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Abstract. This paper extends, to a class of systems of semi-linear hyperbolic second order
PDEs in three variables, the geometric study of a single nonlinear hyperbolic PDE in the
plane as presented in [Anderson I.M., Kamran N., Duke Math. J. 87 (1997), 265-319]. The
constrained variational bi-complex is introduced and used to define form-valued conserva-
tion laws. A method for generating conservation laws from solutions to the adjoint of the
linearized system associated to a system of PDEs is given. Finally, Darboux integrability
for a system of three equations is discussed and a method for generating infinitely many
conservation laws for such systems is described.
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1 Introduction

This paper belongs to the field known broadly as the geometric study of partial differential
equations, which seeks to understand differential equations through the study of properties
which remain invariant under particular groups of transformations. The subject has its roots in
the foundational works of Lie, Darboux, Cartan and others. It was Cartan who recast partial
differential equations geometrically as exterior differential systems. In doing so, the solutions to
partial differential equations were realized as integral manifolds of corresponding exterior diffe-
rential systems. More recently, the field of geometric PDEs has undergone a number of important
developments. These include efforts to obtain explicit solutions and solution algorithms to
specific classes of PDEs [3, 35], the investigation of links between PDEs and the geometry of
the submanifolds which their level sets define [22, 23, 31], as well as the study and computation
of invariants such as conservation laws [4, 14, 34]. It is this last area, conservation laws, with
which this paper is concerned.

The geometric approach to conservation laws has an extensive history and literature, which we
will not attempt to describe in any detail, referring the reader instead to [24] for a comprehensive
account of the subject. We will however provide a brief, non-exhaustive overview of some of the
themes and contributions that are relevant to this paper. Our approach to conservation laws
finds its origin in the study of the cohomology determined by the C-spectral sequence introduced
by Vinogradov in [32] and [33]. In addition to being used to characterize conservation laws in
terms of cohomology, this construction has facilitated work in other important aspects of the
study of differential equations including the inverse problem of the calculus of variations (see for
example [5, 15]) and Euler-Lagrange operators as studied by Tulczyjew in [30]. Tsujishita and
Duzhin built upon the work of Vinogradov to study conservation laws of the BBM equation [17],
and Tsujishita expanded the applications of the C-spectral sequence to include topics such as
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the study of characteristic classes and Gel’fand—Fuks cohomology [28] and conservation laws of
the Klein-Gordon equation [27].

In [1], Anderson gives a comprehensive treatment of the variational bi-complex, which emer-
ged out of the works on the C-spectral sequence mentioned above, and the horizontal cohomology
of which will serve as the natural framework for our present study of conservation laws. It should
be pointed out that the variational bi-complex also lends itself to the study of various other topics
such as the equivariant version of the inverse problem of the calculus of variations, Riemannian
structures, and the method of Darboux integrability for a scalar second order PDE. A large
body of work has been amassed in the study of conservation laws by utilizing the variational
bi-complex. Of particular importance for the present discussion, we note that Anderson and
Kamran performed an extensive study of the conservation laws of hyperbolic scalar second order
PDEs in the plane in [4].

In the contemporaneous work of Bryant and Griffiths [6, 7], conservation laws were studied
from the distinct, yet related, perspective of the characteristic cohomology of exterior differential
systems. In particular, local invariants of an exterior differential system are shown to govern
the properties of the system’s characteristic cohomology. This approach carries the study of the
variational bi-complex and the C-spectral sequence into the realm of exterior differential systems,
where the independent and dependent variables of a system of partial differential equations are
treated equally.

To demonstrate the connection between this approach and that of Vinogradov, we refer
the reader to Vinogradov’s “two line theorem” [32] which indicates that a system of PDEs of
Cauchy—Kovalevskaya type in n independent variables will have trivial horizontal cohomology of
horizontal degree < n — 2 in the associated variational bi-complex. This result can be recovered
from a fundamental theorem of [6] regarding characteristic cohomology (see [21, Section 10.4]).
It can also be generalized by using Vinogradov’s spectral sequence [29] as well as characteristic
cohomology techniques [6]. The literature on characteristic cohomology is too extensive to
discuss in detail, but we will note that the notion of a hyperbolic exterior differential system
was introduced and studied in [8] and [9]. Additional examples of work in this field include that of
Clelland [14] and Wang [34], each of whom studied conservation laws using the approach of cha-
racteristic cohomology, the former studying second order parabolic PDEs in one dependent and
three independent variables, and the latter considering third order scalar evolution equations.

As mentioned previously, our study of conservation laws will take place in the setting of
the variational bi-complex. In this framework, differential forms on the jet bundle of infinite
order J*°(E) of a fibered manifold 7: £ — M are bi-graded and the (unconstrained) variational
bi-complex is defined using the exterior derivative split into horizontal and vertical components,
denoted by dm and dy respectively. The constrained variational bi-complex is associated to
a given partial differential equation or system of equations, R, by taking the pullback of the
unconstrained variational bi-complex to the infinite prolongation of the equation manifold, R.
Then the study of equivalence classes of conservation laws of a given PDE (or system of PDEs)
corresponds to the study of the horizontal cohomology of this constrained bi-complex, denoted
by H™*(R>,dy) where (r,s) is referred to as the bi-degree of the conservation law. In this
context, a classical conservation law will have the form

w= ZMil,..irdmil ARERWA dx”,

where dgw = 0 and the M; are functions defined on R*°. We call w a trivial conservation law
if there exists an (r — 1,0) form v on R*° such that dyy = w. In other words, the classical
conservation laws determine the cohomology classes of H™Y (ROO,dH) where two conservation
laws lie in the same cohomology class if they differ by a trivial conservation law. The notion
of a higher-dimensional, or contact form-valued, conservation law will then arise when w is
a representative of a cohomology class for s > 1. In this case the terms M; would be type (0, s)



The Variational Bi-Complex for Systems of Semi-Linear Hyperbolic PDEs 3

contact forms. Analogous to the classical case, w € H™® (R‘X’, d H) is said to be trivial if there
exists a form 7 of bi-degree (r — 1, s) such that dgy = w. To illustrate these ideas, we provide
the following simple example in two independent variables:

Example 1.1. Consider the Liouville equation
Ugy = €.

An example of a classical conservation law for this equation is given by the cohomology class
[(um — %ug)dx] e HYO (ROO, dH), while an example of a contact form valued conservation law
P .
would be [(0zp — uzf;) Adx] € HY (Roo,dH), where 07 = duy — ) ur  jda’.
j=1
We will now restrict our attention to the particular class of PDEs with which this paper

is concerned. Specifically, we undertake the study of involutive systems of three nonlinear,
hyperbolic equations of the following form:

Fyji (2, 2?2 uy i, ug,wif) = wig — fij (o8, 2%, 2% u,ui,u5) =0 (1.1)

for 1 <¢ < 7 < 3. Note that the expression f;; depends on all three independent variables, but
only depends on the derivatives of u with respect to 2 and z7. Systems of partial differential
equations within this class appear in several interesting contexts. Linear systems of this type
arise in the parametrization of Cartan submanifolds in Euclidean space as carried out by Kamran
and Tenenblat [22]. This work built upon that of Chern, who in [12, 13] gave a generalization of
the Laplace transformation to a class of n-dimensional submanifolds in projective space, which
he termed Cartan submanifolds as they had previously been studied by Cartan in [11]. The
submanifolds in Chern’s study admit a parametrization by a conjugate net, which in Euclidean
space implies that the functions giving the parametrization satisfy an overdetermined system of
second order PDEs,

Xy =TLX;+T.X;,  1<i#j<n

These fit into the class of systems studied in [22]. Other examples of applications of systems of
the form (1.1) include the study of semi-Hamiltonian systems of hydrodynamic type (see [21, 26],
and [16]), and (1.1) are also a special case of the nonlinear Darboux—Manakov—Zakharov systems
studied by Vassiliou in [31].

We proceed to give a synopsis of how this paper is organized. An overview of the essential
background material needed to set the stage for the subsequent sections is carried out in Section 2
which includes the theory of jet bundles and the variational bi-complex. In Section 3 we develop
the Laplace adapted coframe which provides the framework for our study and describe a method
for generating (2, s) conservation laws for systems (1.1). Darboux integrability is discussed in
Section 4, followed by concluding remarks and directions for future research in Section 5. The
systems (1.1) are described in the context of Cartan’s structural classification [10] of involutive
systems of three equations in one dependent and three independent variables in Appendix A
and the full structure equations and Lie bracket congruences for the Laplace adapted coframe
are given in Appendix B.

In Section 3 the construction of the Laplace adapted coframe utilizes the methods presented
in [4], where a version of the Laplace transformation that applies to the form-valued linearization
of a PDE of the form

F(w,y,u, uwauyaux:vauxyauyy) =0 (1.2)

is developed. Moving from a single equation (1.2) to a system of equations (1.1) introduces
a set of nonlinear integrability conditions which must be satisfied in order for the system to be
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involutive. These conditions will be analogous to the integrability conditions described in [22],
with the partial derivatives having been replaced by total derivatives.

Once linearized, the system may be analyzed using a generalization of the well-known clas-
sical Laplace method, used for integrating a single, linear hyperbolic PDE. This method was
adapted to the study of systems of linear hyperbolic PDEs in n independent and one depen-
dent variable in [22]. It was subsequently extended to the vector-valued case in [35]. In this
paper, a form-valued version of the generalized Laplace transform is used to investigate the
systems (1.1). Following the detailed computation of the essential structure equations and Lie
bracket congruences for the Laplace adapted coframe which are provided in Appendix B, we are
in a position to state and prove the first main result of Section 3, which is a structure theorem
for the (2, s) conservation laws for systems (1.1).

In order to motivate the statement of this theorem, we will first describe an analogous result
concerning classical conservation laws. The reader may refer to [24] for a detailed exposition on
this topic, as all computations and proofs will be omitted here. Consider a system of differential
equations

R: Al,(a:,u(k)), 1<v<m, (1.3)

where (ac, u(k)) = (xi,ua, e ,u?) with1 <i<mn,1<a<gqgand|I| <k are local jet coordinates.
A conservation law for this system is an n-tuple P = (P1 (:1:, u(k)), ..., Py (J;, u(k))) whose total
divergence vanishes identically for all solutions of (1.3). That is,

n
DivP =Y D;P; =0, (1.4)
=1

q
where D; = % + Zl > uji%. A conservation law P is said to be trivial if there exist C*°
a=

functions R;; (a:, u(k)), 1 <4,j < n, where R;; = —Rj; such that, taking into account R and its
prolongations,

n
P, =) D;Ry;.
j=1

Then two conservation laws, P and P, are considered equivalent if their difference P — P is
a trivial conservation law. It can be shown using integration by parts that if R is totally non-
degenerate, i.e., the system of equations and all its prolongations are of maximal rank and
locally solvable, then any conservation law P is equivalent to a conservation law P whose total
divergence can be written in the form

S DB =S QA (15)
i=1 v=1

where the multipliers @, = @, (:1:, u(k)) are C'° functions on the infinite jet bundle. The m-tuple
Q= (Q1,...,Qnm) is referred to as the characteristic of the conservation law P. A characteristic
is trivial if it vanishes for all solutions of the system of equations, and two characteristics are
said to be equivalent if they differ by a trivial characteristic. As stated in [24], two conservation
laws P and P are equivalent if and only if their characteristics are equivalent. So it is natural
to suspect that the study of characteristics and conservation laws go hand in hand. Applying
the Euler-Lagrange operator,

Eo =Y (-1)"ID; <£?> :

[1]=0
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to both sides of (1.5), one obtains the identity
LH(A) + LAQ) =0, (1.6)

where E*Q is the adjoint of the formal Fréchet derivative of the differential operator @), and
likewise for £} . Since the system of equations specifies A = 0, the identity (1.6) leads to the
following conclusion:

Theorem 1.2. The characteristic QQ, (x,u(k)), 1 < v < m, of any conservation law (1.4) for
a totally non-degenerate system of differential equations (1.3) lies in the kernel of L7, that is

LA(Q) =0.

Then the first main result of this paper, Theorem 3.15, which we will state in full presently,
can be seen as an analogous result for conservation laws of systems of the type (1.1) for higher
vertical degrees. Essentially, it tells us that any (2, s) conservation law can be constructed from
certain (0, s — 1) contact forms which satisfy an equation involving the adjoints of the linearized
equations of the original system. Precisely, it says the following:

Theorem 1.3. Let R be a second order hyperbolic system of type (1.1). Then for s > 1 and
w € N> (ROO) a dg-closed form, there exist contact forms

pij € Qos—t (ROO) and v e Qbs (ROO)
for 1 <i<j <3, such that w is given by

w= Z Wi (pij) +duy

1<i<j<3

and the p;; satisfy the equation

1<i<j<3

where the W;; are maps from the space of (0,s — 1) forms to the space of (2,s) forms defined
explicitly in Section 3.5, and the operators E;kj are the adjoints of the operators appearing in the
linearized system.

The second noteworthy result of Section 3 concerns the cohomology of the constrained vari-
ational bi-complex which is defined in Section 2.3. Before stating the theorem, we will take
a moment to introduce some terminology which will be helpful in the discussion of this result,
and those to follow. Just as in the case of the classical Laplace method, there are generalized
Laplace invariants which arise during the application of the generalized Laplace transform. The
generalized Laplace invariants are relative invariants with respect to contact transformations,
so their vanishing is a contact-invariant condition. When the generalized Laplace transforma-
tion is applied repeatedly to a particular system of equations, a sequence of generalized Laplace
invariants is generated and this sequence may or may not terminate at some point. If, for ex-
ample, the (4, j) Laplace invariants are zero after p;; applications of the Xj;-Laplace transform,
then p;; is referred to as a Laplace index of the system of equations, written ind(X;;) = p;;. If
the sequence of Laplace invariants never terminates, then we write ind(Xj;) = oo.

Then the crux of Theorem 3.17 is that if each of these sequences of Laplace invariants fails to
terminate, there will be no non-trivial horizontal cohomology of bi-degree (2, s) for each s > 3,
as stated below.
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Theorem 1.4. Let R be a second order hyperbolic system of type (1.1) and suppose that
ind(Xj;) = oo for 1 < i < j < 3. Then, for all s > 3, all type (2,s) conservation laws are
trivial. That is,

H*5(R*,dy) = 0.

The proof of this result utilizes the fact that relative invariant contact forms can be con-
structed from nonzero solutions to the adjoint equation seen in Theorem 3.15. A contact form, w,
is said to be invariant relative to the characteristic vector field X if X (w) = Aw for some func-
tion A on R, where X (w) denotes the projected Lie derivative of w with respect to X. The
existence of such contact forms then contradicts the hypothesis that none of the Laplace indices
is finite.

The second set of results from this paper is contained in Section 4 and addresses the topic
of the Darboux integrability of systems of the form (1.1). Classically, a second order scalar
hyperbolic partial differential equation (1.2) is Darboux integrable if there exist smooth, real-
valued functions I, I, J, and J such that d AdI # 0, dJ AdJ # 0 and

XI)=X(I)=0 and Y(J)=Y(J)=0,

where X and Y are the characteristic vector fields for the equation. It is well known, see for
example [21], that for any pair of monotone functions f1, fo € C°°(R;R), the system

F(xayaua umuwuxmuxyauyy) =0, I~ = fl(I)v j = f2(<]) (17)

is completely integrable in the sense of the Frobenius theorem. It is therefore evident that
Darboux integrable equations may be solved via ordinary differential equation techniques.

Example 1.5. To illustrate the concepts above, we return to the Liouville equation
Ugy = €.

In this example, the characteristic vector fields are X = D, and Y = D, (the total derivatives
with respect to z and y, respectively). Then I = y and I= Uyy — %ug are invariant functions
with respect to X, and J = z and J = ugy — %uz are invariant functions with respect to Y as
required by the definition above. Letting fi = ¢} and fo = g¢j, it is possible to integrate the

system (1.7) to obtain

241 (y)gs ()
(91(y) + g2(2))?|

The concept of Darboux integrability has been studied extensively, and extended to new
settings. Two noteworthy examples are [4], where the Darboux integrability of equations (1.2)
is shown to imply the existence of infinitely many conservation laws of type (1,s) for all s > 0,
and [3] where the definition of Darboux integrability is recast in a group-theoretic approach
that applies to the general framework of exterior differential systems. The definition introduced
in [3] equates Darboux integrability with the existence of what the authors refer to as a Darbouz
pasr. This terminology is explained in Section 4.2, where we also prove the lemma quoted below,
demonstrating that if certain characteristic invariant functions exist, systems of the form (1.1)
will satisfy the definition of Darboux integrability given in [3].

u = log

Lemma 1.6. Let u;; = f;j (xl,xQ,:E3,u,ui,uj), 1 <i < j <3 be a system of three hyperbolic
equations in one dependent and three independent variables with characteristic vector fields X1,
Xo, X3. If there exist smooth, real-valued functions, I, I, J, J, and K, K, such that the
following two conditions hold, then the system defines a Darbouzx pair and thus satisfies the
notion of Darbouz integrability defined in [3].
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1. I and I are invariant with respect to two of the characteristic vector fields, say X; and X,
and I and I are functionally independent: dI N dI # 0.

2. J, J, K, and K are all invariant with respect to Xi, 1 # 1,7, and are all functionally
independent from each other: dJ AdJ AdK ANdK # 0.

The next lemma describes a method of constructing a contact form invariant with respect to
a pair of characteristic vector fields by using the characteristic invariant functions described in
Lemma 1.6.

Lemma 1.7. Let I and J be functions on R and X1, X9 and X3 characteristic vector fields.
If I and J are invariant with respect to both X1 and X, such that Xs(I) = I' and X3(J) =1,
then

w=dyl —I'dyJ
is an X1 and Xo invariant contact form.

It is then possible to utilize the invariant contact form given in the previous lemma in order
to draw a connection between Darboux integrability and the Laplace indices of the system, as
the following corollary indicates.

Corollary 1.8. Let R be a system of equations of the form (1.1). If R satisfies the conditions
described in Lemma 1.6, then at least one of the Laplace indices ind(X;;) must be finite.

The connection between Darboux integrability and the termination of sequences of Laplace
invariants has been established in many different contexts. In particular, [4] and [20] taken
together show that a scalar second-order hyperbolic PDE in the plane is Darboux integrable
if and only if the Laplace indices of each of the two generalized Laplace transforms associated
to the equation are finite. In Section 4, we also describe an algorithm for generating infinitely
many (1,s) and (2, s) conservation laws for a system that the conditions of Lemma 1.6. Let us
summarize here the procedure for generating (1, s) conservation laws in particular.

First, a d-closed (s + 1)-form is constructed by taking the wedge product of the exterior
derivatives of a sequence of characteristic invariant functions whose existence is guaranteed in
the hypotheses of Lemma 1.6. Let this (s+1) form be written as « = dI3 AdIaA---Adlgyq. Tt is
then shown that the (1, s) component of « will be djy closed. Additional characteristic invariant
functions are found by applying an appropriate choice of characteristic vector field repeatedly
to the invariant functions described in Lemma 1.6, and in this way infinitely many conservation
laws may be constructed. The method presented for the construction of type (2, s) conservation
laws is completely analogous. It is furthermore shown in Section 4 that these conservation laws,
of both types, can be written in such a way that they may be shown to be nontrivial, allowing
us to conclude with the following theorem.

Theorem 1.9. If R is a system of equations satisfying the hypotheses of Lemma 1.6, then there
exist infinitely many nontrivial type (1,s) and type (2,s) conservation laws for all s > 0.

The paper concludes with Section 5 which provides a summary of our findings and suggestions
for future research. The results presented in this paper are a part of the author’s Ph.D. Thesis
at McGill University [18].

2 The variational bi-complex

Presently we will establish the necessary definitions and notation pertaining to several key
concepts, including infinite jet bundles, split exterior differentiation, and the variational bi-
complex, as presented in [1].
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2.1 Infinite jet bundles
Begin with a fibered manifold

m: E— M,

with adapted coordinates (xi,uo‘), for 1 <7 <nandl1l < a < g, over a connected base
manifold M of dimension n. In this paper we will be concerned with local properties, although
the infinite jet bundle has important global properties as well (see [1]). Given our focus, we will
take M to be an open connected subset of R” and 7 to be the trivial bundle. Let J*(E) =
Uzenm JE(E) denote the bundle of k-jets of local sections of F, with local coordinates on J*(F)
consisting of (zi,ua,u%,uf‘m,.. where 1 < i1 < iy < --- < 4 < n and with the
natural projection maps

[0
° ui1’i2‘..ik)

ke JME) - M and . J¥E) - E.
In local coordinates a p-form on J°°(FE) will be a sum of the form

w= Z Zaéjdx“/\---/\d:c”/\du%l/\---/\du?‘tt,
r+t=p «o

where the coefficients a’’ are C™ real-valued functions defined on J>(E) and I and J are multi-
indices, I = i1---4, and J = j1---j;. The contact ideal on J*°(F) generated by the contact
1-forms

n
07 = du§ — E ug;da’!
Jj=1

forms an ideal in Q*(J*°(E)), which we will denote by C(J*°(E)) and whose exterior derivatives
are given by the structure equations

dog = " da? A 67
j=1

Two particular types of vector fields on J*°(FE), total vector fields and vertical vector fields, will
play an important role in the variational bi-complex:

Definition 2.1. A vector field X is said to be 75} vertical if (737)«(X) = 0.

Definition 2.2. A vector field X on J*(E) for which X sw = 0 for any contact form w is
referred to as a total vector field.

Note that in general total vector fields take the form
n .
X =) AD;
j=1

2.2 The bi-graded exterior derivative

We may now introduce a bi-grading of the p-forms w on J°°(E) which will allow us to distinguish
between independent and dependent variables when working with differential equations.

Definition 2.3. A p-form w is said to be of type (r,s) if r + s = p and w(Xy,...,X,) =0
whenever there are more than r total vector fields or more than s 7§; vertical vector fields
among the vector fields Xj;.
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Using Definition 2.3, the de Rham complex on J°°(E) can be bi-graded as follows

QIX(E) = D QP (IZ(E)),

r+s=n

where in local coordinates a differential form w of the type (r,s) will have the form
w=Y afdzt Ao Ada AOP AN

for real-valued functions a,g on J*(E). The bi-grading of forms in the de Rham complex induces
a corresponding decomposition of the exterior derivative d: Q" — Q"+, given by

. , +1, ,s+1
d: Q" —QF S@QTS ’

where w = dw = dyw @ dyw. Here dgw € Q15 is called the horizontal exterior derivative
and dyw € Q"1 is called the wvertical exterior derivative. The operators dy and dy are
anti-commuting differentials, i.e., dgdy = —dydy. The dy and dy structure equations for
a function f and a type (r,s) form w are as follows

Qif =S Dpf,  du(de) =0  and  dybf =3 dad £ 67, 1)
' J

dvf = Z Z (%f)ef, dy (dz') =0 and dvef —0.
T

Let m: B — M and p: E' — N be two fibered manifolds and let ®: J*(E) — J*(E’) be
a smooth map. We define the projected pullback map, which will maintain a form’s bi-graded
type, to be the map ®f: Q"3(J®(E')) — Q"s(J>(E)) given by

OF(w) = 7"°[@* (w)],

where 7% is the projection map from QP(J*°(E)) to Q"*(J>°(E)). Likewise, for a total vector
field X on J*°(FE), and a type (r, s) form w, we define X (w) € Q"%(J°(F)) to be the projected
Lie derivative,

X(w) =7"*(Lxw).

The identity X (w) = X Jdg(w) + dg(X sw) follows from Cartan’s formula and this, along
with (2.1) and the antisymmetry of dg and dy, implies the following relations

Do) =07,  X(dgw)=duX(w). (2.2)

Finally, the proposition below gives additional properties of the projected Lie derivative that will
be used in performing calculations, and are direct consequences of the definition of the projected
Lie derivative and the properties of the Lie derivative.

Proposition 2.4. Let w € Q"*(J®(E)). If X and Y are total vector fields on J*®(E) and Z is
a 75y wertical vector field on J*°(E) then the following two equations hold

XY (w)) - Y (X(w)) = [X,Y](w),
Z i Xw)=1Z,X]sw+ X(Z sw). (2.3)
Using the bi-grading of the exterior derivative, we can now define the variational bi-complex

for type (r, s) forms, which will provide a natural framework for our investigation of conservation
laws for PDEs systems of the type (1.1).
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2.3 The variational bi-complex for PDEs systems of the type (1.1)

We will consider a system of three semi-linear PDEs defined on an open connected subset U
of R3 of the following form

Fij = u;; — fij(xl,a:Z,x?’,u,ui,Uj) =0 for 1<i<j<a3. (2.4)
The equations (2.4) define a locus in J2(E) where E is the trivial bundle
m: E~Ux (a,b) CR® xR — M ~U.

Let R denote an open contractible subset of this locus. Assume that the f;; are C* functions in
a neighborhood of R, and that 7|z : R — U is a subbundle of the fiber bundle 7: J2(E) — M.
Note that for each ij pair, 0F;;/0u;; # 0 on R. Furthermore, in order for the system (2.4) to
be locally solvable, we make the assumption that the following set of integrability conditions is
satisfied,

Dyfij = Dify;  for 1<i#j#k<3.

If the module of contact forms on J?(E) is pulled back to R, then a Pfaffian system, Z, on R is
obtained. The differential system Z is generated by the one forms

0 = du — urdaz' — ugdz? — u;),d:pg,
01 = duy — uda’ — froda® — fizda?®,
0o = dug — frada' — ugeda? — fozda?,

93 = dU3 - flgdl'l — f23d$2 — ’LL33d£L’3.

Solutions of (2.4) are then local sections o: U — R such that ¢*(w) = 0 for all w € Z. That is,
solutions are integral manifolds of Z with the independence condition

Q =dat Ada? Ada? mod Z.
The k* prolongation, written R*) | of R is the locus in J k+2(E) defined by the equations
F;j =0, D1 F;; =0, Dy Fyj =0, D3Fjj =0, o DiDy'DYF;; =0
for 1 <i<j<3andl+m+n <k. For example, the first prolongation of R is

R = {(5%s)(z): (j*s)(z) € R and
(D1F) ((5°5) (2)) = (D2Fy5) ((5%s) (2)) = (D3Fy)((5%s)(z)) = 0},

where (j*s)(z) denotes equivalence classes of k-jets of local sections s of E.

Each prolongation R%) is a € submanifold of JF2(E). As a consequence of involuti-
vity R*+1 fibers over R¥), ity REFD — R Thus we can define the inverse
limit of the system of k™ prolongations to be R, called the infinite prolongation of R with
the projection maps 7°: R® — RF and 7°: R® — U. Denote by C(R*) the pullback
of the contact ideal on J>®(E) to R*®, C(R*°) = (*[C(J*°(E))] where ¢ is the inclusion map
t: R — J*°(E). Then we can define the constrained variational bi-complex to be the pullback
of the free variational bi-complex.
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Definition 2.5. The constrained variational bi-complex for R = {R>,7gp,C(R>)} is the pull-
back of the free variational bi-complex (2**(J*°(E)),dy,dy) to R*:

TdV Tdy Tdv Tdv
0 — QM2(R>®) — QL2(R>®) — Q22(R®) — Q32(R™)
dy dy dy
Tdy Tdy Tdy Tdy
0 — QVYR>®) — QVI(R>®) — QPYR®) — Q3(R™)
dH dH dH
Tdy Tdy Tdy Tdy
0 - R = QUR®) — QYR>®) — Q*(R®) — QO(R™).
dy dgy dg

Notice that there are no additional columns to the right of the constrained bi-complex due
to the fact that our system (2.4) involves exactly 3 independent variables.
We have the following coordinates on R*

1.2 .3
(33 , T T ,U,Ul,UQ,U3,U11,U22,U33,...,ulk,UQk,u?)k,...) (2.5)

and a basis for the contact ideal on R is given by
{9, 91, 92, 93, 911, 922, 933, e, le,92k, 03k, . }, (26)
where

0 = du — urdaz' — ugdz? — u;gd:pg,
0 = duge — ugsrda’ — D1 (fij)da? — Dpr (f)da! — for 4,1 # .

We will call the basis {dxl, da?,dx3,0,01,04,03,...,00k, 0o, Ogk, . .. } the coordinate coframe
on R*°. It will be the first of several coframes introduced in our study of the systems (2.4).
In this coordinate system the total derivatives, D;, are then expressed as

0

D _ _
! 8U2 + f13 8u3

= tu g—ku i—i—f
-~ Oxl Lou 118u1 12

0 0 0
—— + D —+D — - 2.7
+u1118u11 + 2(f12)8uz2 + 3(f13)8U33 + (2.7)
and likewise for Dy and Ds.
A smooth function g(ml,x2,$3,u,u1,u2,U3, ceey Uk, Ugk, Usk, .« - ) on R has the structure
equations
dug = (D1g)da' + (Dag)da” + (Dsg)da®,
99, 9y dg dg dg dg dg
dyg= —0+ —0,+ —0,+ —0O3+--- 0 —0 —0
VI~ b +6u1 1+6u2 2+(9U3 3+ +8U1k 1k+8u2k 2k+8U3k 3+
and
dHe,Lk == dH(dVU,Lk) = _dV [Ull’kdl'l + ’UJQideUQ + Ugikdxg]

= 01 Ada' —dy (Df‘l(fij)) Adz? — dy (Dkil(fiz)) A dx for 4,1 # 1.

Definition 2.6. Consider a form w = M;da! + Mydz? + Msdz® where the M; are smooth
functions on R*>°. If the horizontal derivative of w vanishes, that is w is dg-closed, then w is
called a classical conservation law for R = {R>, 72, C(R*>°)}. If in addition w is exact, meaning
that there exists a function N such that dN = w, then w is said to be a trivial conservation law.
If the M; are themselves (0, s) contact forms, for s > 1, then a (1, s) form

WZMlAd$1+M2Adx2+M3Ad$3
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or a (2,s) form
w= M Adzt Ada? + My Ada? Ada® + My Adat A da?,

such that dgw = 0 is referred to as a contact form valued conservation law of R.
The following lemma follows from the fact that dg is an anti-commuting differential.

Lemma 2.7. Ifw is a type (r,s) form valued conservation law and there exists a type (r —1,s)
form ~ for which w = dg~y, then dgw = 0 and w is called a trivial conservation law.

Remark 2.8. We will not need to investigate type (3, s) conservation laws owing to the fact
that the systems (2.4) which are the focus of our study have three independent variables and
hence any type (3,s) form will be trivially dg-closed. Furthermore, due to Vinogradov’s “two
line theorem”, conservation laws of type (0, s) are also trivially dg-closed [33]. Thus the focus
of what follows will be type (1,s) and (2, s) form valued conservation laws, henceforth simply
referred to as conversation laws.

The conservation laws described above can also be viewed in terms of the horizontal coho-
mology of the constrained variational bi-complex. The cohomology space

Ker (dg: Q15(R)™® — Q25(R>))

HY(R®,dy) =
(R, du) Im (dg: Q05(R>®) — QLS(R™))

is made up of cohomology classes whose representatives are type (1,s) conservation laws, and
the cohomology space

Ker (dH: O25(R)> — Q3’S(R°°))

Im (dp: Q15(R>®) — Q%5(R>))

H**(R™,dp) =
consists of cohomology classes whose representatives are type (2, s) conservation laws.

3 Conservation laws for a particular class of semi-linear PDEs

From this point on we will be considering involutive semi-linear second order systems of PDEs
specifically of the form

Ej($17$2ax3>uauiaujauij) = Ui — fzj ($1,$2,$3,U,Ui,uj') = 07 (31)

where 1 <i,5 <3 and i # j.' A basis for the space of total vector fields defined on the infinite
prolongation R of the equation manifold R defined by (3.1) is given by any set of three linearly
independent vector fields

X; =miDy +mhDy +miDs,  1<i<3,

where the D; are the total vector fields on J*°(E) restricted to R, defined by (2.7).

The system (3.1) is hyperbolic in the sense that its associated exterior differential system has
three distinct characteristics. In particular, the characteristic equation for each Fj; = 0 is just
Ap = 0 which has the roots (A, 1) = (1,0) and (A, u) = (0,1) leading us to associate the total
vector fields D; and D, to it . Thus we may take as our basis for the space of total vector fields

IThis class of PDEs falls into one of the five classes defined in Cartan’s structural classification of involutive
systems of three PDEs in one dependent and three independent variables, as originally published in [10] and
outlined in Appendix A.
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on R the characteristic vector fields D1, Do and Ds. These vector fields have the particularly
convenient property of commuting with each other, in other words:
[Di, Dj] =0

for 1 <i#j<3.
Many of the results in this paper can be expected to remain true for more general involutive
systems of the form

Ej(xl,a:Z,x?’,u,ui,uj,uii,uij,ujj) =0 for 1<i<j<3 (3.2)
with the property that the universal linearization of (3.2), defined in Section 3.1, is of the form
Lij(0) = XiX;(0) + AL Xi(0) + ALX;(0) + Cij =0,  1<i<j<3,

where 6 is a contact form on R*° and the total vector fields X; are given by
3
X; = Zaij (xl, z2, x3)Dj, 1<i<3 and det(ai;) # 0, (3.3)

and are not assumed to commute pairwise. Also note that we are not using the Einstein
summation convention anywhere in this paper.

Since the vector fields (3.3) form a basis for the space of total vector fields on R, the
commutator of X; and X; can be written as a linear combination of these,

3
(X, X ZB R )Xk.
k=1

Choosing to consider systems of the form (3.1), for which we may let X; = D;, and utilizing the
fact that these characteristics commute so that the coefficients ij = 0 above, will significantly
simplify the expressions for the universal linearization of (3.1), as well as the structure equations
and Lie bracket congruences for the Laplace adapted coframe which are given in the following
sections. Therefore we will assume henceforth that we are considering systems of the form (3.1)
and have chosen the characteristic vector fields for (3.1) to be X; = D;, unless explicitly stated
otherwise.

3.1 Universal linearization

The first step in analyzing systems of the form (3.1) will be to linearize each equation in the
system.

On the equation manifold R>, the contact forms 0, ;, ; and 0;; are not independent, but
rather related to each other according to the equations obtained by taking dy of each of the
three equations Fj; = 0,

dv Fij = 0ij + Fiju,0i + Fiju;05 + Fijuf =0, 1<i<y <3

According to (2.2), D;(0r) = 0y, so it is straightforward to write these equations in terms of
the characteristic vector fields, Xj;:

XiX;(0) + ai; Xi(0) + al; X;(6) + cij6 = 0, (3.4)
where

(S A J _ 1. o
az; = Fiju;, a; = Fiju;, and cij = Fiju.
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We will refer to equation (3.4) as the universal linearization of Fj;, and denote it by L;;(Fj;),
or simply £;; when the system whose linearization we are considering is clear from the context.

Eventually we will also want to have the freedom to rescale the contact form 6 in order to
manipulate the form of equation (3.4). To this end, define

O =pud

for a non-vanishing function p defined on R*°. Then the universal linearization (3.4) can be
written equivalently as

Lij(©) = X;X;(©) + AL X;(©) + AL X;(8) + Cj;0 =0, (3.5)
where

: X
j P Xi(p)

Al =4’ — , 3.7
i i U ( )

XiX; X X, Xi(0)X;
Cij = cij — i(w) —a (1) _ agj (W) 4+ 2 (:“)2 J(/‘)‘ (3.8)
I I 1 I

An example of a non-linear involutive system of the form (3.1), can be found in Vassiliou [31].
The linearization of this system is described in the example below.

Example 3.1. Consider the following involutive system of the form (3.1)

2u+1 UL U3 U2U3 (3.9)

U2 = 77— U1U2 U113 = ——— U23 = .
w(u+ 1) ’ u+1’ u

The corresponding linearized system is

2u + 1 2u+ 1 2u? 4+ 2u + 1
£12(0) = X0 Xa(0) mu+n“21w> Mu+Du12w%%u%u+DQUWﬁ’
us ul uiug

0) = X1 X5(0) — X1(60) — X5(0) + ———0
Lia(0) = XaXa(0) = =9 X0 00) = 7= 3()+(u+1)2’

u2u3

_ _us _
£23(0) = XQXg(@) ” XQ(@) " Xg((g) + o2 0.

3.2 Characteristic coframe

Our next goal is to describe a set of one-forms which will form a coframe on R*. Begin by
defining the (1,0) forms o; to be dual to the characteristic vector fields X;. That is, 0;(X;) = 1
and 0;(X;) = 0 for i # j. Then, since we will take X; = D;, the dual (1,0) forms are o; = dz’
and dgo; =0 for 1 < ¢ < 3. More generally, if w € Q™%(R>) is a type (r, s) form, then

dpw =01 A Xj(w) + 02 A Xa(w) + 03 A X3(w), (3.10)

where the total vector fields X; act on w by projected Lie differentiation, as defined in Section 2.3.
In particular, there will be several occasions where we wish to compute the horizontal exterior
derivative of a type (1,s) form. That is, if w is given by

w=01 ANMy+ 09 ANMy+ o3 A Ms,
where each M; is a (0, s) form on R, then

dgw = o1 Aog A [XQ(Ml) — Xl(MQ)] + o9 Nog A [Xg(Mg) — XQ(Mg)]
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+U1/\O’3/\[X3(M1)—X1(M3)]. (3.11)

Likewise, if w is a (2, s) form, w = g9 A o3 A My + 01 Aoz A Ma + o1 A oa A M3, where each M;
is a (0, s) form on R>, then

dygw =01 ANoa Aoz A [Xl(Ml) - XQ(MQ) + Xg(Mg)]
To complete the coframe, define the remaining contact forms inductively:
g=X(0), G=XX0)=X(¢), ... &=xfO)=x(") 312

for i = 1,2, 3. Before giving their structure equations and stating formally that the forms (3.12),
along with the previously defined forms {071, 09, 03,0}, do indeed make up a coframe on R,
we need to pause to give the following definition and lemma.

Definition 3.2. A form w € QP(R*°) has adapted order k if it lies in the exterior algebra
generated, over the smooth functions on R, by the one-forms

1 ¢#1 1 k ¢k ¢k
{017027037@7515527537'”751752753}7
where k is minimal.

The adapted order of a form w is invariant under contact transformations on R°°, and may
differ from its order as a form on R°.

The following lemma will be used to establish the structure equations for the one forms
comprising the coframe given below.

Lemma 3.3. Fork > 1 andi # j, X; (5;“) restricted to R* has adapted order less than or equal
to k.

Proof. The proof is completed by induction on the adapted order, k. First we show the
statement holds for k£ = 1, that is

Xi(€)) = X;X;(0) = —A};X,(0) — AL X;(0) — C;;0,

which is evidently of adapted order < 1. Next assume that X; (§§) has adapted order <[ for all
[ < k. Then X; (55) can be written as a linear combination

k k k
Xi(€) =a0+ ) b +> ath+ > dig
=1 =1 =1

with a, b;, ¢, d; are all functions on R*°. As mentioned previously in this section, we are free
to choose the characteristics for systems of the form (3.1) to commute. Then
X(eh) = X% () = X6,
which has adapted order < k + 1 as needed. |
We are now prepared to state and prove the following proposition.

Proposition 3.4. The set of 1-forms

{01,00,05,0,61,63.6,....&,65,¢5,...} (3.13)
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forms a coframe on the equation manifold R, called the characteristic coframe. The dy struc-
ture equations for this coframe are given by

dpgo; =0, (3.14)
dg® = oy A& + oo NEY + a3 NEL, (3.15)
Adpef = o N f oy Al oAVl for G141, (3.16)

where ,uf and Vf are contact forms of adapted order < k.

Proof. Repeatedly applying the vector fields X; to the contact form © = uf, and using equa-
tion (2.2), we see that

XilXiQ o Xlk (@) - Mezlzzzk + 67
where § consists of contact forms of order < k. Then the set of one forms
{6, X1(0), X5(©), Xi(0), ..., X{" X3 X}5(©),... },

where at least two of the indices m, n, [ are > 1, clearly spans the contact ideal C(R*°). By
Lemma 3.3, each X" X7 X4(©) can be expressed as a linear combination of the forms in (3.13)
of order < m 4 n 4 [. The structure equations (3.14)—(3.16) are a result of the definition of the
forms & given in (3.12), formula (3.10), and Lemma 3.3. [ |

3.3 Generalized Laplace method for systems

We will now introduce the generalized Laplace method as a means of solving systems of the
form (3.5). The geometric origins of this method can be found in Chern’s work [12] on the
Laplace transformation of submanifolds admitting conjugate nets of curves. It was subsequently
used in [22] to generalize the classical Laplace method (also described in [22]) to involutive
overdetermined systems of linear equations in n independent and 1 dependent variable of the
form

9%y 1 Oy

9y
oLk T Uk T aﬁ;@ tay =0, 1<I#k<n, (3.17)

where afk, afk, and ¢, are differentiable functions of the independent variables z!,...,z" and
each set of functions is symmetric in its lower indices. The similarity between the form of the
system (3.17) and that of the linearized system (3.5) is apparent, and provides motivation for
the description of the generalized Laplace method suited to studying the systems (3.5) given
below.

A linearized system of the form (3.5) must satisfy certain integrability conditions stemming
from the fact that Dy (6;;) = D;(0;x) for 4, j, k distinct. Applying Dy, to each equation £;;(©) = 0
and equating the coefficients on like-ordered contact forms leads to the following relations which
the coefficients of any compatible system must satisfy for 1 < ¢ # j # k < 3,

Dj(Al) — D (4);) =0,
D;(Afy) — A AR, + Al AL + AL AL, =y,
D;(Ci) — Di(Cly) + Al;Cuix + (Aj; — Ay ) Cj — AjyCij = 0. (3.18)

These correspond to the compatibility conditions defined in [22], the only difference being that
the partial derivatives found in the expressions written in [22] have been replaced with total
derivatives in (3.18).
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3.3.1 Laplace invariants and the generalized Laplace transform

The classical Laplace method associates to a given linear hyperbolic PDE in the plane, F'(u, u,
Uy, Ugg, Uzy, Uyy) = 0, two Laplace invariants h(F') and k(F'). The vanishing of either invariant
allows for the integration of the equation by quadratures, and the failure of these invariants
to vanish allows one to apply the classical Laplace method in order to obtain a transformed
equation whose Laplace invariants may or may not vanish. We will now develop an analogous
procedure to investigate the systems (3.5). Begin by defining the following n(n —1)? expressions
which are invariant under rescaling of © by a nonvanishing function on R*°, and will be referred
to as the higher-dimensional Laplace invariants of the system

H;j = Di(Aj;) + AyAL —Cy; - for 1<i#j<n, (3.19)
Hyp=Af, — A, for 1<k#ij<n (3.20)

Note that when there are only two independent variables, and hence the system (3.5) is replaced
by a single equation, the invariants (3.19) reduce to the classical Laplace invariants. In this case,
the invariants (3.20) would not be defined.

Example 3.5. Recall the nonlinear example of an involutive system of the form (3.1), given in
equation (3.9) and restated below,

2u+1 uULU3 uu3
— U U2, U3 = ——, Uoa = )
w(u+1) 1U2 13 w1 23 U

U2 =

The Laplace invariants for this system are as follows

Hij=0 forall i,j=1,2,3 and i#j,

u3
Hisp = —Hog = ——>
132 231 u(u+ 1)7

U2
u+1

uy
Hi13 = —H3z12 = o Hi93 = —Hgzo1 =

We are now in a position to introduce the concept of the generalized Laplace transform.
Suppose that © solves the system (3.5). Then for any ordered pair (i,j), define the (i,7)
Laplace transform of © to be

&j = X;(0) + Aj;0, (3.21)

and denote this by &; = Xjj ., (0), or simply &;;(©) if the system of differential opera-
tors, Lk, 1 < 1 # k < 3, being considered is clear from context. One should be aware that
the order of the pair (i, j) is significant, as we can see by comparing the (i, j) Laplace transform
of ©, given by (3.21), with the (j,7) Laplace transform of ©, which would be

&i = X;i(©) = X;(0) + AL®.

The following proposition shows that the transformed contact form &; = &;;(©) will solve
a system of the same form as (3.5).

Proposition 3.6. Let &; be the (i, j)-Laplace transform of ©, where © satisfies the system of
equations (3.5). In the case that the (i,j) Laplace invariants H;; and Hyj, are nonzero for all
k,k #1,7, &; will satisfy a system of equations of the same form as (3.5).

Proof. We can compute expressions for the total derivatives of §;; directly from the definition
of the (4,j) Laplace transform and the system (3.5):

Xi(&j) = _Agj@j + (Hyj — A;jAgj)@v (3.22)
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Xj(&ij) = Xj(A};)0 + 43,0, + 05, (3.23)
Xi(&ij) = (Hrj — A7 AL)O© — HyOp, — A%, 0, (3.24)

for k # i, j. Plugging (3.21) into (3.22), we obtain

0 = - (Xi(6) + A8) (3.5

and then applying X; to both sides of (3.25),

1

@j:HT-((

H;j — Anggj)fij — A} Xi(&5))- (3.26)

Finally, expressions for O and ©;; are gotten by solving for O and O;; in (3.24) and (3.23)
respectively, and making the appropriate substitutions using (3.25) and (3.26):

U (Cxven Toxcey o (HRigi _ a0 e
O = Hyr ( Xk(fw)"‘ Hy Xl(é}])-l- (Hij Aij Ajk &ij | »
1

05 = X;(&iy) — T, (X5 (AL) — AL AL) X&) + (X5 (AL) AL + A (Hyy — AL AL ) &5)-

Now we may take the total derivatives of (3.22)—(3.24) to see that indeed &;; satisfies a system
of the form

X Xe (&) + Al Xu(&5) + AR X3 (&) + Cuiij = 0 (3.27)

for 1 <1 # k < 3. The coefficients in the equation (3.27) can be given explicitly in terms of the
coefficients of the original system as follows,

X;(Hij)

AL = A - oo Al = AL, (3.28)

A i g A

Cij = Aiinj + Hij Xj E —-11. (329)
And for k # i,j we have

Ai i ik J Hij

Y Hijk

R Al AT o

Ciw =Hii | X o) IR+ ALAL 3.31

A=A Al =AY — X;(log Hyp), (3.32)

. . o\ Hij o .

Cik = 243 Xk (Aig) .= + A (Afk — Hije) — Hij + X; (A7) (3.33)
This proves the proposition. |

According to the preceding proposition then, when a given system has non-vanishing (i, j)
Laplace invariants, the system of three total differential operators Lp, 1 < [ # k < 3, is
transformed under the (7,j) Laplace transform into another system of three total differential
operators of the same form. Denote the operator that Ly is transformed into under the (i, j)
Laplace transform by Xj;(L;x). Then the (4, j) Laplace transform of O, Xj;(0) = &;;, will satisfy
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the system [X;;(Lx)](&;) =0 for all 1 <1 # k < 3. When we wish to emphasize that the (4, j)
Laplace transform is being performed, we will write (3.27) as

Xi Xk (&ig) + Xij (Al) Xu(&ig) + Xij (AlL) Xi (i) + Xij(Cue )iy = 0.

Just as in the case of the classical Laplace method, the generalized Laplace transform has an
inverse when the (i, j) invariant is nonzero, as the next result shows.

Proposition 3.7. Let §; = X;;(O) be the (i,j) Laplace transform of ©, which satisfies the
system (3.5). If H;; # 0 then an inverse Laplace transform of the (i, j) Laplace transform exists
and is given by

1
0= I (Xji(&i5)) -

Proof. By the definition of the Laplace transform, Xj;(&;) = Xi(&j) + flgj&j. Substitu-

ting (3.21) and (3.22) into this expression and using the fact that flfj = Agj, which follows
from (3.18), we see that X;(&;;) = H;;0. Since H;; # 0, this can be solved for © = H%j?(ji(&j),

as we wished to show. [ |

3.4 Laplace adapted co-frame for systems of nonlinear PDEs

We can now introduce another coframe on the equation manifold R*> which is constructed by
utilizing the generalized Laplace transforms, &j;, defined in Section 3.3. This coframe will be
denoted by

1 f1 F1 ck fkfk
{01702703797§1a§27537---7517527537---}-

Before describing the elements of this coframe explicitly, we will pause to establish some neces-
sary terminology and notation.

As described in Proposition 3.6, if the (7, j) Laplace invariants of a given system (3.5) are
nonzero, then the system may be transformed into another system, written Xj;(Ly)(&i;) = 0,
of the same form. The (i,j) Laplace invariants of that transformed system may likewise be
computed. Denote these by Hl-lj = H;;(Xij(Ly)) and Hiqu = H;jq(Xij(Lir)). The process may
be repeated so long as the (7, j) Laplace invariants of the last system do not vanish. Assuming all
the necessary Laplace invariants are nonzero, let the system of differential operators obtained by
applying the (i, j) Laplace transform n times to the original system (3.5) be denoted by A7}(Li).
Accordingly, we will write

ijq

= Hijo (X5 (Lk)) (3.34)

to refer to the (7, j) Laplace invariants of the system of differential operators obtained by applying
the (i, ) Laplace transform to the original system (3.5) n times. With this notation then, we
will write Hzoj and H?jq to represent the Laplace invariants of (3.5) itself.

Using equations (3.28)—(3.33) and the notation established in (3.34), we can write out ex-
plicitly the coefficients of the operator X{;(ﬁlk) defining the n*® application of the (i, j) Laplace
transform to the system of equations L; = 0. Write

XJH(Li) = XiXj + X (Al) Xi + X3 (Afy) X5 + X3 (Cur)

and the coefficients A} (A% k), X (Afk), and X{}(C’lk) can be computed in terms of the coefficients
of the original system (3.5) as follows. Take the coefficient X (A%k) and proceed by induction,
first expressing it in terms of the coefficient on X; in the operator X[]’-_l(ﬁlk):

X[ (Alg) = X7 (Alg) — X (log Hi™)
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= X772 (Al) — X (log H; %) — X; (log HI™!) = -+
= Al — X;(log HyHY - HI Y.
Likewise, it is straightforward to see that
XZJL’ (Afk) = Afk-
The following definition establishes some further notation concerning the generalized Laplace
invariants.

Definition 3.8. Let ind(&X;;) = p;; denote the number of times the (7,j) Laplace transform
must be applied to the system (3.5) in order to obtain vanishing (7, j) Laplace invariants. That
is, H (Xf;” (L1x)) = 0. If the (i, 7) Laplace invariants never vanish despite repeated applications
of the (7, 7) Laplace transform, then we will write ind(X;;) = p;; = oo.

With this notation in mind, we may now introduce the Laplace adapted coframe as the set
of one-forms

{013027037975%55555317 s 7éf7é§7€§7 s }7 (335)
where, for j = 1,2, 3,

=X +ar (At for n=2,...,p;+1, (3.36)
g§¢j+n _ Xj (é?ij-‘r'fl—l)’ for n > 2.

And for ¢ # j,
Xi(§}) = Hy© — ALE], (3.37)
Xi(§) =Hp & - arT N (AL)Er, for n=1,...,py, (3.38)
Xi(E7) = —(AL)PIET mod €9, &Y for n> py. (3.39)

The dy structure equations for the Laplace adapted coframe (3.35) can be computed directly
using equation (3.10) and, given their complexity, are relegated to Appendix B.
Define the vertical vector fields dual to the contact one forms © and &' by

o) =1, o(Vl) =o, &MU) =0, &M (V) = oLy, (3.40)

where 5i and d;* are both Kronecker delta functions. So, for example, £n (Vi*)=1 and £n (V31)=0.
Then we can express the dg structure equations above in terms of the Lie brackets of the
characteristic vector fields X; and the vertical vector fields, U and Vkl. These congruences will
be needed to prove some important results in the coming sections and have been provided in
Appendix B for the reader’s reference.

3.4.1 Adjoint of the linearized operator L;;

We will now introduce the adjoint to the linearized operator £;;, which will play a pivotal role
in subsequent sections. Let us begin with the following definition.

Definition 3.9. For a total differential operator F, its formal adjoint operator, denoted by F*,
is the total differential operator such that for every p € 2% and w € Q%" there exists v € Q®5*"
such that

[pAF(w)— F*(p) Nw| Aoy ANog Aog =dgr.
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Using this definition, we will state the following proposition which describes the adjoint L7
of the linearized operator L£;;. The proof of this result can be found in [32].

Proposition 3.10. The differential operator L;; which defines the universal linearization (3.5)
has the following adjoint operator

L= XX, + (AL)"Xi+ (AL)"X; + (Cy)",
where

(A5)" = -4, (4])" =-4] and  (Cyj)" = Cyj — Xi(A;) — X;(4))).
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3.4.2 Characteristic invariant contact forms

Characteristic invariant contact forms play an important role in the construction of conservation
laws, as we will see in Sections 3.5 and 4.3. First we will define invariant functions and con-
tact forms, and then analogously, relative invariant contact forms. Then an important result,
Proposition 3.14, regarding the existence of relative invariant contact forms will be stated and
proved.

Definition 3.11. For a total vector field X on the equation manifold R*>, a function f defined
on R is said to be an X invariant function if X (f) = 0.

Likewise for contact forms, we have

Definition 3.12. A type (0, s) contact form w is said to be invariant with respect to the total
vector field X, or equivalently called an X invariant contact form, if X(w) = X sdgw = 0.
Furthermore, if w is invariant with respect to two distinct total vector fields, X and Y, then we
will say that w is an X and Y invariant contact form.

If a slightly weaker condition is satisfied, then we have a contact form which is a relative X
invariant, as described in the following definition.

Definition 3.13. For X a total vector field, the type (0, s) contact form w is said to be a relati-
ve X invariant contact form if X (w) = Aw for some function A on R*°. If w is invariant relative
to two distinct total vector fields, X and Y, then we say that w is a relative X and Y invariant
contact form.

Let M be a subring of C*°(R*>°) and let {wy, w2, ...,w;,...} denote a collection of one forms.
Then we will write

Qi (wr,wa, ..o wi, .. .)

to denote the M module of s forms generated by w;, A w;i, A--- Awj,. In the case that M =
C>®(R>), we will simply write

O (wi,way .y wyy . .).
Given this notation, we may state and prove the following proposition.

Proposition 3.14. Let R be a system of three hyperbolic equations with the characteristic vector
fields X1, X2, and X3, Laplace indices ind(Xj;) = p;; where Hfj” = 0, and Laplace-adapted
coframe {01,02,03,@,5%,%,%,...,é{,g,gg,...}. Then for s > 1 we can make the following
conclusions.
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1. If w € Q%5(R>) is a relative X1 and X invariant form, then
we QF(EhsT ghst? ). (3.41)
where ps = min{p13, paz}. Furthermore, if ind(X13) = ind(Xa3) = oo, then there do not

exist any nonzero (0,s) forms which are relative X1 and Xo invariant.

2. If w € Q" (R>®) is a relative X2 and relative X3 invariant form, then
we QI(ENT ént ), (3.42)

where p; = min{pe1,p31}. Furthermore, if ind(X21) = ind(X31) = oo, then there do not
exist any nonzero (0, s) forms which are relative Xo and X3 invariant.

3. If w e QUV%(R™) is a relative X3 and relative X1 invariant form, then
we QP (ERTL ), (3.43)

where po = min{p1a, p32}. Furthermore, if ind(X12) = ind(AX32) = oo, then there do not
exist any nonzero (0,s) forms which are relative X3 and X1 invariant.

Proof. Suppose that w is a type (Q, S)A contact form of adapted order k which is relative X,
and X invariant, so that w € 95(9,5%755,%, . ,§f,§§,§§) and X;(w) = \Mjw and Xo(w) = Aw
for some functions A, Ao € C°(R>°). We will begin by showing that w in fact lies in Q° (é?l,,é%,

,ég,f) To do this, recall the vertical vector fields (3.40), denoted by U and Vkl, which we
defined to be dual to the contact forms making up the Laplace-adapted coframe. By assump-
tion, Vllerl Jw = 0. Now take the interior product of X;(w) = Ajw with Vlkﬂ. By Proposi-
tion 2.4, V1 L (X (w)) = [VlkH,Xl] aw+ X (VL) = [Vlk'H,Xl] Jw. At the same time
VAL (X (w)) = VT S (\w) = 0. So we conclude that

[V X sw =0, (3.44)

Now use the Lie bracket congruences (B.11), (B.12) and (B.2) to see that

(X1, V]
(X1, V]

~U  mod {X1, X5, X3, V{'},
V' mod {Xi, Xa, X5, VF}  for k>2.

So (3.44) reduces to V¥ Jw = 0. Next take the interior product of Xi(w) with V{*¥ and deduce
similarly that Vlkf1 Jw = 0. Continue in this manner, taking interior products of the vertical
vector fields V{* with X (w). Taking the interior product with V{! yields U sw = 0 so that finally
we have U sw = V}! Jw =+ = VF Jw = 0. This shows that

w € Qs(é%aééaé;é;?ég’ég)

Since w is also relative X9 invariant, we can repeat the same procedure taking the interior
products of w with V2k+1, Vg, ..., V3 to conclude

we N (6,62,...,8h). (3.45)

Without loss of generality, assume that ps = pi3, take the interior product of X;(w) with
U, V;,...,stplr1 and utilize the Lie bracket congruences (B.10) and (B.14)-(B.15). Since
U.w = 0, taking U 1 X;(w) implies H); V' Jw = 0. Because HY; is nonzero, we see that
Vit sw = 0. Next take V3 1 X (w) to obtain Vi Jw = 0. Continue taking interior products until
we see that

Vi ow=V¢ jw=---=V jw=0. (3.46)
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Nothing can be concluded by taking the interior product of Xi(w) with V&* since H}3® = 0.
Then equations (3.45) and (3.46) imply (3.41).

Finally, suppose ind(X;3) = ind(X23) = co. Then clearly if w is a relative X; invariant form
then the preceding argument shows w must equal 0. The proofs of (3.42) and (3.43) follow by
analogous arguments, permuting the roles of X1, Xo, and X3 as needed. |

3.5 Generating (2, s) conservation laws

In this section we will investigate the construction of (2, s) conservation laws from solutions to
the adjoint equation of a given linearized system. Let £;; denote the universal linearization of
Fij = ui; — fij (xl,m2,x3,u, ui,uj) =0, for 1 <i < j <3, expressed as

Lij(0) = XiX;(0) + AL Xi(0) + AL X;(0) + Ciy0 = 0,

with coefficients given by (3.6)-(3.8). Each total differential operator £;; has an associated
adjoint operator, written as

L =X X;+ (AL)'X; + (Ag'j)*Xj +(Cij)*

and defined in Proposition 3.10. Let {01,02,03,@,&,%,%, e ,é{,é%,fg, .. } be the Laplace
adapted coframe described in Section 3.4.
Then for s > 1, we can define a map

- QO,sfl(ROO)_)QQ,S(ROO)

as follows
Uia(pra) = %al ANos A O A2+ EL A pra] — %O‘Q Aos A O A2 — €3 A pia), (3.47)
Wos(pas) = %0‘2 ANoi A [O A3 +E) A pas] — %0’3 ANai N[O A3 — €3 A pas], (3.48)
Wi3(p13) = %01 Aoa A O AP +ELA i3] — %O’g ANoa N[O AP — A p3], (3.49)

where the wzj are defined by

2= Xi(p12) — Alapr2, 3% = —Xo(p12) + Alapra,
50 = Xa(pag) — A3spas, 30 = —X3(p23) + A35p0s,
1= Xi(p13) — Algprz, V3 = —X3(p23) + Alspis.

We may now state the following theorem whose proof will employ an integration by parts type
of argument to express any dg-closed (2, s) form in terms of solutions to the adjoint equation

Y. Lilpy) =0.

1<i<j<3

Theorem 3.15. Let s > 1 and let w € Q**(R™) be a dy-closed form. Then there exist contact
forms

pij € QYL (R™>) and v e Qb (R™)
for 1 <i < j <3, such that w is given by

w= Y Wilpij) +duy

1<i<j<3
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and the p;; satisfy the equation

S Lilo) =0

1<i<j<3

The proof of Theorem 3.15 will make use of the following lemma, which concerns the forms
on J*°(E) that lie in the kernel of the inclusion map ¢: R — J*°(E), where R is the infinitely
prolonged equation manifold defined by the system of equations F;; = 0.

Lemma 3.16. If w € QP(J*°(E)) satisfies t*w = 0 then w can be expressed as

w=Y S aiDIDF;+ 3 aynDiDsDY Fiy

1<i<j<3 Lk Lk,m
+ > > Bl Ady(DIDEF;) + Y Bum A dv (DY DEDE i),
1<i<j<3 Lk l,k,;m

where afi, Qm € QP(J*(E)) and ﬂli,‘z,ﬂlkm € QP L(J>®(E)).
Proof. Utilizing the system of equations (3.1), there is a set of coordinates
(1’1, :L’Q, 1:3, U, U1, U, U3,y -« -y Ulk,u2k7U3k,F12, Fzg, F13, ceey DZIDSD?’FQ, DinFw, - .)(3.50)

on J°(F) and a corresponding basis of one forms on J°° consisting of

(dxl, de, da:3, 9, 91, 92, 93, ooy 913', 92j, 93j, NP ) (351)
along with
dy (DID5F;)  and  dy(D{DSD3 Fia). (3.52)

Using this coframe, any p-form w on J°°(F) can be written as

w=wo+ Y > BLAAv(DIDEES) + > Bikm Adv (DI DEDY Fi), (3.53)
I,k 1<i<j<3 l,k,m

where wq is a p-form generated by the forms in (3.51) and the 5 are (p — 1)-forms on J*°(E).
Since all the terms involving dy expressions will pull back to zero on the equation manifold R,
t*w = t*wp. The forms in (3.51) are still independent when pulled back to R, so t*w = 0 if and
only if all the coefficients vanish when (*wy is written in terms of the basis elements (3.51). We
can conclude that each of these coefficients is a C*°(J*°(FE)) linear combination of the functions
DﬁDfFij and DllDlz‘?DgnFlg. Thus wg can be written as

7 Nk I Dk
wo =Y o DIDFF;+ > aypmDi D5 DY Fiy.
Lk l,k,m

The above expression for wp, along with equation (3.53), yields the desired form in Lem-
ma 3.16. |

We may now proceed with the proof of Theorem 3.15:

By extending the natural coordinates (2.5) and coframe (2.6) on R to the coordinates (3.50)
and coframe (3.51)—(3.52) on J°°(FE), there exists a (2, s) form @y on J*°(F) such that t*@y = w
for any given w € Q%%(R>). Thus let w € 0%%(R>°) be a dy-closed form, and @y a (2, s) form
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on J°(FE) such that t*&yp = w. Since dgw = 0, and dy commutes with projected pullback,
t*(dg&p) = 0. Then using Lemma 3.16, write

dp@o =da' Ade? Ada® A | Y Y e DIDEF; + ) apm DI DEDY Py
1<i<j<3 Lk Ikm

+ > Y B Ady(DIDEF;) + > Bum Ady (DIDSDY Fio) |
1<i<j<3 Lk l,k,m

which is a (3,s) form with o € Q%% and 8 € Q%! By repeated integration by parts, i.e.,
bringing the highest order total derivatives into a dyg expression, dxwy becomes

dgw = dat A da? A da® A Z Fijé‘j + Z dvFij VAN ﬁz‘j (3.54)
1<i<j<3 1<i<j<3

with Gi; € Q¥5(J>(E)) and p;; € Q¥*~1(J*°(E)), where & differs from &g only by terms depen-

ding linearly on the Fj;, dy Fj;, and total derivatives of these. In other words, @ and wy differ

by terms which vanish on the equation manifold R, so that *(©) = t*(&p) = w
Thus it has been shown that for any dy closed (2, s) form, w, on R there exist forms

O € QP (JX(E)), G € QM (JX(E)), and  pi; € QTN I®(E))

such that (*(0) = w and dg (@) is given by equation (3.54).
In what follows, the notation D;; is used as a shorthand to mean D;D;. Defining p;; =
%L*(ﬁij ), we will next show that the forms p;; satisfy the following relationship involving the

adjoint equations Ej] in the coordinate coframe on R*°

~ OF;; OF;; OF,; (OF,
Z EZ] pij) = Z [8u pij — Di (8 Pm)‘D <8 P%J)+Dlj <8uz]p”

1<i<j<3 1<i<i<3
=0, (3.55)

and that w can be written as

w= Y Uy(piy) +du, (3.56)

1<i<j<3

where

~ OF;; OF;; . OF;;

Wyj (Pij) =v; NON |: aulj pij — Dj <a 4 pz]):| Rl Z A 9 A (auz Pz]) (3.57)
and v; = azl J(dat A da? A da?).

Next the interior Euler-Lagrange operator J: Q3%(J®(E)) — Q*$~1(J*>(FE)), which is de-
fined by

0 0 0
J(a) = 50 %" Di<8UiJa>+Dij <8UUJCK>+...7 (3.58)
will be applied to both sides of (3.54). Note that in equation (3.58) D;; simply refers to the
operator D;D;. By [2, Theorem 2.6], we know that for any (2, s) form @ on J*(FE), J(dg@) = 0.
When the operator J is applied to the right hand side of (3.54), we use the fact that

b ~ ~ oF;; .
aiul_l [dVFij N pij + FijCij] = oug JpZJ +Q,
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where () consists of terms depending linearly on Fj;, dy Fj;, etc., to obtain

. 0F;j _ OF;j _
J(dp®) = dzt A da? Ada® A Z |:auj,0ij - D ((%in])
1<i<j<3

OF;: OF;:
—D; [ =5, D;i | —2 5. —0.
"<3ujp]>+ J<3ump]>]+_Q> 0

Since, for example, the expression

0F12 . OFs _ OFs _
_ D, D
ou P12 i < ou; p12 | + Dy Bui; P12
restricted to R is the adjoint of L9 in the coordinate frame on R>°, we see that J(dg@) =0
implies that the p;; satisfy the equation (3.55).

To write the expression for w in the coordinate coframe as well, we make use of the homotopy
operator hyy : Q7 (J®(E)) — Q' 15(J®(E)) as defined in [2]:

k—1
P | Il +1 . 0
hir (%) = slzllon—r—l—IIH—lDI [Q“J <axa“’)] :

where

Jf(a):aim— (I’;1> D; (;ﬂm> T
1

We are concerned with the case where n = r = 3, so we have the equation

k—1
h3’5(w)—1§ prlonst (2
H s ! OxJ ’

|1]=0

If @ is a (3, s) form of the type da! A da? A da? A M with M € Q0%(R>), then

1 0 0
@) =t n0n | (e = D1 ()|
H S J auj' 8u,~j

JM> TP (3.59)

1 0
i A 0; N
S 8uij
where as before, v; = % J(dzt Adz?Ada?), and the remaining terms depend on interior products

;)lf the form a%l_nM for |I| > 3. Using (3.59) along with the expression (3.54) for dg (@), we
ave

- 1 0F12 _ 0F»3 _ 0F13 _
R3S (dp®) = ~v: AOA
i (dH®) PR [(%j p12 + du; p23 + Bu; p13

O0F12 _ O0F3 _ 0F3 _ 0F13 _
i < i, p12 + i, P23 + i, p23 + i, P13

1 OF, . OFy . OF .
+ v A O A (12P12 + oo + 13p13> oo
S auij aui]’ auij

with the remaining terms depending linearly on the Fj;, dy Fjj, and their total derivatives. As
shown by Anderson in [1], the homotopy operator hif satisfies the identity

& = h3 (dp@) + dgh’ (@) (3.60)
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Therefore the pullback of (3.60) to R gives us the expression (3.56) for w in the coordinate
coframe on R*°.

Now to write (3.57) and (3.56) in terms of the Laplace adapted coframe, we let E?j be the
operator L;; defined previously but with y = 1. Then E% = Zij and L’%’f (pij) = EA;‘] (pij) so we
have ZE?;(pij) = 0. Given that Afj :AFU“ Agj = F,,; and 0y = da’, we can look at (3.57)
and see directly that the expression for W;;(p;;) in the coordinate coframe corresponds to the
expression for W;;(p;;) given by equations (3.47)—(3.49) with p = 1.

We can now make use of the preceding result to prove the following important result con-
cerning the (2, s) cohomology of the variational bi-complex for s > 3.

Theorem 3.17. Let R be a second order hyperbolic system of type (3.1) and suppose that
ind(Xj;) = oo for 1 <i < j <3. Then, for s >3, all type (2,s) conservation laws are trivial.
That is,

H**(R®,dy)=0  for s>3.

Proof. According to Theorem 3.15, we only need to show that there do not exist nonzero type
(0,5 —1) solutions p;; to the adjoint equations L7;(p;j) = 0 as this would preclude the existence
of any nontrivial conservation law. Begin by rewriting the adjoint equation

XiX;(pij) + (A5) " Xi(pig) + (AL) X (pij) + Cjpij = 0

as a system of first order equations

Xi(pis) = ALpij + 07, (3.61)
Xj(wi;) = Hiypig + Ay (3.62)

We will proceed by showing that if there is a nonzero solution to the system (3.61)—(3.62),
a contradiction to Proposition 3.14 results. To that end, let p;; be a nonzero solution to (3.61)—
(3.62) of adapted order k. Because we have taken s > 3, p;; is a contact form of degree greater
than or equal to 2 and the adapted order of p;; is k > 1. Thus Vlk apij # 0 for some [ = 1,2, 3,
where we recall that Vlk is the vertical vector, defined by (3.40), dual to the Laplace adapted
coframe. For the sake of clarity, and without loss of generality, we will take p;; to be p12 and Vzk‘
to be V.

We will begin by demonstrating that V3k 4 p12 is an X7 invariant (0, s—1) contact form. Apply
formula (2.3) to see that

VE S X () = [VET, Xa] apio + X (Vi Spna) = [V X0 5 pas, (3.63)

where the last equality holds since pj2 has adapted order k£ and hence ‘/'3’“Jrl ap12 = 0. Now,
using the Lie bracket congruences in Proposition B.2, we see that

[VE, X1 Spra = —(Ail))3)k(v3k+l 2 piz) + Hig (V52 Lpra) =0,

again because of the adapted order of pj2. So we may set the right hand side of equation (3.63)
equal to zero, and thereby conclude that

Vit Ly = 0.

Again applying formula (2.3) and referring to the Lie bracket congruences of Proposition B.2,
we obtain

V?,kﬂ 1Xo (1/’%2) = [V:3k+17 Xs] 4 P2+ X2(V3kﬂrl - %HQ)
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= HEF (VI 5ol?) — (Ad)" (1 owl?) = 5 (v o).

Since interior product of the right hand side of equation (3.62) with ngJrl is zero, this implies
that

Vi apy® =0.
Finally, take the interior product of (3.61) with Vi to obtain
k—1
X1 (V8 apia) = V& s Aypia — [VE, Xa] apra = ALV spria — (Als)" Ve pa

and conclude that ng ap12 is a relative X invariant contact form. Since for systems of the
form (3.1) we may choose the characteristic vector fields to commute, the preceding argument
can be replicated with the roles of X7 and X5 reversed to show that ng ap12 is a relative Xo
invariant contact form as well. However, this contradicts Proposition 3.14, which states that if all
Laplace indices are infinite, no nonzero relative X; and X5 invariant contact forms exist. Hence
there cannot in fact exist any nonzero (0,s — 1) solutions p12 to the adjoint equation L3, = 0,
and likewise regarding the equations £j3 = 0 and £33 = 0, and the proof of Theorem 3.17 is
complete. |

We will conclude this section by applying Theorem 3.15 to an example found in [22].
Example 3.18. Consider the following involutive system of the form (3.1),
Uij +ui +u;+u+1=0 for 1<i<j<3.
The universal linearization for this system is given by
Lij(0)=0;;+0;+0;+0=0 (3.64)
and the system of adjoint operators is then
Li;=D;Dj—D;—Dj+ 1.
Taking the triple (p12, p23, p13) = (ex1+x2,ex2+x3,ex1+$3), which solves the adjoint equation
> E;‘j(pij) = 0, we can construct the following conservation law according to the structure

1<i<5<3
theorem presented in Theorem 3.15:

1,22 2,3 1424 2,.3n
w:alAagA(e$+x5%—6“”'”£§)+02/\03/\(e$+$f%—ex'mﬁé)
For Aoy A (€78 — e EL) = T4 T 4111,

where in this example &' = X;(#)+60 = 6;4+6. Then we compute dgw = dg (T)+d g (IT) +d g (TT1)
to show that w is dy closed as expected. Indeed,

dg(I) =01 ANog Aoz A Xo (ex1+x25% — em2+x3%)
— g1 Aoy Aoz A (" T (012 + 01 + Oz + 0) — ™ (03 + 02 + 03+ 0)) = 0
by (3.64). So w is in fact a (2,1) conservation law as we wished to show.

Example 3.19. We refer the reader to [23] for the following additional example of an involutive
linear system of the form (3.1). This system is integrable by repeated applications of the Laplace
transformation

U; + ——— — U for 1<i<j<3.
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4 Systems of Darboux integrable equations

We will begin by stating the definition of Darboux integrability for a single PDE in two inde-
pendent variables as described, for example, in [21]. Given a second order scalar hyperbolic
equation, R, in two independent variables z and y,

F(a:,y,u, u:m“w”x:m“xy;“yy) = 0. (4.1)
Let X and Y be the characteristic total vector fields and Z the Pfaffian system associated to R.

Definition 4.1. The equation R is said to be Darboux integrable if there exist two func-
tionally independent X-invariant functions, I and I, on R* and two functionally independent
Y -invariant functions, J and J, on R°.

The method of Darboux then makes use of the invariant functions described in Definition 4.1,
along with arbitrary functions f; and fs, in order to construct a completely integrable Pfaffian
system consisting of the original PDE, R, along with the two additional equations

I=fI)  and  J=fo(J).

It can be shown that the integral manifolds of this system correspond to the general solution
of R.

Theorem 4.2. Let fi and f2 be a pair of monotone functions on C*°(R,R) and let Ly, 1, denote
the submanifold of R defined by I = fi1(I) and J = fo(J). Then I is completely integrable when
restricted to Ly, ,: dZ|c, ,, =0 mod Iz, , .

The relationship between the property of Darboux integrability for equations (4.1) and the
vanishing of generalized Laplace invariants was investigated in [4] and [20]. We will outline one
of the main findings of these works here.

Let X = m,D,; + myD, and Y = n,D, + n,D,, with 6 = mzn, — myn, # 0, be distinct
characteristic vector fields associated to equation (4.1) such that we have the factorization

(Mg — myp) (ngA — nyp) = K(Fup, A — Fug, A+ Fy,, 1%).

Uz

In investigating equations of the form (4.1), no assumption is made in [4] or [20] regarding the
existence of commuting characteristic vector fields, so we will need to consider the commutator
of X and Y, which we write as [X,Y] = PX + QY. Let £(6) denote the universal linearization
of (4.1) obtained from the identity dy F' = 0:

L(O)=XY(0)+ AX(0)+ BY(0)+CH =0, (4.2)
where the coefficients in (4.2) are given by

1

A = [(RFum - X(nx))ny - (/{‘Fuy - X(ny))nxL

S| =S

B = < [—(kFy, — X (nz))my + (kFy, — X(ny))ma],

C = kFE,.

Note that the operator in (4.2) is essentially the form-valued version of what is considered in [22]
where the classical Laplace method is discussed. Likewise, in this setting two Laplace invariants
are defined. The first is Hy = X (A)+ AB—C and depends on the coefficients in (4.2). The other
Laplace invariant arises when equation (4.2) is expressed equivalently with the (non-commuting)
characteristics X and Y written in the opposite order, leading to the equation

YX(0)+ DX(0)+ EY(9) + G6 = 0, (4.3)
where D=A+ P, E=B+Q,and G =C.
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Also similar to the classical case, if for example Hj is nonzero, (4.2) may be transformed into
another equation of the same form. On the equation manifold R*°, £(#) = 0 holds identically
and defining 71 = Y (0) + A6, this identity can be expressed as

X(m) + By, — Hof = 0. (4.4)

When Hy # 0, we see that 7; satisfies an equation of the same form as (4.2) by rewriting (4.4)
as

XY (m) + A1 X(m) + B1Y (m) + Cim = 0, (4.5)
where
A1:A—Y<H0)—P, B, =B - Q, ClzC—X(A)—@B+Y(B).
Hy Hy

Equation (4.5) is called the Y-Laplace transform of (4.2). The Laplace invariant H; = X (A1) +
A1B; — Cy of (4.5) can then be computed and if H; is also nonzero, the equation can be
transformed again. Clearly this process can continue with n; = Y (n;,-1) + 4;-11;—1 and H; =
X(A4;) + A;B; — C; denoting the Laplace invariant of the ith transformed equation, so long as
the sequence of Laplace invariants does not vanish.

Defining the form &, = X (0) + Ef, and assuming Ko = Y(E) + ED — G # 0, (4.3) can be
transformed analogously into what is called the X-Laplace transform of (4.3),

YX(€) +DiX(€) + E1Y(§) + Gi€ = 0,

where

X (Ko)
Ky

X (Ko)

Di=D+P Fi=F—
1 + £, 1 e

+Q, G =G-Y(E)-D

+X(D).

In this way a second sequence of Laplace invariants, K; = Y (E;) + E; D; — G is generated, again
noting that K;y1 will be defined so long as K; # 0.

Let p = ind()’) be the Laplace index of the Y-Laplace transform and ¢ = ind(X’) be the
Laplace index of the X-Laplace transform. That is, p is the number of times that the ) Laplace
transform must be applied before the generalized Laplace invariant of the transformed equation
equals zero and likewise for ¢. If one of the sequences of Laplace invariants never vanishes, we
write p = 0o or ¢ = 0.

Example 4.3. Consider the Liouville equation
Ugy = euy (46>

which was shown to be Darboux integrable in Section 1. Here the characteristic vector fields
X =D, and Y = D, commute, and the linearization of (4.6) is

XY () — "0 = 0. (4.7)

Computing the Laplace invariants for this equation we see that Hy = e%, so we may then write
the Y-Laplace transform of (4.7) as XY (11) — uy X (n1) — e"m = 0. From this equation we can
compute Hi; = 0, so for the Liouville equation p = 1. Likewise, we can compute Ky = e* and
K1 = 0 to conclude that ¢ = 1. Both Laplace indices are finite as expected from Theorem 3.17.
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4.1 Characteristic systems and invariant functions

In order to extend the ideas developed in the preceeding section to the case of three equations
in three independent variables of the form

Bj(xl,xQ,:r?’,u,ui,uj,uij) =0, 1<i<j<3, (4.8)

we begin by defining characteristic Pfaffian systems which correspond to the characteristics
defined by Cartan’s structural classification as is detailed in Appendix A.

Definition 4.4. Define the characteristic Pfaffian system of order k, for a given characteristic
vector field, X, as

Ck(X’i):Ql(o-jﬂal’evéivéévé?{""75?35&75!{) for j,l?éZ,

where {6, éll, é%, é%, el éf, ég, éé“} is either the Laplace-adapted or characteristic coframe on R,
the infinite prolongation of the equation manifold defined by (4.8). We can likewise define

a characteristic Pfaffian system of order k with respect to a pair of characteristic vector fields,
X; and X, as

Ck(Xiqu):91(01707511’55’535”'7éi€7£§7£§) for l#lv.]

Since dI = X;(I)oy + Xao(I)oa + X3(I)os + dy 1, it is immediately apparent that I is an X;
invariant function of order k if and only if dI € Cy(X;), and that I is invariant with respect to
both X; and X if and only if dI € Cy(X;, Xj).

Associated to any Pfaffian system Z, there is a flag of Pfaffian subsystems called the derived
flag,

cIW 7tV ... cz® W T

The i*" derived system is defined inductively by a short exact sequence.

The derived flag stabilizes at the maximal completely integrable subsystem of Z, which we
denote by Z(°). Thus, the rank of (Cj(X;))(>), written as C’,goo) (X;) from here on, as a modu-
le over the ring of C'*° functions equals the number of functionally independent X; invariant
functions of order < k.

Lemma 4.5. Let R be a second order system of the form (4.8) with characteristic vector
fields X;, and {01,02,03,9,511&,{%,{%,5%,5%, .. } either the Laplace-adapted or characteristic
coframe on R*°. Then for any k > 1,

O (Xi) € QY (0), 000,61, 65, €8, E2,62, . ELERY  for jil#i (4.9)
and
CIgOO)<XZ7X]) CQl(Ubeaéllaé%aéévéfv7€lk) fOT l%Z,] (410>

Proof. To establish (4.9), refer to the structure equations given in Appendix B for the Laplace
adapted coframe to see that

Fko Fk+1 ARSI | Fk o fkFk
dHfz :UiA£i+ mod {O'j70-l797§17€27§37”'761762763}'

This implies that ézk ¢ C,gl)(Xi) since déf # 0 mod {aj,ol,G,é%,gg,g%, .. ,éf,ég,éé“} Conti-

nuing to argue in the same manner allows one to conclude that

g1ec@(xy,  &2¢o¥(xy),
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and so forth. The contact form fll can not be eliminated however since doy and/or dos may
contain the term o; /\fl2 Likewise, for (4.10), we note that dpék = o, A é,’ﬁjl mod Cy(X;, Xj)
for m = 4,5 so that é,’% ¢ C,(gl)(Xi,Xj) and the rest of the argument continues in the same
fashion. |

The next result follows immediately from Lemma 4.5.
Corollary 4.6. If J;, is an X;-invariant function of order k, then
dvJp = apsf + be€f mod {0,€],63,8,8.67,..., &4
for l,j # i and where apby, # 0. If It is invariant with respect to X; and X, then
dy I, = apéF mod {9,&;%7531,75127-‘-:&_1} (4.11)

forl#14,5 and ap, # 0.

4.2 Darboux integrability for a system of three equations

We will first discuss the definition of Darboux integrability given by Anderson et al. in [3] where
the authors investigate a class of differential systems for which superposition formulas can be
constructed. For a system of the form

F'Z-j(a:l,:vQ,w?’,u,ui,uj,uij) =ui — fij (xl,:cg,a:3,u,ui,uj) =0 (4.12)

we have the associated Pfaffian system Z generated by {w07 wh, w?, w3} with structure equations
dw’ =0, 4.13
dw! = o1 AN mod Z,

dw? =09 A 9,

dw? = o5 A 73

and characteristic vector fields X; = D;. To apply the definition of Darboux integrability
established in [3], there must exist a coframe, {6y, 61, 02,03, 01,71, 092,72, 03, 73} such that Z is
generated algebraically by the 1-forms and 2-forms

1= {90701502)937()1)92701}) (417)

where Qf € Q2(o1, 71, 09, m2), for i = 1,2, and Q! € Q%(03,73). One then defines two Pfaffian
systems V = {69,01,0,03,01, 7,09, m} and V = {6y, 01, 02,03, 03, w3}, which will be referred to
as the singular differential systems for Z with respect to the decomposition (4.17). For simplicity
of notation, we will continue using this particular choice of decomposition in all that follows.
Note that we could just as well have grouped dw! and dw?, or dw? and dw?, together to make an
analogous decomposition. Let V(°°) denote the largest integrable sub-bundle of a given Pfaffian
system, V, and recall that the rank of V(°°) will equal the number of functionally independent
first integrals of V. Then according to [3], a differential system Z is Darboux integrable if the
associated singular systems V and V are Pfaffian and define a Darbous pair, meaning that the
following three properties are satisfied:

1) V4 V) =T*M and V + V() = T* M,
2) V) 0 Vo) = {0},
3) dw € Q2(V) + Q2(V) for all w € QL (VN V),
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where M, thought of as an open subset of R'C, is the manifold on which the exterior differential
system Z is defined.

We can now show that systems of equations of the form (4.12) which possess certain charac-
teristic invariant functions, described in the lemma below, will define a Darboux pair and thus
be Darboux integrable in the sense of [3].

Lemma 4.7. Let u;; = fij (a:l,a:2,x3,u,ui,uj), 1 <i<j <3 bea system of three hyperbolic
equations in one dependent and three independent variables with characteristic vector fields X,
Xo, Xs. If there exist smooth, real-valued functions, I, I, J, J, and K, K, such that the
following two conditions hold, then the system defines a Darboux pair and thus satisfies the
notion of Darbouz integrability defined in [3].

1. I and I are invariant with respect to two of the characteristic vector fields, say X; and Xj,
and I and I are functionally independent: dI N dI # 0.

2. J, J, K, and K are all invariant w}'th respect to X, l # 4,7, and are all functionally
independent from each other: dJ AdJ ANdK AdK # 0.

From structure equations (4.13)—(4.16) it is clear that the third property defining a Darboux
pair is satisfied. Property 2 asserts that V and V have no integrals in common, and if necessary
this condition can be satisfied by restricting V and V to a level set of their common integrals.

Thus the essential property to check when constructing a Darboux pair is that
V4V =T*M  and V4V =TM. (4.18)

We will now show that this condition is indeed satisfied by the systems described in Lemma 4.7.
Letting H be the annihilator of V and H be the annihilator of V, we have that

H = span{ 0y, Or, } and H = span{0y,, Oy, Opy, Ory },

where 0y, is the vector field dual to o;. Then the following lemma established in [3] allows us
to see that V and V satisfy (4.18) and thus form a Darboux pair.

Lemma 4.8. Let f be a real-valued function on M. If X(f) = 0 for all vector fields X € H,
then df € V(). Likewise, X (f) =0 for all X € H implies df € V().

Take i = 1, j = 2, and [ = 3 in Lemma 4.7. Then to show that V + V() = T*M, we
observe that X(I) = X(I) = 0 for all X € H so that {dI,dI} c V(*). Since dim V = 8
and dim V() > 2 we see that we have enough one forms to span T*M = R0, Likewise,
Z(J) = Z(J) = Z(K) = Z(K) = 0 for all Z € H, so {dJ,dJ,dK,dK} c V(). Finally,
dim V = 6 and dim V(>) > 4 establishes that again, there are sufficient one forms to span T*M.

As in the preceding sections, for systems of the form (4.12), we take the characteristic vector
fields to be X; = D; which commute. However one would expect to be able to reproduce the
analysis carried out in this paper for more general systems of the form

1,2 .3 ..
Ej($,:L",m,u,ui,uj,uii,uij,ujj)zo for 1<i<j<3,

which are still contained in the same class of equations described in Cartan’s structural classi-
fication (see Theorem A.3) as the systems (4.12), but for which the characteristics X; do not
commute. We will now describe how for systems with non-commuting characteristic vector
fields, the vector fields X; may be rescaled to make them commute pairwise, given the existence
of sufficiently many characteristic invariant functions.
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Proposition 4.9. Let I and K be functions on R*> such that I is invariant with respect to
both X; and X;, and K is invariant with respect to X;. Assume that X;(K), X;(I) and X;(K)
are all nonzero and define the following rescaled characteristic vector fields

- Xi - X - X;
X = 1= < and X; =
Xu(I) ’

Then the vector field Xl commutes with both Xi and Xj:
[Xi, X)) =0 and [X;,X)] =0. (4.19)

Proof. Write the commutator of X; and X; as follows
(X, X;] ZB for 1<i<j<S3.

Taking into consideration the conditions of invariance imposed on I and K, we may write

[X:, Xi)(I) = X; X;(I) = B4X;(I)  and (4.20)
(X, Xi(K) = =X, X,(K) = By Xi(K) + B} X;(K)  for i,j#1. (4.21)

Now use (4.20) and (4.21) in the following computation to confirm (4.19)

(
o3 = s (™)~ ma ™ (™)
b (o = S ) (v M )

~ X(K) \Xu() Xi(1)? Xi(K) Xi(K)?
- m (1, X = BYX, — By X; - BjX;) = 0.

An analogous calculation using leXj(K) + B;lXi(K) = —X;X;(K) and Béle(I) = X;X;(I)
shows that [Xj,Xl] =0. |

The formulation of the Darboux-adapted coframe, as well as the construction of conservation
laws for Darboux integrable systems, will rely on our ability to obtain characteristic invariant
contact forms from the invariant functions whose existence is guaranteed in Lemma 4.7. For
example, we can write down a contact form which is invariant with respect to the characteristic
vector fields X7 and X5 as follows,

Lemma 4.10. Let I, J, and K be functions on R*> that are invariant with respect to the
characteristic vector field Xs such that X1(I) =1, Xo(I) =0, X1(J) =0, and Xo(J) = 1. Also
define K' = X1(K) and K" = X3(K). Then

w=dyK — K'dyI — K"dyJ
1s an Xs-tnvariant contact form.

Proof. Note that K’ and K" are also X3 invariant since the characteristic vector fields X; all
commute. Computing dyw, we obtain

dyw = —dydg K — dHK/ Adyl + K/dvdHI - dHK// ANdyJ + K//dvdHJ

= —dv(K/O'l + K”O’g) - (Xl(K/)O'l + XQ(K/)O'Q) ANdy Il
+ K/dv(Ul) - (Xl(K”)O'l + XQ(K”)O’Q) ANdyJ + K”dv(o‘g)
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=01 ANdyK' + o2 ANdy K" — X1 (K')oy AdyT — Xo(K oo Ady T
- X1(K"or AdyJ — Xo(K")og Ady J

=01 A (dvK' — X1 (K )dy I — X1 (K")dy J)
+ oy Ady K" — Xo(K")dy T — Xo(K")dy J).

From this calculation we see that X3(w) = X3 1dg(w) = 0 so that w is Xs-invariant. |

Likewise,we can use X7 and Xy invariant functions to obtain X; and X, invariant contact
forms in the following way.

Lemma 4.11. Let I and J be functions on R which are invariant with respect to both cha-
racteristic vector fields X1 and Xa, such that Xs(I) =I' and X3(J) = 1. Then

w=dyl - I'dyJ
1s an X1 and X9 invariant contact form.
Proof. In the same spirit as the last proof, we compute dyw and by grouping terms arrive at
dpw = o3 A (dy I’ — X3(I')dy J).
So X1 udg(w) = X9 udy(w) = 0 and w is both X; and X5 invariant. [ |
Given the preceding lemma, the following corollary follows immediately from Proposition 3.14.

Corollary 4.12. Let R be a system of equations of the form (4.12). If R satisfies the conditions
of Lemma 4.7, then at least one of the Laplace indices p;; = ind(X;;) must be finite.

The construction of the Darboux adapted coframe will proceed according to the orders of
the various characteristic invariant functions in Lemma 4.7. Here we do not have a complete
analysis of the possible orders of invariants, as was given by Goursat [19] in the case of a single
hyperbolic second order equation in the plane. Thus we will carry out the construction under
certain assumptions on the orders of the invariants to serve as a demonstration of how a coframe
may be constructed in a particular case.

Given two first order X7 and X5 invariant functions, I; and I 1, we may obtain a sequence of
functions invariant with respect to X; and Xy by repeatedly applying Xs:

L, I, I, = X3(I4), I3 = X3(), ..., where X3(I;) = 1.

Then by Lemma 4.11, the following are a sequence of X; and X3 invariant contact forms,
ar =dyly — Ldvl, ay=dvly— Ldvlh, ..., a=dyl;—Ldvl,

For ¢ > 2, equation (4.11) implies that
o = aiéé mod {6,5%, ey A;’—l,g;, e Aé_l},

where a; # 0. For i = 1, we have ay = alé;, mod {6} with a; # 0, as we will now show. Since
dgf =01 A&+ 02 ANEL + 03 A &L mod {6}, if a1 = 0 then

dga; =0 mod {0,5},5},5}} (4.22)

But since dgay = 03 A g = ago3 A 532) mod {9,5},5},5}}, equation (4.22) contradicts the fact
that «ay is of order 2, so indeed a1 # 0.
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The set of contact forms {ai,aq,...} can thus replace the branch of the Laplace coframe
given by {§§, f%, .. } previously. The structure equations for the «; are given by

da; = dI; A g1, (4.23)
where (4.23) is calculated in the following way
doy = d(dy ) — d(Iip1) Ady T — L d(dy ) = dgdyly — d(Ligq) Ady Ty — Lipdgdy ]y
= —dy(Ii1103) — (Iis203 + dyLis1) Ady Ty + Lipady (o3)
= —dylit1 Aoz — (Iiye0s + dyLis1) Adv ]
= (o34 dy ) A (dy gy — Lipody i) = Al A aiqs.

To complete the coframe, we need to construct contact forms which are equivalent to {5}, f?, e }

and {f%,é%, e } We accomplish this by first generating X3 invariant functions, repeatedly
applying the total vector fields X; and X5 to the X3 invariant functions J and K from Lemma 4.7
to obtain the following two sequences of X3 invariant functions:

J,J=J1,Jo = X1(N),Js = X1(J2), ...,
K, K = K1, Ky = X5(K1), K3 = X5(K3),. ...

Then using Lemma 4.10, we can write two corresponding sequences of X3 invariant contact
forms:

B =dyJi — X1(J1)dvK — Xa(J1)dv J,
By = dyJo — X1(Jo)dv K — Xa(J2)dv J,

and

v = dy Ky — X1(K1)dv K — Xo(K1)dy J,

Y2 = dy Ko — X1(K2)dy K — Xo(K2)dy J,

Yi = dVKi — X1 (Kl)dvk — XQ(KZ‘)de.
Then a similar argument to that given above for the sequence of «; shows that

Bi = bkéi +Ck:é§ mod {gvéévé{%a"wgé_l}
and likewise,

i = eréi + fréy  mod {60,63,65,...,&7 ),
where at least one of by and ¢ is nonzero, and at least one of e, and fj is nonzero. While
Lemma 4.7 requires that dJ A dJ A dK A dK # 0, this condition is not enough to guarantee
that dy J; and dy K; are functionally independent. As a result, there is some ambiguity about
the construction of the remaining two branches of the coframe, as it will depend on whether the
coefficients on &} and &5 in f; and ; satisfy by fy, —cxe # 0. In other words on whether §; and v
are independent mod{ﬁ, £.e2 ... ,{g_l}. If any pair 5; and ~; does fail to be independent, then
we will complete the coframe by taking the necessary contact forms from the Laplace adapted
coframe.

This coframe would likely be useful in the pursuit of an eventual classification of Darboux-

integrable systems, similar to that presented in [20] for the case of a scalar second order hyper-
bolic PDE in the plane.
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4.3 Generating infinitely many (1, s) and (2, s) conservation laws

We may assume that for a Darboux integrable system, [X;, X;] = lele + Pille = 0 and

[X;, Xi] = P X; + P;le = 0. Recalling the structure equation

dgo; = P-llo'i Nop+ P;laj A op

K2

we see that if X; commutes with X; and X, then dyo; = 0. With this in mind, we may now
demonstrate a way to construct infinitely many (1, s) conservation laws for Darboux integrable
systems.

Theorem 4.13. Let R be a Darbouz integrable system of equations. Then there exist infinitely
many non-trivial type (1,s) conservation laws for all s > 0.

Proof. Fix distinct ¢, j, and [ as in Lemma 4.7. For s = 0, we may construct a conservation
law by taking w = Io; where [ is an X; and X invariant function. Suppose that w is exact,
that is w = ITo; = dy I for some function I. Then

dyl = X1(I)oy + Xo(I)oy + X3(I)os = Iay,

so I is X; and X; invariant and X;(I) = I. Thus w will be a nontrivial conservation law so
long as I # X;(I) for I another X; and X; invariant function. Additional (1,0) conservation
laws may be constructed by generating additional X; and X; invariant functions by applying X
to I repeatedly. Note that X;(I) is still X; and X invariant since X; commutes with both X
and X]'.

For s > 1, we first note that if w is a d closed (s+1) form with vanishing (2, s—1) component,
then the (1,s) component of w will be diy closed. To see this, write dw as a sum of forms of
different bidegrees, according to the direct sum decomposition of the space of (s + 2) forms,

Qs+2 (ROO) _ @ Q(i,s+2—i) (ROO) (4'24)
0<i<3

Let dw = vg + 14 + v + v3 where v; € Q51279 Since each v; belongs to a different component
of (4.24), dw = 0 implies that v; = 0 for all 7. In particular, v, = 0. The form w can itself be
decomposed according to bidegree as well. Write w = pig + 11 + po + p3 where p; € QU119
Now decompose dw into its horizontal and vertical components, dw = (dg +dy)(w), to see that
dgpr + dype = vo = 0. If the (2,s — 1) component, us, of w vanishes, then this last equation
becomes dg 1 = 0 and we can conclude that the (1,s) component of w is dy closed.

Now, to construct a dg closed (1,s) form, we begin by defining o = dI1y AdI3 A --+ Adls4q
where each of the functions I, is an X; and X; invariant function. These functions can be
obtained as before by taking I = I} and repeatedly applying the total vector field X; to I to
generate the remaining functions. The (s + 1) form a will have vanishing (2, s — 1) component:
since the functions I, are all X; and X; invariant, the only horizontal form that will appear in
any of the df, is ;. Thus, by the preceding discussion,

oS (Al AdIy A -+ AdIgi)

will be dy closed as required.

Furthermore, we can construct a dg closed (1, s) form that is not exact. In other words, we
can write down a nontrivial (1, s) conservation law. Let p; = min{ind(&}),ind(X};)}, and take
k > p; + s. Then for a nonzero form 7 € Q%_2(O‘pz+170‘pz+2a ...,ak—1) where 7 is the ring of
functions which are both X; and X invariant, the (1, s) form

w=0; N1 Nag AN (4.25)
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is dg closed, but not dy exact. It is straightforward to see that w is indeed dg closed since o
is itself dy closed and a1 A o A7 is both X; and X; invariant. Now suppose that w were dg
exact, that is, that there exists a (0, s) form, v such that dgy = w. Since dgy = 01 A X1(7) +
o9 A Xa(y) + 03 A X3(7y), comparing this with the above expression, (4.25), for w we conclude
that v must also be X; and X invariant. Moreover, X;(v) = ag41 A oy A which implies that
v € Q5 (ap,+1, 42, -..). The adapted order of w being k + 1 implies that the adapted order
of v would be k. Then ~ can be written as v = ax A B+ 9d where 8 and 0 each have adapted order
< k—1, and are both X; and X invariant forms. But then X;(v) = Xj(ax AB+0) = arr1AapAn
which indicates that 5 = aiAn, showing that 5 has adapted order k. This contradicts the original
premise that § be of adapted order < k — 1, from which we conclude that w is not exact. |

It is possible to construct infinitely many nontrivial (2, s) conservation laws in a similar way.
By an argument analogous to that given above in the case of (1,s) conservation laws, if w is
a d closed (s+2) form with vanishing (3, s —1) component, then the (2, s) component of w is dg
closed. Consider the form dJ; AdJy A -+ A dJsy2 where the functions J,, = X;(J,—1) are all X
invariant. This (s 4+ 2) form has vanishing (3,s — 1) component since each term d.J, can only
contain the horizontal forms o; and o;. So

v=n25(dJy AdJa A~ AdJgsa)

is a dy closed (2,s) form. Construct a second dy closed (2,s) form by taking the (2,s) com-
ponent of the (s + 2) form dKy AdKy A -+ AdKsq9 where K, = X;(K,—1) and each K, is X
invariant. Let

n= 7T2’S(dK1 ANdKo A - - /\dK5+2).

Take Z to be the ring of X; invariant functions. Then the following (2,s) form will be
a nontrivial conservation law

wW=0; Noj A Vg1 AV A1+ f1 A pe A 2], (4.26)

where 1y € Q%_Q(Vpi+17 Upi+2, -+ Vgk—1) and ny € Q%_Q(/,ij_i'_l, Ppj+25 - -+ k—1), and k > max{p;+
s,p; + s}. Clearly dgw = 0 since 0; A 0j is dy closed and vy A vg A and pg1 A pig A 12 are
X, invariant. To see that w is not exact, we will assume otherwise and produce a contradiction.
Suppose that there exists a (1,s) form, ~, such that dyy = w. First note that by writing
dpy = o1 A X1 () + 02 A Xa () + 03 A X3(y) and looking at equation (4.26), it may be concluded
that ~ is X; invariant, [ # i, j. Furthermore, any (1, s) form can be written as

v=01 ANMy+ o3 AN M+ 03N Ms,

where each M; is a (0, s) form. Comparing equation (3.11) for dyy with the expression (4.26)
for w, we see that dyy = w implies that

dpy = 0; AN oj NX;(M;) — X (M;)],
where
Xj(M;) — Xi(Mj) = kg1 A vk A+ fiesn A pe A 12 (4.27)

and so M;, M € Q5 (Vp, 41, Vp,42, - - -). Since the adapted order of w is (k + 1), the adapted order
of v must be k£ and hence M; and M; may be written as

M; = pg N ag + 61, Mj:Vk/\OZQ—l-52,



The Variational Bi-Complex for Systems of Semi-Linear Hyperbolic PDEs 39

where a1, ag, 41, and do all have adapted order < k — 1. Plugging these expressions for M;
and M; into (4.27) yields

Xj(ﬂk Nag+61) — Xi(vg Ao + 02) = Vg1 A vk An1+ i1 A i A 12 (4.28)

From equation (4.28), we deduce that a1 = pp A 12 and ae = v, A . Since this contradicts
the fact that o; and o were taken to have order < k — 1, we can conclude that w is indeed not
exact and thus represents a nontrivial conservation law.

5 Conclusion and further research

In this paper we have proven a number of results concerning the existence and structure of
conservation laws for involutive systems of partial differential equations of the form

Uj — fij(xl,xQ,a::)’,u,ui,uj) =0 for 1<i<j<a3. (5.1)

After defining the constrained variational bicomplex, which provides the framework in which
we investigate form-valued conservation laws, and developing other technical tools such as the
generalized Laplace transform, and the structure equations and Lie bracket congruences for the
Laplace adapted coframe, the first main result is proved in Section 3.5. This result, Theo-
rem 3.15, describes the structure of (2, s) conservation laws for s > 1 in terms of solutions to the
adjoint equations of the associated linearized system. As a consequence of this structure theo-
rem, we obtain another key result which states that if all of the Laplace indices of the linearized
system are infinite, then all (2,s) conservation laws for s > 3 are trivial. That is, in this case
the horizontal cohomology of the constrained variational bi-complex associated to the system is
trivial:

H**(R*,dg) =0 for s>3.

Conditions are given in Lemma 4.7 which will guarantee that a system of the form (1.1)
will satisfy the definition of Darboux integrability introduced in [3]. It is then show that these
same conditions will imply that at least one of the Laplace indices for the linearization of such
a system must be finite. A procedure for using characteristic invariant contact forms to construct
non-trivial (1,s) and (2, s) conservation laws for s > 0 is then described in Section 4.3.

There are several natural directions in which one may try to extend the results presented
here. First, we should emphasize that in this paper we have considered the very specific class
of semi-linear systems of the form (5.1). In particular, the characteristic vector fields, X;, for
such systems commute. It should be fairly easy to investigate which of the results presented
here could be replicated for more general classes of nonlinear systems belonging to the diffe-
rent cases of Cartan’s structural classification listed in Theorem A.3, specifically systems with
non-commuting characteristics. Other directions in which to extend this work would be to
consider overdetermined systems in one dependent and n independent variables, instead of only
3 independent variables, or to allow u to be a vector-valued function (see, for example, [35]).
Furthermore, it remains to find further examples and applications which fall under the form
of systems (5.1) which we consider here. Constructing involutive overdetermined systems is
a project in its own right. Another interesting avenue of research would consist in classifying
Darboux-integrable systems of the form (5.1) or a generalization of these. A potentially fruitful
approach to this problem would utilize the definitions and classification scheme presented in [3],
which is discussed in Section 4.

Beyond these points, there is the overarching question of how the horizontal cohomology of the
constrained variational bi-complex H™® can be interpreted for s > 1. In other words, what does
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the horizontal cohomology mean in terms of the analytic properties of the solution space of the
system R? Here we refer the reader to [2] for some examples of the ways in which the cohomology
of the variational bi-complex has been used to study, for example, the inverse problem of the
calculus of variations for autonomous systems of ODE, Riemannian structures, and Gelfand—
Fuks cohomology. In [28], Tsujishita also describes several applications of the higher-degree
cohomology of the variational bi-complex, including its role in determining deformation classes
of the solution space of R. An interpretation of H"~12(R>°) cohomology, where n is the number
of independent variables in the associated PDEs system, is also given in [36]. It is shown there
that the existence of nontrivial cohomology classes [w] € H" 12 indicates the possible existence
of variational principles for R. Specifically, if R is the Euler-Lagrange equations for some
Lagrangian A, then it can be shown that dy A = dgn on R*> for n a form of bi-degree (n —1,1).
Therefore w = dy (1), which Zuckerman calls the universal conserved current for A, is a dj closed
(n—1,2) form. Assuming that A is nontrivial, Vinogradov’s two-line theorem [33] implies that w
is not dy exact, so that if H" 12(R>) = 0, then R does not admit a variational principle.

A Structural classification

In [10], Cartan studies involutive Pfaffian systems defined on a suitable jet space, which arise
when considering involutive systems of PDEs from the perspective of exterior differential sys-
tems. In the course of his analysis, the Pfaffian systems’ structure equations are computed
and simplified. Systems with the same reduced structure equations are then regarded as being
structurally equivalent. Some of the main results of this work are summarized in [25], and it
is this exposition which we will follow as we proceed to place systems of the form (1.1) in the
context of Cartan’s structural classification.

Let A“(:Ui,u,ui,uij) = 0 with 7,5 = 1,2,3 be an involutive second order system of PDEs
considered as a subset of the bundle of 2-jets, J? (R3,R). As defined in Section 2, consider the
contact system on J2 (]R3, R) generated by the 1-forms

3 3
Hozdu—Zujdxj, Hi:du,;—Zuijd:cj, 1=1,2,3.
Jj=1 j=1

Let ' = da?, 7r§- = du;; = 7rf so that a local coframe for J? (]R?’,R) is given by {wi, 60, 6, 773}
for 4,5 = 1,2,3. Then we have the following structure equations

3 3
ag® =) "W Ag, Ao =D W Al (A.1)

j=1 7j=1

The set of forms {90, Gi} comprises a basis for the contact system on J?2 (R3,R). Keeping in
mind that our goal is to obtain a simplified set of structure equations, another basis may be
found by transforming the forms {00, Hi} in the following way

0° 10 0 0\ /¢ 0°
ot [0 a} &} d} ot /1 0Y) |6
2] |0 o a3 &[0 <0 A> 02 |’
3 0 a} a3 a3 63 03

where the entries aé are functions on the jet space J2 (R3,R) and det A # 0. Observe that
this transformation preserves the contact form 6°, as well as the Pfaffian system {01, 62, 03}.



The Variational Bi-Complex for Systems of Semi-Linear Hyperbolic PDEs 41

Denote by A the group consisting of such matrices?, A. Then we will show presently that there
is a prolongation A’ of A that acts on the coframe {wi, 69,6, 7T§~}, 1 =1,2,3, such that the form
of the structure equations for the corresponding contact system is preserved.

Let A = (aé-) and A~! = (aé) so that 0? = A#" and #" = A=167. A straightforward calculation
using the definitions provided shows that

3
g’ =) @ A,
j=1

. .. _
where @’ := }_ ajw'. Likewise, utilizing the transformations w = (A_l)Tw = (A") 'w and
1=1

w = AT®@, we can compute

J=1

A S, . A .

where 75 := > alal 7le. Hence, if A" acts on w’ and ; as follows
k=1
3 3
i i, j i i j_k
w' — oG w and T aa; T,

J=1 k=1

. 3. ,
then the structure equations d¢* = w! A m; become the congruences

7=1
3
d6" = Z(Dj A 7‘r§- mod {01}
i=1

and the following lemma may be stated.

Lemma A.1. A’ prolongs A, maps linear combinations of the w' to linear combinations of W',
and transforms the structure equations (A.1) to

3 3
d0° =Y "@Afl,  dP'=> @ Axi modf, i=1,23
j=1

Moreover, the 7T§- are transformed as the coefficients of a quadratic form.

The group A’ will later be utilized to simplify the possible structure equations which must
be considered in the structural classification.

We will now consider more specifically systems of three second order equations, A%(z*, u, u;,
ui;) =0, 1 < a < 3, which satisfy the maximal rank condition that the 3 x 13 Jacobian matrix

In(z, u, ug, ) = <8A 04 )

8$i ’ 8UI

?In [10], Cartan allows for contact transformations on the full set of contact forms, including shifts in the °
direction. Since the terms #° are not relevant to the symbol analysis as carried out in [25], we will likewise fix
these terms in the group of transformations we consider.



42 S. Froehlich

of A% with respect to z*, u, u;, and u;j is of rank 3 whenever A% = 0. To further ensure that
the PDEs system is non-degenerate, we require the (3 x 6) submatrix

0A?

8uz~j
to have rank 3. Let R be the codimension 3 submanifold of J? (R3 ) thus defined by A% =0,
and C%(R) the corresponding contact system restricted to R. When the one forms {w 90 0T ]}

are restricted to R, we obtain 3 linear relations between them. By replacing 7r with 7r plus an

appropriate linear combination of the #?, including #°, these linear relations may be 51mphﬁed
to the following

3 3
SooAlFri 43 Afwl =0 for k=123 (A.2)
i,j=1 =1

We will henceforth assume that the Pfaffian system C2(R) is an involution on which
wiAw? Awd £ 0,

in other words, there exists at least one Kéhler-regular integral element of the form
3
. . -
g =0, W}—Za;lw =0,
=1

where the aé-l are symmetric with respect to all indices. This allows the relations (A.2) to be
further reduced to

3
> Al = for k=1,2,3. (A.3)

ij=1

Finally, when considering the general 3-dimensional involution defined by

3
R W
the relations (A.3) produce 9 equations

Z Alldl, = for 1,k=1,2,3. (A.4)
,j=1

We would like to know how many of the coefficients a;-l are left arbitrary by these 9 equations
since Cartan’s involutivity test tells us that C?(R) is involutive with w! A w? A w? # 0 if and
only if the number of arbitrary coefficients aél above equals 3 -3 — 201 — 09 where o1 and o9 are
the first two reduced Cartan characters of C?(R). Given that we are concerned with the case
of systems of 3 equations in 3 independent variables, we can see that the Cartan characters o
and o9 satisfy o1 < 3 and o1 + 09 < 3. Thus the number of arbitrary coefficients aél will be
9 —201 —09 > 9—6 = 3. Since the a,;'»l are symmetric with respect to all indices, there are
10 terms, which we now see are related by at most 10 — 3 = 7 independent linear equations.
Hence, at most 7 of the 9 equations (A.4) are linearly independent. Making the identifications
773» — é”‘gﬂ and aél — éifjfl, we can state the following result:
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Lemma A.2. Defining the quadratic forms

3
Mk = Z Azkézéj7 k = 172737
ij=1

the 9 cubic forms é’Mk are related by at least 9 — 7 = 2 linear equations.

The lemma states that the 9 cubic forms é’M k are related by at least two linear relations,
thus there are 6 linear forms, I* and m*, i = 1,2, 3, in the variables £*, such that these two linear
relations can be expressed by the two equations,

MY+ 1PM2 + 133 =0, m MY+ m?M? + m3 M3 = 0.

Given that these relations among the M?® exist, one may take a linear combination,

zllz + ZQm Mi =0,

Mw

=1

and find z; and 2o such that one of the coefficients z11* + z9m® vanishes. In other words,
we can choose z; and 2o such that the three linear forms 21" + zom® are linearly dependent.
Equivalently, consider z; and zo as homogeneous coordinates on the Riemann sphere, P;(C),
and define z := z3/2z;. Then we have three linear forms I* + zm!, each of which is a linear
combination of the three variables £'. Taking the coefficient of each of the three variables &in
each of the three expressions I’ + zm’ yields a 3 x 3 matrix. Setting the determinant of this
matrix equal to zero will determine z in such a way that the three linear forms I* + zm® are
linearly dependent, and produce a cubic equation in z with three roots in P;(C).

To make this more explicit, and simplified, the group A’ may be used to induce linear trans-
formations of the variables £ which then induce corresponding linear transformations of 2
and z. This allows us to assume, for example, that one root of the equation mentioned above
is z = 0. Then I', [?, and [ are linearly dependent and can be taken to be

=¢,  P=¢g¢, P=o
Furthermore, if we specify the m! by
m' = alél 4 b2 4 163 m? = a2€' 4+ b2E2 4 263, m? = a3€l 4+ B3E2 4 363,

then the equation which z must satisfy is the cubic polynomial given by,

1+a'z bz 2 14+a'z bz clz
det a’z 1402 2z | = zdet a’z  1+b%z 2z | =0. (A.5)
a’z b3z A3z ad b3 el

The structural classification then breaks into 5 possible cases, according to whether the equa-
tion (A.5) has (i) 3 simple roots, (i) one double and one simple root, (i7i) one triple root, or
(tv) vanishes identically. Case (iv) splits further into two sub-cases according to which of the
following two forms the matrix in equation (A.5) can be reduced,

1
0 or
1

O = O
O O
—_ O =
O = W
O O O

Hence there are 5 possible contact invariant structures in total, as described in the following
theorem.
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Theorem A.3. There are 5 distinct classes of involutive systems of 3 PDEs in 3 independent

and 1 dependent variable. These 5 classes are described according to which of the 7T§- vanish:

(i) m=m=m5=0,

(i) T =7y =m3 =0

(#3i) 71 = 74 = s — 72 =0,

(iv) 71 =713 =75 =0,

(v) T =7y =m=0
1= T =73 =

Finally, we will demonstrate to which of the five classes given in Theorem A.3 systems of the
type (1.1) belong. Recall that the system of three equations (1.1) is given by

Bj(xl,mQ,J:g,u,ui,uj,uij) = uij — fij (:Ul,x2,x3,u,ui,uj) =0 for 1<i<j<a3.
Then by Lemma A.2 there exist at least 2 linear relations between the 3 quadratic forms
Mt =§1e, M? = €263, M3 = E1¢3,
Write these equations as
ILELE2 4 28263 1 313 —
miELE2 4 m2E263 4 m3Ees = 0.

Then, for example, we can take (ll,l2,l3) = (53,—5170) and (ml,mQ,m?’) = (53,51,—252) and
set the following determinant equal to zero

0 0 1+=z
det| -14+2 O 0 =0.
0 —2z 0

In other words, the equation (1 + z)(1 — 2)(2z) = 0 must hold. Here we have 3 simple roots,
so the structure of this system fits into case (i) of Theorem A.3. The corresponding structure
equations are then

de° =0,
dot = w! A 77% mod (90, 0,62, 63),
dé? = w? A 72,
de? = w3 A 7.
Cartan’s test then establishes that systems of the form (1.1) which satisfy the integrability

conditions Dyu;; = Djuyj, for 1 < i # j # k < 3, are involutive and their solutions are
parametrized by three arbitrary functions of one variable.

B Structure equations and Lie bracket congruences

Proposition B.1. The dy structure equations for the Laplace adapted coframe (3.35) for
a system of the form (1.1) of three hyperbolic equations with commuting characteristics are
given by the following equations. Recall that py = min{pa1,p31}, p2 = min{pie, p32}, and
ps = min{pis,pas}. Furthermore, pr1, pr2, and pgs will be used to denote which Laplace in-
dex achieves the minimum in the definitions of p1, p2, and ps respectively; whereas pi1, D2,
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and pi3 will denote the Laplace index which does not achieve the minimum in the definitions
of p1, p2, and p3. So, for example, if p1 = p31 then pr1 = p31 and pp = pa1,

dgo; =0, (B.1)
dy® = a1 A (€] — ALO) + o2 A (€ — ALO) + o3 A (6] — ALLO), (B.2)
dpél = o1 A (f? - (Ail)lﬂ) +o2 A (H%@ - A%lé%) +o3 A (H??lg - A§1S)a (B.3)

dp€l = o1 A (E0T — AP (AL)ED) + oo A (Hy 101 — A7 (AL)EY)

+o3 A (HE? Af‘fl — ! (Aél)é?) forall n, 2<n<pg, (B.4)
gl = o1 A (E7 = (A1) &) + on A (—(Ah)" €D
+or A (Hy S (Alll)n_lé?) for  n=ppi+1, (B.5)

A€l = o1 A (E0 — (AL)"EY) + on A (= (AL ED)
Foy A(HRTRET - (AR) TN mod {EPmT Ly

for pr1+2<n<pn, (B.6)
dpél =01 A é’f“ +or A (—(A,ld)pklf?) + o A (—(Alll)n_lé’f)

for n=pyp+1l=p+1 mod {f’f’““,...,é?_l}, (B.7)
duél = on AN + o A (—(AR)ED) + oA (= (A ET)

for n>p;+2 mod {éfk1+2, cee A{Lfl}, (B.8)

where p;; is the smallest integer such that Hfjij = 0. Similar formulas hold for the forms é%
and ég :

and

dHfg =01 A\ (H&@ - A%zé%) +o2 A (fg - (Azz)lé%) +o03A (HQQG) - Agzé)a
dpéy = o1 A (Hy et — (A2)"716) + o A (G371 — (4L)"ED)
+ o3 A (Hg,f{l A;_l — (Agz)nflég) for 2 <n < pgo,
duéh = op A (—(AR)"7'€8) + o2 A (71 = (AL)"E) + o A (Hy &~ — (AR)"'6))
Jor n=prg+1,
A€l = op A (=(A)"2E8) + oo A (€511 = (AL)"ER) + oy A (HI 1E— — (AB)"1R)
mod {Agkz—i_lw"?ég_l} fO’I" pk2+2§n§pl27
dHfg =0, A (—(A%Q)mé’;) + o9 A ég“ + o A (—(Al22)”‘1é§)
mod {éngJrl""?égil} fOT’ n2p12+1:P2+1

dHfg A (H?:s@ - Ai’:&%) +o2 A (H%;@ - Ag?)é%) + o3 A (fg - (Agzs)léé),

dHé:? =01 A (H{Lg_l A:?_l - (Ailj)?,)nilég) +o2 A (ng;_l Ag_l - (Ags)nilég)
+ o3 A (égﬂ - (Ais)"&?) for 2 <n < pgs,

dr€l = op A (— (A7) 7E0) +or A (HE™E — (AR)" 1€y + o3 A (670 — (Al)"ED)
fOT n = Pk3 + ]-7
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d]_IégEO'k/\(*(A3 )pksf3)+0'l/\<HZ§ 1¢ 3 (Al )n 163)+O'3/\< cnt1 ( 23)71&?)
mod {&§** &7 for prs+2<n<pg,

A€l = o A (= (AL)™2E) + or A (—(AR)"T'E) + o3 A 3T
mod {ég““,...,fg_l} for n2p13+1 =p3+ 1.

Proof. The structure equations dgo; = 0 follow from the assumption that the characteristic
vector fields X; all commute, along with Definition 2.3 which implies that (dyo;)(X;, X;) = 0.
Thus

(droi) (X, Xj) = (doi) (X, Xj) = —oi([Xs, X5]) = 0
for any pair of X; and X;. The other structure equations are computed by using the formula
dpgw =01 A X1 (w) + 02 A Xa(w) + 03 A X3(w). (B.9)

The formula for d© follows immediately from the definitions of f%, f%, and f{’ The remaining
formulas are obtained by using equations (3.36)—(3.39) in formula (B.9). For example, for d &1
we use equation (3.36) with n =2 and j = 1 to see that

o1 /\Xl(é%) =01 A (éf — ( 31)1&)
Equation (3.37) with ¢ = 2 and j = 1 shows that
o2 N\ X2(511) =0y A (H0 — (A%1)§%)

and likewise, (3.37) with i = 3 and j = 1 gives o3 A X3(&]) = o3 A (HH O — (A},)€]). Similar
substitutions yields the dgy structure formulas (B.4)—(B.7) above. Finally, formula (B.8) is
proved by induction on n, beginning with
Xk () = X (X0 (€)) = X1 (Xk(€))
= Xl(—(Allﬂ)p“é{L) mod {é’fkﬁz,...,@_l}, for k=23,
where the above equalities are obtained by making use of equation (3.39). The sets of dy struc-

ture formulas for ég and égf are derived via an analogous procedure, again using the appropriate
versions of equations (3.36)—(3.39) in formula (B.9). [

The Lie bracket congruences for the characteristic vector fields X; with the vertical vector
fields U and ka defined by

oW)=1, O(V)y=o0, &U)=0, & (V})=3s
are given in the following proposition.
Proposition B.2. The following Lie bracket congruences hold modulo {X1, X2, X3}:

[(X1,U] = ALU — HLVE — HLVE mod { X1, Xa, X3}, (B.10)
= U+ (A)'V mod {X1, X2, X3}, (B.11)

[

[ ]E -V Ly (A;l) %26 mod {X1, X2, X3} for 2<n<ppq, (B.12)
(X1, V" ==V mod {Xy1, X2, X3} for n>pn+1,
[

[

ki
N
I

X1, V3] = A3, V5 — HL, V3 mod {X1, X, X3},
X1, V] = (Ah)" 'V — HpV3* mod {X1, X, X3} for 2<n < pp,
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(X1, V3] = (AL)PPVe mod { X1, X0, X3, V3"t ..} for n>pio, (B.13)
(X1, V3] = A3 V5 — HI3VE mod {X1, Xo, X3}, (B.14)
(X1, V9] = (A)" 'V — BBV mod (X1, Xo, X3} for 2<n<py, (B.15)
(X1, V'] = (A3)P°V] mod { X1, X0, X3, V't ...} for n>pis,

LU — HYVE — HR VY mod { X1, X», X3},

(X2, V'] = AV — Hyy VP mod {X1, X2, X3},

[Xo, V"] = (A5)" 'V — HE VY mod {X0, Xo, X3} for 2<n < pa,
[ (A3)P'V" mod { X1, Xo, X35, V"t b for m> o,
(X, Vo] = U+ (4%)'Vy mod {X1, Xa, X3},

[(Xo, V3] = =V 1 4+ (AL)"V mod {X1,Xa, X3} for 2<n<pp,
(X, V3'] = =V mod {X1, X2, X3} for n>pp+l,

[Xo, V3] = A3V — HysVE mod {X1, Xo, X3},

[ (A3)" 'V — HEVPTY mod {X1, Xa, X3} for 2<n < pas,
[ = (A3)"°Ve mod {X1, Xo, X3, V5t .0} for n > pos,
[(X3,U] = ALU — HL V! — HL, VY mod { X7, Xa, X3},

(X5, VY] = A5V — HLV? mod {X1, Xo, X3},

[ (A" — HEVPY mod {X1, Xa, X3} for 2<n <pa,
[ (A31)p31V1 mod {X1,X2,X3,V”+l, e } for n > ps3,

(X3, V5| = A5V, — H, V. mod {X1, Xo, X3},

[Xg, V2”] = (A32)n 1V2 H?QV"Jrl mod { X7, X9, X3} for 2 <n < pss,
[ (ASQ)p32V2 mod {Xl,Xg,Xg,V;LH,...} for n > psa,
(X5, V4] = - ( 5)'VE mod {X1, Xo, X3},

[ l=- + (4i)" Vg mod { X1, Xo, X3} for 2<n<pg3,

[ ] )

= — mod {Xl,Xg,Xg} f07" n2p13+1.

Proof. If X is a total vector field and V' is a 7§; vertical vector field on R*® and w is a contact
1-form, then the following equation holds

(drw)(X, V) = (dw)(X,V) = X(w(V)) = V(w(X)) — w(X,V]) = X(w(V)) - (X, V]),

since w(X) = 0 by definition of X being a total vector field, and dyw(X,V) = 0 again by
definition because dyw is a type (0,2) contact form. Moreover, if w(V') is a constant, then

(drw)(X, V) = —w([X, V]).

This last equation, along with the dg structure equations from Theorem B.1, allow us to obtain
the above Lie bracket congruences. As an example, let’s compute [X1,U]. Taking the structure
equation (B.2), we see that O([X1,U]) = —(dg©)(X1,U) = AY. This tells us that the bracket
[X1,U] has a U component with coefficient A%,. Likewise, taking equation (B.3) shows that
EN[X1,U]) = —(dHf%)(Xl, U) = 0, which implies that [X7, U] has no Vi component. Continue
on in this way using each of the remaining d Héz] structure equations in turn in order to identify
all the nonzero components of [X;,U]. Repeat the same procedure with [Xs, U], [X3,U], and
[Xi, Vkl] to obtain all of the above Lie bracket congruences. |
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