the usual
Grassmannian, which has already been discussed in [13].

Let N = 3 and g3 = slp. It suffices for us to consider the case that points in s{2 . have no
base points, see the beginning of Section 7.1 for more detail. We shall consider sGr(3,2d — 1)
instead of sGr(3,d), see [10, Section 4.6]. We identify the dominant integral sly-weights with
nonnegative integers. Let A = ()\(1), ceey )\(”)) be a sequence of nonnegative integers and z =

(21,...,2n) € P,,. Then A4 has coordinates
AL = (22000 0),  s=1,...,n.

We also assume |[A4| = 6(d — 2).

Recall from [10, Theorem 4.19], if X € sQj ., then there exist monic polynomials ¢ and
such that ¢2, o1, ¢ form a basis of X. Denote by v/ X the space of polynomials spanned by ¢
and 1. Let €@ be the partitions with at most two parts defined by (/\(i),O), 1=1,...,n. Set
€= (¢W,... €M), then €] = 2(d — 2). It follows from the proof of [10, Theorem 4.19] that
VX € Q¢ > C Gr(2,d). The map Q¢ » — s{2y » given by VX — X is bijective.

Lemma 7.6. The self-dual space X is real if and only if VX is real.

Proof. It is obvious that X is real if v/ X is real.
Conversely, if X is real, then there exist complex numbers a;, b;, ¢;, 1 = 1,2, 3, such that

aiQOQ +bl<p¢+clw27 1= 172737

are real polynomials and form a basis of X. Without loss of generality, we assume deg ¢ < deg ).
Since deg ¢ < deg 1, we have ¢; € R, i = 1,2,3. At least one of ¢; is nonzero. We assume c3 # 0.
By subtracting a proper real multiple of a3p? + b3t + c31?, we assume further ¢; = cp = 0.
Continuing with the previous step, we assume that b; = 0, b2 # 0, a; # 0 and hence obtain
that aq,bs,c3 € R. Then a;p? is a real polynomial, so is ¢. Therefore, asyp + byt is also a real
polynomial, which implies that the space of polynomials v/ X is also real. |
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Because of Lemma 7.6, the case N = 3 is reduced to the lower bound for the number of
real solutions to osculating Schubert problems of Gr(2,d), see [13]. Moreover, Corollary 7.4 also
applies for this case by putting N =3, r = 1, and gy = sls.

8 Some data for small NV

In this section, we give some data obtained from Corollary 7.4 when IV is small. Since the cases
N = 2,3 reduce to the cases of [13], we start with N = 4.

We always assume that A, k, z are invariant under conjugation. By Remark 7.3, we shall only
consider the cases that dim(Vy )% > 2. We also exclude the cases that z € RP,. In particular,
the cases that all pairs ()\(S), k‘s), s=1,...,n, are different.

We write the highest weights in terms of fundamental weights, for example (1,0,0,1) =
w1 + wyg. We also write (A(l))kl, A (/\(”))kn for (X, k) and simply write \(®) for (A(®))g. We

use ()\gs), )\gs))im to indicate that the pair (()\gs), )\gs)), k:s) appears in (A, k) exactly m times.

For instance, (0,1)1, (0,1)®3 represents the pair (X, k) where XA = ((0,1), (0, 1),(0,1),(0,1)) and
k = (1,0,0,0).

8.1 The case N =4,5

For each g4-weight A = (A1, \2), denote by Ao the gs-weight (A2, A\1). Note that g4 = so5 is
isomorphic to g5 = sp,, the lower bound obtained from the ramification data A = ()\(1), cee )\(”))
and k = (ki,...,k,) of g4 is the same as that obtained from the ramification data A¢c =

DAY and k= (ki k) of gs.

—_
e}

|
[\
)

|
w

ramification data dimension
(0,1)®8 14
(1,0)%%,(0,1)%2

o

o

ol

ool |
o

=W N W

)
(0,2),(1,0), (0,1)%?
(1,0)1, (1,0), (0,1)%2
(1a 0>®27 (Oa 1)13 (O’ 1)
(1,1),(1,0)%2,(0,1)

~—
—~
=
—_
~—
&
W)
NININININ W W N OW O W W&~

[Nl Nl Nesl Nes) By B Neol TN WY Nanl ey Y
w

Table 1. The case N =4,5.

In Table 1, we give lower bounds for the cases from Gr(4,7) and Gr(5,10). By the observation
above, we transform the case from Gr(5,10) to its counter part in Gr(4, d) for some d depending
on the ramification data. The number in the column of dimension is equal to dim(Vy )% for the
corresponding ramification data A in each row. The numbers in the column of ¢ = ¢ equal the
lower bounds computed from Corollary 7.4 with the corresponding c.

For a given ¢, there may exist several choices of complex conjugate pair corresponding to
different pairs of gy-weights. If the corresponding lower bounds are the same, we just write
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one number. For example, in the case of (0,2)%2, (0,1)®? and ¢ = 1 of Table 1, the complex
conjugate pair may correspond to the weights (0,2)%? or (0,1)®2. However, they give the same
lower bound 1. Hence we just write 1 for ¢ = 1. If the bounds are different, we write the lower
bound with the conjugate pairs corresponding to the leftmost 2¢ weights first while the one
with the conjugate pairs corresponding to the rightmost 2¢ weights last, in terms of the order
of the ramification data displayed on each row. Since we have at most 3 cases, the possible
remaining case is clear. For instance, in the case (0,1,0)®% (0,0,1)®* and ¢ = 2 of Table 2, the
two complex conjugate pairs corresponding to (0, 1,0)®* give the lower bound 12 while the two
complex conjugate pairs corresponding to (0,0,1)®* give the lower bound 24. The remaining
case, where the two conjugate pairs corresponding to (0,1,0)¥? and (0,0, 1)®2, gives the lower
bound 2.

8.2 The case N =6

In what follows, we give lower bounds for ramification data consisting of fundamental weights
when N = 6. We follow the same convention as in Section 8.1.

ramification data dimension | c=1| ¢=2 |¢c=3|c=4
(0,0,1)®4 4 0 4
(0,1,0)®4 6 2 6
(1,0,0)®% 3 1 3
(0,0,1)®2,(0,1,0)®2 3 1 3
(0,0,1)¥2 (1,0,0)®? 2 0 2
(0,1,0)%2,(1,0,0)%? 3 1 3
(0,0,1)®6 30 2 2 10
(0,1,0)%5 130 8 14 36
(1,0,0)%5 15 3 3 7
(0,1,0)%2,(0,0,1)®* 34 4,2 0,6 16
(0,1,0)%%,(0,0,1)®2 55 3,1 3,7 19
(1,0,0)%2,(0,0,1)®* 16 2 0,4 10
(1,0,0)%%,(0,0,1)%? 10 0,2 2,0 6
(1,0,0)%2 (0,1,0)%% 46 2 6 18
(1,0,0)%%,(0,1,0)%? 21 1,3 5,3 11
(1,0,0)%2,(0,1,0)%2,(0,0,1)%? 20 2 0,4,0 10
(0,0,1)%8 330 20 6 0 50
(0,1,0)®8 6111 69 59 113 | 311
(1,0,0)%8 105 15 9 7 25
(0,1,0)®%,(0,0,1)®* 984 2228 | 12,224 | 0,38 | 108
(1,0,0)®%,(0,0,1)®* 116 6,12 | 8,2,12 | 0,10 | 32
(1,0,0)%4,(0,1,0)%4 510 6,12 | 224,18 | 28,18 | 74
Table 2. The case N = 6.
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