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Abstract. Let (s,)n>0 denote an indeterminate Hamburger moment sequence and let
H = {Sm+n} be the corresponding positive definite Hankel matrix. We consider the question
if there exists an infinite symmetric matrix A = {a; 1}, which is an inverse of H in the sense
that the matrix product AH is defined by absolutely convergent series and AH equals the
identity matrix Z, a property called (aci). A candidate for A is the coefficient matrix of
the reproducing kernel of the moment problem, considered as an entire function of two
complex variables. We say that the moment problem has property (aci), if (aci) holds for
this matrix A. We show that this is true for many classical indeterminate moment problems
but not for the symmetrized version of a cubic birth-and-death process studied by Valent
and co-authors. We consider mainly symmetric indeterminate moment problems and give
a number of sufficient conditions for (aci) to hold in terms of the recurrence coefficients for
the orthonormal polynomials. A sufficient condition is a rapid increase of the recurrence
coefficients in the sense that the quotient between consecutive terms is uniformly bounded
by a constant strictly smaller than one. We also give a simple example, where (aci) holds,
but an inverse matrix of H is highly non-unique.

Key words: indeterminate moment problems; Jacobi matrices; Hankel matrices; orthogonal
polynomials
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1 Introduction and summary of results

Consider a Hamburger moment sequence (s,,) given as

[ee]
Sp = / x"du(x), n >0,
—0o0

where p is a probability measure with infinite support and moments of any order. The cor-
responding orthonormal polynomials F,, obtained from the sequence of monomials z™ by the
Gram—Schmidt procedure, satisfy Py = 1 and

2Py (x) = by Pry1(x) + anPp(x) + bp—1Pr—1(2), n >0, (1.1)
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where b, > 0, a,, € R with the convention b_; =1, P_; = 0. For n > 0 we have deg P, = n and
the leading coefficient of P, is equal to

1

-_ 1.2
bob1 - - - bp—1 (1.2)

We are interested in the so-called indeterminate case, when the moments s,, do not determine
the measure p uniquely. Such measures must have unbounded support. In particular the
numbers so,, must grow faster than any exponential.

The infinite Hankel matrix H = {hy,n}

R = Sman = <xm,x">L2(“), m,n >0

is positive definite in the sense that

o0

(Hv,v) = Z SmA4nUnUm > 0, v € Fe(Nop), v #0, (1.3)

m,n=0

where F.(Np) denotes the set of complex sequences v = (vy,)n>0, with only finitely many non-zero
entries.

Berg, Chen and Ismail [3] showed that the quadratic form associated with the matrix H is
bounded below, i.e., for a suitable constant C' > 0

(Ho,0) 2 Cllv)?, v e Fe(No),

if and only if the moment problem associated with (s,) is indeterminate.

Hamburger obtained a related characterization of indeterminacy in terms of the quadratic
forms associated with the matrices {sj;1} and {sjix42}, see [23, p. 70]. For a comparison
between Hamburger’s result and the result of Berg-Chen-Ismail, see [3].

Yafaev [25] contains a characterization of closability of the Hankel form (1.3) leading to the
determinate case.

The smallest eigenvalue Ay of the truncated matrix Hnx = {Sm+n}to<m.n<n has been studied
in a number of papers starting with Szeg6é and Widom-Wilf, see [7] and references therein.

The inverse of H can simply be described as the matrix

AN = {a; 1 (N)Yo<jnen,

where
N N )
En(z,w) = Pu(2)Pa(w) = > ajn(N)2/w". (1.4)
n=0 4,k=0

A proof and historical details can be found in [7, Theorem 1.1].
In the indeterminate case it is possible to let N — oo in (1.4) and obtain the infinite matrix
A ={a;i} with a;; = A}im a;j (V) as coefficient matrix of the entire function of two complex
— 00

variables

(0.9] oo
K(z,w) = ZPn(z)Pn(w) = Z a; p2wk,
n=0 J,k=0

called the reproducing kernel of the indeterminate moment problem.
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The coefficients of H can grow fast, but on the other hand the coefficients of A decay fast,
so it is natural to examine if it is possible to let N tend to infinity in the equations

N
Zai,k(N)Skﬂ = 0ij, 0<i,7<N,
k=0

and to obtain the infinite matrix equation

AH =HA=T, (1.5)
i.e.,

> aigser; =0y, 6,5 =0, (1.6)

k=0

meaning that all the above series are convergent with the given sum. Notice that since both
matrices H and A are symmetric, it is enough to prove AH =T in (1.5).

Since absolute convergence is often more easy to establish than convergence, we investigate
the question if the series in (1.6) are absolutely convergent for all 7, j.

For the Stieltjes—Wigert moment sequence (sometimes called log-normal moments)

1
Sy = qfi(”ﬂ)z, 0<qg<1,

it was shown that (1.5) holds and all the series in (1.6) are absolutely convergent, see [7, Sec-
tion 5]. After this was done the same results were established but not published for several
other known indeterminate moment problems, and we began to search for general theorems
about (1.5). In this paper we present the general results obtained so far. At present we have no
applications of equation (1.5).

If H is replaced by an infinite positive definite Toeplitz matrix M, the question of existence
of a classical inverse of M in the sense of (1.5) has been studied in [15].

The sequence ¢y := /akk plays a crucial role in our investigations. It decays quickly to zero
in the sense that kl;n(r)l(}k{ﬂ/@ =0, see (2.13).

Concerning the matrix 4, it was shown in [7, Section 4] that it is of trace class, and that

o0

1 2w .
trA:%/O kZ:O}Pk(etﬂzdt.

In the indeterminate case the infinite Hankel matrix H does not correspond to an operator
on ¢2 defined on the subspace spanned by the standard orthonormal basis (0n)n>0 in 02, where
671 — (5n,m)m20~

. X —1/(2n)

In fact, by a theorem of Carleman we necessarily have ) s,

n=0

< 00, hence s9, > 1 for n

sufficiently large, and therefore
o0
Z si+m =0 for all n.
m=0
In connection with the study of (1.5) we introduce the following:
Definition 1.1. An indeterminate moment problem has property

(c) if all the series in (1.6) are convergent,
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(ac) if all the series in (1.6) are absolutely convergent,

(aci) if it has property (ac) and (1.5) holds,

o
(cs) if > copsan < 00,
n=0

(es*) if > ¢lsi4m| < oo for all m > 0.
=0

Theorem 1.2. For an indeterminate moment problem the following holds:
(i) (cs*) = (aci) = (ac) = (c),
(ii) (cs*) = (cs).

Concerning (i), the claim (cs*) == (aci) is proved in Lemma 2.1, the rest is obvious. To
see (ii) we put m = 0 in (cs*) and get

oo oo
E ConSon < E Cl|81’ < 0.
n=0 =0

We shall mainly focus on the case of symmetric moment problems, where the central recur-
rence coefficients a,, = 0 for all n, and the moment problem is characterized by the sequence (by,).

Remark 1.3. We are not able to decide if some of these implications can be reversed. Note
however, that for Stieltjes problems and for symmetric moment problems the properties (ac)
and (aci) are equivalent, cf. Propositions 2.4 and 2.5.

We next define some classes of sequences (b,) which will be considered in connection with
the properties of Definition 1.1.

Definition 1.4. A sequence (b,) of positive numbers is called eventually log-convex if there
exists ng € N such that

b < by—1bn41, n = ng,
and it is called eventually log-concave if the reverse inequality holds. For ng = 1 we drop
“eventually”.

The following lemma is given in [8, Lemma 4.1].

Lemma 1.5. Let (b,) be an unbounded positive sequence which is either eventually log-convex
or eventually log-concave. Then (by,) is eventually strictly increasing to infinity.

The following concept is crucial for several results.

Definition 1.6. A sequence (b,,) of positive numbers is called eventually g-increasing, if there
exist a number 0 < ¢ < 1 and ng € N such that

bn—l
bn

<q n 2 no. (1.7)

For ng =1 we drop “eventually”.

Note that if (b,) is unbounded and eventually log-convex, then it is eventually g-increasing
with ¢ = byy—1/bn, < 1, where ng is so large that (by,) is log-convex and strictly increasing for
n > ng.

We recall that an indeterminate moment problem has an order p satisfying 0 < p < 1. This
is the common order of the four functions of the Nevanlinna matrix, see [5].
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Proposition 1.7.

(i) The symmetric moment problem for an eventually q-increasing sequence (by,) is indeter-
minate and of order 0.
(7i) The symmetric moment problem for a positive sequence (by,) satisfying

bn—l
bn

< e_ﬁ/n7 n 2= no, B > 17 (18>

is indeterminate of order < 1/0.

Proof. Let (@,) denote the sequence of polynomials of the second kind. By [8, Theorem 1.2],
it suffices to prove that (P2(0)), (Q2%(0)) € £~ for all 0 < a < 1 in the first case and for all
a > 1/ in the second case.

By the symmetry assumption we know that Pa,41(0) = Q2,(0) = 0 and by [8, Remark 4.5]
we have

nbob2 - bop_o 0103+ bop_1

P, (0) = (-1)" —-————= n = (-1 . 1.
2n(0) = (~1)" R Qua (0) = (-1 (19)
For n > ng such that (1.7) holds, we have
p2 (0) < <b0b2 e b2n02>2 qg(n_no) 02 0) < <b1bs e b2n01>2 q2(n—no)
2=\ byby -+ bang—1 ’ 2=\ boba -+ bag ’
and the first assertion follows.
For n > ng such that (1.8) holds, we have
boby - - - b 2 = 1
P2 0) < 002 " 02ng—2 _9
in(0) < <b163'~-62n0—1 P ngo 2j+1]"
and a similar inequality for @3, ,,(0). Using the inequality
= 1 "odr 1, 2m+1
oL Lo 20t L
; 25 +1 no 2x+1 2 2np +1
=no
we get
C
P} (0) <
2n(0) < (2n + 1)P
for a suitable constant C, and the second assertion follows. |

The following examples have g-increasing coefficients b,,.

Example 1.8. The discrete g-Hermite polynomials of type II are given by

2hy(259) = hny1(259) + ¢ 2" (1 — ¢") o1 (25 q),

cf. [20], where 0 < ¢ < 1. This is the monic version and the corresponding coefficients for the
orthonormal version are

b, = qfnfl/Q\/ 1—gntl,
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It follows that

bn—l 1- qn
= —_— ,
by, q \/ 1— qn+1 q

so (by) is g-increasing and log-concave.

It is known that so, = (q; q2)nq_"2, where the shifted factorials are defined in (3.10).

In [14] Christiansen and Ismail studied symmetric Al-Salam—Chihara polynomials of type II
given by the recursion

22p" Qu(w; B) = (1 = ") Quia (@ 8) + (B + 9" ) Qu-r (23 ),

where 0 < p < 1, 8 > 0. The recurrence coefficients for the orthonormal version are

b, — %pfnfl/Q[(l _pn+1) (ﬁ _i_pn)]l/Q'

It follows that

boor [ 1=p" B4p ! 1/2< f+1 1/2<
b T gt Bt } - LBH?] < VP
so (b,) is y/p-increasing.

One can prove that (by,) is eventually log-convex when 0 < § < 1/p and eventually log-
concave when 3 > 1/p or B = 0. The case 8 = 0 yields the p~!-Hermite polynomials studied by
Ismail and Masson in [19].

We shall now formulate our main results for symmetric moment problems given in terms of
an = 0 and b, > 0 from (1.1). Our results are based on a study of two quantities U,,, V;, defined
in Section 2, see (2.11) and (2.12). As far as we know these quantities have not been investigated
previously. They are treated in Sections 3 and 4, and to avoid duplication we shall not mention
these technical results here.

We need the following decreasing functions

1 a
u(a) := 2_1%22;<1(a: + 1)/ log (1 g ya> a j_yy)? a>0, (1.10)
v(a) = /100 log ([1 - m_o‘]_l)dx, a>1, (1.11)
k(o) := 4% exp(2u(a) + v(a)), a>1, (1.12)

which are motivated by Theorems 3.9, 4.10, and 5.2 respectively. The limiting values of these
functions at the end-points of their interval of definition are also given there. Further properties
of the functions u, v are given in Appendix A.

Theorem 1.9. Consider a symmetric moment problem given in terms of an eventually q-
increasing sequence (by,), cf. Definition 1.6. We then have

(i) (Un), (Va), (cny/52n) are bounded sequences.
(i) Property (cs*) holds.

This result follows from Theorems 3.7 and 4.5, Corollary 4.6 and Theorem 5.1.
We next relax the condition of (b,) being eventually g-increasing.
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Theorem 1.10. Consider a symmetric moment problem given in terms of (by) satisfying

ban < o f),

7'[,27’1,0,

where f(n) >0 for n > ng and o :=liminfnf(n) € [0, c0].

n—oo
We then have

(i) limsup /U, < e2u(®) (< o < o0,

n—oo
(1) limsup 'V, < e?(@/2 1 < o < o0,
n—oo

(791) Property (cs*) holds if k(o)) < 1, which in turn holds for a > 1.68746, cf. Remark 5.3.

This result follows from Theorems 3.10, 4.11, and 5.2.

The last theorem applied to the symmetric indeterminate moment problem with b, = (n+1)¢,
¢ > 1, yields that (cs*) holds for ¢ > 1.68746. This is not optimal, because in Section 7 we prove
by completely different methods that (cs*) actually holds for ¢ > 3/2 and that property (cs)
(and hence (cs*)) does not hold for 1 < ¢ < 3/2. The behaviour for the border case ¢ = 3/2 is
not known.

A main difficulty is that almost nothing is known about the orthonormal polynomials and
related quantities in case b, = (n + 1)¢, see the preamble to Section 7. We have relied on the
symmetrized version of a birth-and-death process with cubic rates studied by Valent in [24].
In Section 6 we find an estimate of the moments and explicit expressions for the entries of the
matrix A in that case.

A symmetric moment problem given by an eventually log-convex or eventually log-concave
sequence (b,) is indeterminate if and only if the Carleman condition ) 1/b, < oo holds. In

the indeterminate case the order p of the moment problem is equal to the exponent of conver-
gence &(by,) of (by,) defined as

1
S(bn):inf{a>0: Zba<oo}.

n=0 "

See Theorems 1.4 and 4.11 in [8]. The log-concave case builds on technique introduced by
Berezanskii, see [1, p. 26].
In Appendix A we take up certain questions related to the above, but which are not needed in

the main results. We prove that liminf,, Ur™ > 4 for all bounded sequences (by,). In Remark A.4
we notice that although A can be an inverse of H, it is not uniquely determined by being so.
We also give some properties of the functions u, v.

2 Preliminaries

In this section we shall summarize some notation and results from our papers [7, 8, 9], which
will be needed in the following. We use the following notation for the orthonormal polynomials
Pn(x) = bn,nmn + bn—l,nxnil + -+ bl,nx + bO,nv
" = ey Pr() + cnoinPr1(x) + - + c1nPi(x) + conPo(z). (2.1)
By (1.2) we get

1

by = = bobL - b1 9.2
’ boby -+ - bp_1 Cn, 071 1 ( )
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The matrices B = {b; ;} and C = {¢; j} with the assumption
b@j =Cjj = 0 for i>j

are upper-triangular. Since B and C are transition matrices between two sequences of linearly
independent systems of functions, we have

BC=CB=L1.
Observe that (for say m < n)

t
Sm4n = hm,n = <33m; $n>L2(,u) = C0,mCon + ClmCln +* + CmmCmn = (C C)m,n’

so H = CtC.
Hence we have

T = BC = B(B'c'C) = B(B'H). (2.3)

The multiplication is well defined as B, C are upper-triangular matrices and B, C* are lower-
triangular, so we are always dealing with finite sums in the matrix products.

Let us now assume that the moment problem is indeterminate. We recall from [7, Proposi-
tion 4.2] that B is a Hilbert—Schmidt matrix and that

A= BB, (2.4)

This means

o0

ari= Y. brnbin, (2.5)

n=max(k,l)

hence

2, < (i b) (i b%,n> |
n==k n=l|

Let us recall some of the arguments leading to these results. Because of indeterminacy it is
known that the series

> 1Pa(=)
n=0

is convergent uniformly for z in bounded subsets of C. Moreover, the sum has subexponential
growth by a result of M. Riesz, cf. [1, p. 56|, i.e., it is dominated by a multiple of eIl for any
e > 0. Fixing r > 0, we have

n
Pn(relt) = E bk’nrkeltk.
k=0

By Parseval’s identity we obtain

1 27 ) 9 n
o [ e Pt = 3
0 k=0
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Next
1 2r X L e e
[ SR ar= 33 = 3
27 Jo n—0 n=0 k=0 k=0 n=k

Therefore, denoting

- 1/2
cr = (Z b%7n> = /0 k, (2.6)
n=~k

we have

[e.e] 1 2w ©© 9

2 2k it

chr _% ; Z‘Pn(re )‘dt

k=0 n=0
(For r = 1 this proves that B is Hilbert—Schmidt, and in particular the series in (2.5) is absolutely
convergent.)
Lemma 2.1. Consider an indeterminate moment problem. If

oo

Z bk 01 m S14m| < 00 for all k,m >0, (2.7)

n,l=0

then property (aci) from Definition 1.1 holds.
For (2.7) to hold it suffices that

o0

ch|81+m\ < 00 for all m > 0. (2.8)
=0

In particular (cs*) implies (aci).
Proof. We first notice that (2.7) implies (ac) because of (2.5). We next note that (2.7) implies
B(B'H) = (BB,
so by (2.3) and (2.4) we get
I =B(B'H) = (BB")H = AH.
Suppose next that (2.8) holds. By the Cauchy—Schwarz inequality
D Brmbinsivm| < cxarlsipm| < oo,
n,1=0 1=0
where we have used (2.6). [ |

Remark 2.2. It is tempting to use |S;1m| < /S21y/S2m to assert that the conditions of Lem-
ma 2.1 are satisfied if > ¢;,/s2; < 0o. This is not possible because ¢;,/s9; > 1 by Lemma 2.6.

We shall mainly be concerned about (1.5) in the symmetric case, characterized by a,, = 0, but
since there is a one-to-one correspondence between Stieltjes moment problems and symmetric
moment problems, we shall first compare (1.5) in the two cases.
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Suppose

ty, = / t"dv(t), n>0
0

is a Stieltjes moment sequence of a probability measure v on [0, co[ with infinite support. The
corresponding orthonormal polynomials (P,) satisfy (1.1), where now a, > 0. Let (R,) denote
the orthonormal polynomials with respect to the measure tdv(t). Then

Son(z) := P, (:1:2), Son+1(z) == xRy, (a:2)

are the orthonormal polynomials with respect to the unique symmetric probability measure u
on R such that for all non-negative Borel functions f: [0,c0[— R

/_O; f(@*)du(x) = /0 " pav(e).

The moments s,, of p are s9,, = t,, Sopt+1 = 0.
The three terms recurrence relation for (.S,,) has the form

xSp(z) = *bpSp+1(x) 4+ °bp—1Sn—1(x) (2.9)
with
ap = (*bp)?, by, = (°ban) (*ban+1), n >0, an = (*b2n)* 4 (*b2n-1)%, n>1.

It is known that p is indeterminate if and only if v is Stieltjes indeterminate, i.e., there
are measures on [0, co[ different from v with the same moments as v, cf. [13, p. 333]. In the
affirmative case we denote the reproducing kernels

K(z,w) = ZPn(z)Pn(w) = Z a; 2 w”,
n=0

3,k=0

K'(z,w) = ZRn(z)Rn(w) = Z a}vkzjwk.
n=0 J,k=0

(Notice that also tdv(t) is Stieltjes indeterminate.)
The reproducing kernel for the symmetric measure p is given as

Ky(z,w) = Z Sn(2)Sn(w) = Z P, (ZZ)Pn (w2) + zw Z R, (zQ)Rn (w2)
n=0 n=0 n=0

o0 (o] (o)
_ 25 2k r 241, 2k+1 _ (8) 5, k
= Z a; 2w + Z aj 2w = Z a; 2w, (2.10)
J,k=0 j,k=0 §,k=0
where
Qj5/2 k)25 J» k even,
al) =10, j+k odd,

a,(j_l)/Q,(k—l)/27 j, k odd.
We then easily get the following about property (aci) from Definition 1.1:

Proposition 2.3. The symmetric moment problem with moments (s,) has property (aci) if and
only if the two Stieltjes problems with moments (t,) and (tn4+1) have property (aci).
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For a Stieltjes problem we notice that the coefficients by, ,, of the orthonormal polynomials P,
have the sign pattern by, = (—1)"_k]bk,n| because the zeros of P, are all positive. This implies
that

(0.] o
ag| = Z bk nbry = (—1)" Z [0, b1,1
n=0 n=0

hence
oo oo
> arisieml = D okl binlsiim.
=0 I,n=0

By Lemma 2.1 this shows

Proposition 2.4. For an indeterminate Stieltjes problem the properties (ac) and (aci) from
Definition 1.1 are equivalent.

Combining this with Proposition 2.3 we immediately get:

Proposition 2.5. For a symmetric indeterminate moment problem the properties (ac) and (aci)
from Definition 1.1 are equivalent.

In order to verify convergence of the series in (2.8), we shall estimate the sequences (c;,),
defined in (2.6), and (s2y,) in terms of the quantities

S2n
U, :

= 55— n>1, Up:=s50=1 (2.11)
bgbt - by

and
Vi :=bgb1 -+ - bp_1Cp, n>1, Vo :=co>1. (2.12)

This will be done in the next two sections.

The quantity U, is defined for any moment problem, while V,, only makes sense for indeter-
minate problems.

It is easy to see that both quantities are scale invariant in the sense that if (ay), (b,) from
the recurrence relation (1.1) are replaced by a constant multiple (Aay,), (Ab,) for some A > 0,
then U, V,, remain unchanged.

In the following we shall often compare quantities like s,,, Uy, ¢, ... depending on the re-
currence coefficients (ay), (b,) with those corresponding to other recurrence coefficients, say

(Gn), (bn) We then denote the corresponding quantities S, U,, Cn, . . ..
Lemma 2.6.

(1) For any moment problem we have U,, > 1.
(i1) For any indeterminate moment problem we have V,, > 1 and Vyp\/U, = Cny/S2n = 1.
Proof. By (2.1) we have
Sop = (2™, 2™) = C(Q),n + cin 4+ cfw > cfw = b%b% by,
hence by (2.6) and (2.2)

1/2

= 1
= b2 > bpp = ————— > 1/\/52n. |
) ]:Zn " o bobr -+ -bp—1 [V
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In [8, Section 3] we considered the power series

o0
d(z) = Z 2",
n=0

and proved that ® is an entire function of minimal exponential type. In terms of (¢,) this can
be expressed

lim ke,/* = 0. (2.13)
k—o00
It was also proved there that ® has the same order p and type 7 as the moment problem, which
by definition is the common order and type of the entire functions in the Nevanlinna matrix,
see [5, 6]. From the general formula for type of an entire function in terms of its power series
coefficients, see [21], we then get the following result.

Theorem 2.7. Consider an indeterminate moment problem of order 0 < p < 1 and type
0<17<00. Then

Jk

lim sup /~61/”c,1'C = (epr) /. (2.14)

k—o0

3 Estimates of the even moments via U,

In all of this section we assume that the moment problem is symmetric or equivalently that
a, = 0, so the recurrence relation (1.1) takes the simplified form

zP, = ann+1 + b1 Pr—1. (31)

Proposition 3.1. Let (b,) and (I;n) denote two sequences of positive numbers satisfying by, < En,
n > 0. Then the corresponding even moments satisfy son, < Sopn, n > 0.

Proof. Let J denote the Jacobi matrix associated to the moment problem, i.e.,

0 b9 0 O
bp 0 b O
J=|0 b 0 by ---|, (3.2)
0 0 b O
It is well-known that s, = (J™dp, dp), and the conclusion follows. |

In the symmetric case Py involves only monomials with the same parity as k. Thus we have

" [n/2]
T 4 - P — — P P _ e 3‘3
bbby 2 e = ol Pt (3.3)
hence
59 [n/2]
n
Un'i= o= = D Une (3.4)

(Compared with (2.1) we have uy = ¢n—2k.n/(bo - - bp—1), while ¢,_op—1,, = 0.) By (1.2) we
have u, 0 = 1.
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By the recurrence relation (3.1) the coefficients w,, ) satisfy

bp—ak bpt1-2k

Tun,k b Un, k—1, 1< k < [n/2] (3.5)

Un+1,k =

In fact, multiplying (3.3) by = /b, and using the recurrence relation (3.1), we get

N
— Z % (bn—QkPn—Qk""l + bn—2k—1Pn—2k—1) )
k=0 "

-
boby - - - by,

and (3.5) follows. We may extend the definition by setting u, ; = 0 for k > [n/2] or k < 0 and
b, = 0 for n < 0. In this way it is not difficult to see that

bn—ak bpt1-2k
—Un,k
bn bn

Un41,k = Un,k—15 n, k > 07 (36>

and it follows by induction that all coefficients w,, ; > 0.
By (3.4) and (3.5) this immediately implies the following.

Proposition 3.2. Assume (b,) and (l;n) are positive sequences satisfying

bnfl <l~7?71
bn T by

; n =1,

and let so, and S9, denote the corresponding even moments. Then

S2n o Son
bgbt -+ by bgbt -+ bn
For ng € N the shifted recurrence sequence b%no) = bptny, 1 > 0 leads to moments 37(1"()) and
U(no) . 85710) SgrlLO)

T P T R e

Proposition 3.3. The expressions above satisfy

Son+2 > b(z)sgz), Unt1 > UY. (3.7)

If b, < p{mo) forn >0 and lim by/™ = 1, then

lim sup U}/™ = lim sup (Ué”o)) n, (3.8)

n—oo n—oo

The latter holds for b, = A(n 4+ 1)¢, X\,¢ > 0.

Proof. Define

00 0 0
00 b 0 .
Joy=|0 b1 0 b :< )
D70 0 b oo 0 JW
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where J() is the Jacobi matrix (3.2) corresponding to bgl) and the matrix to the right is a block
matrix. The upper left 0 is a scalar and the upper right 0 is an infinite row vector of zeros. In
block matrix notation we then have

(Jy)" = (8 (Jg))") )
hence

55 = ((J(1))?"61,61).
This gives

sonsa = (J2"280,80) = (J?" T80, J6o) = b (J*"61,61) > B2((Jy)?"61,61) = bEsb)

2n >

hence U,41 > U(l)
If b, < b,(ln 0) we have sq9, < sé 0) by Proposition 3.1, and therefore for n > nyg

62 b2 b2 b b2 b2
Un < no+1" no+n—1 U(no) n+1" n+ng— 1Un .
SR O T, e

If lim by ™ = 1 we get (3.8). [

Lemma 3.4. Assume (by,) satisfies

sup =M < oo.
4,70 bH—]
Then
Uni1 < AM?U,, Sonra < AMPV2 59, (3.9)

Proof. By the recurrence equation (3.5) we get
Un41,k < M(un,k + un,k—l)a

hence

2 2/(,2 2
un—l—l,k < 2M (un,k + un,k—l)'

This gives
[(n+1)/2]
Un+1 = Z u12q,+17k < 4M2Un7
k=0
hence so,42 < 4M2b3132n. [ |

In the following we shall use the notation from [16] about g-shifted factorials. For z,q € C
we write

H 1—z¢’) n=1,2,..., (z;9)0 = 1. (3.10)

When |g| < 1 we define the absolutely convergent infinite product

o0

(z10)00 = [ (1 = 2¢7). (3.11)

=0
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Lemma 3.5. Assume (by,) is log-concave and strictly increasing. Define ¢ := by—1/bn, n > 1.
Then 0 < gn < gn+1 <1 and

k L k2
/%kgquI@_@?)1:(2%2), n>1,  k>0. (3.12)
i 4ni4n)),

Proof. The inequality trivially holds when & = 0 independent of n, because both sides are 1.
Since uj = 0 for k > 1 the inequality holds in particular for n = 1 and all k. Notice that by
assumption

bn_

b = Qn—j+1qn—j+2 " qn < qu'
n

Let us define
k‘2
an
Tnjk i= 755
" (2;42),
Since gn, < gn4+1 we have 7, < 7,41 k. Suppose now that (3.12) holds for some n > 1 and all k.
For k > 1 we get by (3.5) and the induction hypothesis

2k—1

2k 2k—1
Un+1,k < qn Unk + qn

2%
Unk—1 < qn Tngk tqn  Tnk-1
2%k 2%—1
< G 1Tn+1k + Qi1 Tntl,k—1 = Tt lk- [ |

Theorem 3.6. Assume (b,) is g-increasing, cf. Definition 1.6, and let U, be given by (2.11).
Then

o
-9 2
Un < (6% 0> @,  nxo.
k=0
This holds in particular if (by,) is log-convex and strictly increasing with ¢ = by/by < 1.
Proof. For [ > 1 we have

by by bng1 bpgioa < (3.13)

bn—H bn+1 bn+2 bn—i—l

so from equation (3.5) we get
Un+1,k < qzkun,k + qzk_lun,k—l' (314)

We claim that

k k‘2
2 -1 q
Un g < g H (1-¢7) = 2'72)3 (3.15)
j=1 (4% ¢%),
which is certainly true for n = 0,k > 0 since ugo = 1 and ugy = 0 for £ > 1. It is also true
when k = 0 independent of n since u, o = 1.
Assume that (3.15) holds for some n and all k. From (3.14) we get for k > 1

2 _1)2 _ 2
o < g 2k . gk=1)?+2k—1 B "
n+1,k > - )
(0%¢%),  (¢%5d),,  (¢%%),
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which finishes the proof of (3.15). In particular, using the notation from (3.11)

oo

—9 2

Un < (¢%:¢°) 0 Y a™" < oo, u
k=0

Theorem 3.6 can be slightly extended.

Theorem 3.7. Assume (by,) is eventually q-increasing, cf. Definition 1.6. Then the sequen-
ce (Up) from (2.11) is bounded.

Proof. By (1.7) we see that (b,) is strictly increasing for n > ng and tends to infinity. For
k > 1 we then have

max{b,: 0 <n < ng+k} = max (max{b,: 0 <n <np},bpyt+r—1)

and the latter is < by,4 for k sufficiently large.
By increasing ng if necessary we may therefore assume that

b, > max{b,: 0 <n < ng}.

Defining
b\ L/ (no—n)
= max | — = max(q, q1)
q1 0<n<no bno ) p ) )
we have 0 < p < 1.
Let
7 bnopno_n7 0 S n < nog,
by ==
bn, ng < n.

Then (Bn) is p-increasing and b, < I;n By Proposition 3.1 we get so, < S92, and for n > ng we
find

7272
52n bO"'bn—1~
Up = < —U,.
bgb -+ bpy T BG by
This shows the boundedness of (U,,) since (U,) is bounded by Theorem 3.6. [

Proposition 3.8. Assume (by) is strictly increasing and log-concave. Then uy,j from (3.3)
satisfy

(3.16)

SE

k
bp—opti_
Un,0 = 1, Un, k < H no 2kt ) 1<k<
L bn—j — bpokyj2
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Proof. We will use induction with respect to n. Equation (3.16) is certainly true for n = 1.
Assume the conclusion is satisfied for n > 1. For 1 < j < k, k > 2 we use log-concavity to
obtain

bn—2k4j—1 < b —2k+j

= )
bn—j —bpn_okyj—2  bpr1—j —bp_okyj1

hence by the induction hypothesis

by— by
U1 = Mun’k 4 On—2k+ I
by, by,
k k—1
b2k br—2k4j—1 bp—2k+1 bp—2k+j+1
~ b bp_i —b " b bp_;i —b ;
n j:l n—j n—2k+j—2 n j:l n—j n—2k+j
< n 2k n 2k+j n 2k+1 n 2k+]
- H s bn1—j — bnokyj1 an+1 —j = bpokyj
B H bn—2k+j [bn—% bn—2k+1 b — bn—?k:|
= +
jop Inti—j — b2kt L bn b b2kt
k
_ H bp—2k+;
o bry1—j — bnokyj—1
For k = 1 we similarly have
bn—? bn—l bn—2 bn—? bn—l
pu— <
un+171 bn Un,1 + bn o bn bn—l - bn—3 + bn
< ban bnfl + bnfl _ bnfl [
- bn bn - bnf2 bn bn - bn72'
Theorem 3.9. Assume (by,) satisfies
by—
el <o B p>1, B>0. (3.17)
n
The quantity U, from (2.11) satisfies
lim sup UL/ < 248, (3.18)
n—oo
where
1 B d
) Y
U = max (rz+1 / lo < ) > 0. 3.19
(8) 2—1/ﬂ§x§1( ) e (775 ) Tr e (3.19)

The function u(f) is decreasing with [lain% u(p) = oo, lim u(f) =0.
—

B—00

Proof. By (3.17) we get
bn > boeﬁ(l-i-l/2-|-"'-‘r1/n)7
showing that (by,) is strictly increasing to infinity.
Defining

i)g = bo, Bn = bgeﬁ(1+l/2+m+l/n), n > 1

)

then (l;n) is strictly increasing and log-concave.
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For b, = (n+ 1) we then have

bn—1 <b73—1 <b —1
b ~ b,

n
=~
bn

: (3.20)

so by Proposition 3.2
Un < Uy < Up.

We claim that

/\

n 2k+] 1

k ~

H g bn—2~k+j—1

j=1 n—j — bn—2k+j—2

IA
Ew

= O ks (3.21)
b _bn 2hitj—2

which follows from the second inequality in (3.20) because of

bn—2k4j—1 _ bnokgio1/bnj

bn—j — bn-oktj—2 1 —bnokrj—2/bn_j
and a similar expression for Bn Let k,, be the smallest index so that
Onk, = max{o,: 1 <k <n/2}.

We have n = ky (v, + 2), where v, > 0. By Proposition 3.8 and the inequality (3.21) we have
Up i < Op L, hence

1/n
[n/2]
hmsup Ul < hmsup UMm < limsup Z Ok < limsup (1 + [n/Z]U%kn)l/n
< limsup(1 + [n/2])/"o" /n < lim sup an/k , (3.22)
n
where we have used that 0,0 = 1 and
> (n—1)" —
= 5 X
Onk, = On,1 B — (n — 2)/5
for n — oo. By the right-hand side of (3.21) we get
k1 =N 1/n
1/n b2k, +j

lim sup Tk = lim sup H = =
n n i20 bn—j—1 = bp—2k, 451

Furthermore
lo ﬁjl bt ts Un—llgfﬁzw ) (3.23)
8 =0 En_j_1 —/b\n72kn+j71 ~ (m+ 2)kn = a0 '
where
En(8,) = Blog(yn + 5 /kn + 1/kn) —log [(y +2 = j/kn)® = (4 + 5/kn)"]. (3.24)

Let v be an accumulation point of (7).
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We consider first the case, where v = oo is the only accumulation point, so v, — co. We
have

log(Yn + j/kn + 1/kn) < log(yn +1). (3.25)

The inequality (0 < y < x)

T —y BBl 0<pB <1,
implies
o s 281 = k) (n + 3/ Kn)P B=>1,
(2= 3/ka)” = O+ 3/ k) Z{25(1—]/1<: ) (Vn +2—]/k: )ﬁ L o<p<1
5 [28(0 =/ v ) p=1, (3.26)
26(1 = j/kn)(m +2)P7", 0<B <L
We have
kn—1 1
_ Z log(1 — j/ky) < / log zdx = 1. (3.27)
0

By (3.25), (3.26) and (3.27) we get that the right-hand side of (3.23) is bounded above by
C'log(vn + 2)/(7n + 2) for suitable C' > 0, hence tends to 0. In this case (3.22) gives

lim sup Uﬁ/” <1,
n

and (3.18) holds.
Assume now that v < co. Then, in view of (3.23) and (3.24) the quantity

/ {Blog(y + ) —log [(y + 2 —z)? - (7+x)ﬁ}}da:
T yt2
is an accumulation point of (3.23). The substitution

Y+

y:'y+2—x

leads to

27+2/1 yﬁ dy
= 10g .
v+2 25 1—yP ) (1+4y)?

Set 0 = /(v +2). Then

1 B d
Yy Yy
I:(a—i—l)/ 10g<1—y5> e

hence

1 B d
Yy Yy
<
1—0?3%‘1{(”1)/1 10g<1—y5> (1+y)2}'

Clearly the maximum is attained for z > 27%/# as in this case the integrated function is
nonnegative. Now (3.18) follows.
The last assertion is easy to prove. |
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Theorem 3.10. Assume (b,) satisfies

b _
nt <e f(”), n>ng>1, (3.28)

n

where f(n) >0 for n > ng and
o= I%nilﬁgfnf(n) > 0.
The quantity Uy, from (2.11) satisfies
lim sup U /™ < e2(@), (3.29)
n
where u(«) is defined in (3.19) and u(oo) := 0.
Proof. Let 0 < 8 < « be arbitrary. There exists N > ng such that
nf(n) > 3, n > N. (3.30)

Combining (3.28) and (3.30), we see that (by,) is eventually strictly increasing to infinity. By
replacing N by a larger integer if necessary, we may assume that

max{b,: 0 <n <N —1} < by,

see the proof of Theorem 3.7. Defining

B bn, 0<n<N,
bei= Y (NI S >N
N exp N+1 N+2 n)| " '
we have
bn1 b’f‘l, n>1,
bn — b, -
hence U,, < ﬁn by Proposition 3.2.
We see that I;n < B%N) = 5n+N and Bi/n — 1, so by Proposition 3.3 we get
lim sup U}/™ < limsup U™ = lim sup (ﬁ,SN))l/n. (3.31)
Define now
bo=b plreii oL
0 = ON €XP D) N )

~ 1 1
bn:boexp[ﬁ(l +...+>], n>1.
2 n

Then @n) is strictly increasing and satisfies b,_1 /b, = exp(—3/n), n > 1. Furthermore, the
conditions of Proposition 3.3 are satisfied so

1/n

limsup U}/ = lim sup ([77(LN)) (3.32)

Notice that 05" = EﬁlN), so by (3.31), (3.32) and Theorem 3.9

limsup U™ < limsup U™ < e24(6).
n n

Since < « is arbitrary, we finally get (3.29) by continuity. |
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Remark 3.11. The assumptions of Theorem 3.10 are satisfied for the following sequences, where
it is assumed that n is so large that the expressions are defined and positive:

by, = e, 0<y<l, f(n):’yrﬂ_l, o = 00,

b, = e(log”)v, v > 1, fln) = %logV*1 n, o = o0,

by, = elosnlloglogn)” v > 1, fln) = loglongﬂ(log logn)™ 1, a = oo,

b, =n", v >0, f(n) = % a=".
Remark 3.12. Assume (b,) is increasing. Then by (3.6) we get

Un+1,k < Un,k + Un,k—1, k> 0.

This implies, by an induction argument, that

n

Thus by (3.4) we get

U, < [nf( ) <2”) <4, (3.33)

hence

lim sup U}/™ < 4.
n

This estimate is weaker than the one obtained in Theorem 3.10 for o > 0.30873. In fact,
exp(2u(a)) < 4 for u(a) < log2 and u(0.30872) > log 2, u(0.30783) < log 2.
However, for bounded sequences (b,,) the estimate (3.33) cannot be improved, see Appendix A.

4 Estimates of ¢, via V,,

In all of this section we consider symmetric moment problems given by a positive sequence (by,),

and it is tacitly assumed that the moment problem is indeterminate in order to be able to

define ¢, from (2.6), hence > 1/b, < 0o by a classical result due to Carleman, cf. [1, p. 24].
For k,l > 0 define

Ok = (—1)'bob1 - - - br_1bp kvt (4.1)

where by, 191 is the coefficient to 2 in Pyyop, so (—1)lbk7k+21 > 0 and hence vy ; > 0.
Observe that vi o = 1 and since b, ; = 0 if j < k it makes sense to define v ; = 0 if [ < 0.
From (1.9) we know

b
Py(0) = boar = (—1)'vo; = H sz j (4.2)
J—

Notice that by (2.6) and (2.12)

00 1/2
Vi = boby -+ bp_1¢n = (Z vg,l> : (4.3)
=0
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Lemma 4.1. The coefficients vy satisfy

by, brioi—
Vg1, = vkt + 2 k,1>0. (4.4)
bi+21 bi+21

Proof. We have

TPy yo; = bryor Prgoiy1 + bpg2—1Pky21-1-

k+1

By equating the coefficients of x we obtain

bk k+21 = bpt200k 41 k42041 + bkr21— 10641 k4201

Multiplying the last identity by (—1)'bgby - - - bp_1 leads to

bryai br+o1—1
Vi, l = Vk+1,0 — V41,11~
by, by,
This gives (4.4). [

The following result follows easily from (4.2) and (4.4).

Proposition 4.2. Assume (b,) and (l;n) are positive sequences satisfying

bn—l <l~77~7,—1
bn b,

, n > 1.

Then Vg1 < ﬁk,l and Vk < f/k

For ng € N the shifted sequence b7(1no) = bpyn, also leads to an indeterminate moment

problem, cf. [1, p. 28], and we shall consider the associated quantities v,(:lo), Vk(no).

Proposition 4.3. The expressions above satisfy
U;Sl) < Uk1,0, Vk.(l) < Viet1, k,1 >0, (4.5)
v < Lo}, Vi <LvY, k>0, (4.6)

o0
where L := Y P2(0). For ng € N we similarly have
n=0

o) < kines < Lno)o, VI < Vi, < Lng) V"™, (4.7)

for a suitable constant L(ng) > 0. Furthermore,

lim sup Vkl/k = lim sup (Vk(no))l/k. (4.8)
k—o0 k—ro0
Proof. From (4.4) we get
o = O @) Brea ) k>0 (4.9)
k+1,1 bk+2l+1 k,l bk+2l+1 k+1,0—1° v Y
b
Vkpo) = it k1, k,l>0. (4.10)

b V41,1 b
k+20+1 k-+20+1
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On the other hand
—— U112 7101,1—1. (4.11)

Iterating this we get using v10 =1

b
vy > || ZJQ L= (4.12)
J

where the last equality follows from (4.2). This proves the left inequality in (4.5) for £ = 0 and
all [, and it is clear for [ = 0 and all k. In particular it is true for k417 < 1. Assume that it holds
for £k +1 < n for some n > 1. To prove it for k +1 = n + 1, it suffices to prove vl&)l’l < Vg4
when [ > 1, but this follows immediately by (4.9) and (4.10) and the induction hypothesis. The
right inequality in (4.5) is an immediate consequence of the left inequality.

Defining t; = le/v(()’ll), [ >0 we get by (4.12)

We then get for [ > 1

b _9by; >

j=1

hence vy; < Lv(()ll) for all [. By induction as above we then get the left side of (4.6), and the
right side follows.

The inequalities (4.7) easily follow by iteration with a suitable constant L(ng) > 0 indepen-
dent of k, and (4.8) follows. [ |

Theorem 4.4. Assume (by,) is q-increasing, cf. Definition 1.6. The quantity V,, from (2.12)
satisfies

1
(¢%¢®) V1-¢*

This holds in particular if (by,) is log-convex and strictly increasing with ¢ = by/by < 1.

Vi < (4.13)

Proof. Note that the moment problem is indeterminate by Proposition 1.7. From (4.4) and
(3.13) we obtain

V41, < q2lvk,l + qUE4+1,1-1- (4.14)

We claim that

l
v <d [J(1-¢¥) "= 50, kiI20, (4.15)
7=1
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which is certainly true for [ = 0 since v o = 1 and for k = 0 since by (4.2)

l
V01 < ¢ < g
’ (4% %),
We shall proceed by induction in k + [, and as already observed (4.15) holds when k+1 < 1.
Suppose (4.15) holds for k£ + 1 < n for some n > 1 and we shall prove it for k +1 =n + 1.
From (4.14) and the induction hypothesis we get for [ > 1

q3l ql ql

V41,0 < q2lvk,z +qugt10-1 < (q25q2)l + (q2;q2)l } - (q2;q2)l'

From (4.15) we get

l

q
< - -
EEP)

and finally
> 2
V2= vl < (d%d7)
1=0

leading to (4.13). [

21
qa,

00
=0

The boundedness of (V},) also holds in a slightly more general case.

Theorem 4.5. Assume (by,) is eventually g-increasing, cf. Definition 1.6. The sequence (Vy,)
from (2.12) is bounded.

Proof. Note that the moment problem is indeterminate by Proposition 1.7. We assume that
(1.7) holds. Then the sequence (b%no)) is g-increasing, so (Vn(no)) is bounded by Theorem 4.4.
The boundedness of (V},) follows from (4.7). [ |

Combining Theorem 3.7 and Theorem 4.5 we get:

Corollary 4.6. Assume (by) is eventually q-increasing. Then ¢, \/San = Vpr /Uy, is a bounded
sequence.

We now turn to the log-concave case.
Proposition 4.7. Assume (by,) is log-concave and strictly increasing. Then
Vk < Vk+1, Cl < bkck-i-l; k > 0.

Proof. We start by showing that

V0,1 < V1,1- (4.16)
Indeed, as
Palw) = bolblgc2 - Z(1)’ Py(w) = bobllbzgc3 - l;?g();;lfx’
we have
U01=b£, U11=bg+b%,
T ’ b1bo

and using by/b; < by /by we get (4.16).
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We are going to show that
Ul < Uk41,0, (4.17)

by induction with respect to k + [. It is certainly true for { = 0 and for K = 0, [ = 1 by (4.16),
and it therefore holds for k£ +1 < 1.
We first show (4.17) for £ =0, i.e.,

v < V1, [ >0,

and we use induction in /. Assuming it holds for [ —1 > 0 we get by (4.4)

bo boy—1 bo boi—1 bo . bo—1by—1
v, = Evoz + 7l01,l—1 > —vp + ——0, -1 = Vo, + > v,
2

by bor | by by o

where we have used (4.2) and bngl > boybay_a.
Assume now that (4.17) holds for k£ 4+ | < n for some n > 1. By log-concavity

b bn+1
< >0,
bntt ~ bpsit
and therefore for [ > 1
by, br21-1 !
V1] = Vi + Vkt1,0—-1 < Vg1, + Vkg2,0-1 = Vkt2,-
b+21 br+21 brt21+1 brort1
Finally
0o 1/2 0o 1/2
2 2
Vi = <ka,z) < (kam) = Virt,
1=0 1=0
hence Cl < bkck—&-l' |

Theorem 4.8. Assume (by) is log-concave and strictly increasing. Set b_; = 0. The quanti-
ties vi, from (4.1) satisfy

 bggojo
<|| k. 1>0.
vk s brg2j-1 — b 1 +20

Proof. Define

bi+2j—2
wey =[] — 22 s
! H brioj—1 — br—1

where as usual empty products are equal to 1. We are going to show that
Vel < W - (4.18)

Clearly v o = wgo = 1. Moreover, by (4.2)

boj_2
Uoz—w()l—”b;l [ >1.
j
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Therefore (4.18) is valid for [ = 0 and all k£ and for £ = 0 and all I. Observe that by log-concavity
we have

Wiy < Wei1,1- (4.19)

We also have

Wit1,4-1 _ bryar — bk (4.20)

Wht1,0 brt21-1

Assume (4.18) is valid for k+1 < n,n > 1 and let us prove it for k 4+ =n+1. We may assume
k,l > 1 and write k = k¥’ + 1. By the induction hypothesis, in view of (4.4), (4.19) and (4.20),
we get

by bir+21-1
Wi |+ +

k21 bir 121

by b/ +21-1
<3 Wrr41, + 2 Wi/ 41,1—1 = W41, = W |- u
k' +21 k' +21

Vg = Vpra1,] < b W' 41,11

The previous theorem can be extended to the eventually log-concave case.

Theorem 4.9. Assume (by,) is log-concave and strictly increasing for n > ng. Then there exists
L(ng) > 1 such that the quantities vy from (4.1) satisfy

bk+2;—2
vk < L(ng Y k > no, [>0.
(o) 131 brt2j-1 — bk—1
Proof. The sequence (b%no)) is log-concave and strictly increasing, so by Theorem 4.8
() — T i
no +n0+2j—2
v S ) k7l 2 07
kil JI:II bktno+2j—1 — Dkgno—1

and since Vg 4po, < L(no)v,(:lo) by (4.7), the assertion follows. [

Theorem 4.10. Assume (by,) satisfies

bnfl

<e B n>1, B> 1.
bn

The quantities Vy, from (2.12) satisfy

lim sup an/" < B2, (4.21)
where
o(B) == / log ([1 — 7] ")da. (4.22)
1

The function v(B) is positive and decreasing with lim v(3) = co and lim v(B) = 0.

B—1 B—r00

Proof. Note that the moment problem is indeterminate by Proposition 1.7. Defining (En) by

bo = bo, by, = boePIH1/2H+1/n), n>1,
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then by,_1 / bn = e P/" 50 (l;n) is strictly increasing, log-concave and

)

b T by,

hence V,, < f/n by Proposition 4.2.
By Theorem 4.8

Ukl<H

D22

_ H Dit2j—2/bky2j—1

bk+2] 1 — b1 = 11_bk 1/bryaj—1

5zkﬁjlf1< ;,1)1

e k+23 1

—H

k+2] 1

1—e i=k

We need the estimates

k+2j—-1 1 k+2j 1
Z ,Z/ —dx = log(k + 27) — logk
x
i=k

and

mgk+m+1)

l l

1 1 1
Zk+2j—1:§z L
=1 j=17

Thus, for k,1 > 1,

E+1 O\ 4 EO’
T 1
vkl = <k+2l+1> ]1;[1 <k+2j>

-1
- k+ 2l i k+ 25 '

For k = 2u,u € N we then get

o (V2 u \P
v < = —_— —
Vou,l > Cu,l 2 (u—l—l) 1:[1 1 <u—|—j)

=

and for k=2u+1,u €N

B2 1
- u—+1
Voy+1,0 = <u+l+1> Jl_[l

—1
< Cu—l—l,l-

. 2ut+1 \?
2u+25+1

Next, for any N € N

log(k + 1)).

(4.23)

(4.24)

(4.25)
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Sy () ()

I=N+1 j=N+

§25(N+SN)ﬁ [1_ (uijy -2

-2

where

s 3 () 1165

I=N+1 j=N+1

-2

Let now N = un,, where n, € N will be chosen later and write

we 35 <uil>ﬁjﬁ ()

X [1_<uij>ﬁ_

n=nq,+1 j=N+1
mu B
()
U+

-2

IN

-2

I
g
Al
::]:
=

n=n,+1 =ny+1 j=(m—1)u+l
00 n 1 —2u 0 1 00 1 —2u
<o} 5 I [“m] <u > 5 1l [“m} '
n=ny+1 m=nq+1 n=nqy+1 m=nq+1
We use the estimate
i 1 _ /°° dx 1 _ 1
B B -1 =3 _
n=ny+1 nf Nu P (6_ 1)77’3 p-1
to get
u o0 1 —2u
Sy < 1—-— ,
veg 1l [ mﬁ}
m=nq,+1
hence

UMy B
ZC’LLZ<2IBUH [1_ <u+]>

For ny, = u we get

ZCﬁz 2ﬁ2Hl[ (u+]>ﬁ

hence

U—00 U—00
7=1

1/u w2 8
lim sup (Z Cul) < hmsupH [1 — <uij>
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because
o) 1 —2
s T[] =1
m=u+1

Furthermore, for © — oo we have

’LL2 oo
—EZlog 1-(1 +j/u)_ﬁ] —>—2/ log [1—x_6]dx,
uj:l 1

hence

00 1/u
lim sup (Z C37l> < 20,
=1

U—00

From (4.3), (4.24) and (4.25) we get

00 1/(4u)
V21u/(2u) < ‘/;u/(QU) < (1 + ZC?LJ) 7
=1

- 1/(4ut2)
1/(2u+1 —1/(2u+1
V2u/4(r1 < ‘/2u/-$-1 < (1 + ZCgﬂ,l) :
=1

We next use that

2u \ P/ U A
Gul = <u+1> [1_ <u+1>

-1

— 00

so (4.26) implies that (4.21) holds. The last assertion is easy to prove.

Theorem 4.11. Assume (b,) satisfies

bZ,f < oI,

where f(n) >0 for n > ny and

nZ”OZL

liminfnf(n) =a > 1.
n

(4.26)

The symmetric moment problem given by (by,) is indeterminate of order < 1/« and the quanti-

ty Vy, from (2.12) satisfies

lim sup an/” < eU(@)/2]

n

where v(a) is defined in (4.22) and v(oo) := 0.

Proof. Let 1 < 8 < « be arbitrary. There exists N > ng such that

(4.27)

and it follows by Proposition 1.7 that the moment problem is indeterminate of order < 1/,

hence of order < 1/« since 8 can be arbitrarily close to . Defining

bn,

N+1 N+2

0<n<N,
b, = 1 1 1
! lmexp{ﬂ( + +---+n>], n>N,
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we have
L
by, by,

hence V,, < V,, by Proposition 4.2.
By (4.8) we get

lim sup V,}/™ < limsup V,*/™ = lim sup (f/;l(N))l/n. (4.28)
Define now
o= byexp | =B (14 =4+ —
0 = ON €XD 2 N )
~ o~ 1 1
bp =boexp |B(1+=4+---+—]], n > 1.
2 n

o~

Then (by,) satisfies /b\n_l/gn = exp(—f/n), n > 1, so by (4.8) and Theorem 4.10 we get

lim sup (‘A/,gN))l/n = limsup 17711/” <e'B/2, (4.29)
n

Using ) = 57(1N)7 we see by (4.28) and (4.29) that

limsup V,}/™ < ¢?(9)/2,

Since 1 < 8 < « is arbitrary, we finally get (4.27) by continuity. |

5 Existence of the matrix product AH

In all of this section we consider a symmetric indeterminate moment problem given by a positive
sequence (by,) necessarily satisfying > 1/b, < oo, cf. the beginning of Section 4. We shall give
sufficient conditions ensuring property (cs*).

Since the odd moments vanish, (2.8) takes the form

Z Con—jSan < 00 for all j >0. (5.1)
n>j/2

Using the expressions (2.11) and (2.12) for U,, and V,, we find for n > j + 1

b2b2 .. . b2 boby - - b
o iSon = Vo iU — 0L =l oy gy 207 n-1
C2n—j52 2T bgby - bap—j1 2 b1+ banj 1

(5.2)

Theorem 5.1. Assume (by) is eventually q-increasing, cf. Definition 1.6. For j > 0 we have

Tim (e2n-7520)"" = 0.

In particular the series (5.1) is convergent, so the moment problem has property (cs*) of Defi-
nition 1.1.
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Proof. By Theorem 3.7 and Theorem 4.5 (Uy,), (V;,) are bounded. By increasing ng from (1.7)
if necessary, we may assume that b, > 1 for n > ng and that ng > j. For suitable C' > 0 and
n > ng we find

bObl te bn—l bnobno+1 te bn—l

. < — PEEY _
Con—35S2n > Cbnbn—H .. .an_j_l Cbobl bno ! bnbn+1 c 'an—j—l

< Cboby -+ byg 140,

bnobnoJrl e bnfl

< Cboby -+ bng-1 3¢
nUn n—mno—

and therefore

i . 1/n _
nlLHSO(CQn_]SQN) =0. [

Now we turn to a case which includes eventually log-concave sequences (b,) of sufficient
growth.

Theorem 5.2. Assume (by,) satisfies

o1 <e /M n>pe>1,

where f(n) >0 for n > ng and
a = liminfnf(n) > 1.

For j > 0 we then have

lim sup(CQn_jSQH)l/” <k(a):=
n— o0

472 exp(2u(a) + v(a)), 1< a < oo,
0, a = 00,

where u(a), v(a) are defined in (3.19), (4.22). In particular the series (5.1) is convergent when
k() < 1, and in this case the moment problem has property (cs*) of Definition 1.1.

Proof. Let j > 0 be given and assume 1 < 5 < . By assumptions the sequence (b,,) is strictly
increasing for n > ng and tends to infinity. Thus, there exists ny > max(ng, j + 1) such that

g

b, > 1, f(n) > o n>ng (5.3)
and for n > ny we then have
boby -+ - by — by, b, ceoby—
o1 L < bob1 -+ bpy—17—— 1 L
bnbn-‘rl e bZn—j—l bnbn+1 e b2n—n1—1

By assumptions and by (5.3) we get for £ > 1

SR CI A v

- 56 -8 1

bnﬁ-k—l <o i=nitk <o i=mithk < e—B[log(n—l—k)—log(nl—i-k)},
bn-Hc—l

and we have used (4.23) to get the last inequality.
Therefore we have

TL*TLI
b1 - -buoy B loglnth)—log(m +b)]

bnbn—l-l e an—nl—l
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As the function z — log(n + z) — log(ni + =) is decreasing for x > 0, we get

n—ni

n—nmi+1
Z [log(n + k) — log(ni + k)] > /1 [log(n + ) — log(ni + x)]dx
k=1

2n—mi1+1 n+1
= / log xdx — / log zdx = 2nlog2 + o(n).
n+1 ni+1

Summarizing we obtain

< 4P,

boby - - - bp—1 > 1/n

i
e <bnbn+1 cbap_j1

n—oo

Since 1 < § < « is arbitrary we get

) boby - - - bp—1 )1/n _
lim su <479, 5.4
i (bnbn+1 cebop o1 (5:4)

Finally, by juxtaposing (5.2), (5.4), (3.29) and (4.27), we get the conclusion. |
Remark 5.3. The function (1.12), i.e.,

k(o) =4 %exp(2u(a) 4+ v(«))
is decreasing for a > 1. Using the software Maple we get

E(1.68745) ~ 1.00001, k(1.68746) ~ 0,99997.

Thus the series (5.1) is convergent for o > 1.68746.

Examples with @ = oo are given in Remark 3.11. For b, = (n + 1) we have o = ¢, so
property (cs*) is satisfied for ¢ > 1.68746.

In Section 7 we will analyze the case b, = (n + 1)¢ by different methods and show that(cs*)
actually holds for ¢ > 3/2, but (cs) does not hold for 1 < ¢ < 3/2.

Remark 5.4. Chen-Ismail [12] considered the symmetrized version of the birth-and-death pro-
cess with quartic rates studied in [10]. In [12] we have

by =2(n+1)/2n+1)(2n+3), n>0,

so Theorem 5.2 holds with

1 2n+3
=log(l+1 —1 >1
o) =Tog(1+ 1)+ gog (30 ) nz

and therefore a := lim nf(n) = 2. This shows that (cs*) holds in this case.

n—oo
More generally, consider the symmetrized version of the birth-and-death process with poly-

nomial rates of degree p > 3, where (b,,) is given in [9, Proposition 3.2]. Take the special case
dj =e;j—p/2,j=1,...,pso that (b,) is eventually log-concave by [9, Proposition 6.2] and hence
eventually strictly increasing by Lemma 1.5. In this case it is easy to prove that Theorem 5.2
yields @ = p/2, and therefore (cs*) holds when p > 4.

In the next section we shall look at the cubic case p = 3.
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6 The symmetrized cubic case

In a series of papers Valent and coauthors have studied birth-and-death processes with polyno-
mial rates leading to indeterminate Stieltjes moment problems, if the polynomial degree is at
least three, see [24] and references therein. In [24] Valent formulated conjectures about order
and type of these Stieltjes problems. The conjecture about order was settled in Romanov [22].
Another proof was given in [9] together with expressions for the type using multi-zeta values.
These formulas have lead to a proof of the Valent conjecture about type in Bochkov [11].

Valent’s conjectures were based on concrete calculation of order and type in a quartic case [10]
and a cubic case [24]. In the latter Valent considered the Stieltjes moment problem associated
with the birth-and-death process with the cubic rates

A= Bn+1)Bn+2)% = (3n)2(3n+ 1), (6.1)
leading to the Stieltjes moment problem with recurrence coefficients from (1.1) given by

an = A + fin, by, = V )\nﬂn—l—ly n > 0.

The purpose of this section is to estimate the moments in this cubic case. Using these esti-
mates it was possible to prove that property (cs) does not hold for the corresponding symmetric
moment problem. This was a surprise to us because (cs) turned out to be true in all examples,
we had been able to calculate so far.

In order to distinguish the quantities associated with this special case from the general quan-
tities, we shall equip them with a star *.

The recurrence coefficients from (3.1) are

b3, = VA = V3n+1(3n + 2), b5p—1 = Vln = 3nV3n + 1, (6.2)
cf. [9, p. 343].

Theorem 6.1. For the symmetric moment problem given by (b)) and corresponding to the
Stieltjes problem with rates (6.1) we have

[e.e]

2 : * ok
CopSan = OO,

n=0

so property (cs) does not hold. The series

o0
* *
Z Aok 215214-2m
1=0

is not absolutely convergent for k >0, m > 1, so property (ac) does not hold.

The proof will be given after Proposition 6.5.

6.1 Estimate of the moments S

In accordance with [24] define

(Y dw 1 _ T3(1/3) -
9._/0 (T 5 B(1/3,1/3) = vy S 63, (6.3)

where B is the beta-function. Note that

0 ~1.76663, a~551370,  T(1/3)~ 2.67893.
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The Stieltjes problem given by (6.1) is indeterminate and Valent found the B and D functions
from the Nevanlinna matrix. To give his results let

(2)=Y" 2", (2) = oo
Pl = 2 (). 7T L Bt 2)!

They are entire functions of order 1/3 and type 1.
Valent’s result is that

D(z) = czpa(az), B(z) — tloD(Z) = —yp(az), (6.4)
where
c= (2{3;(1/3)6 ~ 2.58105,

and tg is a certain negative constant defined as
to = lim D(x)/B(z),
Tr——00

cf. [10, Lemma 2.2.1], where it was called . Valent deduced from (6.4) that the order and type
of the Stieltjes problem are 1/3 and 6.

Associated with the constant ¢ + iy, where t € R, v > 0, there is a solution to the moment
problem with the density on R, cf. [4] and [10, equation (2.17)],

Vitiy(7) = - _ . 2 2R
* (B(@) — D@))2 1+ v°B(x)

We now use
2
14 t3

leading to

Vitiy(T) = }DQ(:E) + (B(z) — D(x)/t0)?’

hence to a density for the Stieltjes problem with moments

1 [ "
Sp = — dz, n > 0.
Yoo /_oo pi(ax) + 2x?pi(ax) -

Let Bs, Dy denote the functions from the Nevanlinna matrix in the symmetrized case. Then
we know (cf., e.g., [2, p. 48])

By(z) = B(2%) — lD(z2) = —po(az?), Dy(2) = (1/2)D(2?) = czpa(az?).
This gives the symmetric density
(v(B2 ) + D2(@))) ™ = (e (0s?) + Paieh(aa?))

for the symmetric problem with even moments s3,, and odd moments 0, i.e.,

. 1 [>® p2n a—n—1/2 (3] tn—1/2
Son = / 5o 22 3/ = / 5 5 5 dt. (6.5)
7 J-oo 9§ (az?) + 22243 (az?) T Jo g(t) + (/a)ted(t)

Using (6.5) we shall prove the following estimates of s3,.
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Proposition 6.2. There exist constants K; > 0, 1 = 1,2, such that
Kia "T'(3n+3/2) < s3,, < Koa™"nI'(3n + 3/2), n>1, (6.6)

where a is given by (6.3). In particular

@_27:<3>3 (6.7)

lim = —
n—oo m3 ae’

el
and

lim {/Uz = (;)3 (6.8)

n—oo
Proof. In [17] some interesting formulas are given about the trigonometric functions of order 3.
These functions are defined as

oo
uSn—i—l

oy(u) = Z(—l)"m, 1=0,1,2.

n=0

With j = €™/3 we have

oo(u) = %(e_“ + et 4 eJT“) = % (e_“ + 2 cos <\g§u> eu/Q) = o (u?),
oo(u) = é(e_” — jedt —jej“) = % <e_“ — 2cos (?u + 7r/3> e“/2> = u?py (u3),

and there is a similar expression for o (u), which we do not need.
Substituting ¢ = u? in (6.5) we get

3a_n_1/2 oo u3n+1/2
sy = du
2 /0 ag(u) +

T (02/(au)) o3(u)
or
. 27a7n71/2 0 u3n+1/2efud
T T /0 N
with

2 2
N(u) = <e_3“/2 + 2 cos (?u)) + i (e_3“/2 — 2cos <\g§u+w/3>> )

One can prove that N(u) < 9 for u > 0. (The constant comes from the software Maple.
That N(u) is bounded for u > 0 is however elementary, since the first term is bounded by 9,
and using that

e 32 _ 9cos <\£§u + 77/3)

vanishes for u = 0, also the second term is bounded.)
Furthermore,

N(u) > ky = (e73/2 4 2cos (v/3/2))° ~ 2.30690, 0<u<T1,
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and using that ¢?/a =~ 1.20823 > 1, we get for u > 1:

2 2
ulN(u) > <e_3"/2 + 2cos (?u)) + (e_3“/2 — 2cos (?u + 77/3))

3 3
= 2¢7% 4 4 cos? ({u) + 4 cos? <\2fu + 7T/3>

+ 4e—3u/2 (COS (?u) — cos (?u + 7r/3>>

> f(u) == 2e73 — 832 £ 2> f(1),

where we have used that cos?(z) + cos?(z + 7/3) > 1/2 and that f(u) is increasing (for u > 0).
This shows that

uN(u) > ko := f(1) = 0.31453,  u> 1.

We then get
3a—n—1/2 27a—n—1/2 L 3n+1/25—u oo u3n+3/2€—u
——7T 2 3 _ —d —d
- (3n+3/2) < 53, < - /0 i u—i—/l " u
2002 (1 1
<2 (=4 2TBn+5/2)),
7 k1 ko
which shows (6.6).
Note that by Stirling’s formula
T'(3n +8) ~ 30 1/2\/2r (27 /%) "n3nt0-1/2) (6.9)
0 (6.6) leads to (6.7).
From (6.2) we get
boby - - - by, = T'(3n + 2), bobl -+ - b3, = V3n+ 1I'(3n + 1), (6.10)
which together with (6.7) gives (6.8). |

6.2 The matrix A in the symmetrized cubic case

Let (S,) denote the orthonormal polynomials in the symmetrized cubic case. They are given
by (2.9), with *b, = b}, from (6.2).
It is known that, cf. (2.10),

Koo ) = 32 5006180 = DB~ BODW) _ S o1t
n=0 k,l=0

where the third expression can be found in [2, equation (1.8)].

We shall find explicit formulas for a,(:l) based on the following lemma.

Lemma 6.3. Let f, g be entire functions with power series

FE =3, g(5) =3 Bush.
n=0 n=0
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Then the entire function of two variables

f(2)g(w) = f(w)g(2)

Z—w

L(z,w) =

has the power series

oo
ko 1
w) = E Ve 12 W,
k,1=0
where

l

Vi = Z(O‘jJrkJrlBlfj — Bivkr1ou—j).
j=0

(6.11)

Remark 6.4. By construction L(z,w) = L(w,z) and therefore v;; = 7, but this is not

obvious from (6.11).

Proof. We have

z) — flw z) — g(w
Loy TE =10 o) = gw)
Z—w Z—w
and
o) 0o n—1
f(z) = f(w) 2" —w" n—1-
Z—w :Zan zZ—w :Za" § fw’
n=1 n=1 7=0
:Zw] Z an2" 1 = Z Qjyhy12 W’
7=0 n=j+1 7,k=0
Therefore,
Z —
f(;_ Z Brmw™ Z Qjpy12iwl = Z z
3,k=0 k,1=0

and by symmetry we get (6.11).
Write

f(z) = Bu(2) = > anz",  ogy = —(—a)r” Q2nt1 =
n=0 ’

g(Z) = Ds(z) = Zﬁnzna Ban = 0, Bont1 =
n=0

Then K,(z,w) = L(z,w) from Lemma 6.3, and we get

!
Uy = Qg = Z(Olj+k+151—j = Bjtk+10u—j).
j=0
In particular af, = —apB1 = ¢/2 and for k > 1

k

= Z(aj+k+15k—j = Bjth+10k—j)-

=0

c(=a)"
(3n+2)

I
DD kB |

=0
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Let us first focus on k even (> 2):

2% k-1
A5 o = Z(Oéj+2k+152k—j — Bjt2k+1002k—5) Za2]+2k+2/82k 2j—1 — Zﬁ2g+2k+1azk 2j
=0 =0
k—1 ]+k+1 k—j—1 k g+k _(—\k—d
- e RO Y
2 3]+3/€+3 Ge—3j—1! ‘& 3k+33+2 3k —3))!
k-1
67 + 3
Y
| GEr2)! +jzo Bk 13 +3)3k—3))! |’
hence
k k
. 6k + 3
Wk = Tor oy > (65 ( K ) (6.12)
o +3) p 3k — 3]

For k odd we similarly get

6ea?h—1) K2 6k +1
: = — 65+ 3 .
Using the following estimates
k k
6k + 3 . 6k + 3 6k + 3 ‘ o6k +3
3 < 65+ 3 < 6j+3)=3k+1
(") JZ:%(JJF)(%_?U.) (3k>§u+> (M),

we get for suitable C; > 0,1 = 1,2,

Cq (ae3/27)kk_3k_2 < Copp =/ Apar < C2 (ae?’/27)kk_3k. (6.13)

From (6.13) and similar inequalities for ¢}, _, = ,/a%, . | together with (6.10), we get

Proposition 6.5.

3/2
lim n%/2 /= (20 / (6.14)
and
lim {/Vy; = 9%/2. (6.15)

Equation (6.14) is a sharpening of equation (2.14), by replacing lim sup by a limit. Note that
p = 2/3 is the order and 7 = 0 is the type of the symmetric moment problem. Equation (6.15)
is a sharpening of (4.27) applied to b}, given by (6.2).

Proof of Theorem 6.1. Putting (6.6) and (6.13) together and using (6.9), we get
Lin~' < sb.ch, < Lan?

for suitable L; > 0, ¢ =1, 2.
This shows divergence of )" s} ¢5 . which is the first part of Theorem 6.1.
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We shall next show that most of the series involved in defining AH are not absolutely con-
vergent. We know that a3y 5/, ; = 0 and equation (6.12) can easily be generalized to

c(—a) (3k+31+3

AL el A 3k — 31+ 6j + 3).
"= G al+3) 2\ -3 >( +0j+3)

By symmetry we can assume that k > [, so all terms in the sum are positive. We then get

l

3k+3l+3 3k+30+3
3(k—10)+3 kE—1)+65+3
ot -0+ 9 ><JZO a2 )

3k+3l+3)

<ak+mu+n< o

because

<3k+3l+3> < <3k‘+31—|—3

< <[ <

hence

ey 3k —1)+3
(3k + 3)!(30)!

pr 3k + 1) +1)

< |agpz| < ca (3k +3)!(31)!

If we look at ), |a3;. 5[85; o, for each fixed [, m, it is enough to examine convergence of the
series for k > [, i.e., of the terms

'k,

Using (6.6), we get that for k sufficiently large

akk

M k3m—3/2 <
! (3k + 2)!

Shiepam < Mpk®" /2
for constants My, Ms depending on I, m but independent of k. This shows that the series
>k |3y, 9|85y 9y, diverges for m > 1, but we do not get information about convergence/diver-
gence when m = 0.

We conclude that most of the series involved in the calculation of AH are not absolutely
convergent. |

7 The symmetric moment problem with b, = c‘(n 4+ 1)¢, ¢ > 0

The sequence b, = b,(c) = ¢“(n + 1)¢ is log-concave for ¢ > 0. By the Carleman condition the
moment problem is determinate for 0 < ¢ < 1, and for ¢ > 1 it is indeterminate of order p = 1/,
cf. [8, Theorem 4.11]. The factor ¢ does not influence the order of the moment problem, but it
is convenient when ¢ = 3/2 for comparison with the symmetrized cubic case.

The corresponding orthonormal polynomials P, (c;xz) do not seem to be known except in
the cases ¢ = 1/2 and ¢ = 1, where they are scaled versions of the Hermite polynomials and
Meixner—Pollaczek polynomials. In a precise manner

Pa(1/2:2) = (") V2H, (2/V2),  Pa(liz) = PMYD(a/2:im/2),

where H,, are the Hermite polynomials and P,
notation of [20].

(/\)( ) the Meixner—Pollaczek polynomials in the
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Definition 7.1. The type of the symmetric indeterminate moment problem with b,, = ¢“(n+1)°¢,
¢ > 1 is denoted by 7.

By [9, Proposition 2.3] we know that b, = (n+1)¢ leads to a moment problem with order 1/c
and type

Te

e

CTe.

For real ¢ > 1 and n > 1 define the multi-zeta value

Tn(c) = > (kiko -« kan—1kan)™°.

1<k <ko<---<kon_1<kon

Next define the function
Ge(z) = Z'yn(c)zn.
n=1

By [9, Remark 1.6] it is known that the order of G. is 1/(2¢) and by [9, Theorem 1.11] we
get ct. = T¢./2, where T, is the type of G, given by

2
T. = = Jimsup (n(ya(c)) /™),

€ n—oo

based on [21]. (Unfortunately there is a misprint in equation (18) in [9, p. 339].) By Bochkov’s
proof in [11] of the Valent conjecture about type follows that

1 1 1 dt
Tc:B<2,1), TC:/l/C.
C C 0 (1 _tQC)

We shall first compare quantities defined in terms of b, = b,(3/2) = (3/2)%/2(n + 1)*/? with
quantities in Section 6 for the symmetrized cubic case, where b, = b} is defined in (6.2).

Lemma 7.2. Let sa, ¢, denote the quantities corresponding to b, = b,(3/2). Then

lim W:<3>37 (7.1)

n—oo n3 eb

(i.e., the same value as in (6.7)) and
2e0\ >/
lin;sup n®2 /e, = limﬁsup(2n)3/2 X/con = <3> , (7.2)

(i.e., the same value as in (6.14)). In particular

limsup /cons9, = 1. (7.3)

n—oo

Proof. First note that

bn(3/2) < b;kz < bn+1(3/2)a (7-4>

1Observe that the inequalities between the indices k; are alternating between < and <: kgj—1 < koj < kojt1 <
k2j+e.
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ie.,

(3/2)32(2n + 1)¥2 < VB + 130+ 2) < (3/2)%2(2n + 2)3/2, |
(3/2)¥2(20)¥2 < 3nv/Bn T < (3/2)2(2n 4+ 1) (76)

The two inequalities to the right are obvious, and so is the inequality to the left in (7.6). The
inequality to the left in (7.5) is equivalent to

(n+1/2)* < (n+1/3)(n +2/3)%

Setting x = n 4 1/2 the inequality is reduced to

23 < (x—1/6)(x+1/6)* =23 + %((2x2 —z) + (4a® — 1/6)),

which is valid for z > 1/2.
By (7.4) we get from Proposition 3.1, (3.7) and (3.9)

3
X 1 2
Som < shy, < 50 < <3> Sonpa < 4(n + 1)3s0,.

It follows that

)3)1/"@

n3

and (7.1) follows from (6.7).
The function ) ¢,z has the same order and type as the moment problem for (b,(3/2)) by

n=0

Theorem 3.1 in [8], so by (2.14)

267'3/2 > 3/2

lim sup n*/? {/c,, = ( 3

n—oo

However, by Remark 1.10 in [9] we have 73/, = 6, where ¢ is the type of the cubic Stieltjes
case of Section 6, and the type is unchanged when we consider the symmetrized version, cf.
Proposition 3.1 in [9].

Therefore
20\ */?
lim sup n3/? Ve, = () = limsup n?/? Vens
n—oo 3 n—o0

where the last equality sign comes from (6.14).
By Proposition 4.7 we have ¢ < bg(3/2)ck+1, and from this it is easy to see that

lim sup(2n)3/2 %/con = limsup(2n + 1)3/2 2 Cont1,

n—oo n—o0

and (7.2) follows. [

Theorem 7.3. Define by(c) = c“(n + 1)¢, ¢ > 1 and let san(c), cn(c) denote the correspon-
ding quantities. Then the series Y con(c)san(c) is convergent for ¢ > 3/2 and divergent for
1 <e¢<3/2, i.e., property (cs) holds for ¢ > 3/2, but not for 1 < ¢ < 3/2.
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Proof. From (5.2) we get

can(c)san(c) (2:>c = Van(c)Un(c),

hence

en(e)san() _ Vau(©)Un(c) (%)3/2_0
con(3/2)520(3/2)  Vau(3/2)Un(3/2) \ m -

By Propositions 3.2 and 4.2 Uy, (c) and V,,(c) are decreasing in ¢, hence

can(€)s2n(c) < (2:)3/2_C for 3/2 < ¢,
c2n(3/2)520(3/2) | > (2)*77° for 1 < c<3/2.

By Stirling’s formula

9 1/n
lim < ”) — 4,
n—oo \ N

so by (7.3) we get

n—00 >43/27¢ > 1 forl<c<3/2

<4327¢ <1 for 3/2 <
lim sup v/ can(¢)san(c) {_ or3/2<e, [

Theorem 7.4. The symmetric moment problem with b,(c) = ¢“(n + 1)¢ has property (cs*) of
Definition 1.1 when ¢ > 3/2.

Proof. By Proposition 4.7 we have c¢(c) < bi(c)cr+1(c), hence for j >0
con—j(c) < I ((2n —j+D)2n—5+2)--- (2n))002n(c),
and it follows that

limsup {/con_j(c)san(c) < 4327¢ < 1.
n—oo

This shows that (5.1) holds. [ |

Remark 7.5. We do not know if (ac) or (cs) holds in case ¢ = 3/2. We also do not know if
(aci) holds when 1 < ¢ < 3/2. In order to answer these questions, it seems to be necessary to
have information about the orthogonal polynomials P, (3/2; x).

A Appendix

A.1 A lower bound of (U,,) when (b,) is bounded

Proposition A.1. Let (b,) be a bounded sequence. Then
lim inf U™ > 4.
n—00

If limb, = b > 0, then liminf is a limit.
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Proof. Let J denote the Jacobi matrix associated with the sequence (by,), acting on ¢2(Ny) by
Jop = bn6n+1 + bp—10p—1, n >0,

where d,, n € Ny is the standard orthonormal basis in 62(N0) with the convention b_; = 0,
§_1 = 0. The operator .J is bounded on ¢?(Ny) and its operator norm is given by

171 = lim sy".

Let S denote the unilateral shift defined by S6,, = §,+1. Define

1 N—-1 o
IN = Z(S*)JJSJ.
7=0
Then
[Inl < (1]

The operator Jy is corresponds to the Jacobi matrix with coefficients

bV = Z byt

For any fixed n we have

: [N] N _ qe OngN —bn
i ey = 1] = Jim 2 =0,
hence
. N
dim B[ — M =o. (A.1)

We will consider two cases.

Case (a). The sequence b([)N]7 N > 1 does not converge to 0. Let b denote the greatest
accumulation point of b([)N], N > 1. Then there exists a sequence N1 < Ny < --- from N so that
lim bV = p
k—o0

By (A.1) for any fixed n we have
lim bVl = p,

k—o0

The latter implies that the sequence of the operators Jy, converges *-weakly to the operator J
with constant Jacobi coefficients b. It is well known that

7] =2
Thus, by Fatou’s lemma, we get
2b = ||J|| < liminf || Jn || < || 7] (A.2)
k—o0

On the other hand we have

N-1
1
(bobr -+ -by-1)"N < =37 b = b, (A.3)
7=0
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Hence

lim sup(boby - - - by_1)"N < b. (A.4)
N

Therefore by (A.2) and (A.4) we obtain

. son /N o 171>
1}\1}11nf 212 2 1/N :1}\1[111nf 272 2 1/N
e (bObl"'bN—l) e (bobl"'bN—l)
_ 11 w_
limsup (0262 ---b%,_,)"/N ¥
N—o0

Case (b). The sequence b([)N]7 N > 1 converges to 0. Then by (A.3) we get

lim (boby - --by_1)"Y = 0.
N—oo
Next
1/N
. S9N o (A
J\HHOO 212,12 YN Nooo (32p2...32 YN
(bobl o bN—l) (bobl e bN—l)
The last part of the result follows by inspection of the proof given for the first part. |

Remark A.2. The proof of Proposition A.l1 shows that if limb, = 1/2 and if the moment
representing measure 4 is supported by [—1, 1], then [|J|| = 1 and lim U,i/ " = 4. Examples of
this are given by the Gegenbauer weights

(1 _ .7:2))‘_1 /2

- 1 1, A>—1/2.
@)= BaB AT 1) sesh > -1

It is known that

/2., 1 [t nmray
T O D "o\ N A+ 1)

where the expression for b, shall be interpreted for A = 0 as by = 1/v/2, b, = 1/2, n > 1, cf. [20],
so it is easy to see that lim Uﬁ/ " = 4 independent of .

A.2 Non-unicity of the inverse of H

A positive definite Hankel matrix H acts injectively on F.(Np) in the sense that Hv = 0 for
v € Fe(Np) implies v = 0.

Nevertheless, it is possible that there exist sequences v # 0 with Hv = 0, and such that Hv
is absolutely convergent in the sense that ) |sp4nvn| < 0o for all m > 0.

We show this for the following variant of the log-normal moment sequence. Let 0 < g < 1
and consider

Sy = —n?/2 _ Ooa:”wqx xdz, n >0, .
¢ /0 (2)/ad >0 (A.5)
where
og x)?
wy(z) = 1 exp <_m> ‘
2mlog(1/q) 2log(1/q)
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Note that wy(z/q) = /quq(x)/x, so from [7, equation (42)], we get that the orthonormal
polynomials for (A.5) are

n/2 n n -
Pu(x) = <—1>"w;<k>q<—1>qu b2k (A.6)

<n> _ (@9

k)y (6 Dk(GDn-k

Theorem A.3. Let H be the Hankel matrix for the indeterminate Stieltjes problem with mo-
ments (A.5). The set V of real sequences v such that Hv = 0 and Hv is absolutely convergent,

is an infinite dimensional vector space. For any k > 1 and (ag,a1,...,ax—1) € RF there exists
v eV such that v =aj, j =0,1,...,k —1.

Proof. Let v = (vy,)n>0 be defined by

n2—n/2

nd

v =1 (@)’

n > 0. (A.7)

It is well-known that

x ()
(50)oc = 3 (~1)"

= (¢ @)n

see [16]. For m > 0 we therefore get

- -m?2/2 = nq(g)imn -m2/2( —m
ZSernUn:q Z(—l) . 4 (™ a),, =0,
o =0 a;4q)n
and
9] 00 (")—mn
—m2 q\? —m2 —
Zsm+n‘vn| =q " /22.7 =q¢" (g "34) o < 00,

showing that v € V and vg = 1.
We next construct v € V with k initial values and this implies that dim V = oc.

For (co,...,cx—1) € R* to be chosen later, we define the entire function
k—1 00
gk(2) = [ D¢ | (3500 = Y baz",
§=0 n=0
where
nA(k—1) ("59)
by, = Z cj(—l)"*jqi7 n > 0.

Defining v,, = q"2/2bn, n > 0, we get for m >0

00 00
Z Sm+4+nUn = q_m2/2 Z bnq—mn = q_m2/29k (q_m) = 0.
n=0 n=0
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To see the absolute convergence, we write

00 00 k—1 n*j ) n J)
ST smanlval <™ 3T ™Y g g " /ZZ\CJIZq_mni
n=k—1 n=k—1 j=0 Jn— J —J

()

-1
—m2/2 ’Cj|q m]Z —mn q <OO
]:

Fori=0,1,...,k — 1 we shall solve the linear equations
(2)
/2 yi=d q —
v =¢" = a;,
Z (qa q) =] ’
which have a unique solution (cg, ..., ck_1). |

y (A.6) we see that the matrix A = {a;;} is given for j > k as

< (7),(),

2
ajr = (— 1)]—1—qu k2 —(j+k)/2 Z

n

= (¢;q0)n
_ (_1)j+k qj2+k27(j+k)/2 - (¢ Q)n n
(@ 0)i(@ )k 2= (@ Dn—j (¢ On—r
_ ( 1) 4k q]2+k2+( k)2 & (qj+1§Q)p P

(@ 0j—(@ s = (@)@ ),

p:
hence

gi X P
(0:9);(@ k(35 0)o0 5 (G0

laj k| <

The last sum equals (¢; ¢)=), and by symmetry we get

qj2+k2

lajr| < ; J.k>0.

(@:0)i (@ Dr(q;9)%

This shows that A#H is absolutely convergent, and it is easy to verify that property (cs*) holds.
For v € V' \ {0} we have

v=(AH)v # A(Hv) = 0.

Remark A.4. There are symmetric matrices A different from A which satisfy AW =1T.

We simply construct a non-zero symmetric matrix M such that HM = 0 and such that the
product is absolutely convergent, and we then define A=A+ M.

As the first column of M we can take v defined by (A.7). As the second column we can
choose vV € V with the initial condition v(()l) = vy. As the third column we choose v € V,
now with two initial conditions in order to make M symmetric and so on.
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A.3 Behaviour of the functions u, v at infinity

Proposition A.5. The function u given in (1.10) satisfies

l'Hl au(x .8
and the functi(m v gz’ven by (1].].) S(ZtiSﬁGS
( * )

7r2

ah_}ngo av(a) = —.

6
Proof. From (1.10) we get

1
e “ d
u(e) = o (0 1) /ua o <1€y“> (1 +yy2)'

2-1<z<1
After the substitution ¢ = y* in the integral we find for fixed o > 0
1 1/a
t t dt
— a4 q 1 av
1! t \dt n?
< - log| — | — = —.
2 )12 1—-t) t 24

For the evaluation of the last integral we use that

110 Q(t) + Eoo:ﬁ
2 8 2
k=1
is a primitive of the integrand, and we next use formulas (0.233.3) and (0.241.2) from [18].
On the other hand for any x € [2*1, 1] we have
1 1/«
t t dt
> (pl/a -
au(a) > (z +1)/x log<1_t) AT /a7 {
1 1/
t t dt
> (27 q1) [ 1 —
—( + )/ Og(l_t> (1+t1/a)2t’

xT

and hence
1 t /e qe
> (271 41 / 1 =,
Oéu(a) el ( + ) 1/2 og (1 —t) (1 +t1/a)2 t
This gives
1
lim inf cu(a) > / log o g,
o300 2 )12 1—t) t

so (A.8) follows.
The substitution ¢ = z® in the expression (1.11) for v yields

_ [~ _ /e dt

av(a) /1 tog ([1 — 717/

and hence
- _ [T P I Y SR
ah_)rgoav(a)—/l log ([1—¢7] )t = /Olog(l t)t =5

which shows (A.9).
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