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1 Introduction

The well-known Painlevé equations were first introduced by Painlevé more than a century ago
and have been investigated by many researchers. The Painlevé equations define new functions
called Painlevé transcendents, which are considered as special nonlinear functions and their
asymptotic behavior is of particular importance. For an overview of Painlevé equations and the
asymptotic behavior of Painlevé transcendents please see, e.g., [2] and [14]. In recent decades
there has been revived interest in Painlevé equations as they play important roles in various
mathematical and physical applications (see, e.g., [2, 7, 13, 14, 22, 23] for references to applica-
tions).

Boutroux first studied a family of particular solutions of the first Painlevé equations P, which
he named “tronquée” and “tritronquée” solutions in [1]. These special solutions of Painlevé
equations have pole-free sectors while generic solutions have poles accumulating at oo in all
sectors. Tronquée and tritronquée solutions receive attention not only for their interesting
analytic property but also because they appear in a number of problems such as the Ising
model [29], the critical behavior in the NLS/Toda lattices [10, 11] and the analysis of the cubic
oscillator [28].

For the first Painlevé equation some pioneering works based on the powerful techniques
of isomonodromic deformation and reduction to Riemann—Hilbert problem were done in the
study of tronquée solutions by Kapaev and coauthors. In [20] and [24] the Stokes constant for
the tritronquée solution of P; was calculated for the first time. In [22] the global asymptotic
behavior of the tronquée solutions of P; was described with connection formulae presented.
In [23] and [17] the global asymptotic behavior of the tronquée solutions of Py was described
with connection formulae presented. In [21] the global asymptotics of the solutions of the fourth

This paper is a contribution to the Special Issue on Painlevé Equations and Applications in Memory of Andrei
Kapaev. The full collection is available at https://www.emis.de/journals/SIGMA /Kapaev.html


mailto:xiaxiaoyue9@gmail.com
https://doi.org/10.3842/SIGMA.2018.095
https://www.emis.de/journals/SIGMA/Kapaev.html

2 X. Xia

Painlevé equation Pry including its tronquée solutions was analyzed in detail. In [12] an fourth-
order nonlinear ODE which controls the pole dynamics in the general solution of equation P%
was studied. See also the monograph [14] for a summary of recent developments in the theory
of Painlevé equations based on this Riemann—Hilbert-isomonodromy method.

There is an impressive body of work on tronquée solutions and we only mention a few con-
tributions here. Using approaches different from the Riemann—Hilbert-isomonodromy method
Costin and coauthors analyzed tronquée solutions of Py in [9] and [8] and obtained similar re-
sults to those in [20] and [24]. In [15] the existence of the tritronquée solutions of PZ, the second
member in the P hierarchy was proved. In [19] the existence of tronquée solutions of the second
Painlevé hierarchy was proved. For the location of poles for the Hasting—McLeod solution to the
second Painlevé equation please see [16], in which a special case of Novokshenov conjecture [31]
was also proved. For the tronquée solutions to the third Painlevé equation please see [27], which
followed the idea in [18].

In this paper the tronquée and tritronquée solutions of the third and fourth Painlevé equation
are studied:

d?y 1 /dy 2 1dy 1 9 3 0

Pmn: —=-(—] ——+— -

m: s y(dx) xdx+x(ay +8) + vy +y,

d2y 1 dy 2 3 3 2 2 /8
A <d$> + 5y +day’ + (z a)y—l—y, (1.1)

where «, §, v and § are arbitrary complex numbers. By Bécklund transformations (see [30])
P can be reduced to

2 2
o, Ty _L/dy\" 1dy L, o 51
I qe2 gy (dx xd1:+a:(ay +ﬂ)+y y’ (1.2)
o A%y 1 /dy\? 1dy 1 1
P(“): —__ | =2 I Z (42 — —. 1.
M de? oy <d:1:> xdaz+x(y +5) y (13)

In a famous paper [29] by McCoy, Tracy and Wu, a one-parameter family of tronquée solutions
of a special case of (1.2) where a = 2v, f = —2v was constructed, whose asymptotics at oo
was congruent to ours ((2.1) and (3.1)) and asymptotic expansion for small z was obtained.
Furthermore, in a recent paper [13] by Fasondini et al. a comprehensive computer simulation
of the McCoy—Tracy—Wu solution was given. The computer pictures of the pole distributions
in [13] provide a good illustration of our description of the asymptotic position of poles in,
e.g., (2.16).

(1.3) was studied as the degenerate Py in [25] and [26], and the position of the first array of
poles was found in [26] via isomonodromy methods.

We base our methods on the results in [3] and [6], which used the technique of Borel sum-
mation to describe the Stokes phenomenon. We obtain representations of tronquée solutions
as Borel summed transseries (see also [5]), as well as the position of the first array of poles,
bordering the sector of analyticity. We will first use a simple example to briefly illustrate some
concepts in the Borel summation method. Please see also [8, Section 5] for an introduction.

In the following, we denote by L4 the Laplace transform

ooe!?
s /0 f(p)e~dp,

where ¢ € R. See also [3, p. 8] for the notation.
Assume that we have a formal series

f(w) = Zanw_r_”, Re(r) > 0,
n=0
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(o] ~
where the series ) a,z™ has a positive radius of convergence. The Borel transform of f is
n=0
defined to be the formal power series

e n4r—1

BN =3 Tarry

n=0

In most cases the explicit solution of a differential equation is not known. We may obtain
classical asymptotic series as formal power series solutions, but these formal solutions do not
contain parameters that help us distinguish between actual solutions. This is illustrated in the
following simple ordinary differential equation at the irregular singularity at = oo

Y +y= % (1.4)
The unique formal power series solution for £ — oo is
e !
Jo(@) =Y —ox

n=1

and the general solution to (1.4) is
x eS
y(z;C) = yo(x) + Ce™*, where yo(x) = ex/ ?ds ~yo(z) as x — 4o0.
z1

The idea of transseries solution is a completion of classical formal power series solution in
the sense that the transseries solution representation includes the free parameters which appear
in the actual solutions. In the example above, if we let

g(z) = go(x) + Ce™™ for = — +oo, (1.5)

then (1.5) is a formal solution to (1.4) and the simplest example of a transseries.

Under appropriate conditions (see [3, 4, 6]), given ¢, the operator LB is a one-to-one map
between the transseries solutions and actual solutions. In the example (1.4), the actual solutions
have representation:

y(a) = | £oBio(a) + Coe™, =6 = arg(a) € (0.5).
LyBijo(x) + C_e™™, —¢ = arg(x) € (=3,0).

The value C; — C_ is called the Stokes constant. This representation is a trivial example of
Borel summed representation of solutions. In the case of nonlinear systems such as (1.8), the
transseries solution is of the form (4.1) and the Borel summed representation of actual solutions
is of the form (4.3).

In this paper we study tronquée solutions of (1.2), (1.3) and (1.1) by first transforming each
of them into a second-order differential equation of the following form

()~ hw) + [ (B = B1) hw) + (B2 + B1) W ()] = gl 1), (1.6)

where 81 and (5 are constants and g(w, h, h’) is analytic at (00, 0,0). See (3.1) for the change of
variable for (1.2), see (3.7) for the change of variable for (1.3) and see (3.12), (3.18) and (3.25)
for the change of variable for (1.1). Next we make the substitution

B B
EE e (1.7
W (w) _1_& 1_& . ]

2w 2w



4 X. Xia

Then u is a solution to the following normalized (see [6]) 2-dimensional differential system:

u + (A + i) u=g(w,u), (1.8)

where

. 1o ~ B0
S B ]

and g(w,u) is analytic at (co,0) with g(w,u) = O(w™?) + O(|u[?) as w — oo and u — 0.

We obtain information about the tronquée and tritronquée solutions of the normalized sys-
tem (1.8) such as their existence, regions of analyticity and asymptotic position of poles through
which we obtain corresponding results regarding tronquée and tritronquée solutions of Py
and Pry. See also [8] in which a similar approach was used to study the tronquée solutions
of the first Painlevé equation.

2 Tronquée solutions of (1.6)

2.1 Formal solutions and tronquée solutions of (1.6)

In Proposition 2.1 and Theorem 2.2 we present formal and actual solutions on the right half
w-plane Sp = {w: arg(w) € (—g, %)} Then through a simple symmetry transformation we
obtain solutions in the left half plane S5 := {w: arg(w) € (3, 37“) }. We start with the formal
expansions of the solutions.

Assume that d is a ray of the form el’RT with ¢ € (—%, g) We have the following results on
transseries solutions, formal expansions in powers of 1/w and e™" (see [6]), of (1.6) valid on d

and, moreover, in the sector Sy:
Proposition 2.1. Assume that d is a ray of the form e?RT with ¢ € (—g, g) Then

(1) the one-parameter family of transseries solutions of (1.6) satisfying h(w) — 0 as |w| — oo
on d are

h(w) = ho(w) + Z CFe=Fwy =Pk, (w), (2.1)
k=1
where for each k > 1
sr(w) =Y 2k
k s ?.Uj
]:

is a formal power series in w™".

(ii) The formal power series in w~!

is the unique formal power series solution of (1.6).
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The results in [6] provide us with the relation between these transseries solutions and actual
solutions.
In the following, we denote by L4 the Laplace transform

Ooeid)
fe /0 f(p)e=dp,

where ¢ € R. See also [3, p. 8] for the notation.

Theorem 2.2. Let d, ho(w) and 5, (w) be as in Proposition 2.1. Let h(w) be a solution to (1.6)
on d for |w| large enough satisfying

h(w) — 0, w € d, |w| — oo.
Then

(1) There is a unique pair of constants (C4,C_) associated with h(w), and h(w) has the
following representations

h(w) = LoHo(w) + Y Che™mut L (),  —p=arg(w) € (0,5),  (22)
k=1

h(w) = LoHo(w) + > Cre ™MLl (), —¢ = arg(w) € (—g o) . (2.3)
k=1

where

My = [Re(=p1)] +1, Hy = Bhy,

Hk:BiLk:B(’w_kﬂl_legk), k:1,2,...,
where each Hy is analytic on the Riemann surface of C\ (Z* UZ™), and the branch cut
for each Hy, k > 1, is chosen to be (—o0,0].

(1) There exists €9 > 0 such that for each 0 < € < €q there exist 6. > 0, Rc > 0 such that h(w)
can be analytically continued to (at least) the following region

San e (h(w)) = STUSC, (2.4)
where

So = {w: |lw| > Re, arg(w) € [—g — €, g — e} and |C’_e_ww_61| < 5;1},

S = {w: |lw| > Re, arg(w) € [—g + e, g + e} and |Cpe Yw P < 55_1}. (2.5)

Consequently, h(w) is analytic (at least) in

S(h) = |J (50 USH). (2.6)
0<e<eg
(i7i) h(w) ~ ho(w) in Si.
Note 2.3.

(i) It is straightforward to check that if Re(51) > 0, S,y contains all but a compact subset of iR.
In other words there exists Ry > 0 such that h(w) is analytic in the closure of S1\Dg,,
where S; is the open right half plane and Dg, = {|w| < Ro} is the open disk centered at
origin with radius Ry.
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(i)

On the other hand if Re(f81) < 0, SS, contains all but a compact subset of iR. We point
out that in particular, the solution is not analytic in S1\Dg, for any Ry > 0, contrary to
the claim in [27]. Singularities of the tronquée solutions exist for large w in S; as seen in
Theorem 2.4, 2.5, 3.2, 3.3, 3.9 and 3.10.

Theorem 2.4 (asymptotic position of singularities). Let h, C; and C_ be as in Theorem 2.2.

(4)

(i)

(iid)

Assume Cy # 0. Denote

& (w) = CrwPre™™, (2.7)
Then
p) = 52 R, e, we D,

where for each m > 0, Fy, is analytic at € =0 and

Df = {Jul > R: argw € (=Z +0,7 +3), dist (¢4 (w), D) > ¢, [¢(w)| < 7'} (2.8)

for any d,€ > 0 small enough and R large enough, and where 2 is the set of singularities

of Fo(§). Fo(€) satisfies
Fy(0) =0, Fj(0) =1. (2.9)
Assume Cy # 0, and & € = is a singularity of Fy. Then the singular points of h, w,,

near the boundary {w: arg(w) = 7w/2} of the sector of analyticity are given asymptotically
by

w = 2nmi — B In(2n7i) + In(Cy) — In(&s) + o(1) (2.10)

as n — oo.
Assume C_ # 0. Denote

£ (w)=C_w e ™. (2.11)
Then

)~ 52 SRRl oo we,
where

D, = {|w| > R: argw € (—g — 9, g - 5) , dist(E-(w),E) > ¢, |§(w)| < 6_1}(2.12)

for any 6,e > 0 small enough and R large enough, and where F,,, m > 0, and = are as
described in (7).

Assume C_ # 0, and & € E is a singularity of Fy. Then the singular points of h, w,, , near
the boundary {w: arg(w) = —m/2} of the sector of analyticity are given asymptotically by

w,, = —2nmi — f1In(—2n7i) + In(C-) — In(&s) + o(1)

as n — 00.

The expression of Fy (see (3.5), (3.11), (3.17) and (3.23)) is obtained explicitly in each case
where asymptotic position of singularities is presented.
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2.2 Tritronquée solutions of (1.6)

The information on formal and actual tronquée solutions of (1.6) in the left half plane Sy :=

{w: arg(w) € (%, 37“)} is obtained by means of a simple transformation

h(w) = h(—w), @ = —w.

(1.6) is rewritten as

) — h(@) + = [ = o)) + By + B (8)] = g~ B, —), (2.13)

which is of the form (1.6) with 8; and f2 exchanged, and thus all results in Proposition 2.1,
Theorems 2.2 and 2.4 apply. Without repeating all of the results, we introduce some notations
needed for describing the tritronquée solutions of (1.6).

The small transseries solutions of (2.13) in the right half w-plane is

oo
hi(@) = ho(—@) + Y Cre a2, (),
k=1
where for each k > 1, t, (1) is a formal power series in W™,
~ Assume that h(w) is an actual solution to (2.13) on d = eR* with cosf > 0, such that
h(w) = o(1) as || — co. Then there exists a unique pair of constants (C,C_) such that

LsHo(i +ZO¢e CRGRN L (), —¢ = arg(d) € (0,7 ).
h(w) = ) = ) ) W
LoHo(@) + > Cre F0aM L By (a), —¢ = arg(d) € (—5, o) :
k=1

where
= [Re(—f2)| +1,  Holp) = —Ho(-p),  Hy=Bw  P=F0g) | >1,(2.14)

where each Hj is analytic in the Riemann surface of C\(Z* U Z~), and the branch cut for
each Hy, k > 1, is chosen to be (—oc,0]. Note that the second equation in (2.14) holds because
the power series solution of (2.13) must be ho(—w). By the definition of the Borel transform
(see Appendix A) we have Hy(p) = —Ho(—p).

By Theorem 2.2(ii), h is analytic at least on

San(h) := —San(h),

where S, (h) is given by (2.4)—(2.6) with 8 replaced by 2. Denote £+ = Cut e~ as in (2.7)
and (2.11). By Theorem 2.4 if C'\ # 0 then

| — oo, w € D,

B,
Z | — 00, W€Dy,
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where Dg are defined by (2.8) and (2.12) with 4 replaced by &4 respectively and = replaced
by 2 which is defined to be the set of singularities of Fy.

Tritronquée solutions are special cases of tronquée solutions with Cy = 0 or C_ = 0. Denote
ht(w) = LyHo(w), — ¢ = arg(w) € (0,7),
B (w) = LoHo(w),  — o = arg(w) € (—,0),
ht(w) = L Ho(w), — ¢ = arg(w) € (0,),
h™(w) = LeHo(w),  — ¢ = arg(w) € (—m,0).

Corollary 2.5. Assume ¢ € (O, %) Let Ct, C%, C%, C! be the constants in the transseries
of h* and h*, namely,

(i)

Wt (w) = L_gHo(w) = LoHo(w) + Y (C1) e Mk £y Hy (w),

h™(w) = LoHo(w) = LogHo(w) + Y (Ch) e MMk L iy (w). (2.15)

A consequence of Theorem 2.2(ii) is that for any § > 0 there exists R > 0 such that h is
analytic in the sector

TgR = {w: |lw| > R, arg(w) € [—g—i—é,?’; —5]},

and h™ 1is analytic in the sector

3T

Tsp = {w: |lw| > R, arg(w) € [—2 + 0, g - 5] } .

Assume & € 2 is a singularity of Fy (see Theorem 2.4(ii)) and & € Z is a singularity

of Fy. Then the singular points of h, wy ,, near the boundary {w: argw = —5 ; and wf’n

near the boundary {w: argw = 37”}, are given asymptotically by
wy , = —2nmi — B In(—2n7i) + In (C1) — In(&) + o(1),
wfn = —2nmi+ B2 In(2n7i) — In (Cf) + In (és) + o(1), (2.16)

asn — oo. The singular points of h™, w,,, near the boundary {w: argw = —37“} and win
near the boundary {w: argw = %}, are given asymptotically by

Wy, = 2nmi + B2 In(—2nmi) — In (CZE)) +In (és) +o(1),

w;n = 2nmi — B In(2ni) 4 In (C5) — In(&) + o(1).
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3 Normalizations and Tronquée solutions of Py;; and Pry

3.1 Tronquée solutions of Pﬁ)l

If y(x) is a solution of (1.2) which is asymptotic to a formal power series on a ray d which is
not an antistokes line (lines on which argw = +7% where w is the independent variable in the
normalized equation), then by dominant balance we have

y(@) ~l(z), |zl =200,  zed,
where
a+ A%28\ 1
—A_(&T2P) 2
I(x) ( 1 ) .
for some A satisfying A% = 1. Fix some A satisfying A* = 1 and make the change of variables
w
w = 2Azx, y(x) = h(w) +1 (ﬂ) . (3.1)

Then the equation (1.2) is transformed into an equation for h of the form (1.6) with

1 o A%B 1 o A%
T T R

Results in Section 2 apply. Let the notations be the same as in Section 2.
Theorem 3.1.

(i) There is a unique formal power series solution

(i) There is a one-parameter family Fa of tronquée solutions of (1.2) in A=1S with repre-

sentations
I(z) + h* (24x) + 3 Che ¥ (2A2)"Mi L H (242), —¢ € (0, g) :
y(z) = et (3.2)
() + h™(242) + 3 Che 2 (2A2) M1 £, Hy (242), —¢ € (—g o) :
k=1

(i4i) There is a one-parameter family Fa o of tronquée solutions of (1.2) in A~1Sy with repre-

sentations
U(z) + h™(24z) + Y Chehe (—2A2)"Me Lo Fy(—24x), —¢ € (o, g) ,
y(z) = et (3.3)
() + hT(247) + Y CFe* o (—242)F L H} (—247), —¢ € (—g o) .

k=1
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(iv) For each tronquée solution in (ii) or (iii) we have
y(x) ~ o),  wed=ATRY, || = oo,

and the solution is analytic at least in (24)71 S,y if cos > 0, in (2A)*15’an if cosf < 0.
San and Sa, are as defined in Theorem 2.2 and Section 2.2.

From Theorem 2.4 we obtain information about the singularities of y. Assume that y is
a tronquée solution with representation (3.2) or (3.3). Let £, = Cre Pw™ P, (. = C_e Yw 2,
F,, and F, be as in Section 2. Then the equation satisfied by Fj is

y d2 d E(ER©) (At R©) 1 _
CaghOF GO TR T e Twarre - Y
The equation of Fj is the same as (3.4). The solution satisfying (2.9) is
24
Fy(§) = 2A_¢ (3.5)

Theorem 3.2.

(i) Assume y(x) € Fa is given by the representation (3.2). If Cy # 0, then the singular
points of y, x,}, near the boundary {x: arg(2Az) = w/2} of the sector of analyticity are

n’

given asymptotically by

(2A)x} = 2n7i — By In(2n7i) + In(Cy) — In(24) + o(1), n — oo.

If C_ #0, then the singular points of y, x,, , near the boundary {x: arg(2Az) = —7/2} of

the sector of analyticity are given asymptotically by
(2A)zx, = —2nmi — f1In(—2n7i) + In(C-) — In(2A4) + o(1), n — 0.

(i1) Assume y(x) € Fan is given by the representation (3.3). If Co # 0, then the singular
points of y, T,7, near the boundary {%: arg(—2AZ) = 7/2} of the sector of analyticity are

n’

given asymptotically by

(—24)7,} = 2n7i — By In(2n7i) + In (C’+) —1n(24) + o(1), n — 00.

If C_ # 0, then the singular points of y, &, near the boundary {%: arg(—2A%) = —r/2}
of the sector of analyticity are given asymptotically by

(=2A)z, = —2nmi — B2 In(—2n7i) + In (C’_) —1In(24) + o(1), n — 0o.
From Theorem 2.4 we obtain the following results about tritronquée solutions of (1.2):
Theorem 3.3. (1.2) has two tritronquée solutions y*(x) and y~(x) given by
yT(z) =l(z) + h"(24z), y~ (x) =1l(z) + h™ (2Az).
Let C%, 1 < j <4 be as in (2.15). Then

(1) FarNFaz={y",y }.
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(ii) For each § > O there exists R > 0 such that y*(z) is analytic in AT, and y* is
asymptotic to yo(x) in the sector

U (A_lei¢R+).
— T

The singular points of y*(x), xfn, near the boundary of the sector of analyticity are given

asymptotically by
(24)z7,, = —2nmi — B In(—2n7i) + In (C1) —In(24) + o(1), n — 0o,
(2A)min = —2n7i+ B2 In(2nmi) — In (Cf) + In(24) + o(1), n — 0o.

(iii) For each & > O there exists R > 0 such that y~(z) is analytic in A7 Ty o, and y~ is
asymptotic to yo(x) in the sector

U (A_lei¢R+).

—3rce<Z
The singular points of y~— (x), x;n, near the boundary of the sector of analyticity are given
asymptotically by

(24)zy,, = 2nmi + B2 In(—2n7i) — In (C3) + In(24) + o(1), n — 0o,
(214)5”;,11 = 2nmi — By In(2n7i) 4 In (C3) — In(24) + o(1), n — 00.

3.2 Tronquée solutions of Pﬁ?

If y(x) is a solution of (1.3) which is asymptotic to a formal power series on a ray d which is
not an antistokes line, then by dominant balance we have

y(z) ~ l(z), |z| — oo, z €d,

where

B
3Az1/3

I(z) = Az'/3 — (3.6)

for some A satisfying A% = 1. Fix an A satisfying A% = 1 and make the change of variables
w= 27TA/NV223 . y(z) = 2Ph(w) + 1(2). (3.7)
Then the equation (1.3) is transformed into an equation for h of the form (1.6) with

5125223-

Let the notations be the same as in Section 2. In view of the transformation (3.7), we denote

©._f 0 [ 3m 3argA 3m  3argA
Sy’ {x |x| > R, arg(x) € T 1 1 )
O _f s [3m  3argA 97 3argA
Sy’ {a: |z| > R, arg(x) € T 1 1 1 5
@ _ [ s 9m _ 3argA 15m  3argA
Sy’ {m |z| > R, arg(x) € B 1 4 1 )




12 X. Xia

15 3argA 21lm  3argd
4 4 74 4 ’

Sg’) = {x: |z| > R, arg(z) € | — — ——, — —

We notice that for j € {0,2}, Sg) is mapped under the transformation (3.7) bijectively to the

closed sector S1\Dp, in the w-plane, where Ry = R2/3 (see also Note 2.3); for j € {1,3}, Sg) is
mapped bijectively to the closed sector S2\Dg, in the w-plane.

Theorem 3.4.

(i) There is a unique formal power series solution
— Yok
~ _.1/3 0,
go(x) = Z 22k/3
k=0

to (1.3), where

pu— A P —_——_—

Yo,0 ) Yo,1 34

(#7) For each j € {0,1,2,3}, there is a one-parameter family Fa ; of tronquée solutions of (1.3)
in Sg) where

y(z) = 1(z) + 2 Ph(w), w=Kz*3, K= (214/4)'2

If j is even, then h(w) has the representations

WH(w) + Y Che ™ L Hy(w), —¢ € (o, g} ,
h(w) = ! (3.8)
h™(w) + Z Che M Ly Hy(w), —¢ € [—g, 0) .
k=1

If j is odd, then h(w) has the representations

ho(w)+ Y Chebv Ly (—w), —g e (0.7].
h(w) = i~ (3.9)
WHw) + 3 CRR Ly (—w), ¢ € [—g 0) .
k=1

(i13) Let y(x) be a tronquée solution in F4 j. If j is even, the region of analyticity contains the
corresponding branch of (Kflsan(h))wg, which contains Sg) for R large enough. If j is
odd, the region of analyticity contains the corresponding branch of (K_lgan(h))g/g, which
contains Sg) for R large enough, and

y(z) ~ go(z), x € d, |z| — oo,
where d is a ray whose infinite part is contained in the interior of Sg).

Assume that y(z) is a tronquée solution to (1.3) and h is defined by (3.7). Then h has the
representation (3.8) or (3.9). From Theorem 2.4 we obtain information about singularities of h.
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Let &, = Che w2 ¢ = C_e w2, F,, and F}, be as in Section 2. Then the equation
satisfied by Fy and Fp is the same

(5 F0(9))°E  (A+ Fy(©))? 1
2 —_— J—
3 d§2 Fo(§) + <d§ (5))& A+F0(£) 34 - SAA T Fo(©) =0. (3.10)
The solution satisfying (2.9) is
2
Fo(§) = m- (3.11)

Theorem 3.5.

(i) If 7 € {0,2}, then h has representation (3 8) for a unique pair of constants (Cy,C_). If
Cy # 0, then the singular points of h, w,", near the boundary {w: argw = w/2} of the
sector of analyticity are given asymptotically by

In(2nni)

w = 2nmi —

+1In(Cy) — In(6A) + o(1), n — oo.

If C_ # 0, then the singular points of h, w, , near the boundary {w: argw = —7/2} of
the sector of analyticity are given asymptotically by

In(—2nmi
—anWifin( i)

n = 5 +In(C_) —In(6A4) + o(1), n — 00.

w

(13) If 7 € {1,3}, then h has representation (3 9) for a unique pair of constants (C’+,C'_). If
Cy # 0, then the singular points of h, W}, near the boundary {w: argw = —w/2} of the
sector of analyticity are given asymptotically by

In(2n7i)

W = —2nmi+ —In (C‘+) +1In(6A4) + o(1), n— 0.

If C_ #0, then the singular points of h, w,, , near the boundary {w: argw = 7/2} of the
sector of analyticity are given asymptotically by

In(—2ni)

w, = 2nmi+ 5

—1In (CAL) +1n(6A) + o(1), n — 0o.

Theorem 3.6.

(i) For each j € {0,2} we have a tritronquée solution y;-r analytic in Sg) U Sl(gﬂ) for R large
enough, given by

yf (z) = () + 1" (w).

(ii) For each j € {1,3} we have a tritronquée solution y; analytic in S’g) US](;{H), where

Sg) = Sg)) and R is large enough, given by
y; (x) = U(z) + h™(w).

Let C;’f, 1 <j<4beasin (2.15). Then
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(i74) The singular points of h(w), wfn, near the boundary of the sector of analyticity are given
asymptotically by

In(—2ni)

wy, = —2nmi — — +In (C7) — In(6A4) + o(1),
In(2ni
wi, = —2nmi + n@nri) (Ch) +1In(64) + o(1).

(iv) The singular points of h™ (w), win, near the boundary of the sector of analyticity are given
asymptotically by

Wy, = 2nmi+ ln(—gnm) —In (C%) +In(64) + o(1),
In(2nmi
wi, = 2nmi — 2T (08 In(6A) + o().

3.3 Tronquée solutions of Pry

By dominant balance we have four possibilities for the leading behavior of P1y. We shall study
them one by one.

y(z) ~ l(z), |z| — oo, z €d.

3.3.1 Casel

2r  «
() =——+—.
() 3 T3
Make the change of variables
x = (\/giw) 1/2, y(x) = zh(w) + l(x). (3.12)
Then the equation (1.1) is transformed into an equation for h of the form (1.6) with
1
p1 =02 = 9

Let the notations be the same as in Section 2. In view of the transformation (3.12), we denote

SI(;?) = {x: |x| > R, arg(x) € [O, g} }, Sg) = {m: |z| > R, arg(x) € [g,ﬂ'} }, (3.13)

Sg) = {m: |z| > R, arg(z) € |:’/T, 3;} }, Sg’) = {x: |z| > R, arg(z) € [?;T,Qw] }

We notice that for j € {0,2}, Sg) is mapped under the transformation (3.7) bijectively to the

closed sector S \Dpe in the w-plane, (see also Note 2.3); for j € {1,3}, Sj(g) is mapped bijectively
to the closed sector So\Dp2 in the w-plane.

Theorem 3.7.

(1) There is a formal power series solution of (1.1) of the form

[o@)
Jo(x) = Yo,k
Yol\r) == ZC2k,
k=0
where
2
Y00 = —5 Yo,1 = Q.

37
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(1) For each j € {0,1,2,3}, there is a one-parameter family F 4 ; of tronquée solutions of (1.1)
mn Sg), where

.%'2

Neh

If j is even, then h(w) has the representations

y(x) = U(z) + zh(w), w =

W)+ Y Che Ly Hy(w), —o € (0,3]
h(w) = i~ (3.14)
ho(w)+ 3 Cre ML Hy(w), —¢ € [—g 0) .
k=1

If j is odd, then h(w) has the representations

ho(w)+ S CRR Ly (—w), —¢ € (0

s
v | 0

h(w) = ksl ’ (3.15)
WHw) + 3 CRR L (—w), ¢ € [—g,o) .
k=1

(i73) Let y(x) be a tronquée solution in F4 ;. If j is even, the regzon of analyticity contains the
corresponding branch of (\flSan( )) 1/2 , which contains S for R large enough. If j s
odd, the regzon of analyticity contains the corresponding branch of (\flSan( )) /2, which

contains S for R large enough, and
y(x) ~ go(z), T € d, |z| — oo,

where d is a ray whose infinite part is contained in the interior of Sg)

.Z’

Assume that y(x) is a tronquée solution to (1.1) satisfying y(x) ~ —%F and h is defined
by (3.12). Then h has representation (3.14) or (3.15). From Theorem 2.4 we obtaln information
about singularities of h. Let & = Cyie Yw V2 £ = C_e “w /2, F,, and F,, be as in
Section 2. Then the equation satisfied by Fj and FO is the same

, 42 d 362 (L Fo(6))”
d?QFo(f) + fdngo(é’) T 3BRE) —2)
(3Fo(§) —2)° | (3Fn(§) —2)* | 3Fp() —2 _
51 + 3 + 5 = 0. (3.16)
The solution satisfying (2.9) is
_ %
Fy(§) = 2614 (3.17)

with simple poles at §§1) =—1—+/3iand §§2) = —1++/3i. Hence the statements in Theorems 3.5
and 3.6 hold true for function h, with Sg) as defined in (3.13) and 64 in the formula replaced
byfgl),izlorizl
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3.3.2 Case 2

(6
I(z) = —2z — —.
() T

Make the change of variables
z=(w)?,  y)=zh(w)+(z). (3.18)
Then the equation (1.1) is transformed into an equation for h of the form (1.6) with

1 1
fr=a+s, B=-ats.

Let the notations be the same as in Section 2. In view of the transformation (3.12), we denote

5O {o g e (-1.5) ) 50 {os oy (1) ).
5@ .= {x: arg(z) € (3;5;)} §® .= {x: arg(x) € (54”7;)} (3.19)

For j € {0,2}, SU) is mapped under the transformation (3.7) bijectively to the right half w-
plane Sy; for j € {1,3}, S () is mapped bijectively to the sector to the left half w-plane So.

Theorem 3.8.

(1) There is a formal power series solution of (1.1) of the form
o Yo,k
_ 0,
go(w) =) 2k
k=0

where

Yo,0 = —2, Yo,1 = —Qu.

(i1) For each j € {0,1,2,3}, there is a one-parameter family Fa ; of tronquée solutions of (1.1)
in S, where

y(x) = l(z) + zh(w), w =z

If j is even, then h(w) has the representations

h+(ZU) + Z C_lf_e_kwwkM1£¢Hk(w)a _¢ € (07 g) )
h(w) = i~ (3.20)
ho(w) + 30 Cre R Ly (), —g e (—2,0).
k=1

If j is odd, then h(w) has the representations

W (w) + Y CheR (—w) MLy Hy (—w), —¢ € (o,
h(w) = k2t

T
2
) ) _ (3.21)
W) + Y Chek (—w) MLy iy (—w), —p € (=3,0).
k=1
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(i4i) Let y(zx) be a tronquée solution in Fa ;. If j is even, then the region of analyticity contains
the corresponding branch of (San(h))'/2. If j is odd, then the region of analyticity contains

the corresponding branch of (S’an(h))l/g, and
y(x) ~ go(z), zedc SV, |z| — oo.

Assume that y(x) is a tronquée solution to (1.1) satisfying y(z) ~ —2z and h is defined
by (3.18). Then h has representation (3.20) or (3.21). From Theorem 2.4 we obtain information
about singularities of h. Let F},, and F),, be as in Section 2. Then the equation satisfied by Fy
and Fo is the same

@ d EER©) 3 -2
— (Fo(§) —2)* - %(52)_2 =0. (3.22)
The solution satisfying (2.9) is
2€
Fo(§) = ) (3:23)

with a simple pole at £ = —2.
Theorem 3.9.

(1) If j € {0,2}, then h has representation (3.20) for a unique pair of constants (Cy,C_). If
Cy # 0, then the singular points of h, at w,", near the boundary {w: argw = 77/2} of the

n
sector of analyticity are given asymptotically by

w = 2n7i — (o + 1/2)In(2n7i) + In(C) — In(=2) + o(1), n — 00.

If C_ # 0, then the singular points of h, w, , near the boundary {w: argw = —7/2} of

n’
the sector of analyticity are given asymptotically by

w,, = —2nmi — (a+ 1/2)In(—2nxi) + In(C_) — In(—2) + o(1), n — 0o.

(i) If j € {1,3}, then h has representation (3.21) for a unique pair of constants (C’+, C'_) If
Cy #0, then the singular points of h, w,", near the boundary {w: argw = —m/2} of the
sector of analyticity are given asymptotically by

W = —2n7i+ (—a + 1/2)In(2n7i) — In (C’+) +1n(—2) + o(1), n — 00.

If C_ # 0, then the singular points of h, W}, , near the boundary {w: argw = 7/2} of the

n’
sector of analyticity are given asymptotically by

Wy, = 2nmi+ (—a + 1/2)In(—2n7i) — In (C-) + In(~2) + o(1), n — oo.

Denote
[ 3
T(;(S% =<Sw: |lw| > R, arg(w) € _Z—HS’I_(S]}’

Dw| > R, arg(w) €

o3
B
Il
S

Dw| > R, arg(w) € 37T+5,77r—5}},

o3
o2
f_/h\/_/h\f_?/_/H
N
+
S
(@2
=13
|
(%)
.
——

w: |lw| > R, arg(w) € _im + 9, T 5] } . (3.24)
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Theorem 3.10.

(1) Let j € {0,2}. For each 6 > 0 there exists R large enough such that we have a tritronquée
solution yj analytic in T(;(J}% given by

yf (@) = =22+ = + b (a?).

(13) Let j € {1,3}. For each 6 > 0 there exists R large enough such that we have a tritronquée
solution Yy; analytic in T(s(% given by

_ a
yﬂ@=*4x+;+h(ﬁ)

Let C%, 1 < j <4 be as in (2.15). Then

(i71) The singular points of h*(w), wfn, near the boundary of the sector of analyticity are given
asymptotically by

wy,, = —2nmi — (a +1/2)In(—2nmi) + In(C%) — In(—2) + o(1),
wf’n = —2n7i + (—a + 1/2)In(2n7i) — In(CL) + In(—2) + o(1).
(iv) The singular points of h™ (w), win, near the boundary of the sector of analyticity are given
asymptotically by
Wy, = 2nmi+ (—a+1/2)In(—2n7i) — In(C%) + In(—2) + o(1),
w;n = 2n7i — (a4 1/2)In(2n7i) + In(C%) — In(—2) + o(1).

3.3.3 Case 3

A aA + /8 2
=—4+ — A= —b/2.
l(2)=—+—5 b/
Make the change of variables
z=wY?,  y) =z"'hw)+1(z). (3.25)

Then the equation (1.1) is transformed into an equation for h of the form (1.6) with

a 3A a 3A

51:—5‘1‘77 5225—7‘

Let the notations be as in Section 2, SU) be as in (3.19) and Té}% be as in (3.24).
Theorem 3.11.

(1) There is a formal power series solution of (1.1) of the form

(o)
Yo,k
>
k=0

Jo(x) =

8|

where

aA+

Yo,0 = 4, Yoi=—>0
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(1) For each j € {0,1,2,3}, there is a one-parameter family F 4 ; of tronquée solutions of (1.1)
in S, where

y(z) = 1(z) + =z~ h(w), w = z°.

If j is even, then h(w) has the representations

() + i Ck e~ kMg Hy (w), —¢ € (o, E) ,

2
h(w) = = _
W (w) + Y Che e ut MLy (w), ¢ € (—5, 0) .
k=1

ho(w) + S CRe (—w) MLy (—w), —¢ € (0, g) ,

h(w) = = W
W) + S CR ek (—w)EMe £ il (—w), —¢ € (—5,0) .
\ k=1

(i13) Let y(x) be a tronquée solution in Fa ;. If j is even, then the region of analyticity contains
the corresponding branch of (San(h))'/2. If j is odd, then the region of analyticity contains

the corresponding branch of (S’an(h))l/g, and
y(xz) ~ go(x), zedc SV, |z| — oo.

Theorem 3.12.

(i) Let j € {0,2}. For each § > 0 there exists R large enough such that we have a tritronquée
()

solution y;“ analytic in Téé given by
A aA+B
() = 2 +(,.2

(ii) Let j € {1,3}. For each § > 0 there exists R large enough such that we have a tritronquée
solution Yy; analytic in T(;(J}% given by

A aA+p _

yj (@) = —+—5—+h (z?).

Note 3.13. In this case, the corresponding Fy and Fy turn out to be &, which yield no singu-
larities for h. However, it does not imply that the poles are nonexistent. More research needs
to be done for this case.

4 Proofs and further results

4.1 Proof of Proposition 2.1

Let h and u be as defined in Section 1. We have a system of differential equations (1.8) for u. It
is known (see [3, 4, 6]) that it admits transseries solutions (i.e., formal exponential power series
solutions) of the form

u(w) = up(w) + Z CFe=kwy=Pikg, (w), (4.1)
k=1
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1

where Gp(w) and Gg(w) are formal power series in w™", namely

ﬁk(w):i“kf, k> 1, ao(w):i%.

w w”
r=0 r=2

Also, Gp(w) is the unique power series solution of (1.8). The coefficients in the series G, can be
determined by substitution of the formal exponential power series t(w) into (4.1) and identifi-
cation of each coefficient of e™**. Proposition 2.1 is then obtained through (1.7). Furthermore,

ho(w) =11 To(w),  p(w) =11 Gp(w), 1= {1_51 14 P2 (4.2)
2w 2w

4.2 Proof of Theorem 2.2

Let d = ¢?RT with cos# > 0, and let u be a solution to (1.8) on d for w large enough, satisfying
u(w) — 0, w € d, |lw| — 0.

Theorem 3 in [4], Theorem 16, Lemma 17 and Theorem 19 in [6] imply the following results:

Proposition 4.1.

(i) For any d' = e RT where cos§' > 0, the solution u(w) is analytic on d’ for w large enough
and u ~ ug(w) on d'.

(ii) Given ¢ € (—g,()) U (0, g), there exists a unique constant C(¢) such that u has the
following representation:

(C(¢)re M w N £,Uy (w), (4.3)

WE

u(w) = LyUp(w) +

b
Il

1

where
Uy = By, Uy = B(w F=Fhy,), k=1,2,..., (4.4)

where for each k > 1, Uy is analytic in the Riemann surface of C\ (Z* UZ™), and the
branch cut for Uy, is chosen to be (—o0,0]. The function C(¢) is constant on (—%,0) and
also constant on (O, %)

(13i) Let € be small. There exist §, R > 0 such that u(w) is analytic on
San,e(u(w)) = S;r U S;,
where ST is as defined in (2.5).

We now return to the proof of Theorem 2.2. Assume that h(w) is a solution of (1.6) on
d = e?RT with cos ¢ > 0 for |w| > wg, where wg > 0 is large enough. Without loss of generality

we may assume that wg > 7”‘621’32‘ Thus the vector function u(w) defined by

B1 Byt
1—— 14—
_ 2 2 h(w)
u(w) - . %]1 . 615 [h’(w)] (45)
2w T 2w

is a solution of the differential system (1.8), and h(w) =r; - u(w).
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Next we use the basic properties (see Lemmas A.1 and A.2) of the operators B and L, and
obtain the following

£¢B(I‘1 . ﬁ()) =TI - ,C¢B(l~10) =TIy - E¢U0,
£¢B(w_k’31_kM11‘1 . ﬁk) =TI - £¢B(w_k61_leﬁk) =TI - £¢Uk. (4.6)

By Proposition 4.1(i), given a ray d' in the right half w-plane, h(w) = rj - u(w) is analytic
on d for |w| large enough and is asymptotic to ho(w) = ry - ig(w) on d’. From the represen-
tations (4.3), (4.4) in Proposition 4.1(ii) of u(w) and (4.6) we obtain the representations for
h(w) = r1 - u(w) as in (2.2) and (2.3). For |w| large enough, h(w) is analytic where u(w) is
analytic, hence Proposition 4.1(iii) implies Theorem 2.2(ii). Thus Theorem 2.2 is proved.

4.3 Proof of Theorem 2.4

Let h(w) and u(w) be as in the proof of Theorem 2.2. h(w) has representations (2.2) and (2.3).
We will consider the case C; # 0 and prove (i) and (ii). The statements (iii) and (iv) about the
case C_ # 0 follow by symmetry.

By Theorem 1 in [6], there exists d; > 0 such that for || < 01 the power series

G(§+) :Zfiuk,m, m=20,1,2,...
k=0

converges, where G satisfies
Go = 0, G6 = e].

Furthermore,

u(w) ~ Y w Gy (1 (w)), w00 (4.7)
m=0
holds uniformly in

Ss, = {w: arg(w) € (

™

: +5,g+5) €4 (w)] < 51}.

By Theorem 2 in [6], for R large enough and 4, € small enough, u(w) is analytic in D} (see (2.8)).
Also, the asymptotic representation (4.7) holds in D;;. Moreover, if Gy has an isolated singularity
at &, then u(w) is singular at a distance at most o(1) of w;" given in (2.10), as w;,} — oco. Since
h(w) = r1 - u(w), Theorem 2.4(i) follows from the results cited.

Assume |w| > /|B152|/2. Both (1.7) and (4.5) hold. While (1.7) implies that A is analytic
at least where u is analytic, (4.5) implies that h is singular where u is singular. Thus the
asymptotic position of singularities, i.e., poles of h(w) is the same as that of u(w), which is
presented in equation (2.10). Thus Theorem 2.4(ii) is proved.

4.4 Proof of Corollary 2.5

Let the notations be the same as in Section 2.2. First we point out some properties of Uy(p).
See also [3].

We apply formal inverse Laplace transform to the system (1.8). To be precise, assume the
analytic function g(w, u) has the Taylor expansion at (0o, 0) as follows

g(w, u) = Z gm,lw_mul> ‘w_l} < 501 |u| < 50-
m>0;[1/>0



22 X. Xia

Note that by assumption g,,; = 0 if 1] < 1 and m < 1. Denote U = L7 1u. Then the formal
inverse Laplace transform of the differential system (1.8) is the system of convolution equations

. . [P

pU) =~ [AUG) + B [ UGs)as| 4 (0) 0 (4.5)

where
_ = gm,O 1 n| gm,1 -1 |
N(U)(p)—z( PP 4D goaU +Z<Z 1)!pm >*U.
m=2 11>2 N>1 \m= 1

Let v(p) = (v1(p),...,vn(p)) be an n-dimensional complex vector function, f(p) be a locally
integrable complex function and 1= (I1,...,l,) be an n-dimensional multi-index. Then

v —vikll U;‘IQ*---*U:ZI", (v« f)(p) e C (v f)j=vjx*f, ji=1,...,n.

We gather the following facts about U.
Proposition 4.2.

(1) Let K € O be a closed set such that for every point p € K, the line segment connecting
the origin and p is contained in K. Then Uy is the unique solution to (4.8) in K.

(5) Up = Bug. Ug is analytic in the domain O = C\[(co,—1]U[1,00)], and is Laplace
transformable along any ray e Rt contained in O. LUy is a solution of (4.8) for each ¢
such that | cos(¢)| < 1.

(13i) Let K be as in (i). There exists bx > 0 large enough such that

Sup/ [Uo(s)]e % l*l|ds| < oo.
PEK J[0,p]

Proposition 4.2(i) and (ii) come from Proposition 6 in [3]. Although (iii) is not stated expli-
citly in [3], it can be easily obtained by the same approach used to prove Proposition 6. Let K
be as in (i). Consider the Banach space

Loy (K) == {f: f is locally integrable on [0, p] for each p € K'}

equipped with the norm || - || x defined by

1€lls.x = sup / 1£(s)lle~?¥|ds],
peEK J[0,p]

where ||f(s)| = max{|fi(s)|,|f2(s)|}. We can show that for b large enough, the operator

N =U(p) — (A —pI) 1< /U )ds + N(U)(p ))

is contractive in the closed ball S := {f € Lyay(K): ||f|lpx < 6} of Lyay(K) if 6 is small enough.
By contractive mapping theorem there is a unique solution of /U = U in S, namely Uy by
uniqueness of the solution. Using integration by parts and (iii) we have the following;:

Corollary 4.3.
(i) If p € (0,7) or ¢ € (—7,0), L, Ug(w) is analytic (at least) in the region
Ay :={w: |w|cos(¢ + arg(w)) > b},

where b = by is as in Proposition 4.2(iii) with K = ¢'?R*,
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(1) If 0 < ¢1 < o < mor0 < —¢p1 < —¢po < 7, then Ly, Uy and L4, Uy are analytic
continuations of each other.

Since Hy = Bhy, by (4.2) and Lemma A.1 we have

Hop) = (Buo)(p) + (Buo) (p) — (1 » (Buo, )] (p) + 2 (1 # (B )]0

B p
= Una(p) + Voz2(p) = 5 (1 Uon)(p) + 5 (1% Uo2) (), (4.9)
where ug 4, ¢ = 1,2, is the i-th component of the vector function ug and Uy, i = 1,2, is the i-th

component of UO It is clear from (4.9) that Proposition 4.2(iii) and Corollary 4.3 hold with Uy
replaced by Hp.

Merely by Hy(p) = —Hy(—p) and Corollary 4.3(ii) with Ug replaced by Hy we obtain Corol-
lary 2.5(i). Moreover, both ™ and h™ are special cases of tronquée solutions, thus Theorems 2.2
and 2.4 apply. h' is analytic at least on San(h™) U (—San (iﬁ)) and h~ is analytic at least on

San(h™)U (—San (ﬁ_)) We also obtain the asymptotic position of singularities of the tritronquée
solutions as in Corollary 2.5(ii).

4.5 Proof of the results in Section 3

Once we have the normalizations in the form of (1.6) of the equations (1.2), (1.3) and (1.1), the
results in Section 3 follow from the results in Section 2. Here we present the details of finding
solutions to (3.4), (3.10), (3.16) and (3.22) satisfying (2.9).

4.5.1 Solving (3.4)

Make the substitution Q(s) = A + Fy(e®) then (3.4) transforms into

& ($Q6)”  @s)* 1
w90 0m T e Tiage

Multiplying both sides by 1/Q(s) we obtain

3 (G) = am (€0 gy )

Multiplying both sides by 2Q’(s)/Q(s) and integrating with respect to s we have

Q'(s) 1 '
<Q(3)> 4A2 <Q2( )+ Q2(5) + Cl) ) ie.,
(@) = (@) + Q%) +1). (4.10)

By a linear transformation Q(s) = Q(s)/(2A), (4.10) is reduced to the Jacobi normal form which
is solved by Jacobi elliptic functions unless Cy € {—2,2}. Since Q(s) = A+ Fy(e®) and Fy(0) =0
(see (2.9)), the solution we look for cannot be an elliptic function. Moreover, as Re(s) — —oo,
Q(s) — A implies Q’'(s) — 0, so (4.10) needs to be of the form

(@ (5))? = 15 (Q°(s) — 4)°
The solution satisfying Q(s) — A as Re(s) — —oo is

Cy —¢f
Co+es’

Qs)=A- Cy # 0.
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Thus the solution to (3.4) is

B 2A¢
Cy+ &

Hence the solution to (3.4) satisfying (2.9) is

Fo(§) =

2A¢
2A — ¢

Fo(§) =

4.5.2 Solving (3.10)
Make the substitution Q(s) = A + Fy(e®) then (3.10) transforms into

a2 (£06)" @)?, 1
@29 -0 " 34 3400

Multiplying both sides by 1/Q(s) we obtain

i () =5 (20~ g )

Multiplying both sides by 2Q’(s)/Q(s) and integrating with respect to s we have

Q/(S) 2 . 1 1 .
<Q(S) > - 3714 <2Q(S) + QT(S) + Cl> , ie.,
(Q’(S))2 = 3%4(2@3(5) + 01Q2($) i 1)‘ i

=0.

Notice that if the equation 223 +Cy22+1 = 0 has three distinct roots then (4.11) is known to have
Weierstrass p-functions as general solutions, in which case the corresponding Fy(§) = Q(In&)—A
fails to satisfy the condition (2.9). Hence C; must be such that the equation 223+ C12%2 +1 =0
has a multiple root. Denote the multiple root by r1. Then

223 + Cra® +1=2(x —r1)*(z — ra).
Then we obtain
rL = —27“2, ’I”il)) = 1, Cl = —3’/“1.

Since Q(s) — A as Re(s) — —oo, '(s) — 0. Hence r; = A or 1 = A. We knew from the
normalization (see (3.6)) that A% = 1. Thus r = A4, ro = —A/2, and C; = —3A. Hence (4.11)
is of the form

QP = (@) - 47 (@) + 5 ). (1.12)

The solution to (4.12) is

A 34 [(Cy—es\?
Q(5>—‘2+2<02+es>

Hence the solution of (3.10) satisfying (2.9) is

36A2¢

Fo(§) = GA—o2
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4.5.3 Solving (3.16)
Make the substitution Q(s) = Fy(e®) — 2/3 then (3.16) transforms into

2 40(s 3(s s

Multiplying both sides by 2Q’(s)/Q(s) and we have
d [(Q'(s)) _d 33 2
e o CAOR CAURR 1)
Integrating with respect to s we have
(@ (5))? = ~5Q4(5) — 3Q°(5) — 3Q%(5) + C1Q(s). (413)

Letting Re(s) — —oo we have Q(s) — —2/3 and Q'(s) — 0. Thus C; = —8/9 and the
equation (4.13) is of the form

2
=0.

vowe 3 8 2\
(Q(s))"=—7Q(s) (Qls) + 7 ) (Qs)+3 | -
4 3 3
This is a separable differential equation with general solutions
2e% — CF — 2iCye’®
3 2 — (2 +iChe’s
Hence the solution of (3.16) satisfying (2.9) is

_ %
2428 +4

Q(s) =

Fy(§)

4.5.4 Solving (3.22)
Make the substitution Q(s) = Fy(e®) — 2 then (3.16) transforms into

@ (306)° 3% Q)
PR T R E A

Multiplying both sides by 2Q’(s)/Q(s) and we have

LU 4 ((@w+ @ +ae).

Integrating with respect to s we have
(@ (5)) = JQ*(5) + Q%(5) + Q%(s) + 1QUs). (414)

Letting Re(s) — —oo we have Q(s) — —2 and Q'(s) — 0. Thus C7 = 0 and the equation (4.14)
is of the form

(@(5)) = JQ°()(Qs) + 27

This differential equation has general solutions

2
= 0.

2C%
Qls) = _CQ +es’
Hence the solution of (3.22) satisfying (2.9) is
2§
Fo(8) = 77

TS
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A  Appendix

Recall that the Borel transform of a formal series

flw) = ianw”"*”, Re(r) > 0,
n=0

[e.°]

where the series ) a,z" has a positive radius of convergence, is defined to be the formal power
n=0
series
0 n+r—1
3 anp
B = E S

Lemma A.1. Assume that we have two formal series f and §,

f(w) = Zanw”"*”, Re(r) > 0,
n=0

g(w) = i bow™ "7, Re(s) > 0,
n=0

o0 o0
where both series > anx™ and Y bya™ have positive radii of convergence. Then
n=0 n=0

B(f3)(p) = (Bf #Bg)(p) =p"*" ) (Z akbn_k> b
n=0 0

= T(n+r+s)

'

where
(87« B3) )= [ (B)(0)(B3) (o~ ).

Recall that the Laplace transform L4 is defined as the following

soei®
fs /0 f(p)e~dp,

where ¢ € R.

Lemma A.2. Assume that the function f is integrable over the ray ¢°RY, namely

OOei¢
| sl <o
Then for Re(we'?) > 0,
Lof1 )w) = = Lo(f)w).
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