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Abstract. We evaluate the determinant of a matrix whose entries are elliptic hypergeomet-
ric terms and whose form is reminiscent of Sylvester matrices. A hypergeometric determinant
evaluation of a matrix of this type has appeared in the context of approximation theory, in
the work of Feng, Krattenthaler and Xu. Our determinant evaluation is an elliptic exten-
sion of their evaluation, which has two additional parameters (in addition to the base ¢ and
nome p found in elliptic hypergeometric terms). We also extend the evaluation to a formula
transforming an elliptic determinant into a multiple of another elliptic determinant. This
transformation has two further parameters. The proofs of the determinant evaluation and
the transformation formula require an elliptic determinant lemma due to Warnaar, and the
application of two C,, elliptic formulas that extend Frenkel and Turaev’s 19Vy summation
formula and 15V7; transformation formula, results due to Warnaar, Rosengren, Rains, and
Coskun and Gustafson.
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1 Introduction

The determinant of a Sylvester matrix is used to determine whether two polynomials have a com-
mon root. Recently, in the context of approximation theory, a determinant of a hypergeometric
matrix was evaluated by Feng, Xu and the second author [2]. The matrix they considered re-
sembles a Sylvester matrix. The objective of this paper is to give an elliptic extension of their
determinant evaluation.

We briefly discuss Sylvester matrices. Consider the Sylvester matrix that corresponds to the
polynomials

2422 +1=(x+1)>
and
24322 34+ 1= (z2+1)°

given by

O = O O =
_w o N
W W N =
W= NN = O
—_ o = O O

This paper is a contribution to the Special Issue on Elliptic Hypergeometric Functions and Their Applications.
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Its determinant is 0, which indicates the obvious fact that the two polynomials (z + 1)? and
(x + 1)3 have a common root.
More generally, consider the Sylvester matrix defined as follows. Let

bij(s,r) = <j i Z) s171

and consider the (r1 +72) x (r1 +72) matrix B = (b};), where

Yo {bij(sl,rl), for 0 <i<rg—1,
ij

bi—ry j(s2,72), forry <i<r;4+ry—1
Then its determinant is given by

det B = (—1)""2(s1 — s9)"'"2. (1.1)
For example, for r1 = 2 and r9 = 3, we have

251 82 0 0
1 251 s2 0
0 1 25 s?

3s9 3s5 s3 0
1 3sy 3s3 s3

det = (51 — 89)°.

o= O O =

This explains why the determinant is 0 when s; and so are both 1. The matrix of this last
example is the Sylvester matrix corresponding to the polynomials

22+ 28510 + 57 = (z + 51)°

and

23 4+ 3s92? + 3530 + 55 = (x + 59)°.
The formula for det B follows from a well-known result concerning the determinant of Syl-
vester polynomials, given in, for example, Loos [7, Theorem 1, p. 177]. Consider the polynomials

72

CH(J:—%) and KH(a:—Bj),
i=1

J=1

where C, K are constants. Then the determinant of the corresponding Sylvester matrix is given
by

L T2

ek T[T 6i )

i=1j=1

However, this classic idea fails in the evaluation of the determinant of the following “Syl-
vesteresque” matrix, which appears in the context of approximation theory in work of the
second author with Feng and Xu [2].

To state their formula, we require the rising factorial (or Pochhammer symbol) (a)
is defined by (a), := 1 and

which

n’

k-1

(a), = H(a+j), for k=1,2,....
5=0
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Let

r ) (s1+1),_;

m;i(sy,S2,7) = . . . . ) ’
’L]( 1,92 ) <]—'L (31+82+Z+J —1)j7i<31—|—82+7“+21)j7i

Consider the (71 +12) x (r1 + r2) matrix M = (mj;), where

, mi;(S1,82,71), for0<i<ry—1,

(—l)j_"_”mi_m,j(s%31,7“2), forrg <i <1y +1ry—1.

This matrix is not quite a Sylvester matrix, but still has a nice determinant evaluation (see [2,
Theorem 4.1])

T1
det M = (-1)"" ][
7j=1

1
(s14+s2+rm+r2+5—2),°

(1.2)

It is not obvious, but the formula for det M extends the one for det B. To obtain (1.1)
from (1.2), multiply row i of det M by

ti
(s1+ 82)2“

tifrg

(s1+ 82)2(i_r2)

for0<i<ry—1,

, forro <i<ri+ry—1,

column j by

(s1+ 82)2j

4 , for0<j<r1+ro—1,

and multiply by the corresponding products on the right hand side of (1.2). Next, replace s;
by sit, s2 by sot and take the limit as t — co. Equation (1.1) follows after replacing sa by —so
on both sides.

In this paper, we extend the formula for det M to one with elliptic hypergeometric terms.
Our first result (stated in Section 2) is the evaluation of an elliptic determinant, which has two
additional parameters even when specialized to the hypergeometric case.

Our proof (in Section 3) is an elliptic extension of the one given in [2], and requires a de-
terminant lemma due to Warnaar [13, Lemma 5.3] and a ), summation theorem. Warnaar’s
determinant lemma, is an elliptic extension of a very useful determinant lemma due to the sec-
ond author [5, Lemma 5]. The C), summation theorem was conjectured by Warnaar [13, Corol-
lary 6.2, z = ¢|, proved by Rosengren [9] (and in more generality by Rains [8, Theorem 4.9] and,
independently by Coskun and Gustafson [1]). A combinatorial proof was given by Schlosser [12].

The summation formula is a C), extension of Frenkel and Turaev’s [3] 10Vy summation formula
(see [4, equation (11.4.1)]). There is a more general transformation formula which is a C),
extension of Frenkel and Turaev’s 12V}; transformation formula, given in [4, equation (11.5.1)].
Again, this was conjectured by Warnaar [13, Conjecture 6.1, x = ¢|, and proved — in more
generality, and independently — by Rains [8, Theorem 4.9] and by Coskun and Gustafson [1].
(See also [11] for an elementary proof of [13, Conjecture 6.1, x = q].)

Naturally, we consider what happens if we use the C,, 12V11 transformation formula. This
leads (in Section 4) to a surprisingly elegant transformation formula between two elliptic determi-
nants. In Section 5, we show how to recover our determinant evaluation from this transformation
formula by using elementary determinant operations.
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2 An elliptic determinant evaluation

In this section we state our first theorem, an elliptic determinant evaluation. To define the
entries of the matrix under consideration, we need the notation for elliptic shifted factorials. For
these notations, and background results, Gasper and Rahman [4, Chapter 11] is the standard
reference. We recommend Rosengren [10] for a friendly introduction to elliptic hypergeometric
series.

We follow Gasper and Rahman [4, (11.6.2)] and define products as follows:

n Akaky1 - Qn, if n >k,
[Tai=11 ifn=*k—1, (2.1)
g=k (Ang1ng2 - 'akﬂ)*l, ifn<k-2.

The q-shifted factorials, for k any integer, are defined as

k: .
(@50) = T] (1))

|
—

Il
=)

and for |¢| < 1,

(@; @)oo = [ ] (1 = ag?).
=0

The modified Jacobi theta function is defined as

0(a;p) == (a;p) (/03 P) oo
where a # 0 and |p| < 1. The g, p-shifted factorials (or theta shifted factorials), for k an integer,
are defined as

k—1

(a;,p)y = [ ] 0(ad’;p) .-

J=0

The parameters p and ¢ are called the nome and base, respectively. When p = 0, the modified
theta function 6(a;p) reduces to (1 — a); and thus (a; g, p), reduces to (a;q);.
Further, we use the short-hand notations

0(a1,az,...,a;;p) = 0(a1;p)0(az;p)---0(ar;p),
(a1,a2,...,ar;¢,p), = (a15¢,p)x(a2;¢,P)g - - (ar; ¢, D)
(ar,a2,...,0;3q); = (a1;9),(a2; @) - - - (ar; @)y

Next, we define the elliptic matrix under consideration. Let s1, sg, t1 and to be arbitrary
complex numbers, 71, 12, ¢, and j be non-negative integers, and let

et _(GDPI
(:9,P)) i
(s14', 010" 124", 515307 ™ [tatasq,p)

y s A _ 2.2
(¢, 5152¢"71, 5182925 ¢, p) 22

fij = fij(s1,82,t1,t2,71,12) := q(

We consider the (r1 +72) X (11 + r2) matrix F' = (f;;), where

. fij(s1, 82, t1,t2,71,72), for 0 <i<ry—1,
Y Jimrsj (82,81, 8182/t1,8182/ta,12,11), forro <i <1479 —1.
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The form of F' is similar to that of Sylvester matrices. Observe that, in view of (2.1), we have
=0, forr=1,2,3,....

Thus, for the first ro rows, m;; = 0 if j < 7, and if j > 1 + 7. Further, the first non-zero entry
is 1 (when i = j). Similar remarks apply for the next r; rows of F.

Theorem 2.1. Let F' be the matriz defined above. Then

tito e 1 Aro—3
det ' = (—1ynm2 (12} 7 pdmira(rivara—3)
52

ﬁ (qu_r2+j/t1, 82q—r2—f—j/t27 Slsgq_”"'j/tltz; q,p)r2

: (2.3)
i (s182¢"1 12172 q,p),,
Remark. Theorem 2.1 can also be stated as
det F' = s}'™ qur?(rlﬂ"Q*l)Jﬁl(?)
ﬁ (S2qfr2+j/t1’ 82q7T2+j/t2, t1t2q*1“1+]'/3182; q,p)rz (2 4)
X . . :
—2.
i (s182¢" 1217721 q,p),,
Next we take a special case to obtain a g-analogue of (1.2). Let
i (©9),, (s14 q)j—i
Ui = U;qi(S1,82,71,T2) 1= q( 2) ——— . . 2.5
= il ) (49)p,—j1a(0> 51524771, 51527125 q); (25)
We consider the (71 4+ 72) x (71 4+ r2) matrix U = (u;;), where
) q(%)_(;)uzj(sl,s%7’1,7“2), for 0 <i<rg—1,
Y (=1/82) """ w;_py (52, 81,72,71), for ra <i <7y 41— 1.
Corollary 2.2. Let U be the matriz defined above. Then
(—1)mr2 ey 1
det U = ~22 "~ gr1(%3) . : (2.6)
sy ]1;[1 (s152q" 172121 q),,

Remarks. (1) This determinant evaluation is a g-analogue of (1.2). To see this, we replace s;
and s9 by ¢°! and ¢ (respectively), multiply both sides of (2.6) by (1 — ¢)""2 and take the
limits as ¢ — 1.

To take entry-wise limits in the determinant, we need to multiply each entry by an appropriate
power of (1 — ¢). Thus we multiply each entry of column j by (1 — ¢)?, and divide the first o
rows by (1—¢)?, and the last 71 rows by (1—¢)*~"2. We compensate by multiplying the resulting
determinant by

r1+ro—1 1 ro—1 ri+ro—1

7 i—ro __ 1
H WHU—Q) H (1-4q) R

j=0 =0 =72

This explains why we need to multiply by (1 — ¢)™"2 on the left hand side. The limit on the
right hand side too requires this additional power of (1 — q).

(2) Corollary 2.2 being a g-analogue of (1.2), it may be the starting point for finding a ¢-
analogue for the best approximation result in [2].
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Proof. We take p = 0 in (2.3), and after dividing both sides by (t1t2)™"2, take the limits as
t1 — 0o and t3 — oo. From the right hand side, we obtain

(-1 s <
q§1”11“2 r1+4ro— 3 H
ST1T2 - Sl SQq"'l +ro+j— 2.

2 q)T'Q .

Before taking the limits on the left hand side, we use the elementary modifications

(t1d' t2d'q);_, = (¢ 77 /t1,a" 7 ftasq) ;_ (tat2)’™ iU ) +26-0)
to reverse some of the products in the first ro rows of det F', and

(titaq " /s2:q) = (" sy [ty Q)];Hm

Jj—itre
% (_1)j*i+rz (2?) q(J_2;T2)+(—T1+i)(j—i+r2)

Jj—i+ra

in the last r1 rows of the determinant. From the jth column of the determinant, we take
out (t1t2)?. From the first i rows, we can take out (t1t2)~%, and from the last r; rows, we take
out (t1t;)~="2). This results in the product (¢;t2)""2 outside the determinant that cancels the
product we divided earlier.

Now we take the limits as t1,t5 — 0o term-wise in the determinant, to obtain a determinant
whose entries are given by

qz(%)_Q(;)—’_rQ(j_i)uU(Sl, S92, 7"1,7‘2), for 0 S ) S T — 1,
(_1/52)]‘_“'7“2 q(jﬂ;rTQ)Jri(j*l#m)ui_r%j(82, S1, 7'2,7“1), forro <i<ri+mry—1.

Again, we take out some powers of ¢ from the determinant, and cancel them from the other
side to obtain Corollary 2.2. |

A slightly different limiting case yields another determinant evaluation. Again, let u;; be
defined by (2.5). We consider the matrix V' = (v;;), where

;o {Uij(Sl,SQ,Tl,’I"Q), for 0 <i<ry—1,
ij

’l}.4 = . .
it 2 .
(81/82)(] ira)/ Ui—ry j(82,51,72,71), forry <i<ry4rg—1.

Corollary 2.3. Let V be the matriz defined above. Then

77’17“2 1 1/2 —ro+j.
31> qu(rzg)l—[ ((32/81) q ;Q)m

52 ((s182)1/2q7 1, s150qm1 47210 =2; q)

detV = <

7j=1 T2

Remark. When we take the hypergeometric case of Corollary 2.3, by replacing s; by ¢°!
s9 by ¢®2, and taking the limit as ¢ — 1, we obtain the determinant of a matrix very similar to
the matrix M considered in (1.2). The difference is that there are no alternating signs in the
last 1 rows of the matrix.

Proof. We take p = 0 in (2.3), divide both sides by ¢;'"* and take limits as to — co. Next we
replace t1 by (8182)1/2.
In the resulting determinant on the left hand side we multiply the ith row by

((3132)1/2; Q)Z7 for O <i<ry— 17
((5152)1/2; q)i_r2, forro <t <ry+ro—1,



The Determinant of an Elliptic Sylvesteresque Matrix 7

and, to compensate, divide the determinant by

ro—1 ri+reo—1
H ((3132)1/2?q)i H (<8182>1/2;q)i—r2'
1=0 =79

In the resulting determinant, column j has the common factor

((8182)1/2; Q)j

that we can take out from each column. In addition, we take out negative signs and powers of ¢
to obtain

ri+ra—1 1/
1 i—0 ((8182) / ;q)j
_1\rir2 ,5rire(ri+3ra—2) J=
( 1) 172 g3 71r2(r1+3r2 e — det V.
IT ((s12)Y%9), TT ((s1s2)Y%;q),
=0 1=0

Now comparing with what we obtain on the right hand side after taking the limit to — oo
and t; = (3132)1/2, we obtain Corollary 2.3. [ ]

3 Proof of Theorem 2.1

In this section we give a proof of Theorem 2.1. First we record the required results in a form
suitable for our use. From now on, we suppress g and p and denote the theta shifted factorials

by ().
We begin with a determinant lemma due to Warnaar [13, Lemma 5.3].

Proposition 3.1. Let Ag,...,An_1, ¢, and xq,...,xn_1, be arbitrary complex numbers. If, for
i=0,1,...,n—1, P; is analytic in 0 < |z| < 0o, and satisfies the following two conditions:

1) Pi(pz) = (¢/2%p) Pi(x) (quasi-periodicity), and
2) Pi(c/x) = Pi(x) (symmetry),

then
n—1
o det (Pi(%‘) I1 9(Ak37j)9(014k/96j)>
=hl= k=i+1
n—1
= JI (eAj/a))0(a;/mi) 0(xiz;/e) [] Pi(1/A:).
0<i<j<n—1 i=0

Warnaar’s determinant lemma is used to evaluate the following determinant.

Lemma 3.2. For all positive integers ro, we have

det g (qkrwl’aqkj)‘<qr1—kj+z+17aqr1+kj+z+1> |
0<i,j<ra—1 i ry—i—1

—TQZ_lz‘ki r2—1 .
=gq i=0 H Q(ij*ki’aqki+kj) H (quJrl,aquﬂ)i.

0<i<j<ra—1 i=0
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Proof. We apply Proposition 3.1 with

Pi(z) = (c%/x)i(qu_i,x/c)i.

The quasi-periodicity and symmetry properties of P;(z) are easy to verify using the elementary
identities [4, equation (11.2.55)]

(), = (pa),(—a)"q(2)

and [4, equation (11.2.48)]

(), = (¢""/a), (—a)"q2).

The special case n = ry, x; = qkj, A = qufk’ ¢ = 1/a of Proposition 3.1 implies that
0<i‘(}2£271 <q2(iJ2rl)2(7‘22)(2r11)(7”2’il) (1/&)1/2 (1/aq)7«2_i_1

x g~k (qk‘j—z’—&-l’aqkj) <q7‘1—kj+i+1’aqr1+i+kj+l) )
7 ro—i—1

_ H (anfjfkj/a) e(qkjfkiaaqkﬂrkj)

0<i<j<ro—1

ro—1

« H (1/a)i/2 (q—m—i)i (qu-i-l?aqu—&-i)i.

To complete the proof of the lemma, we take out the common factors from each row of the
determinant, cancel common terms, and simplify. |

Next, we require a C), extension of Frenkel and Turaev’s 19Vs summation formula. As ex-
plained earlier, this is due to Warnaar and Rosengren, but we prefer to use a formulation
due to Schlosser. In Schlosser [12, Theorem 3.1], we take r = ry, use the summation in-
dices ko, k1, ..., kr,—1, make the substitutions a — si1s2/q, b — s1, ¢ — t1, d — to and take
m =1y +re — 1, to obtain

ro—1 (5152/(]7 s1, 11, ta, Slsgqu_m/tltg, q—(T1+r2—1))kj

0<ho<- <kzl<r1+r2 . jl:[o (q, 52, 5152/t1, 51852 /t2, t1t2q™ "1 /59, 5159¢T T2 L)
= o rog—1> - -

J

ro—1

ril) > (2re—2i—1)k;

ke —k; keitk;—1 2T2_19(3152q
< 11 9((1] i, s159q T ) Il ———-2¢=

0<i<j<ra—1 =0 0(s152/q)
,4(1"2) S9 (T22> 2 9
=q <t1t2q2> H (g, 51,11, t2, 5155¢"™ 2/751152)j_1(q,3132)r1+702_1
j=1

= (520" /t1, 50077 [ta, 518500 [tata)

e} (¢; 52, s152/t1, s182/t0, 52" 722 [tata), L0 o

(3.1)

These are all the ingredients required for the proof of Theorem 2.1.

Proof of Theorem 2.1. Let Ff 1’52’ ng denote the submatrix of F' consisting of rows ay, ..., a,
and columns by,...,b,.. By takmg the Laplace expansion of det F' with respect to the first ry
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rows, we find that

— : 0,1,...,r2—1 ro,ro+1,...,r1+ro—1

— _ —0 sLyeees ) FRER)

det F = 3 (—1) 73 et F e det B on Tl (3.9)
0<ko <+ <kpy—1<r1+r2—1

where {lo,l1,...,l,,—1} is the complement of the set {ko, k1,...,kr—1} in the set {0,1,2,...,
r1 + 19 — 1}. Let Dy and D9 denote the two determinants in the sum. Then

_ 0,1,...,r0—1
D1 = det Fko,kl,n &

< Rrg—

= det (fir,;(s1,52,t1,t2,71,72))
and

Dy = det Fl?,l’:?ﬁ%;l e Y= det (fi, (52,51, s182/t1, s182/t2,12,71))
where the f;;’s are as in (2.2). After evaluating these determinants using Lemma 3.2, the
resulting sum can be evaluated using the elliptic C,, summation theorem given in (3.1). The
result follows after performing a large amount of simplification. Here are some more details.

We first evaluate Dy = det( fi7kj), where we suppress the dependence on other parameters
for the time being. We first take out many factors out of the rows (indexed by i) and columns
(indexed by j), with the goal of eliminating all denominators and reducing the number of factors
in each entry of the determinant as much as possible. We have

ro—1 k ro—1 ro—1 ,
= det (f Kk ) = q;go (5)+r2 jz—: k=5 (2r=1)(’7) (Q)r1(5152q 1)2i
e L5 (s1t1,t2, s183q™ 72 [tits),
» r2—1 (Sl,tl,tQ,SIS%qu_TQ/tth)kj
3=0 (. 3132qkj_1)kj (q)r1+r2—kj71(3132qn)r2+kjf1
% det —ikj< kj—it1 kj—1> ( r1—kj+it1 T1+kj+i)
ogi,jgm—l (q q , $152¢ : q » $152¢ ro—ic1
AL = ray_ 3= ra—1 41 ritie1 r
_ qjgo (3)+r2 j;o kj—%(2ra—1)("2) - EO ik; (q)r1 (q 111 5189g™ )i(slsgq o

0 (81,151,152,Sl$§£]“’”/¢1t2)i
i_I (s1,t1,t2, Slsgqu_”/tltz)kj
=0 q, 5152¢" l)kj (Q)r1+r2_kj_1(5152q”)r2+kj—1

< 1 9(61 ik ﬁszqki*kﬂ) 7

0<i<j<ro—1

where the determinant evaluation in the last line is from Lemma 3.2, with a — s1s2/q.
The second determinant

Dy = det (fi; (s2, 51, 5152/t1, s152/t2, 12,71))
is obtained from the above by replacing k; by /;, and simultaneously replacing
(s1,82,t1,t2,71,m2) by (s2,s1,s182/t1,8182/t2,72,71).

Note that the indices of summation are k; and the expression we obtain for Ds is in terms of
the [;’s. We use elementary algebraic manipulations to express the products in terms of the k;’s.
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For example, we use the “inclusion-exclusion” formula

H(qui) I e(qkjfk:i)

H 9<qu_li) _ 0<i<j<ri+ra—1 0<i<j<ro—1
o ro—1k;—1 ra—=lri4ra—1
osiisn -1 01 o) T o)
j=0 i=0 =0 j=k;+1
r1+ro—1 bk
(@); II  0(¢~ ™)
=0 0<i<j<ra—1 .
ro—1 ro—1 ’
]:[0 (Q)k]- 11:[0 (q)rl—l-r'g—ki—l
and, using the same idea,
—1 1 1 +ro—1
S IR SR o S ) RGP0 S S )
= l — —
q 1=0 — H q ] — q =0 =1 .
0<i<j<r1—1

After some further algebraic simplification, we obtain

ro—1 ro—1
L@2ri42r—1)(M1t"2 kj—3(2r1—1 - ik
Dz:q3( () Zo Gr=n(i)- 2 7 H 9<qkj—’€i,s152qki+kf_1)
0<i<j<ra—1
y ”Jﬁ_l (82, s182/t1, 8182 /t2, t1taq™ " [52)
Jj=0 (Slszqm)7’1+j—1(q)7“1+7"2—j—1

11 (q),, (¢, 5152(1””_1)]-(3152(17"2)2]'

X
jl;‘[) (s2,8182/t1, s182/t2, t1taq™ ™" /52),;

ro—1

<11
j=0

(1524"),, 14,1

(s2,8182/t1, 8152 /t2, t1taq™ "1 /s2);, (515247 )T1+T2_kj_1'

Next we substitute the above expressions for D; and Dy in (3.2) to obtain, after some algebraic
manipulation, the multiple sum

( ) ri+re—1
det F = (—1) 3 qu'/‘g('r’l-i-rz—l)
]1;[0 (8182qr2)r1+j71(q)errgfjfl

( ro+1 Slqurz-l-j—l) _(5152q?"2) )

11—
7'2
H 52,5152/t1,3132/t2,t1t2q” “/32)

(s2, s182/t1, 5182/ t2, titaq"™ ™" [52),

=0
Hl (@), (¢, s1529 7 1) (51524 )9;(s152),,
: Slat17t275152qT1 TQ/t1t2) (8182)7‘2(8182)T1+7’2 I(Q)T1+T2—1
ra—1 (5152/(]7Slutl)t275152qr1_7‘2/t1t27q_(rl+r2_1)>k.
x > :

O<hg <o <rrra1 H(q78278182/t1,8182/t2,t1t2q7"2_7"1/82,8182qu+r2_1)k
— e 7'27 —_ -

=0
22! 0(s152g%%i 1) Qil(wz—?i—l)k'
TL (ot ] e o)
=0

0<i<j<ro—1 0(s152/q)

J
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This sum can be evaluated using (3.1). After replacing the multiple sum by the corresponding
products, we again require a large number of algebraic simplifications. For example, we use

T2 ) 'l )

H (qul_z/tl)h = H (207" /11),,

i=1 Jj=1

ri—1 ri—1

I (susea™ ), = T (susaa™*™), s
j=0 =0

rﬁl (5152)r1(5132(]”)2i($182qu+i_1)i 1
i=0 (5152)1, 4y i1 ’

and other elementary identities. The result then condenses to the right hand side of (2.3). W

4 A transformation formula for elliptic determinants

In this section, we derive a transformation formula between two determinants that extends
Theorem 2.1, by adding two further parameters. It is apparent from our proof in Section 3 that
the matrices we consider are closely linked with very-well-poised elliptic hypergeometric series
(see [4] for the terminology, if required). We make this connection transparent by re-labelling
the parameters.

The Sylvesteresque matrices which we study now are defined as follows. Let a, b, ¢, d, €, f
be arbitrary complex numbers, r1, r2, ¢, and j be non-negative integers, and let

gij(a;b,c.d e, fir1,r9) == gU2")+r26-9) @
@y —js

(bq',cq',dg’, eq’, fq',a®q" 443 [bedef) ., "
g (¢, aq"*, agm+2+l), ' -

—1

We consider the (1 4+ 72) x (71 4 r2) matrices G = (g;;) and H = (h};), where

!/ gij(a;bgc,d,e,f;rl,TQ), fOI‘OS’I;STQ—]_7
g.. = ‘
ij Gi—rsj(a;aq/b,aq/c,aq/d,aq/e,aq/ f;r2,71), forrg <i<ri+ry—1,

and
B = gij()\;)\b/a,)\c/a,)\d/a,e,f;rl,rg), fOI‘OS/L'STQ*lv
v Gi—rs,j(Nsaq/b,aq/c,aq/d, N\q/e, Aq/ fire,r1), forry <i<wri4ry—1.
Theorem 4.1. With G and H as defined above, and \ = a®¢*>~"2 /bed, we have

detG = (£)" I (A=)

"2 det H.
+ro+j—1
)\ ot (aqu r271] )

T2

Remark. We reiterate that we have suppressed the ¢, p in our notation.

Sketch of proof. The first few steps in the proof are similar to those of Theorem 2.1. We begin
with the Laplace expansion of det G with respect to the first o rows to obtain an expression of
the form

ro—1
)+ > ks
det G = Z (—1)(2) =0 Dy - Do,

0§k0<-"<k7~2,1§r1+7’271
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where D1 and D9 are the determinants
Dl = det (gi,kj (CL; ba ) da €, fa 1, TQ))
and

Dy = det (g, (a; aq/b,aq/c,aq/d,aq/e, aq/ f;r2,71)) -

Here the g;;’s are as in (4.1) and the [;’s have the same meaning as in the proof of Theorem 2.1.

Again, both determinants D; and Dy can be evaluated using Lemma 3.2, after taking out
common factors from rows and columns of each determinant; and again, the expression for D> is
in terms of the /;’s and we have to write it in terms of the indices of summation k;. After some
algebraic manipulations, just as done earlier, we arrive at a C, multiple sum. This multiple
sum can be transformed into a multiple of another multiple sum using the C), transformation
formula (4.2) below.

Next, we perform these steps in reverse. Using Lemma 3.2, and some algebraic simplification,
we write the summand of the resulting sum in the form

ro—1

(***) Z (_1)(r22)+i§:0 kiDg Dy,

0<ko<-+<kry—1<ri+ra—1
where (x x x) are some explicit products, and D3 and Dy are the determinants
D3 = det (gz‘,k]-(A§ Ab/a, \e/a,A\d]a,e, f;r, rg))
and

Dy = det (giy, (N aq/b,aq/c,aq/d, Xq/e, Aq/ f;72,71)) -

This is the Laplace expansion of det H with respect to the first ro rows, multiplied by some
products.
These products simplify considerably and we obtain the right hand side of Theorem 4.1. W

The C),, transformation formula we require for our proof is a formula due to Warnaar,
Rains, and Coskun and Gustafson, as explained earlier. We use a formulation presented in
the second author’s paper with Schlosser [6, Theorem 2|, where we use the summation indices
ko, ki, ..., kr,—1, take 7 = r9 and m = r; +ry — 1, in order to write it in the form

ro—1
2ro—2i—1)k; 2
Z (q;o(rz i—1) H e(qkj—ki’aqk#kj)

0§k0<~--<kr2_1§r1+r2—1 0§i<j§7‘271
y rﬁl e(ankj) (CL, b7 ) da €, f: )‘aqu+1/€f7 qf(r1+r271))kj
o 0(a) (a:aq/b, aq/e,aq/d, ag/e,aq/ f,efa™ /A agm 72y,

A (b,c,d,ef/a);_1(aq),, 1r,—1(aq/ef), (Aa/e; Aq/ [y 4r,;
i—1 ()‘b/a7 )‘C/a7 )‘d/av ef/)‘)jfl(Aq)errgfl()‘q/ef)m (aq/e, aq/f)r1+r27j

J
ro—1 '
X Z <q zgo (2ra =21k H H(ij—ki, )\qki+kj)2

0<ko <+ <kry—1<r1+12—1 0<i<j<re—1
r2=1 §(Ag**7) (X, Ab/a, Ac/a, Ad/a, e, f, /\aq”H/ef,q*(”*’”rl))k_

J
o 0N (gaq/bag/e,aq/d, Aafe, Mg/ frefamt fa, AT, )

where A\ = a?¢*>~"2 /bcd.

> (4.2)
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5 How Theorem 4.1 extends Theorem 2.1

It is apparent that the transformation formula in Theorem 4.1 contains two additional para-
meters than the determinant evaluation in Theorem 2.1, and is thus formally an extension of
Theorem 2.1. By examining the proofs of the two theorems, this fact is confirmed. In this section,
we show how to obtain the determinant evaluation in (2.4) directly from the transformation
formula in Theorem 4.1, by using elementary determinant operations.

We take d = ag/c in Theorem 4.1. Let G’ = (g;;) be the resulting matrix. So

"o gz‘j(a;b,C,GQ/C,G,f;Tl,’I“2>, forOSiSTQ_la
K Gi—rsj(asaq/b,aq/c,c,aq/e,aq/ fira, 1), forre <i<ri4ry—1,

where the g;;’s are as defined in (4.1). Further, let F' = (f) be the matrix whose entries are
given by

f// _{fij(baQQ/b’eafvrlar2)7 fOTOS’iSTQ—l,

‘ fi—?“z,j(aq/b7 b7 CLQ/G,CLQ/f, 7'2,7’1), fOI' T2 S 1 S 1 + ro — 17

where the f;;’s are as in (2.2).
We first observe that

ri—1
c,aq/c),. .
det G' = H % -det F'. (5.1)
i=0 (Cv CLQ/C)i
To see this, we multiply the ith row of det G’ by

(c, C“]/C)Z», for0<i<ry—1,
(c, aq/c)ifm, for ro <i<ri+mry—1,

and, to compensate, divide det G’ by

ro—1 ri+ro—1
II (cag/e), TI (ciaq/e);,,
=0 1=To

In this manner we get a determinant equivalent to det G’. But in the resulting determinant,
column j has the common factor

(Ca GQ/C)J
that we can take out from each column, to obtain

ri+ro—1
(Cv (LC]/C)j

=0 det F'.

ro—1 ri—1

I (c.aq/c); 11 (c,aq/c);

=0 =0

After some cancellation, we obtain (5.1).
Next, we consider det H when d = ag/c. Again, let H' = (h;};), where A" is obtained from A’
by replacing d by ag/c. Note that under this substitution, A = ag'~"2/b and

\b/a =g,
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Thus, in the first ro rows of H' (i.e., for 0 < i < ry — 1), h;’J contains the factor (ql_””)
But

j—i’

forj—i>ro—1—1,

(ql—T2+i) — (q—(’l‘g—i—l))‘ = 0’

j—i
SO
h;'j:0, for j > ro — 1.

This shows that in the first ro rows of H’, the entries in all the columns after the first ro columns
are 0.
Similarly, for the next r; rows we find that due to the presence of the factor

1 1
(Droiyrtimra)  (Diey

in h};, we have
hi; =0, for j > 1,

for 79 <14 <71+ 19 — 1. Thus the matrix H’ is of the form

1 = *« |0 ......
01 *x %[0 ......
o1 % |0 ...
00 110 ......
* % ok k| % ... 0
0 * * 0 0
o s s x0
0 0 ... x|......... *

Here the top-left block is an ry X ro upper-triangular matrix, and the bottom right block is an
r1 X r1 lower-triangular matrix. The determinant of H’ is given by the product of the diagonal
entries. For the first ro rows, the diagonal entry is 1. To compute the diagonal entries when
r9 < i <711+ ry— 1, note that

W = U i) (Dry
ij

(Q)l;j

(aqifrngl/b’ qufrgj aqifr2+1/c’ )\qifr2+1/e7 )\qifrngl/f7 )\bequr1+i71/a2)

(q7 )\qi+j—7“27 )\qz’i—TQ-i-l)

X jitre
Jj—i+re
An expression for det H' is given by the product of the diagonal entries

ri4+re—1
det H' = [ ni

=0
and this gives, after some simplification,

ri—1

(c;aq/c),,
- (cag/e)(Agrtratt)

det 1 — griretn(3)

71

> H (aq_’“ﬁ”l/be, aq—rg—i-i-i—l/bf’ efq—rl-l—i—l/a)m’
i=1
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where A = aq'~"2/b. From here, we see that, when d = aq/c, the right hand side of Theorem 4.1
reduces to

(/\qr1+r2+j—1)

g 172 9 / rir2 r1r2(r1+r2—1)+r1 (T2)
()\) | (aqr1+r2+g 1) det H =0 q 3
j=1

T (caq/c)py i 14 (ag~2% L fbe,aq 2 bf e fq 1 [a)

XH (c;aq/c); 1] (agriFrai-1) . (5.2)

i=1 T2

Now comparing (5.1) and (5.2), and simultaneously replacing

(a,b,e, f) by (s152/q, s1,t1,t2),

we obtain Theorem 2.1 in the form (2.4).
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