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Abstract. Burchnall’s method to invert the Feldheim—Watson linearization formula for
the Hermite polynomials is extended to all polynomial families in the Askey-scheme and its
g-analogue. The resulting expansion formulas are made explicit for several families corre-
sponding to measures with infinite support, including the Wilson and Askey—Wilson polyno-
mials. An integrated version gives the possibility to give alternate expression for orthogonal
polynomials with respect to a modified weight. This gives expansions for polynomials, such
as Hermite, Laguerre, Meixner, Charlier, Meixner—Pollaczek and big g-Jacobi polynomials
and big ¢g-Laguerre polynomials. We show that one can find expansions for the orthogonal
polynomials corresponding to the Toda-modification of the weight for the classical polyno-
mials that correspond to known explicit solutions for the Toda lattice, i.e., for Hermite,
Laguerre, Charlier, Meixner, Meixner—Pollaczek and Krawtchouk polynomials.
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Toda lattice
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1 Introduction

In 1941 J.L. Burchnall (1892-1975) wrote a short paper [7] in which he developed a method to
find the inverse to the 1938 Feldheim—Watson formula

Hyp(2)Ho(2) = mf:n (") <m> 91 Hypy mor (), (1.1)

r T
r=0

linearizing a product of two Hermite polynomials. Here we use standard notation for the Hermite
polynomials H,,, and see [3, Section 6.1], [4, Lecture 5|, [14, Section 4.6], The composition of
Burchnall’s formula [7, equation (5)]

Hynle) = S () () 2t @t (o), (12)

r T
r=0

which we rederive in Section 3.1, and the Feldheim—Watson formula (1.1) is equivalent to the
finite Chu-Vandermonde sum. In fact, Nielsen [23, p. 33, equations (5) and (6)] derived the
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Feldheim—Watson and the Burchnall formulas already in 1918. It seems that Burchnall was
not aware of Nielsen’s paper. Nielsen used the recurrence relations, whereas Burchnall used an
operational approach. In fact in his series of memoirs in the 1890s, L.J. Rogers calculated the
linearization coefficients for the continuous g-ultraspherical polynomials and the limiting case
of the continuous ¢g-Hermite polynomials, see, e.g., [10, Section 8.5] and references given there.
So (1.1) is a ¢ — 1 limiting case of one of Rogers’s results. Rogers used his results to prove the
Rogers—Ramanujan identities, see, e.g., [10, Section 8.10].

Actually, Burchnall gives an operational formula for (%—295)” in terms of the k-th derivatives.
Explicitly, see [7, equation (3)],

(&£ -2)'s) = ki(—l)”—’f (3) o)1), (13)

=0

for f sufficiently differentiable. The important ingredient in Burchnall’s derivation are the raising
and lowering operators for the Hermite polynomials. In Section 2 we show that Burchnall’s
method extends to all polynomials in the Askey-scheme and its g-analogue, see, e.g., [18, 19],
using their raising and lowering operators. We generalize (1.3) in Theorem 2.1. We give many
worked out cases of the analogue of Burchnall’s identity up to the Wilson and the Askey—Wilson
polynomials. We restrict ourselves to families of orthogonal polynomials with infinite support,
although it is clear that the method works for finite discrete orthogonal polynomials as well, up
to minor modifications.

It should be noted that Carlitz [8, equation (4)] extends Burchnall’s operational formula (1.3)
to the case of Laguerre polynomials which we rederive in (3.5). The resulting analogue of (1.2)
is

m+Ln @ - —Z i v v+n
(n,)LSnln(:r) = Z( ) LY @) Ly (), (1.4)
’ k=0

which Carlitz [8] proves by induction on n. Gould and Hopper [12] give a joint extension of these
operational formulas to the Gould—Hopper polynomials. Al-Salam [2] shows that the operational
formulas of Carlitz and Gould-Hopper are equivalent. Moreover, Singh [25] has determined the
extension to the Jacobi case, which we give in Section 3.3 for completeness. The extensions of
Burchnall’s results to the Laguerre and Jacobi case fit in the classical orthogonal polynomials as
a part of the Askey scheme. This part is characterized by having the derivative as the lowering
operator. The extension to Zernike polynomials is given in [1], where more references to the
literature are given.

In this paper we make the operational formulation (1.3) and the analogue of the expansion
formulas (1.2), (1.4) explicit for several classes in the Askey scheme and its g-analogue. For the
classical orthogonal polynomials — Hermite, Laguerre, Jacobi — this is in Section 3, and we show
that the integrated formulas in case of the Hermite and Laguerre polynomials are essentially
given as a change of coordinates. As is clear from the above, several of these results for classical
orthogonal polynomials can be traced back in the literature, see [1, 2, 7, 8, 12, 23, 25] and
references given there. We show how to generalize these operational formulas and expansion
identities to all of the families of orthogonal polynomials in the Askey scheme and its g-analogue.
Replacing the derivative by the backward shift operator as the lowering operator, we get two
versions of the operational identities and the expansion formulas for the corresponding classes of
orthogonal polynomials: Meixner and Charlier polynomials, see Section 4. In these cases there
are two inequivalent versions of the expansion formulas of type (1.2), (1.4). Using the divided

difference operator 5% we give the explicit formulas for the Meixner—Pollaczek polynomials in

Section 5. For the Wilson polynomials related to the divided difference operator % the results

are stated in Section 6. For the g-analogue we study the big g-Jacobi polynomials and the
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Askey—Wilson polynomials. For the big g-Jacobi polynomials we again get two versions of
the operational identity and the expansion formula given in Section 8. By switching to the
Askey—Wilson g-difference operator as a lowering operator, we may include the Askey—Wilson
polynomials. This is in Section 9, with emphasis on the special case of the continuous ¢-Hermite
polynomials.

Using the generalized Burchnall identity and the raising and lowering operators being each
others adjoint on suitable weighted L?-spaces, we obtain an integrated version in Corollary 2.3.
In various cases we can use the integrated version to find orthogonal polynomials with respect
to a slightly modified weight, where the modification is governed by an eigenfunction to certain
operators occurring in the generalized Leibniz rule. We use this to find the orthogonal polyno-
mials with respect to the orthogonality measure modified by an exponential or a g-exponential
function. Often it is possible to recognize the modified measure explicitly in typically the same
class. In this way we obtain expressions for orthogonal polynomials in terms of orthogonal poly-
nomials with different parameters. In particular, for the modification by e~ we can understand
the orthogonal polynomials for the measure e~ **du(z), where the measure p corresponds to the
orthogonality measure for a family of orthogonal polynomials in the Askey-scheme. By the work
of Flaschka, Moser and others this is related to the Lax pair for the Toda lattice, see, e.g.,
[5, Section 4.6], [6, Section 2], [14, Section 2.8], [27, Section 2]. The recurrence coefficients for
the monic orthogonal polynomials zpy,(x;t) = ppi1(z;t) + by (£)pn(x;t) + cn(t)pr—1(z;t) for the
modified weight satisfy the Toda lattice equations

n(t) = cn(t) (bn-1(t) — bn(t)), bp(t) = cn(t) — ey (t). (1.5)

This approach works for the Hermite, Laguerre, Krawtchouk, Meixner, Charlier, and Meixner—
Pollaczek polynomials, and this is listed in Proposition 7.1. Proposition 7.1 is well-known, and
Zhedanov [26] derives the result from the requirement that the Lax pair (L, M) and the time-
derivative L close up to a 3-dimensional Lie algebra. In this context, Proposition 7.1 follows
from Lie algebra representations, see, e.g., [5, Section 4.6] for the link of the Toda lattice to
simple Lie algebras, and its relation to orthogonal polynomials, see, e.g., [20] for the link to the
corresponding polynomials.

For the g-exponential functions e, and F, we find expansions of the big g-Jacobi polynomials
in terms of big g-Laguerre polynomials. We also find the inverse formulas in this way. However,
there seems no integrable system associated to these expansions.

This paper deals with the scalar case. In a companion paper [15] we also use Burchnall type
identities for matrix-valued orthogonal polynomials in order to give a non-trival solution to the
non-abelian Toda lattice analogue of (1.5) as introduced by Gekhtman [11].

The contents of the paper are related to the role of the analogue of differentiation in the
Askey-scheme and its g-analogue. First, in Section 2 we write down the general set-up as
motivated by Burchnall’s paper [7] and extending it. In Section 3 we look at those polynomials
that correspond to the (ordinary) derivative, which are the classical polynomials of Hermite,
Laguerre and Jacobi. We recover many of the known results in this way. By specializing we
also recover expansions for Laguerre and Hermite polynomials, which can be considered as
special cases of more general convolution identities [20]. These expansions are related to explicit
solutions of the Toda lattice (1.5). In Section 4 we consider the shift operator as the analogue of
the derivative, and we consider the families of Meixner and Charlier polynomials. In Section 5
we consider the Meixner—Pollaczek polynomials, and in the following Section 6 we consider the
Wilson polynomials. In Section 7 we summarize the explicit solutions of the Toda lattice arising
in this way. In the remaining sections we focus on the ¢-Askey scheme. In Section 8 we consider
the ¢-Hahn scheme with the big g-Jacobi polynomials on top. Here we give several expansions
for polynomial families in the g-Hahn scheme. In Section 9 we discuss the top-level of the
Askey—Wilson polynomials.
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We use standard notation for Pochhammer symbols, g-shifted factorials, hypergeometric and
basic hypergeometric series, etc. as in, e.g., [3, 10, 14, 18, 19, 24]. We take 0 < ¢ < 1 for the

base ¢, and we follow the convention that, e.g., (x/ab;q)oc = (xa‘lb_l; q)oo.

2 Generalized Burchnall-type identities

In this section we show how the Burchnall identity for the Hermite polynomials as well as
Burchnall’s approach [7] can be generalized to families of orthogonal polynomials for which
raising and lowering operators exist. In particular we give an expansion for a class of functions
in terms of the polynomials involved. Note that all the polynomial families in the Askey-scheme
and its g-analogue with infinite support fulfill the assumptions in this section up to Corollary 2.3,
so that in particular Theorem 2.1 and Corollaries 2.2, 2.3 are valid in all cases studied in this
paper.
Let the general orthogonal polynomials satisfy

/R P (@)p (2)dp®) () = Sy nh®).

Here 1) is a positive Borel measure on the real line for which all moments exist. The parame-
ter v is contained in some (multivariable) parameter set ¥V C R™. We write a combination of
parameters additively for the Askey scheme, but it is more convenient to write it multiplicatively
for the g-Askey scheme. We assume that the measure M(V) has infinite support, but similar results
for finite discrete orthogonal polynomials can be obtained up to some modifications.

Next we assume that for two elements v, v + o € V of the parameter space we have (densely
defined) raising operators R, : L? (u(” +o) ) — L? (u(” )). Here o is a fixed element in R™, so that
v € V implies that v + No C V. In particular, we assume R, maps polynomials of degree n to
polynomials of degree n + 1. The (densely defined) adjoint L, = (R,)*: L? (M(V)) — L? (,u(”J”’))
is assumed to be a lowering operator, i.e., mapping polynomials of degree n to polynomials of
degree n — 1. So in particular,

(Ruf, 9>L2(u(1’>) =({/, Lu9>L2(H<v+a>) (2.1)

for all f € Dom(R,) C L? (/J,(V—Hf)) and all ¢ € Dom(L,) C L? (u(”)), and in particular we
assume that the polynomials are contained in the domains of R, and L,,.
It follows that for v € V we can take

p%V) (JJ) = (RVRV-Hf T Rl/+(n—2)0Rl/+(n—1)a]—) (1‘), (22>

where 1(x) = 1 is the constant function. Note that in general [R, ko, Ry115] # 0, so the order
in (2.2) is relevant. Indeed, iterating (2.1) we find for polynomials f, g that

<RVRV+U s R[/+(n—2)0'RV+(TL—1)O'f7 g>L2(,u(V))
= <f7 LV+(7’L71)O'LI/+(TL72)O' T LV+ULV9>L2(M("+"‘7))' (23>

Take f = 1, g(z) = 2, k < n, so that Lyttn—1yoLvyin-2) - Lv+oLyg = 0 as a polynomial of
negative degree k — n.

Taking g(z) = pgj)(x), f(z)=2% k<n—1,in (2.1) we see that <L,,p£f),xk>L2(u(u+U)) =0,
hence Ll,pgly) = Eny)pf:jf for some constant K%V) which follows by (2.2) as L R,z 1 =0 an 14+
l.o.t., where z™, respectively 2"~ !, can be replaced by some other suitable polynomials of de-
gree n, respectively n — 1, with leading coefficient 1. Here, and elsewhere l.o.t. means ‘lower
order terms’.
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Next we assume that the raising operators have a specific form. So we assume that there
exists a function w, for v € V so that w, > 0 for p(”)—a.e. and that

Ry=M; 000 My,  (Myf)(x) = (Mu,f)(x) = wy(2)f(2),

and 0 is an operator independent of v. In particular, we assume that w, is in the domain of 0.
Typically, u*) is absolutely continuous with respect to Lebesgue measure or a counting measure
(independent of v), and the Radon-Nikodym derivative is w). So

RyRyt5--- RV+(n—2)oR1/+(n—1)a = Mz/_l 00" o My ino-

Typically, 0 is a lowering operator.
Moreover, we assume of the existence of a Leibniz rule for the operator 9 of the form

n

(0"(f9)(x) = > ap (""" f) (x)(Ting) (x), (2.4)

k=0

where aj are constants, like binomial coeflicients, 7 is a fixed operator (e.g., in order to accom-
modate the Askey—Wilson g-difference operator), and 1 can also be the identity. Here f and g
are such that all expressions are well-defined. In general, we assume that n is an invertible
homomorphism, so n(fg) = n(f)n(g). The T}, are analogues of differential operators, and for
the general case we have to allow for n-dependence.

For a suitable function f, such as a holomorphic function on a sufficiently large domain, an
entire function or a polynomial, we have

(RuRuto - Ry (n-2)0 Byt (n-1)of) (€) = (M1 00" 0 My yno f) ()

= L (wyne ) (@) = O (10" wy o) (2) (T f) (),

wy ()

wy (@) k=0

and rewriting

— v+ko
(00" Ry 400) (2) = 1 (wy o) @) (B 57) ()
proves Theorem 2.1.

Theorem 2.1. For f a suitable function, such as, e.g., a polynomial or a holomorphic function,
we have

n k
(RVRV+0 T Ru+(n—2)aRu+(n—1)crf) (x) = Z QZW#“ (pgj_tcka)) (x)(Tk,nf)(-T)
k=0 Y

using the notation and assumptions as above.

Theorem 2.1 is the extension of Burchnall’s formula [7, equation (3)] for Hermite polynomials,
see (1.3).

Take f(7) = (Ruyno -+ RBug(nym—1)01)(7) = pEZ+””) () using (2.2), then we find from Theo-
rem 2.1 and (2.2) the following polynomial identity, again using the notation of this section.

Corollary 2.2. With the notation and assumptions as above

k w X
(o) = S o T G 500) () (Tl ) o),
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Corollary 2.2 is the extension of Burchnall’s formula [7, equation (5)] for the Hermite poly-
nomials, see (1.2).
We can next use Theorem 2.1 in (2.3) to get

Zak/ wu+kcr 77 (pgt’;fa))(w)(Tk’nf)(x)g<$)dM(V)(l')

/ f V+ n—1) Ly+(n—2)a e LV+ULV9) (x)dﬂ(y—&—na) (.’E)

Here we assume that each of the integrals converges. In particular, assuming that L, = D is
a lowering operator independent of v, we obtain Corollary 2.3.

Corollary 2.3. Assuming the convergence of the integrals and with the notation and assump-
tions as above, we have

Zak/ wy-i—ka 7] (p,ELJ;C ))(x)(Tk,nf)(ﬂﬁ)g(a:)du(”)(x)

Corollary 2.3 in case of the Hermite polynomials is not contained in Burchnall’s paper [7].
Note that for g(z) = 2P with p < n the right hand side of Corollary 2.3 is zero.

3 Example: classical orthogonal polynomials

For the classical orthogonal polynomials in the Askey scheme, see [18, 19], i.e., for the Jacobi,
Laguerre and Hermite polynomials, we see that in Section 2 all the assumptions are fulfilled.

Moreover, we can take D = 0 = d‘i, so that Leibniz formula is the usual one with o} = (2), n is

the identity, and Ty, = ddk = D* is a power of the lowering operator.

3.1 Example: Hermite polynomials

In this case we discuss Burchnall’s motivating example of the Hermite polynomials [7], and we
show how to extend some of Burchnall’s results using the generating function (3.2) for Hermite
polynomials. In this case the parameter set ¥V = {0} as in Section 2 is trivial. So ¢ = 0,
and w(x) = exp (—1‘2) is independent of v, and so is R, = M_,! o % o M, (% - 23:)
Then the polynomials of Section 2 identify with the standard Hermite polynomlals up to a sign;
(—1)"H,(z) = pgl”)(a:), where Hy(z) = (22)"2Fy(—n/2,—(n — 1)/2;—;—2~'). Theorem 2.1
then gives (1.3), which is [7, equation (3)]. Corollary 2.2 then gives (1.2), which was derived
by Burchnall [7, equation (5)] and Nielsen [23, p. 22]. For this derivation we use that -& (£ —
2z)z" ! = —2na™"! + Lo.t. so that £, = —2n, or dg () =2nH,_1(x).

For the Hermite polynomials, Burchnall’s identity (1.3) only involves the Hermite polyno-
mials. This gives the opportunity to elaborate a bit more on Burchnall’s identity. Multiply (1.3)
by " /n! and sum over n € N to obtain

(o8 -2} -

= f(z+1t)exp (—2xt — t2) (3.1)
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after interchanging summation and using the generating function
Z Hn(az)ﬁ = exp (22t — t°) (3.2)
n=0

for the Hermite polynomials, see, e.g., [3, equation (6.1.7)], [18, equation (9.15.10)], [19, equa-
tion (1.13.10)]. Naturally we have to assume that f is sufficiently smooth, say real analytic,
and t sufficiently small in (3.1).

Remark 3.1. To see that (3.1) follows from the Zassenhaus formula, or the inverse to the
Baker—Campbell-Hausdorff formula, let A = —2x (viewed as multiplication operator), B = %,
so that [A, B] = 2 and [A,[A, B]] =0, [B, [A, B]] =0, and hence all higher order commutators
vanish as well. Zassenhaus’s formula is, see [9], [22, Section 4],

exp(t(A + B)) = exp(tA) exp(tB) exp (t2Z2(A, B)) exp (tBZg(A, B)) e

where Z,,(A, B) is a homogeneous polynomial of degree m in the non-commuting variables A
and B given in terms of commutators;

Zo(A,B) = — 114, B], Zg(A,B):—%[[A,B],B]—é[[A,B],A],

1
2
So for this choice of A and B we have Z,,(A,B) = 0 for m > 3 and Z3(A, B) = —1. Hence,

exp(t(% — 2:1:)) = exp(—2xt) exp (t%) exp (—t2), which gives the same result as (3.1) when
acting on f.

Note that Corollary 2.3 after multiplication by n! gives

29" (2) _ [ e ~ (1" ") (2) Hyk(2)
/Re o f(x)dx—/Re g(x)kz_o 1 (n—k‘)!dx'

Multiplying by ¢", summing over n and using the generating function (3.2) gives

/ e*zzg(x +1t)f(x)dx = et / ezxt*‘ﬁf(x —t)g(x)dx, (3.3)
R R

which follows directly by a change of variables. So, we can view (3.3) as an integrated ver-
sion of Burchnall’s identity (1.3). From Corollary 2.3 with f(z) = exp(—xt) we see that
> ieo (1) Hn—k(z)(—t)* form orthogonal polynomials with respect to e *'¢=*" . On the other

hand, from the integrated version (3.3) we see that H, (x - %t) also form orthogonal polynomi-

als with respect to e~ote=® So they are equal, up to a constant which can be determined by

considering leading coefficients. This gives

(o= 50 = S04 () oo (3.4

k=0

as the orthogonal polynomials with respect to e~®*e~*_ Note that (3.4) can directly be estab-
lished using the generating function (3.2). This gives the well-known Hermite case of Proposi-
tion 7.1. Note that (3.4) is a special case of a more general convolution identity [20, Corollary 3.8].



8 M.E.H. Ismail, E. Koelink and P. Roman

3.2 Example: Laguerre polynomials

In this case, in the notation of Section 2, V = {v € R|v > —1} C R, 0 = 1 € R. The measure
wy(x) = z¥e™™ is absolutely continuous with respect to the Lebesgue measure on [0, 00). The
polynomials p&”) (x) correspond to n!Lg’)(m) by comparing with [19, equation (1.11.9)]. Here the

Laguerre polynomials are defined by

LW (z) = @15 ( - >

T
n! v+1

In this case R, = MV_1 o % oMyy1=v+1+ x% and by Theorem 2.1 we have
!y g (k)
(RVRV+1 te Ru+n—1f)($) = Z Ef (JI).’B Ln—k (‘T)7 (35)
k=0

see Carlitz [8, equation (4)], where it is proved by induction on n. Corollary 2.2 gives (1.4),
which is [8, equation (7)]. Carlitz then continues to prove from (1.4) an extension of the gene-
rating function (3.7), which was previously obtained in Rainville [24, Section 119, equation (9)].
Rainville’s generating function is equivalent to (1.4).
Corollary 2.3 yields
> v+n —x (n) n > v, —T — nl (k) kr(v+k)

/0 " e g\ (z) f(x)dx = (—1) /0 x’e g(x)k Oﬁf (x)2"L, " (v)dx (3.6)
for v > —1. Multiplying (3.6) by u", dividing by (—1)"n!, summing over n and using the
generating function

S wr LW (x) = (1—u) ¥ exp(ru/(u—1),  |ul <1, (3.7)
n=0

see, e.g., [19, equation (1.11.10)], gives

(1 — w)r*! /OOO 2" f(2)g(x — ux)dz = /OOO 2" exp (ﬁ“;) gla)f ( > dz (3.8)

for sufficiently smooth functions f and g and —1 < u < 1. Note that (3.8) is the integrated
version, and it can be proved directly.
From (3.8), i.e., Corollary 2.3 for the Laguerre polynomials, we can obtain an expression for
—xt .V

the orthogonal polynomials with respect to e **z”e™* on [0,00) by taking f(z) = exp(—zt)
in (3.6), and take the polynomial g(x) = 2P, with p < n. This gives the right hand side of

T

1—u

n
@1 +0) =Y %(—t)kznkLnyjf)(x) (3.9)
k=0
as the orthogonal polynomials with respect to e *‘z”e™* on [0,00). On the other hand, by
a straightforward calculation using (3.8), the polynomials on the left hand side are also orthog-
onal with respect to the same weight. Hence, (3.9) follows up to a constant. This constant is
determined by evaluating at = 0. The result (3.9) is a convolution type identity, and can be
directly proved using the generating function (3.7). See [20, Section 3] for generalizations of
convolution identities for Laguerre polynomials.
In particular, we find the solutions to the Toda equation (1.5) for the Laguerre case, see the
Laguerre case of Proposition 7.1.

Remark 3.2. Gould and Hopper [12] have generalized the Hermite and Laguerre cases simul-
taneously. In particular, Gould and Hopper derive an operational formula for the associated
differential operator [12, Section 4]. Al-Salam [2, p. 130] shows that the operational identities
of Carlitz [8] and Gould—Hopper [12] are equivalent.
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3.3 Example: Jacobi polynomials

In this case the ingredients of Section 2 correspond to V = {(a, 3) € R?|a > —1,8 > —1} C R,
o = (1,1) € R2. The measure is wy g(7) = (1 — 2)%(1 + z)” with respect to Lebesgue measure
n [—1,1]. The polynomials pg/) (x) of Section 2 correspond to (—2)"n!P7§a’ﬁ) (z) by comparing

with [19, equation (1.8.9)]. Here the Jacobi polynomials are defined by

n (6%

Then

4 d d
Rop :Ma,l o%oMaJrl,ﬁJrl = (1 _xQ)%_‘_ (/B_a_x(a+’8+2))’

and Theorem 2.1 gives

(Ra7ﬁRa+17ﬁ+1 to Roa—l—n—l,,@—i-n—lf)(l')

" n! n— k (a+k,
=Y @) (1 - ) P @) (3.10)
k=0 "

for f € C*°(R). Corollary 2.2 gives

n+m\ (a8 1 1-a?\"

S = () s,
k=0

o P(a+k,6+k)(x)P(a+n+k,5+n+k)(x)’ (3.11)

n—k m—k

(a,B)
since dpggc () = i(n+a+ B+ 1)P7§T1r1”6+1)(x), see, e.g., [19, equation (1.8.6)]. Singh [25]
obtains the operational formula (3.10) and expansion (3.11).
The integrated version follows from Corollary 2.3:

1
/_1(1 - 2)* (14 2)" " (@) f () da

1 n
= [ =0 e o) 3 @2 (1= a) P @)
- k=0

By taking f(x) = exp(—=xt), g(z) = P we see that

1
/ e (1 — 2)*(1 + x)PxP

-1

" n! e k p(atk,B+k
<Y (D2 = k(1 - a?) PRI (ydr =0, p<n,
k=0

so that we find only partial orthogonality, since the sum over k gives a polynomial of degree 2n,
instead of n. For a detailed study of the orthogonal polynomials with respect to the Toda
modification of the Jacobi weight e~#*(1 — x)*(1 + x)® on [~1, 1], we refer to Basor, Chen and
Ehrhardt [6], where the relation to the Painlevé V equation is discussed.
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4 The backward shift operator V

In this section we consider the results of Section 2 in case the derivative 9 is given by the
backward shift operator V, defined by (Vf)(z) = f(z) — f(z — 1). In the Askey scheme, this
corresponds to the families of Meixner and Charlier polynomials. The Krawtchouk polynomials
form a family of finite discrete orthogonal polynomials, also contained in the part of the Askey
scheme corresponding to V. We leave the Krawtchouk case to the reader, but we include the
case in Proposition 7.1 for completeness. In order to apply the results of Section 2 we need to
have the Leibniz formula (2.4) explicitly:

k=0 k=0

where Sf(x) = f(z — 1). This follows by induction on n, since S and V commute. Note that,
upon comparing (4.1) with (2.4), we see that there are two choices for the homomorphism 7 of
Section 2; n =1 or n = S. Different choices lead to different expansions.

4.1 The Meixner polynomials

In the notation of Section 2 we have V = {(8,¢) € R*| 3 > 0,0 < ¢ < 1}, and we let o = (1,0),
then v € V implies v + no € V for all n € N. Put

w([L‘;B,C) = (i)'zc$7 T e Na

so that the orthogonality measure is a discrete measure supported in N with weight at z € N
equal to w(z; 3, ¢). Then the raising operator R, corresponds to Rg . = Mﬁ_i oVoMpgii,, so

:5+x
B

f(z) — = fle—1).

(R,B,cf) (x) C,B

By [19, equation (1.9.9)] pﬁl”) (x) corresponds precisely to the Meixner polynomials M, (z; 3, c)
defined by

Myas,0) = oy ().

The adjoint L, corresponds to —A is independent of v, where Af(x) = f(x + 1) — f(x) is the
forward shift operator.

4.1.1 The Leibniz rule with n =1

Comparing (4.1) with (2.4) we take 0 =V, n =1, o} = (Z), and Ty, = S"*FVF = (—1)kSmAF,
ﬁk(wujL(ch)(ff) with

wa;f+kc)  (B+k. (B

wBe) B (B

The operational form of Theorem 2.1 then gives

Then we identify

(RacRee Baensef) @) = 3 ()OS A0 Myoss 4 1.0 (5764 o). (42
k=0
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By [19, equation (1.9.7)], Tk npm (o )( ) corresponds to

(=1

p(m—k+ 1) <c—1
(B4 n)k

Corollary 2.2 gives, after a simplification,

nAm (=) (—m)p(B+2) (c—1 k
M0 (75 8, )_kz::o ENB) k(B + n)k < ¢ >

X My (25 B+ b, ) Moy — 3 B+ 1+ by 0). (43)

k
) My—k(x —n;8+n+k,c).

C

Applying Corollary 2.3 with f(x) = e~*', which is a joint eigenfunction of V, A and S, and
g(z) = 2P, p < n, we see that the polynomials of degree n

— (n\ (B+ ) - et (1 — o—t)

are orthogonal with respect to the discrete measure h — > 7 jw(z; B8, ¢c)e”**h(x), for which all
moments exist for ¢ > In(c¢). Since this measure is again the measure for the Meixner polynomials
with parameters (3, ce™") we find

k

(: 6. ce™ Z 5”) CB Dy (4 e (1 — Y, (1.4)
=0

where the constant is obtained by evaluating at x = 0, since M, (0;3,¢) = 1. Note that (4.4)
is a convolution identity, which can be obtained directly from the generating function, see, e.g.,
[19, equation (1.9.11)],

Z (/i)!ntnMn(x;/Ba c) = <1 - t) (1- t)_x_ﬁ (4.5)

C
n=0

and the binomial theorem. More general convolution identities for Meixner polynomials can be
found in [20, Section 3].

In particular, we find an explicit solution to the Toda lattice (1.5) by looking at the three-
term recurrence relation for the monic version of M,(c;3,ce”?). This in particular gives the
explicit solution for the Meixner case of Proposition 7.1.

4.1.2 The Leibniz rule with n = S

Comparing (4.1) with (2.4) we can also take 0 = V, n = S, af = (}), and T}, = V¥ in the
general set-up. Then we identify %{“‘3)(‘%) with

wr—kptke (@—k+e _ (=D"(=2)k

wiz;Be) (Bt (Bt

The operational form of Theorem 2.1 is

x) = -~ (n (_x)k —c_]’C T —K; c k x
(RseRae Boinor of) (@) g(k) e sl — ki 4 10 (94 o),

which gives an alternative expansion for the same operator as in (4.2).
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Rewrite Ty, = V¥ = (=1)k¥S¥A*  so that by [19, equation (1.9.7)] the polynomial Tkmpsffm)
is identified with (—1)’“%(%)ka4€($ —k; B4+ n+ k,c). Corollary 2.2 yields, after
simplification,

ey = SR Cmmu(—a)y (e= 1)
Mm+n(x,5vc)—z ENB)k(B+ n)k (‘32)

k=0
X My_p(x —k; B+ k,c)Mp_k(x —k;B+n+k,c). (4.6)

Note that (4.3) and (4.6) give different expansions for the same Meixner polynomial.

Using Corollary 2.3 with f(z) = e™®" we find that the orthogonal polynomials for the Toda
modification have an expansion as in the right hand side. Since we know the corresponding
orthogonal polynomials as Meixner poynomials with parameters (3, ce™") we get

M, (x; B,ce") = Z WMn_k(x —k;B+k,c)(1— et)k, (4.7)
k=0

where the constant follows by comparing leading coefficients using [19, equation (1.9.4)] and
the binomial theorem. Note that (4.4) and (4.7) give different expansions for the same Meixner
polynomial. Again, the convolution identity (4.7) can be proved directly using the generating
function (4.5) and the binomial formula, and see [20, Corollary 3.6] for generalizations.

4.2 The Charlier polynomials

The orthogonality measure for the Charlier polynomials is a discrete measure supported on N
and with corresponding weights w,(x) = %, z € N. In the notation of Section 2 we have
V = {a > 0} C R. In this case the raising operator is independent of a, so that o = 0. So
Ra:Ma_loVoMa, SO

(Rof)(@) = f(2) = = fla ~ 1)

and L =D = —A. Then the polynomials p,(f) correspond precisely to the Charlier polynomials

Cp(z;a) = gFg(—n, —x; —; _71) as in [19, Section 1.12]. It should be noted that these results can
also be obtained by a limit transition from the corresponding results for the Meixner polynomials.

4.2.1 The Leibniz rule with n =1

Here we give the analogues as in Section 4.1.1. So take 0 = V, n =1, af = (Z), and T}, =
Sn—kyk = (—1)kS"AF. Then we identify 77’“(%(1;)(90) with 1. So the operational formula of
Theorem 2.1 gives

(721)0) =3 () Costaza) (579 ). (45)

k=0

By [19, equation (1.9.7)] Tmp%*”") (x) corresponds to (—1)’“(_%)’“ 'm—k(z —n;a), and Corol-
lary 2.2 gives

Cram(z;a) = Z Wan(w;a)ka(x —n;a). (4.9)
k=0
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Using Corollary 2.3 with f(z) = e ® we find an explicit expansion for the polynomials
orthogonal with respect to wy(z)e " for x € N. Since these are the polynomials C,, (z; ae™t) we
obtain, cf. Section 4.1.1,

Z (_lz)kC'n_k(x; a)e™ (1 — eft)k = Cp(z;ae™"). (4.10)
k=0

This is a convolution type identity, which can be obtained from the generating function for
Charlier polynomials; > "7 iﬂ Cp(z;a) = ez(l - g)m, see, e.g., [19, equation (1.12.11)], and the
Taylor expansion for the exponential function. It also follows from (4.4) by taking the limit from
Meixner to Charlier polynomials, see [19, equation (2.9.2)].

In particular, we find an explicit solution to the Toda lattice (1.5) by looking at the three-term
recurrence relation for the monic version of C,(x;ae™!). This in particular gives the explicit
solution for the Charlier case of Proposition 7.1.

4.2.2 The Leibniz rule with n = S

As in Section 4.1.2 we can also take 0 =V, n =S, af = (Z), and T}, ,, = V¥ in the general set-
up. Then we identify %{“‘3)(1’) with (—a)~%(—2)g. So the operational formula of Theorem 2.1
gives the alternative

n

n _
(720) ) =3 () o) HonCusle — i) (T4)@)
k=0
o (4.8).
Then T}, = V¥ = (—=1)kS*AF, so that by [19, equation (1.9.7)] the polynomial T}, np(l/+no)
is identified with (—a)™*(—m),Cp—r(z — k;a). So Corollary 2.2 gives

n/\m

e “(~a?) " Coila — ki) Oz — k3 a). (4.11)

M

n+m o CL
k=0

Note that (4.9) and (4.11) give different expansions.

Similarly, using Corollary 2.3 with f(z) = e™* we get in a similar way the equality
~ (=n)k(=2)
Z #Cn_k(l' — k; a)a_k(l - et)k = Cp(z;ae™") (4.12)
k=0 '

up to a constant which can be determined by considering leading coefficients. Then (4.12) can
be proved using the same generating function for the Charlier polynomials and the binomial
theorem. Again, (4.10) and (4.12) give different exansions for the same polynomial.

5 The difference operator %

The difference operator % is defined by

-3+ 3) 1 (-3)

and the polynomials in the Askey scheme corresponding to this operator as part of the raising
operator are the families of the Meixner—Pollaczek and the continuous Hahn polynomials. We
discuss the Meixner—Pollaczek polynomials in detail.
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In order to apply the results of Section 2 we need to have the Leibniz formula (2.4) explicitly:

(2) o = kzzo (1) ((S*)"’“ ((;)U) (@) <<5->k ((;;)_kg> @, 6D

where ST f(z) = f(x + %z), assuming that the functions f and g are defined in a sufficiently
large strip |Sz| < n + ¢ for ¢ > 0. This follows by induction on n, since S* and 55 commute.
In this case the Lelbmz formula is symmetric in shifting = to = + 3 51, so it suffices to consider

only one of the two possibilities. We take n = 57, o} = ( ) 0= 551, T = (ST k(({;)k.

5.1 The Meixner—Pollaczek polynomials

In this case V = {(A,¢)|A > 0,0 < ¢ < 7}, and o = (3,0) in the notation of Section 2. The
weight for the Meixner—Pollaczek polynomials

w(z; A, ) = DA+ iz)[(A — iz)e2e~mT

is supported on R. So R, corresponds to R, = MA_1 o 5@ oM

P A3, or

(Rapf)(z) = € (X —iz)f (1: + ;z> —e W\ 4iz)f <x - ;z> .

() (/\)(

Comparing with [19, equation (1.7.9)] we find that p,’ corresponds to (—1)"n!Py

where the Meixner—Pollaczek polynomials are defined by

PT(L/\) (x; 90) — (2)‘)nein<p oy <—TL, A+ ’Ll’; 1— €2i<p> ]

5 ),

n! 2

Note that Pé)‘)(x;go) = (—1)”P7§)‘)(—a:;7r — ¢) by Pfaff’s transformation, see, e.g., [3, Theo-
rem 2.2.5], and this gives another explanation why we can restrict to one of the possibilities for
the Leibniz formula (5.1). We identify W with

w(z — %i;)\ + 3k, )
w(®; A, )

so that the operational formula of Theorem 2.1 gives

(R/\ ¢R>\+l o R>\+l(n71),¢f> (z)
k e S\F*
= Z P ke ke (<17 R (At i) PO (9«“ - ;kiw) ((5+) ¢ <5x> f) ().

Now T ,p+7%) corresponds to (—1)™m!(2sin ) P( (n+k))(ac +L(n—k);¢) by [19, equa-
tion (1.7.7)], so that Corollary 2.2 then gives, after 31mp11ﬁcation,

= ike_ilw()\ + i)k

)k —ikp

n/\m
n—+m . .
< . )Pﬁln(w p) = Z o (2sin @)" (A + iz)y
— !
1 Ln ;
x PTEA_?IC) <w - gz w) Pr(rfﬁ( ) <$ + %(n —k); 90> :

Applying Corollary 2.3 to f(x) = e %! and g(x) = 2P, 0 < p < n, we find an expression
for the orthogonal polynomials with respect to the measure w(w;\, p)e™** on R. Since these
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polynomials are Meixner—Pollaczek polynomials for the weight w(-; A p— %t), 2021 <t < 2,
we find the polynomials

P (96; @ — ;t>

n ok —ike 1 k 1 k i
= Z ! €k| A+ ix)kpé/yrfk) (x — 52'; 90> <2 sin <2t>) efét(n*k)z, (5.2)
k=0 '

where the constant follows by comparing the value at z = i\. Note that (5.2) is a convo-
lution identity which can be directly obtained from the generating function for the Meixner—
Pollaczek polynomials; > >° w PV (z30) = (1 — eu) ™ M(1 — e %)™ see, e.g., [19,
equation (1.7.11)]. For more general convolution identities for Meixner—Pollaczek polynomials,
see [20, Theorem 3.4]. Having the orthogonal polynomials for the modified weight w(x; \, ¢)e %t
on R, the Toda equations (1.5) can be solved explicitly, see Proposition 7.1.

6 Burchnall’s identity for the Wilson polynomials

As stated in Section 2 the Burchnall results can be derived for any polynomial family in the
Askey scheme and its g-analogue. In this section we present the result for the top level of the
Askey-scheme.

In this case V = {a = (a,b,c,d)|a > 0,b > 0,¢ > 0,d > 0} C R* is the parameter space. The
parameter space can be made more general, see, e.g., [19, Section 1.1], but the results can be
directly extended to the more general parameter space by analytic extension in the parameter,
and we stick to the real parameters. The shift corresponds to ¢ = (%, %, %, %), see, e.g., [19,
equation (1.1.7)]. The weight function is, up to a constant independent of a and a change of
variable,

w(x;a) = w(z;a,b, c,d)
I(a+ix)l'(a —ix)T(b+ iz)T'(b — iz)T'(c + iz)T'(c — ix)T'(d + ix)[(d — ix)
22T (2ix)(—2ix) '

Then the Wilson polynomials W, (-; a) satisfy the orthogonality
/ Wa (xz; a)Wm (x2; a)2ixw(m; a)dr =0, n #m,
0

- b d—1 iz, a —1
Wn(332;a):(a+b)n(a+6)n(a+d)n4Fg< mnraToTeraT Larina m;1>.

a+ba+c,a+d

a

(a+3b+3c+d,d+1)and 55 f =51 (f(z+ 1) — f(z — Li)). Explicitly,

2ix

So the raising operator R, in Section 2 corresponds to Ra = M7 ' o % oM, 1, where a+ % =
2

(Raf)(z) = i <(a +iz)(b + i) (c + ix)(d + iz) f (;p _ ;)

(0= ix)(b— iz)(c — ix)(d — iz)f (x + ;)) .

By [19, equation (1.1.10)] the polynomials ngy) of Section 2 correspond precisely to the Wilson
polynomials.

By induction we see that the Leibniz formula for % is

() o = ; () <(s+)“ ((;)U) (x) (<S->k ((;)Z) (@), (1)
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where ST f(z) = f(x + %z), assuming that the functions f and g are defined in a sufficiently
large strip |Sz| < %n + e. We then identify o} with (}), n with S~ and T}, = (S*)"*k(i)k.

ox2
k
We check that %{;‘SM corresponds to

(S™)rw(z;a + ko)
w(z;a)

= (—=D)*(a +iz)p (b + iz)i(c + iz)p(d + iz)g.

Then Theorem 2.1 gives the operational expansion

(RaRyy1 - Ry 1)1 f)(@) = > (Z) (—1)*(a + iz)r (b + i)k (c + ix)(d + ix)y,
k=0
2 k
X Wik ((x - ;zk) a+ k;) ((S*)nk ((522) f) (z).

Since, by [19, equation (1.1.8)], Tk,npﬁ,’ﬁ”") corresponds to

1 2 1
(—m)g(m+a+b+c+d+2n—1) Wy (<x—|—2i(n—k)> ;a—l—(n—l—k‘)2> ,

Corollary 2.2 gives the following expansion for the Wilson polynomials:

nAm
Wm+n(x2; a) = (_n)kk('_mg(m +a+b+c+d+2n—1)g(a+iz)(b+ iz
p !

o

1, \? 1
X (¢4 ix)p(d +ix) Wik ((m — 2ki> ;a4 k:2>

2
X Win—k ((x + %z(n — k)) ;a+ (n+ k);) : (6.2)

It is also possible to consider the Leibniz formula (6.1) with 7 identified with ST, cf. Section 4.
However, by the symmetry for the Wilson polynomials, the results are equivalent.

7 Relation with the Toda lattice

In Section 1 we recalled that the Toda equations (1.5) are related to the modification of the
orthogonality measure for orthogonal polynomials by e~%!. Considering Corollary 2.3 we see
that we can obtain the orthogonal polynomials for the modified measure e‘xtd,u(”) assuming

that (a) Wfﬂ%&j)m is a polynomial of degree at most k, and (b) f(z) = e~%! is an eigenfunction
of T}, ,, as arising in the Leibniz formula (2.4).

Let us first consider condition (b). The T}, follow from the Leibniz formula (2.4) for 0, the
operator from the raising operator for the orthogonal polynomials. Then we check the Askey-
scheme and its g-analogue to see for which e=®! is an eigenfunction for these operators, and we
only consider measures with infinite support. In the Askey-scheme, this only occurs if 0 is the
derivative d%? corresponding to the Hermite, Laguerre and Jacobi polynomials; the backward
shift operator V, corresponding to the Charlier and Meixner polynomials; the difference opera-
tor 5%, corresponding to the Meixner—Pollaczek and continuous Hahn polynomials.

The condition (a) is satisfied for the Hermite, Laguerre, Charlier, Meixner and Meixner—

Pollaczek polynomials, as follows from the observations in Sections 3, 4, 5. In all these cases we
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find an explicit expression for the polynomials with respect to e~**du()(z) using Corollary 2.3.
However, in all of these cases the measure e~**du(*)(z) can be identified with a related measure
in the same family from the Askey scheme, i.e., one can glue e~** onto the measure and obtain
a known orthogonality measure.

Proposition 7.1. The following functions solve to Toda lattice equations (1.5):

(i) (Hermite) by(t) = —3t, co(t) = 3n fort € R;
(ii) (Laguerre) b,(t) = Q”tﬁ“fl, cn(t) = 72{:;; fort>—1;
(iii) (Charlier) by(t) =n+ae™t, c,(t) = nae™" fort € R;
(iv) (Meizner) by(t) = %, en(t) = % fort >1In(c);
(v) (Meizner—Pollaczek) by(t) = —ﬁ, cn(t) = 4"5(1;&# for 20 — 21 < t < 2p;

: —H(N- 1— N+1-n)e fp(1—
() (Krawichouk) by (1) = PG, en(t) = "R, n € (0,1, N},
Note that all solutions of Proposition 7.1 correspond to solutions of the Toda lattice equa-
tions (1.5) which are separated. These solutions were obtained by Kametaka [16, 17].

Proof. The first five cases follow from the observations in Sections 3, 4, 5 and the corresponding

recurrence coefficients in the relations for the monic orthogonal polynomials as in, e.g., [19].
The final one for the Krawtchouk polynomials follows by observing that the exponential

modification of Krawtchouk weight (N)pz(l — )77 see, e.g., [19, equations (1.10.2)], is of the

same form with p replaced by Tt) so that [19, equations (1.10.4)] gives the solution in

—t_1
the last case. [ |

In the ¢-Askey-scheme none of these operators works to give explicit orthogonal polynomials
for the modification of the weight by e~*!. In Section 8 we consider the case with a g-exponential,
but this is not related to the Lax pair for the Toda lattice.

8 Burchnall’s identities for the g-Hahn scheme

Our next objective is to give the Burchnall type identities for orthogonal polynomials from the
g-Askey-scheme. In this section we determine the corresponding identities in the ¢-Hahn scheme,
as a subscheme of the g-Askey scheme, see [21, Chapter 3]. The big ¢g-Jacobi polynomials are
on top of the g-Hahn scheme, and the raising and lowering operators are given in terms of the
g-derivative Dy;

(Dof)(a) = 1O =W o (Duh0) = 7).

T —qu
The Leibniz rule for the g-derivative is, see [10, Exercise 1.12(iv)],

n

n n k yn—k £\ 1k b S ——
Dq(fg):Z[k] (T4 Dy f)Dqg:Z[k] Dy~ (17" Dgg), (8.1)
k=0 -4 k=0 t"d4q
where (T f)(x) = f(zq) is the g-shift and [Z]q = % is the g-binomial. In the context

of Section 2 we have 0 = Dy, and D = D-1.
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8.1 Big g-Jacobi polynomials
The big g-Jacobi polynomials are defined by

) a/bqn+1’ xz
145 q (8.2)

—n

Pn(.I;CL, ba C; Q) = 3¥2 <
aqg, cq

and using the g-integral fc(;q f(@)dgz = aq(l —q) 3520 f(ag®) g — cq(1 — q) 52 f(cd®)q", the
big ¢-Jacobi polynomials are orthogonal with respect to the weight function

(z/a,7/¢;q)o

w(:c;a, bu G Q) = (l’ :L‘b/C q)

with respect to the discrete measure f — fc‘;q f(z)w(zx;a,b, cd; q¢)dyz, which corresponds to the
measure dp*) of Section 2. In the correspondence of Section 2, let v correspond to (a,b,c), and
v + ko corresponds to (qka,qkb, ch). Let V = {(a,b,c)|0 <a<qg'0<b<qglec<0} s0
that the condition on V as in Section 2 is satisfied. Now R, corresponds to Rqp . = M;lic oDyo
Mag,bg.cq:

_ (A —=/aq)(1 —z/cq)f(x) = (1 —x)(1 —xb/c)f(xq)
(Ra,b,cf) (l‘) - (1 — q)x

and the p%”) (x) of Section 2 correspond to the big g-Jacobi polynomials

(aq, cq; @)n
Pp(z;a,b, ¢ 8.3
(acrqresil(1 - gy 6 &

by [19, equation (3.5.9-10)]. The adjoint L, of R, equals D,-1, since D1 is the formal adjoint
of 0 = D, for the (unweighted) g-integral.

8.1.1 First form of the Leibniz formula (8.1)

k
Put n =14, ap = [Z]q, Tipm = Df;, so that 77(“;}%(1;;)(@ corresponds to

w(zq®; " a, ¢*b, ¢"c; q)
w(z;a,b,c;q)

= (z,2b/c; @)

Using (8.3), Theorem 2.1 gives the operational formula

"] (z,2b/c; Q) (ag", " q),
(RapcRagbacq* Ragn=1,pgn1,c0-1.f) () = Z [k‘] 26"k (n—k)(n—k+1) n—k
k=0 Ll (acg™)™ " (1-a)

X Po_i(2q"; aq”, bq", cd¥;q) (DEf) (). (8.4)

Corollary 2.2 for the big ¢-Jacobi polynomials then follows using (8.3) and [19, equation (3.5.7)].
We have to take into account that [19, equation (3.5.7)] is

ql—n(l _ qn)(l _ abqn—H)
(1-¢)(1 —aq)l —cq)

" ab
(Dfpn)('; a,b,c;q) = (—1)kq%k(k+1) (4 q

(Dan)(-;a, b,c;q) = (Tan—l)(‘;GQ7 bg,cq;q) =

n+1; q)k; N i i i
(1 —q)"(aq, cg; Q)x (Tg Pa-r) (104", 00", cq"s ) (8:5)

taking into account the relation D,Tj, = ¢T,D,. After simplification, Corollary 2.2 is

nAm

(g™, q"™, abq T,20/C0) g2k
Ppim(z;a,b,¢q9) = E(ac)tq T
o T kzz:o (q’ ag, cq, GQ”“v anJrl; q)k

2n+m-+1
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x Py (24" aq”, bq", cq"; q) Pk (24"; aq™ ™, bg™ ™, cg" ¥ q).  (8.6)

Note that the left hand side is obviously symmetric in n and m, but the right hand side is not.
Corollary 2.3 gives

/“q n [n] (z,zb/c; Q) (ag", cg* i q),
q = k q(acq2kz)”_kq(n—k)(n—k+1)(1_q)n—k

x P,_1 (mqk; aq®, bq", cd; q) (Dgf) (x)zPw(z;a,b,c;q)dgxz =0 (8.7)

#,q)w in (8.7) assuming t € —a~'¢ N U —c" ¢V, so that
there are no poles in the support of the measures involved. Then f is an eigenfunction of the

. .o ke —t \k
g-derivative; Dy f = (@) f, so that

for p < n. Take f(z) = e;(—tx) = %

/“q n [n] (z,2b/c; Q) (ag", " q),

S —— k q (acq%)n*kq(n—k)(n—kﬂ)(1 _ q)n—k

k
—t 1
X Py_i(2q"; ag®, bg", cq®; 2Pw(z;a,b,c;q)dge =0
-k (24" aq”,bq", cq”; q) 0-0) Ciros (z;a,b,¢;q)dy
for p < n. Take the limit b | 0, i.e., specialize to the big g-Laguerre polynomials [19, Section 3.11].
So in particular, we find an expression for the orthogonal polynomials with respect to the measure

| e g = [ )
—w x;a,O,c;qda;:/ w(x; a, —tc, c; q)dgx,
cq (_tx;Q)oo I cq /

which is again the orthogonality measure for a big g-Jacobi polynomial. Hence, we find the
following equality up to a constant, which is determined by considering leading coefficients or
by evaluating at = = 1, after replacing ¢t by —b/c:

n —-n
q y L34 )k 172,3
Z(;ach.;)k(—abq")quk +2kPnfk(qu;aqk’0,ch;q) = P,(x;a,b,c;q). (8.8)
k:(] ) Y )

The result (8.8) seems not be easily provable using a generating function, see, e.g., (3.9) for the
classical counterpart provable as a convolution identities from generating functions.
The other natural candidate for f in (8.7) is f(z) = E4(—xt) = (2t;¢)oo. Note that

. —t \* L(h—1) (B3 @)oo
Die o Byt = ({71) qbeen 50

so that we can only get orthogonal polynomials for the measure modified by the big g-exponential
E4(—xt) if cancellation in % occurs. This happens precisely for t =1 or t = b/c.
In particular, taking t = b/c we see that the polynomials of degree n defined by

(z; Ok (ag®™, cd"hiq),

" [n
kzzo [k] q (achk’)n_kq(n—k)(n—k-&-l)(1 —g)nk

—b/e\* Lo(fe
P (2¢"; ag®, bg", cq"; q) (1_/q) g2+

are orthogonal with respect to

f'_>/cq f(x)(xb/caq)oo ( ) aba »Q)dq /Cq f( ) (xSQ)oo dq :
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Since this is the measure for the big ¢-Laguerre polynomials, i.e., big ¢-Jacobi polynomials (8.2)
with b = 0, see, e.g., [19, Section 4.11], we also know the orthogonal polynomials as big g-
Laguerre polynomials. This gives the following expansion up to a constant, which is determined
by evaluating at x = 1:

n

L "
Z W(—ab)qu(H H)P”*k(qu§ aq",bq", cq"; q) = Pu(w;a,0,¢;q) (8.9)
O ) ) )

and (8.9) can be considered as a kind of inverse to (8.8).
The other case, t = 1, can be dealt with similarly. We see that the polynomials

n b ¢ a k+1,C k:+1; 1 k
Z [n] ( /niJle( q q q)nfk Pn_k(qu;aqk,bqk,ch;q) ( ) q%k(k—l)
= [kl (acqk) " Fgn-k)m-k+1)(1 — g)n—h l—q

are orthogonal with respect to the measure

f»—)/ f(z xq)oow(a:abchx—/ f(z quw

(zb/c;q) o0
bq (z/b,zc/ab; q) o
/abq/cf (?> (23 9)oo g

after a change of variable in the g-integral. This measure is the orthogonality measure for the
big g-Laguerre polynomials, or, more precisely, for the big g-Jacobi polynomials with (a,b,c)
replaced by (b,0,ab/c). So we find (8.10) for the orthogonal polynomials orthogonal with respect
to this measure, where the constant is determined by evaluating at * = ¢/b and using the g-
Saalschiitz formula [10, equation (1.7.2)]:

C

b

zn: (", xb/c; q)k(ac)k k(k+n+1)

_ q Pok(2¢";aq",b¢", cd"; q)
q, a4, Ccq; Q)k

e\" (bq,abq/c; q)n
= (=) S22 p (2b/e;b, 0, ab/c; q). 8.10
(b> (ag,cq; q)n (wb/e;b,0,ab/e;q) (8.10)

k=0

8.1.2 Second form of the Leibniz formula (8.1)
As in Section 4 we can consider the Leibniz expansion (8.1) in two different ways to fit it in the

form (2.4). Now we take n =1, o} = [Z]q, Tin = T;_kDéf, so that W%(’;‘SM corresponds to

w(z; ¢%a, ¢*b, ¢"c; q)
’lU(LU7 a, b7 C; q)

= (vq " /a,xq % /c;q),
Using (8.3), Theorem 2.1 gives

(Ra b cRaq,bq,cq T Raq"*1 bgn—1, cq"flf)( )
B Z [ } (zq*/a,2q7%/c;q), (ag", g™ iq),
. acq%)n kq(n—k)(n—k—i-l)(l — g)nk

_k(z; 04", 04", cq”; q) (Ty " DEf) (@)

as an alternative for (8.4).
Corollary 2.2, by (8.3) and (8.5), gives the following alternative for (8.6);

Proum(@0,5,6:9) ’% (a7 a~ ™ abg® ™ xg* fa,wqF /s q)
+m(z;a,b,¢;q) =
e (4,aq, cq,aq" ™, cq™ 5 q)

k (ac)qu:(k:-i-n-i-Q)
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n+k

b g™ ).

x Py (230", 04", cq"; q) Pro—i,(2q"; ag

As in Section 8.1.1 we can try to relate to explicit orthogonal polynomials using Corollary 2.3
and a suitable choice for f. This orthogonality involves (T(;‘*kD’q“ f)(z), but using f(z) = eq(—at)
or E,(—xt) does not give rise to polynomial orthogonality in

/aq n [n] (mqfk/qufk/c;q)k(aqk+1’ch+1;q)n_k
e k], (acq2k)nfkq(n7k)(nfk+1)(1_q)n—k

x Po_iy(2;aq",bd", cq™; q) (T " DE f) (z)2Pw(2; a,b, ¢; ¢)dgz = 0 (8.11)

for p < n, since

(T3 Da)ea(~ta) = <1_—tQ>k (—t:rqnl’“;q)oo - (1_—tQ>k ((_jfx ;;:ok

k k .
e e B

So (8.11) cannot be rewritten as orthogonality for a family of orthogonal polynomials for these
choices of f.

9 Burchnall’s identities for the Askey—Wilson polynomials

The top level in the g-analogue of the Askey-scheme is the family of Askey—Wilson polynomials.
In order to apply the results we need the Askey—Wilson ¢-difference operator. For a function f,
we define f(z) = f(%(z + z_l)), so that f(z) = f(z_l). Then the Askey—Wilson ¢-difference
operator is

A Ut I AU _ .
(Dyf)(z) = %(ql/z—q—l/Q)(z—z—l)’ x—i(z%—z 1).

Note that the denominator is the same as the numerator in case f(z) = z, and that the right
hand side is symmetric in z «+ z~'. The Askey-Wilson polynomials are defined by

_ g ", abedg" Y az,a/z
pn(z;a,b,c,dlg) = a™"(ab, ac, ad; q)n 43 / 1¢:q )
ab, ac,ad
1 -1
T = 3 (z + z )
The weight on [—1, 1] is given by, using x = cos#f, z = et
1 (+*%q) 2 (2%,q27%q)

ca,b,¢,dq) = ==
w(®;a,b, ¢, dlq) VI a2 (028, bt eot dztliq) 2 (az, bat), cat) dat )

o0

assuming that a,b,c,d € R with max(|al, |b|,|c|,|d|) < 1 and using the notation (ez*!;q)s =

(ez,e/z;q)c0, see, e.g., [10, Chapter 7], [19, Section 3.1]. Note that the numerator is a theta-
product. So V = {(a,b,c,d)| max(|al, |b|,|c|,|d|) < 1} € R* in the notation of Section 2. In this
situation o corresponds to (q1/2,q1/2, g2, q1/2) and letting v correspond to a = (a,b,¢,d), we
identify v + no with ag"/? = (aqn/z, bq"'?, eq™?, dq"/Q).

The raising operator R, corresponds to Ry = M ! o Dq o My,1/2. Explicitly, again using
z=3(z+271),

(Raf)(z) = A(2) f(¢"?2) — A(z7) f(q7/22),
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—2(1 —az)(1 —bz)(1 — cz)(1 — dz)
2(1—q)(1 - 22)

A(z) =

Using [19, equation (3.1.12)] we see that pﬁ,,” corresponds to

2"(q —1)""¢ 1" Vp,(x;0,b,¢,d | q). (9.1)

The corresponding Leibiz formula for Dy is given by, see [13, equation (1.22)],

n

n n Lk(k—n n— -n
Dy(r0) =3 (o] A4 oy ) (Pl (9.2
k=0 -4
where (n,f)(z) = f( 1/2 2), = 3(z+271). %o in the context of Section 2 we have o} =
1
mqqik(’“ non= ng and Ty ,, = nk ”Dk Then W corresponds to
(—1)kq*%k2z*2k(az,bz,cz,dz;q)k.

Applying Theorem 2.1 we get the following operational expansion, after simplification,

(RaRaql/z ce Raq(n—l)ﬂf) (I’)

1
2nqzn(nfl) " Tn q nquk(kJrl) .
_WZ el o (1= @) (az bz ez, dz g (9.3)
k=0 q
_ 1 B »
x 27 %p, 4, (2( k12, 4 gk, 1);aq’“/{‘),bq’“/Z,cq'“/Q,qu/qu> (ni "D f) ().

To make Corollary 2.2 explicit we iterate [19, equation (3.1.9)]

kan(:z a,b,c,d|q)

B ( Q)quk@n k+3)

(1—q)k

so that we find the following expansion from Corollary 2.2 for the Askey—Wilson polynomials
using (9.1) and z = 3 (2 + 271):

( ,abedq" ™ )kpn k(ﬁf aqk’/2 bqk/z ch/2 qu/2|q)

nA\m (_ —n _—m 2n+m—1.
abed ;
Pnim(z;a,b,¢,d|q) = E : L ’( : )q q)kf%(azybzcz,dZ;Q)k
k=0 q;4)k

1
% q7k2+k+%nm+%km+nkzpnik (2( k/2, q k/ZZ1);aqk/Z’bqk/27ch/2,qu/2‘q> (9.4)

(k—m)/2 (n—k)/?z—l (k+n)/2 bq(k+n)/2 Cq(k-‘rn)/Q dq (k+n) /2|q>

z+q );aq

1
X Pm—k <2 (q
Note that (9.4) is the g-analogue of (6.2). In this case we can also reinterpret the Leibniz formu-
la (9.2) as in Section 4, but the resulting identities are equivalent because of the invariance
z <+ 2~ ! for the Askey-Wilson polynomials.

Since we have the Askey—Wilson polynomials on top of the g-analogue of the Askey-scheme,
we can easily specialize (9.3) and (9.4) to its subclasses and limiting cases, such as e.g. the con-
tinuous g-Hahn polynomials (d = 0), the Al-Salam—Chihara polynomials (¢ = d = 0), Rogers’s
continuous g-ultraspherical polynomials (a, b, ¢,d) = (v/B, —v/5, q‘/2\/B, —ql/Q\fB), see [19, Sec-
tion 4] for more limit transitions.
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Note that an interesting special case is obtained by taking the case that a =b=c=d =0
leading to the continuous ¢-Hermite polynomials H,(z|q), which is the limit 5 — 0 of the
continuous g-ultraspherical polynomials. Explicitly,

lim p 1(z—i—z_l)'a 0,0,0[qg | = lim(az;q)nz""2¢ "0 iq 4z
a=0""\ 2 T a0 T 2R gl fq T g

_ -0 1 _
=2z ”2¢o<q B ;q,q"z2> = H, (2(Z+Z 1)(1),

using the rewrite of the Al-Salam—Chihara polynomials as a a¢p;-series, cf. [19, Section 3.8]. In
particular, (9.3) then gives

27"(q — 1)"g 3" _1)( of) ()

. H g 41— (L) G
k=0

" 1\* _1lpp 1 e -0 n -n
= (( )k) ( 2) g 2R (1 — )2 g <q g 22> (nh DL f) ().
k=0

The special case of (9.4) for the continuous ¢-Hermite polynomials is

A

Hoimlalg) = 3

3
S

7TL

T @™k 22 k2+k+inm+ L km+nk (9.5)
Y

o
=]

1 1
% H, & <2(qk/2z+q k/2, )|q> ok (2(q(k n)/22+q(n k)/2 )]q)

Note that (9.5) is different from the inverse linearization formula for the continuous ¢g-Hermite
polynomials as derived from the 8 — 0 limit of the corresponding inverse linearization formula
for the continuous g-ultraspherical polynomials in [10, Exercise 8.12].
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