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Abstract. For some infinite-dimensional groups G and suitable subgroups K there exists
a monoid structure on the set K\G/K of double cosets of G with respect to K. In this
paper we show that the group B, of the braids with finitely many crossings on infinitely
many strands, admits such a structure.
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1 Introduction

1.1 Motivation

For some infinite-dimensional groups G and suitable subgroups K there exists a monoid structure
on the set K\G/K of double cosets of G with respect to K. This can be seen, for example, for
the group S, of the finitely supported permutations of N, for infinite-dimensional classical Lie
groups, for groups of automorphisms of measure spaces and for Aut(F), a direct limit of the
groups of automorphisms of the free groups F,.

The study of these structures was pioneered by R.S. Ismagilov, followed by G.I. Ol’'shanski,
who used them in the representation theory of infinite-dimensional classical Lie groups [15, 16,
17, 18, 19, 21]. More recently there is the work of Yu.A. Neretin for the infinite tri-symmetric
group and Aut(Fy) [8, 11, 13, 14].

In this paper we show that the group Bo, of the finite braids on infinitely many strands,
admits such a structure. Furthermore, we show how this multiplicative structure is related to
similar constructions in Aut(F) and GL(co0). We also define a one-parameter generalization
of the usual monoid structure on the set of double cosets of GL(c0) (see [9, 10]) and show
that the Burau representation provides a functor between the categories of double cosets of B,
and GL(00).

1.2 The infinite braid group and double cosets

The Artin braid group on n strings B, [2, 5, 6] has the presentation with n — 1 generators
01,092,...,0,_1 and the so-called braid relations:

005 = 005, li—jl =2, i,j €{1,...,n—1},
and
0i0i+10; = 0i4+10;0i+1, 1<i<n-—2.

The generators o; are called elementary braids. For each n, consider the monomorphism
in: Bn — Bnp41 sending the k-th elementary braid of B, to the k-th elementary braid of Bjy1.
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Geometrically this operation corresponds to adding a new string to the right of the braid, without
creating any new crossings, as in the picture below:

Figure 1. The monomorphism ,,.

The direct limit of this sequence of groups, with respect to the homomorphisms i,, is the
infinite braid group

By = lim B,
—

consisting of braids with countably many strings and finitely many crossings. This group has
the presentation

By = <O‘i,i eN

0i0; = 004, i — j| > 2
0i0i410; = 034103041

For each non-negative integer «, let B[] be the subgroup of By, given by
Bola] = {0 ] > a).

Definition 1.1. Let G be a group, g € G and K and L be subgroups of G. The double coset
on G containing g with respect to the pair (K, L) is the set KgL. Denote by K\G/L the set of
double cosets on G with respect to the pair (K, L).

1.3 The Burau representation of B,

The Burau representation [3, 4] is the homomorphism 7, : B,, — GL (n, Z[t, til]) given by

1i1

mer=| (7" ))

Denote GL(n,Z[t,t~']) by GL(n) and consider the homomorphisms j,: GL(n) — GL(n + 1)
given by

jalT) = <€ ?) .

The group GL(oc0) is the direct limit of GL(n) with respect to the homomorphisms j, and
consists of infinite matrices that differ from the identity matrix only in finitely many entries.
Due to the commutativity of the diagram

1n—i—1

B, — > GL(n)

ok
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we can construct a representation 1: Bo, — GL(00) of By, by taking the limit of the represen-
tations n,. More precisely, n is given by the following formulas:

iy

n(o) = <1 1 ! é)

With this representation in mind, we will define an operation on double cosets of GL(c0) such
that the Burau representation will be functorial between the categories of double cosets.

Lo

1.4 Main results

Consider the double cosets on By, with respect to the subgroups Bs[a]. Given double cosets
p € Byla]\Bx/Bx[8] and q € B8]\ Boo/Boo[7], we are going to define an element poq €
Boo[a]\Bso/Boso[7y]. To this purpose, we first introduce the following:

Definition 1.2. For integers 8 > 0 and n > 0, denote by T,L-(n) the braid

(n)
Ty © = Ontp+i0n+B+i—1"" " OfB+it1-

Further we define the element 6,,[3] € B[] as

6u18] = 7" (" -

Figure 2. The element 05[3]. The highlighted region corresponds to 72(5).

Finally, the definition of the product of the double cosets is as follows:

Definition 1.3. Let p € Boo[a]\Boo/Boo[f] and q € Boo[8]\Boo/Boo[7] be double cosets. Con-
sider p € p and ¢ € q representatives of these double cosets. Then we define their product
as

p o q = Boo[a]pn[BlaBoo[],

for sufficiently large n.
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Remark 1.4. The introduction of the element 6 [3] is essential for our construction of a product
on the set of double cosets of Boo. In fact, for p € Bog[a]\Boo/Boo[8] and q € B[]\ Bso/Bso[7],
let p € p and g € q be representatives of these double cosets. The “naive” product Be[a]pgBoo[7]
does not always coincide for all choices of p and ¢. For instance oy and o309 are representatives
of the same double coset in Buo[2]\Boo/Bxo[2]. But 03 and 03090302 represent distinct cosets.
In order to see this, we consider the permutation associated to each braid. For the braid o3 it
is the identity and for the braid o3oq0309 it is (432). Since no braid in By [2] permutes the
point 2, we see that these are in fact distinct double cosets.

However, if we introduce an intermediary braid x[3] that “forces apart” the braids p and g,
the double coset Boo[a|pOk[5]qBoo[7y] becomes independent of k for k large enough and its limit
does not depend on the choice of the representatives for p and q.

Theorem 1.5. The operation defined above does not depend on the choice of the representatives
of the double cosets for n large enough. Moreover, it is associative.

As a consequence we have that (Bso[a]\Boo/Boso[a],0) is a monoid, for each non-negative
integer a.

Remark 1.6. We will show that there exists some ng(c,~,p,q) such that, for all n > ny,

Boo[a]|pbn[BlaBso[V] = Bool]pbn, [8]¢Boo[y] - More precisely, ng = max{supp p, supp ¢, &, y}+1,
where supp is the support of a braid, defined in Definition 2.1.

For a group G and a subgroup H C G, we say that g,¢’ € G are conjugate with respect
to H if there exists h € H such that ¢’ = hgh~!. Denote by G//H the set of conjugacy classes
with respect to the subgroup H. There is a natural one-to-one correspondence between the sets
H\(G™ x H)/H and G"//H (here H is the image of the subgroup H C G by the appropriate
diagonal map). In fact, it is easy to see that the function from G™ x H to G™ given by

(917927 «e s 9n, h’) — (glh_lath_la cee 7gnh_1)a

induces a bijection between the sets H\(G" x H)/H and G"//H.

Using the correspondence above, we can define a monoid structure on the set Boo//Boso|c].
In fact, we have an one-to-one correspondence between the sets B //Boo[a] and Boo[a]\(Boo X
Bs[a])/Bso|a], the later being a submonoid of B[]\ (B X Bxo)/Bsola].

Furthermore, as a consequence of the existence of a solution for the conjugacy problem for
the braid groups and the fact that the injections i,, do not merge conjugacy classes (see [7]), we
have

Proposition 1.7. The conjugacy problem for Bo, has a solution.

Notice that combining the observations above with Proposition 1.7, it is possible to devise an
algorithm to determine when two elements of By, X B belong to the same class in Boo[0]\ Boo X
Bs/Bx[0].

Now, let v = (1,t,t2,...) and v = (1,1,1,1,...) and denote by zT the transpose of the
vector x. Consider the subgroup of GL(c0) given by

Gln] = {<1" X> . X € GL(o0), 0T X = o7, Xu = u} .

It is easy to see that the image of B [n] by the Burau representation is contained in G[n].

Definition 1.8. Consider the matrix

1, 0 0 0
0 V; 1, 0
0 1, 0 0|’
0 0 0 1y

0,k] =
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where

Let p € p and ¢ € q be representatives of the double cosets p € G[n]\GL(c0)/G[k] and q €
G[k]\GL(00)/G[m]. Then we define their product as

p*t q = Gn|pO;[kleGlm],
for sufficiently large j.

Theorem 1.9. The operation defined above does not depend on the choice of representatives of
double cosets for j large enough. Moreover, it is associative.

Remark 1.10. In particular, there exists an integer jo(n, m,p, ¢) such that G[n]p©;[k]¢G[m] =
G[n|pO;,[klgG[m] for all j > jo. We can make jo more precise. In fact let N € N be such
that p and ¢ can be written as diagonal block matrices (‘3 120 ), where A is a square matrix of

dimension k + N. Then jy = max{m,n,k + N}.

Remark 1.11. The operation x; generalizes the usual multiplication defined on the double cosets
of GL(o0) in the sense that setting the parameter ¢ = 1 we recover the usual multiplication.

Let G be a group and K[| = {K[s]; s € N} a family of subgroups of G. We say that there is
a well-defined operation on the double cosets of G' with relation to the family K[| when there
exists a family of morphisms

1= {prst: KI\G/K 8] x K[s\G/K[t] — K[\G/K[t);r,s,t € N}
satisfying

,Urtu(,urst X 1K[t]\G/K[u]) = Nrsu(lK[r}\G’/K[s} X ,Ustu)

for all r,s,t,u € N and, if e € K[r]\G/K][r] denotes the class of the unit element of G, then for
all « € K[t]\G/K][r] and all g € K[r]\G/K]|t]

perr(o,e) = and  prp(e, f) = 0.

In this case, consider the category K(G, K) of double cosets, where the objects are nonnegative
integers and the morphisms are given by Hom(r, s) = K[s]\G/K]|r|. Then,

Proposition 1.12. The Burau representation n: By, — GL(00) induces a functor between the
categories K(Boo, Bo[*]) and K(GL(o0), G[%]).

When G is the bisymmetric group (the group that consists of pairs (g,h) of permutations
of N such that gh~! is a finite permutation) and K is its diagonal subgroup, we get a category
called the train category of the pair (G, K). This category admits a transparent combinato-
rial description and encodes information about the representations of the bisymmetric group
(see [12, 20]).
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2 Proofs of main results

2.1 Proof of Theorem 1.5
Before proceeding, we introduce the notion of support, which will be needed later.

Definition 2.1. Let p be a braid in Bo,. The support of p is

suppp = min{j € N; p € (o1,...,0;)}.

Notice that the decomposition of p into the product of elementary braids does not contain
any element of By [suppp], hence p commutes with every element of B[l 4 suppp]. Also, we
can identify p with an element of By guppp. We define supp1 = 0.

Consider double cosets

p € Boo[a]\Boo/ B[] and q € Boo[B\Boo/Boo[7],

and let p € p and ¢ € q be their respective representatives. Setting v; = Boo[a]pb;[8]gBoc[7], we
have a sequence of double cosets in By [a]\ Boo/Boo[7]-

Proposition 2.2. The sequence (t;);>1 defined above is eventually constant.

Proof. We are going to give a proof in several steps:

Step 1. Given m > 0 we have Tz-(mﬂ) = aergHHTi(m) for all 0 <i < m — 1. In fact, we have
the equality
(m+1) _ . 4 . R - (m)
Ti = OmA414B+i0m+B+i0m+p+i—1 """ OB+i+l = Om+148+iT; -
Step 2. For all j < i we have 0m+5+i+27](m) = T;m)am+ﬂ+i+2. Indeed, since supp T](m) =

m+ B+ j and 0y g1it2 € Boo[l +m + S+ j], we find that 0,4 5412 commutes with T](m).

Step 3. Define u = (0,1 410m+p42 " Oomsp) + and £~ = M) Then Om[B] = ubm1]5]L.
In fact, we have

U1 [Pl = u(TémH) e 7_7(nm+1))€ = UTéerl) e 7'(77?[1)

| -1 -1 (m) (m) (m)
= %9m+8%2m+8-1"" Im+8+270 (Um+6+271 ) e (U2m+ﬂ7'm—1)
-1 -1 —1 (m)__(m) (m)

= 99m1+8%2ma-1"" Omipt29m+p+279 Ty (U2m+,37m—1)

_ -1 —1 —1 (m)_(m) (m) (m)
= Oom+8%2m+8-1"" "Om+p+370 "1 (Um+6+37'2 )“'(U2m+67'm71)

Step 4. Let M = max{suppp,suppq,a,v} + 1. We show that for all m > M, we have
tm = tmg1 and hence that t,, = vy for all m > M. Let u and ¢ be like in step 3. Since
u,? € Bog[m + f], it follows that u € Bxla], ¢ € Bo[y] and they commute with p and q.
Therefore

w(pOm11[8]q)l = p(ubm11[6]€)q = pOm[Blq.
Thus t;, = tmt1- |

The following technical lemma will be used in the proof of Lemma 2.5, which in turn is used
in Proposition 2.7 and more extensively in Theorem 2.8.
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Lemma 2.3. Let {(v;-)ﬁ:l }le be a family of sequences of positive integers such that v§+k < vj*”

whenever k +n > 0 with k,n € N; in other words, the sequences (’Ui are decreasing and

j)jzl

the sequences (v"-

¢ g
J)Z.>1 are increasing. If pj = [[ o, and \i = ] oy, then py---pg = P =
e k=1 % k=1 °
A A

Proof. We prove the lemma by induction on the pair (g,¢). The statement is trivial for g =
¢ =1. Assume it is true for (g, ¢), we prove it is true for (g + 1,¢) and (g,¢ + 1).
For (g + 1,¢), notice that

g+l ¢ g £ y4 L g y4
HHUU?S“ = <HHUU$> (H O'Ug+1> = (HHO’U7§> (H O'U$+1> .
s=1r=1 s=1r=1 r=1 r=1s=1 r=1
g
If 2, = [] oys we have that 2,0 41 = 0 g+12, for » > t, this follows from the inequalities
_ t t

s=1
ve <ot < w9t for s < g+ 1. Therefore

l l
| | Ty | | O'U$+1 =T .Tgo‘vf-o-l s O'Ug-o-l = x10U?+1$20'Ug+1 s xgavZH
r=1 r=1

l ¢ g+1
Lo = [[[Jow-
r=1 r=1s=1
The proof for the case (g,¢ + 1) is analogous. |

Example 2.4. Consider the sequences given by vj- =3+i—j,1<4,7<3. Let uj, \j, 1 =1,2,3
be as in Lemma 2.3. By the same lemma we have that pjpspus = A1AsA3. These products are
depicted in Fig. 3(a) and (¢). Drawing these braids in a more compact form (Fig. 3(b)) the
equivalence between the products becomes evident.

) )\
AV

ARAV !

r ( r

(a) pipaps (b) P (¢) AMA2As

Figure 3. The equality pipops = P = A1 da)s.

J
S

It will be useful to write the product P from Lemma 2.3 as a matrix, where the indices

increase from right to left and from top to bottom.
vl = v}
P=11 1

g g
(%1 — Uy
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In this way, A1 --- g is the column-wise product and juq - - - p14 is the row-wise product.
Consider, for each positive integer m, the homomorphism C,: Bs — Boo given by Cp,(0;) =
Om+j- Then we have the following lemma.

Lemma 2.5. Let 3 and j be nonnegative integers with j > 1. If d € (og41,...,034j-1), then:

(i) do;[8] = 6;[BIC;(d),
(11) 0;(p]d = C;(d)0;[].

Proof. Since C; is a homomorphism, it is enough to prove both statements of the proposition
for the case where d = oy, for some S+ 1< k< g+ j—1.

(i) Recall that 0;[3] = Téj ). Tj@l. We claim that the following holds:
0k+m(j) = Ti(j)0k+i+1, 0<i<j—1

Indeed, since oyy; is a letter of Ti(j ), but it is different from o, 51;, we have

(J) _ _
Ok+iT; = Uk+i(ffj+ﬁ+i o 'U,B+1+i> = 0j+B+i """ Ok+i+20k+i0k+i+10k+i0k+i—1 """ OB+1+i
= O0j+p+i" " " Ok+i+20k+i+10k+i0k+i+10k+i—1 """ Op+1+i

= 0j4B+i" " OB+1+i0k+it+l = Ti(j)0k+i+1-
Therefore
©) ) ) ©) () ©)

()

=17 m D oksy = 0[Blows;.

(ii) Let vy = j + B+ s —r for r and s positive integers. The family {(v;)}] _, satisfies the
hypothesis of Lemma 2.3 and therefore py---pj = A1 --- A\j, where

Hi = 0j4B+i—1"""0pB+i and Ai = Ojpp—itl " 02j4p—i-
Since p; = Ti@l, we see that 0;[3] = A1 --- ;. As we saw in item (i), we have that

Aj—iOkyi = Okqit1Nj—i 0<i<j—1 u

Remark 2.6. The intuition behind Lemma 2.5 is that the element §;[3] exchanges braids in
the interval between strands S+ 1 and 8+ j with braids in the interval between strands S+ j+1
and 5+ 2j.

Our next step is to prove that the product does not depend on the chosen representatives.

Proposition 2.7. Let p’ and ¢’ be other two representatives of p and q respectively. Consider
the sequence

v'j = Boola]p'0; (8]’ Boo [7]-
Then there exists an integer N > 0 such that

v =1y, forall 7> N.
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Figure 4. The element 03[1] exchanges the elementary braids o3 and og.

Proof. Since p and p’ are representatives of the same double coset, there exist r € By[a] and
h € B[] such that p’ = rph. In a similar way, there exist k € B[] and s € By[7] such that
q = kqs. Therefore,

v'; = Boo[o]p'0;[Blq' Bso[1] = Boolalrpht;[BlkqsBso[y] = Boolalpht;[B]kqBoo[7]-

Qonsider N = max{sgppp, supp ¢, supp h, supp k, a, v} + 1. Giveni > N, let h = C; (hil) and
k= Cj(k™). Then h,k € Boo[j + B] and hence h € Bx[7] and k € Bula). Furthermore, h
commutes with ¢ and k, and k& commutes with p and h. Now,

kpht;(B8lkgh = phk0;]8lkhq = phkC;(k)8;[8hq
= phC;(k™")C;(k)0;[8hq = phb;[B]hq = pb;[B]C;(h)hq = pd;[Blq. u

Therefore, for all pairs (p, q) € Boo[@|\Boso/Boo[5] X Boo|3]\Boo/ Boo[7] We have a well-defined
product p o q € By[a|\Bso/Bs[7] given by

p o q= Be|a]pd;[BlgBe[7],

P EP, g €qand j sufficiently large.
Finally, we are going to prove the associativity of the operation o.

Proposition 2.8. The product of double cosets is associative.

Proof. Let a,f,7,0 € N and consider a € By[a|\Bso/Bx|8], b € Boo|B]\Boo/Boo|7] and
¢ € Boo[7]\Boo/Bxl[d]. Choose representatives a € a, b € b and ¢ € ¢ and consider k =
max{«, 3,7, d,supp a, supp b, supp ¢} + 1. Then

(ab)c = Boo[a]abi[B]b0;[v]cBso[d] and a(bc) = Boo[a]aly [B]b0k[v]cBoo[d].

To prove our claim we are going to show that the double cosets above are the same, by
exhibiting two representatives that are equal (Figs. 5 and 6 give an example of the process
involved). Here we are assuming 3 < -, the case v < 3 is analogous.

Throughout the rest of the proof we will use the symbol a = b to signify that a and b are
representatives of the same double coset of Boo|a]|\Boo/Bxo|7], that is, we can find elements
h € Byla] and k € By[y] such that hak = b.

Using the notation of Lemma 2.3 we can write

k+p - [f+1 2k+B+y  — y+1
abi[Blb0i[v]c = a \ Lo]b \J \J c,
2k+8-1 — k+p dk+286+~v—-1 — 2k+~v+p
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2k +~+ 8 — pf+1 kE+~ — v+1
afy [Bbx[]e = a ) R % I
dk+2y+0-1 — 2k+~+0 2k+~v—-1 — k+~y

Using the same lemma, we can see that

E+1 — B+1 [ k+8 = k+2
Op[B8l =P, P=| | L) Ry = 1 Lo}
2k — k+p 2k+8—-1 — 2k+1
[k+1 — B+1 [ 2%k+B+y — k+2
Op[Bl = RoPo; Po= | | 1 , Ro= 1 1 :
13k +v — 2k+ 5 +7y 4k +2v+B—-1 = 3k+~v+1
[(k+~v — v+1 [ 2k+1  — k+2
Okly] = P3R3; Ps=| | U R3 = I L)
| 2k — k+1 2k+v—-1 — k+7v
[2k+ 8+ — v+1 i 3k+p -  k+2
0i[v] = PsRs; Py = { 1 | Ra= { { .
3k+8 — k+1 |4k +26+7v—1 — 2k+ B+~

Since R; € Boo[k + 1], 1 <i < 4, we have
aRleP4R4c = RlanP4CR4 = anP4C, aRngngRgc = RQCLPQbP3CR3 = anngc.

Notice also that Py = RsW, where

2k+B8+y —  2k+2 2k+1  — ~v+1
R5 = $ 1l and W = { {
3k+ 0 - 3k—v+2 3k—~v+1 — k+1

Since supp P = 2k and R5 € B[2k + 1], RsP = PR5 and we have aPbRsW e = aPRsbWe =
RsaPbWe = aPbWe.

Our next objective is to find elements F, A € By, such that aPobPsc = aPbEAW c.

Step 1. aPybP3c = aPbELP3c. Consider the element

2k+1 — k+pB+1
F: \L \L 9
3k+vy — 2k+[8+7

and notice that P = PF. Since F' € B[k, we see that bF' = Fb.
Moreover, F' = E'L where

2k+1  — k+p8+1 2k —B+v+1 — k+y+1
E = 4 i and L= i\ A
2k -B+vy —  k+vy 3k + — 2k+B+7y

Step 2. LP3c = CPsc for some C. In fact, consider

2k+~y—-F+1 — k+~v+1 3k—pB+2 — 2k 42
C= J + and D= + N
3k—p+1 —  2k+1 3k+vy — 2k+B+7y

Then L = CD and, since D € By [2k + 1] and supp P3 = 2k, we have DPyc = PyeD = Psc.
Hence LP3c = CPse.
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2k+v—-p+1 — 2k +2
Step 3. CP3 = AW for some A. In fact, consider A = J i .
3k—5+1 - 3k—v+2

Then,
2k +y—-B8+1 — k+~v+1] [k+7 = ~v+1
CPy = 1 \: \J \J
| 3k—-pB+1  —  2k+1 2k — k+1
2k +v—-B+1 —  2k+2 2k+1 — k+~y+1] [k+7 — v+1
= 1 \J \J 3 3 !
| 3k—B+1 = 3k—y+2]| [Bk—y+1 = 2k+1 2%k — k41
2k +v—-B+1 —  2k+2 2k+1  — ~y+1
= 1 1 1 L | =AW
3k—-p6+1 - 3k—v4+2| [3k—v+1 = k+1

Therefore, aPybP3c = aPbELP3c = aPbEC P3c = aPbEAW e. At last, consider

. 3k—p+2 — k+2
W= 1 3
4k -204+~v+1 — 2k—-[B+~v+1

Then AWW = 6,[y] with 7 = 2k — 84 1. Hence aPbEAW ¢ = aPbES,[y]c and, by Lemma 2.5,
Eb.[v] = 6,[7]Cy(E). Therefore,

aPbEO,[Y]c = aPbl,[y|C,(E)c = aPbb,[y]cC,(E) = aPbb,[y]c = aPbAWc.
Furthermore, since A € Bo[2k + 1] and supp P = 2k,
aPbAW e = aPAWW e = AaPbWe = aPbWe. |

Example 2.9. In this example we illustrate the method described in the proof of the theorem
above. Here we used a = aglafl, b=o0? c=0%03, a=5=3,38=1and v = 2. In each of
the figures below, the diagrams are different representatives of the same double coset, obtained
following the steps of the proof of Proposition 1.5. The dashed horizontal lines highlight the
different braids mentioned in the captions.

2.2 Proof of Proposition 1.7

We show that the conjugacy problem for B, can be reduced to a conjugacy problem in B,
for some n. Given two braids z,y € By, since these braids are finitely supported, there exists
n € N such that we can consider these braids as elements of B,. Since the conjugacy problem
has a solution in B,,, to prove the proposition it suffices to show that x is conjugate to y in B,
if and only if they are conjugate in B,. But this follows from the properties of the direct limit
and the fact that the inclusions i, : B, — Bp4+1 do not merge conjugacy classes (see [7]).

2.3 Proof of Theorem 1.9

Let p and ¢ be representatives of the double cosets p € G[n]\GL(c0)/Gk] and q € G[k]\GL(00)/
G[m], respectively. Define the sequence of double cosets

vj = G[n]pO;[k]laG[m],

in G[n]\GL(00)/G[m].
We remark the following identity:
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Figure 5. The equality af[5]b0,[y]c = aPbWe.

Lemma 2.10. If n: Bs, — GL(0) is the Burau representation, as defined in Section 1.3, the
following identity holds

©,[k] = n(0;[k]), forall j,keN.

Proposition 2.11. The sequence t; above is eventually constant and its limit does not depend
on the choice of representatives.

Proof. Let N € N be such that N > max{m,k,n} and p and g can be written as square
(k + N + oo)-matrices with the following block configuration:

0
0

loo

b 0
p= d 0|, q=
0

loo

oo 9
o n 8
o8 w

Suppose that for some ¢ > N we have v; = ty. We show that v; = tv;41. As we saw in
Proposition 2.2, there are elements u,l € By such that 0;[k] = ub;1[k]l. Hence, if U = n(u)
and L = n(l), we have

O:[k] = UO; 1 [K]L.

Furthermore, U and L have the following block configuration

Ik 0 0 0 Ik 0 0 0
0 1, 0 0 (o 1, 0o o0
U=1o 0o v o] 5|0 0 a o
0 0 0 1o 0 0 0 I
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Figure 6. The equality a0y [5]b0x[v]c = aPbWe.
Lg=qL.

and

Up =pU

Thus,
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Consequently,
pOilklg = pUO;1[k|Lg = UpOit1[klqL.

Since U and L are elements of the image of the Burau representation 7, we have that U, L € G[k]
and therefore

tir1 = G[n|pOi11[klqG[m] = Gn]UpO;1[klqLG[m] = Gn]pO,[k]qG[m] = v;.

To show that the limit of the sequence t; does not depend on the choice of representatives it
suffices to show that, for any H and J in G[k], we have

lim G[n]pO;[k]¢G[m] = lim G[n]pJ O;[k] HqG[m).

Let N > 0 be as before. Consider M > N such that H and J are square (k + M + oco)-matrices
with the block configuration:

1y 0 1y
0 0
0

0 0
0 0 O

Lo

Since H preserves the vector v, we have that Vash = V. Similarly, jVar = Vs Therefore,

1 0 0 0 1, O 0 I 0 0 0
1o 5 0 o0 0 Vi tMiy 0 0 h 0 O
JOMRIH = v 0 0 1y O 0 0 0 1y O
0 0 1l 0 0 0 ls 0 0 0 Iy

1, 0 0 0 I, 0 0 0

1o jvyh tMh o0 | |0 Vi tMh 0

o o of o 45 0o o0

0 0 0 1ls 0 0 0 1
I 0 0 0 1, © 0 0 I 0 0 0
10 1ym 0 0 0 Vi tMiy 0 0 Iy 0 O
o o n o0 0 1y O 0 0 0 4 0
0 0 0 1 0 0 0 Il 0 0 0 1y

Call J’ the new matrix containing the block j and H’ the new matrix containing the block h.
Then we have

pJO N [k|Hqg = pH'© (k] J g = H'pO s [K]q '
Therefore, p©ys[k]q and pJO s [k] H g belong to the same double coset for M sufficiently large. W
Therefore, we have a well-defined product of the double cosets p and q given by
bt 4 = lim Gl [k]gGlm.

Proposition 2.12. The operation defined above is associative. Furthermore, the Burau repre-
sentation is a functor between the categories of double cosets of GL(oc0) and of Buo.

Proof. The proof of the associative property is analogous to the proof of Theorem 2.8, using
Lemma 2.10. The functoriality follows from Lemma 2.10. |
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3 Connections with other direct limits of groups

We can extend the above constructions to the product GI"l = B, x --- x By, of n copies of the
infinite braid group. Let K be the diagonal subgroup of G, Clearly, K is naturally isomorphic
to Boo. Let K[a] be the image of By[a] under this isomorphism. We define the product of
double cosets componentwise.

Corollary 3.1. Consider two double cosets
pe K[)\GM/K[8],  qeK[B\G"/K[,
and let p and q be their respective representatives. Then the operation given by

poq= Klapd;[5leK[5],
for j sufficiently large, is well-defined and associative.
Proof. It follows from Propositions 2.2, 2.7 and 2.8. |

When there is a surjective homomorphism B, onto a group A, we have an induced operation
on the double cosets of A. More precisely, let ¥: B, — A be a surjective homomorphism
and consider, for each o € N, the image A[a| of the subgroup Bso[a] by ¥. Then the induced
product on the double cosets of A with relation to the subgroups A[«]| is well-defined. Indeed,
this follows from the fact that the sequence used to define the product of double cosets in By
not only converges, it becomes constant.

Let S denote the infinite symmetric group, that is, the set of permutations s: N* — N*
such that s(i) = i for all but finitely many ¢ € N* equipped with the composition of functions.
Consider the subgroups S [a] C Soo, a € N consisting of the elements fixing the set {1,2,..., a}
pointwise. In [12], Neretin defined an operation on the double cosets of Sy, with relation to the
subgroups S.o[a] as follows: For integers § > 0 and n > 0, denote by 6;[3] the permutation
given by

i+n, B<i<fB+mn,

1, otherwise.

Given double cosets

p € Soo[a]\Seo /S [B and Seo[BI\Sso/Ses[7];

and their representatives p € p and q € q, define their product as

p o’ q = Selalpdy[BlaSs[V],

for sufficiently large n.

On the other hand, consider the canonical homomorphism j: By, — Ss that associates to
each braid the corresponding permutation of its endpoints. It is clear that this is a surjective
homomorphism (it is, up to conjugacy, the only surjective homomorphism from By, to S,
see [1]) and hence induces an operation on the double cosets of So, with relation to the subgroups
Jj(Bso[a]), @ € N. Furthermore, it is easy to check that j(Bso[a]) = Sxo|a] for each o € N.

Proposition 3.2. The operation on double cosets of Soo, with relation to the subgroups S|,
a € N, coincides with the operation induced by the group Be.
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Proof. In fact, it suffices to check that the elements 67 [5] and j(6,[5]) coincide for all integers
n > 0 and § > 0. But this identity follows directly from the definition of 6,,[3] and j. |

As a last remark, we point out some similarities between the multiplicative structure defined
in By and that of Aut(Fs). The group Aut(Fy) is defined as follows: Let F), be the free group
with n generators z1,...,x, and denote by Aut(F,) the group of automorphisms of F,,. Then

Aut(Fy) = lim Aut(F),).

The limit is taken with relation to the obvious inclusion Aut(F,) — Aut(F,41).

For each @ € N consider the subgroup H(«) of Aut(Fs) of automorphisms h such that
h(z;) = z; for i < a. In [13], it is defined a product on the double cosets of Aut(Fu) in the
following way: Consider the automorphism 9;[f] € Aut(Fy) given by

V;[B)(zi) =  wipj, B<i< B+,
Ti—j, B+ <i< B+ 2]

Then, for p and ¢ in Aut(Fy), the product of the double cosets H(a)pH () and H(B)qH () is
the double coset limit of the sequence p¥;[m]q in H(a)\ Aut(Fu)/H (7).

For each n € N, let i,,: B,, — Aut(F},) be the Artin representation of B, on the free group F,,
given by

Tj, k= ] + 1,
. -1 .
Zn(o-j)(fk) = § Lili+1T; k=7,

Tk, otherwise.

This representation is faithful and therefore we can identify B,, with the image of i,, in Aut(F},).
Consider the limit homomorphism 4o : Bs — Aut(Fi). The element 9;[m] is related to the
image of the element 6;[m] as we see in the following proposition

Proposition 3.3. Let 8 be a fized positive integer. For each k € N, consider the element
Yk = TR+kTR+k—1"""TB+1 € F. Then

T, 1< B,1>2k+ 0,
i k+B<i<2k+p.

In other words,

Zoo(ek[ﬁ])(xz) = {ﬁk[ﬂ] (x) otherwise.

Proof. For k =1 we have that 6,[3] = 041 and therefore

Ty, ZSB71>6+27
ioo(el[m)(xi) = ioo(05+1)(xi) = $;1$i+19€i, i=1+p,
Ti—1, i = 2+ﬁ

We are going to show the truth of the identity by induction on k. Suppose the identity holds
for k. We can write 041[5] as

Ok110] = Okypr1 - 0okt pr10k[Bloorsp - - Orypit-
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If we put w = o1 541 - 02%+8+1 and s = o9p4 3 - Ok4+p+1 We can re-write the equation above
as

Ok+1[8] = wok[B]s.

We have five cases to analyze:
Case 1. When B+ 1 < i < k+ 3, notice that is(s)(z;) = 2; and 00 (0%[6]) (i) = Y ' Titk Yk,
therefore ioo(Og11[5])(2;) = ioo(w)(yk_la:iJrkyk). Now,

oo (W) (Titk) = too(OhtB41 "+ * Tith—1)loo(Tith) (Tit)

(

= oo (Oh4 Bl "+ Oih—2)ioo(Tith—1) (T Tiths1Zitk )

= oo (Oh4 1"+ Tirh3)ioo(Tith—2) (T 1 Tithi1Tiph—1) =
(

—1 —1
Okt 841) (Tpop paoThrit1Thepr2) = Tpy g Thtit 1Tk B41-

Hence,

oo (W) (Y, " TitkUk) =Yg Voo (W) (Titk )Yk = Vi Tiod g1 Thpit 1Tkt B1Yk = Yyogy Thbit 1Yk 1

Case 2. When i = k + 8 + 1, we have that

. -1 -1
Zoo(s)($k+i+ﬁ) = Trigr1 Topy gL2k+B+122k+3 " Th+p+1-

Hence,

oo (Ok[B)8) (Tt 511) = oo (Ok[8)) (Tl g+ * Topy T2kt 41Tk 15+ * Tkt p11)

—1 —1 —1
=Tgyy Ty gT2k+B+1Tk+3 " " Tp4+1 = Y L2k4+5+1Yk-

- -1
Furthermore, i (w)(22k+8+1) = Tjy py1T2k+B+2Tk+p+1 and hence

i00 (011 [B]) (Th+41) = doo(w) (yy, ' T2kt 1Y)

-1, -1 —1
=Y Trpypr1T2k+p+2Tk+8+1Yk = Yp1X2k+5+2Yk+1-

Case 8. When k+ 4+ 1 < i < 2k + 5+ 1, it is sufficient to notice that i (s)(x;) = @1,
oo (Ok[B]) (%i-1) = Ti—k—1 and doo(W)(Ti—g-1) = Ti—f—1.

Case 4. For the case i = 2k + 8 + 2 we have ix (0 [0]s)(22k+5+2) = Tok4a+2. Furthermore,
oo (W) (T2h+54+2) = Thtpr1-

Case 5. For i < ori > 2k+ 42, we have that io(w) (i) = too (O[] (%i) = ico(s) (i) =
and the result follows. |

Thus the elements ¥;[3] and i (0;[5]) are always conjugate in Aut(Fu) (in particular, by
an element of H(f)). Nevertheless i does not induce a homomorphism between the monoids
of double cosets. In fact, consider the braid w = oy Loso10309 in By and its projection [w]
in B[2]\Boo/B[2]. Then is(wln[2]w) and is(w)In|[2]ico(w) do not belong to the same double
coset of H(2)\ Aut(Fu)/H(2).
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