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Abstract. The complex Lie superalgebras g of type D(2, 1; a) — also denoted by osp(4,2; a) —
are usually considered for “non-singular” values of the parameter a, for which they are sim-
ple. In this paper we introduce five suitable integral forms of g, that are well-defined at
singular values too, giving rise to “singular specializations” that are no longer simple: this
extends the family of simple objects of type D(2,1;a) in five different ways. The result-
ing five families coincide for general values of a, but are different at “singular” ones: here
they provide non-simple Lie superalgebras, whose structure we describe explicitly. We also
perform the parallel construction for complex Lie supergroups and describe their singular
specializations (or “degenerations”) at singular values of a. Although one may work with
a single complex parameter a, in order to stress the overall G3-symmetry of the whole situa-
tion, we shall work (following Kaplansky) with a two-dimensional parameter o = (01, 02, 03)
ranging in the complex affine plane o + 09 + 03 = 0.
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1 Introduction

In the classification of simple finite-dimensional complex Lie superalgebras — due to Kac
(cf. [12]) — a special one-parameter family occurs, whose elements g, depend on a parameter
a € C\ {0,—1}. These are “generically non-isomorphic”, and all isomorphisms between them

are encoded in a free action of the symmetric group &3 on the family {ga}qcc\j0,—1}- It was

2 -10
pointed out in [12] that the Cartan matrix A = (—1 0 a) used to define this Lie superalgebra

had already appeared in [18], as a Cartan matrix (()]f a o2ne—parameter family of 16-dimensional
simple Lie algebras over a field k of characteristic 2 with a € k\ {0, 1}.

For any a € {1,—2,—1/2} one has g1 = osp(4,2), which is of type D(2,1): thus Kac called
each g, to be “of type D(2,1;a)” — while D(m,n) is the type of the orthosymplectic Lie su-
peralgebra osp(2m,2n). For the same reason, some authors, for example [3] — cf. also [2] —
use instead notation o0sp(4,2;a). By general theory, one can complete each of the (simple)
Lie superalgebras g, and form a so-called super Harish-Chandra pair: and then one associates
to the latter a corresponding complex Lie supergroup, say G,, whose tangent Lie superalge-
bra is g, — as prescribed in Kac’ classification of simple algebraic supergroups, cf. [11]. All
these G,’s form a family {Ga}aec\fo,—1}, Which bears a free G3-action that induces the &;-
action on {ga}eec\{0,—1}- The starting point of the present paper is the following question: can
we “take the limit” (in some sense) of g, for a approaching to the “singular values” a = 0 and
a = —17 And if yes, what is the structure of the resulting “limit” Lie superalgebra? Similarly,
we raise the same questions for the family of the supergroups G,.

In this article, we show that there are several ways to answer, in the positive, these questions.
In fact, we present five possible ways to complete the family of simple Lie superalgebras D(2, 1; a)
with additional Lie superalgebras for the “singular values” a € {0, —1}. Each one of these new,
extra objects can be thought of as a “limit” of the older ones; however, the existence of different
options show that such “limits” have no intrinsic meaning, but strongly depend on some choice —
roughly, on “how you approach the singular point”. For each of these choices, the corresponding
new objects that are “limits” of the (original) simple Lie superalgebras D(2,1;a) happen to be
non-simple, and we describe explicitly their structure, which is different for the different choices.
Therefore, we extend the old family {g. = 05p(4,2;a)}.cc\fo,—1} of simple Lie superalgebras
to five larger families, indexed by the points of P1(C) U {*}, whose elements at “non-singular
values” a € {0,—1,00,%} are non-simple — which is why we call them “degenerations” — and
(when comparing one family with a different one) non-isomorphic.

By the way, our analysis is by no means exhaustive: one can still provide further ways to
complete the family of the simple g,’s (for non-singular values of a) by adding some extra
objects at singular values of a, right in the same spirit but with different outcomes. Our goal
here is only to explain the existence and non-uniqueness of such constructions. A few words
about our construction. First, instead of working with Lie superalgebras g, indexed by a single
parameter a € C\ {0,—1} — later extended to a € C — we rather deal with a multiparameter
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o eV = {(01,02,03) S (CS‘ >0 = 0}. The starting point is a construction — due to
Kaplansky, cf. [13]; see also [15] — that for each o € V provides a Lie superalgebra g,: this
yields a full family of Lie superalgebras { gU}J ey forming a bundle over V', naturally endowed
with an action of the group G := C* x &3 via Lie superalgebra isomorphisms. For each o in
the “general locus” V> :=V'\ (U?:f{ai = 0}) we have g, = g, for some a € C\ {0, —1} so the
original family {g, = 0sp(4,2;a)}sec\{0,—1} of simple Lie superalgebras is taken into account;
in addition, the g,’s are well-defined also at singular values o € V' N (Ule{ai = 0}), but there
they are non-simple instead.

Thus Kaplansky’s family of Lie superalgebras provides a first solution to our problem. In
addition, we re-visit this construction and devise five recipes to construct similar families, as
follows. For o € V>, we fix in g, a particular C-basis, call it B, in such a way that the structure
constants are polynomials in 0. When we replace 0 = (01,09,03) with a formal parameter
x = (r1,x2,23), the previous multiplication table defines a Lie superalgebra structure on the
free Clz]-module with basis B, denoted by g,(x). Then for each 0 = (01,02,03) € V the
quotient g, (o) := g, (x)/(%; — 0i);_1 9385 (x) is a well-defined complex Lie superalgebra, such
that g, (0) = g, for 0 € V*; thus we get a whole family {g,(c)},ev as requested, that actually
depends on the choice of the basis B. We present five explicit examples that give rise to five
different outcomes — one being Kaplansky’s family. Indeed, at each point of the “singular
locus” V' N (U?:r{ffi = 0}) these families present different (non-isomorphic) non-simple Lie
superalgebras, that we describe in detail. As a second contribution, we perform a parallel
construction at the level of Lie supergroups: namely, for each ¢ € V we “complete” each Lie
superalgebra g, (o) to form a super Harish-Chandra pair, and then take the corresponding
(complex holomorphic) Lie supergroup. This yields a family {G,(0)}scy of Lie supergroups,
with G, isomorphic to G, for a suitable a € C\{0, —1} for non-singular values of o, while G, (o)
is not simple for singular values instead; moreover, the group G := C* x &3 freely acts on this
family via Lie supergroup isomorphisms. In other words, we complete the “old” family of the
simple Lie supergroups G,’s (isomorphic to suitable G,’s) by suitably adding new, non-simple
Lie supergroups at singular values of . The construction depends on B, and with our five,
previously fixed choices we find five different families: for each of them, we describe explicitly
the non-simple supergroups G, at singular values of o — which are referred to as “degenerations”
of the (previously known, simple) G,’s.

This analysis might be reformulated in the language of deformation theory of supermanifold —
e.g., as treated in [17]. However, this goes beyond the scope of the present article. This article is
organized as follows. In Section 2, we briefly recall the basic algebraic background necessary for
this work, in particular, some language about supermathematics. In Section 3, we introduce our
Lie superalgebras g, = 0sp(4,2;0). Several integral forms of the Lie superalgebra g, are intro-
duced in Section 4. In particular, as an application, the structure of their singular degenerations
is studied in detail (Theorems 4.1, 4.2, 4.3, 4.4 and 4.5). Section 5 is the last highlight of this
paper: we introduce and analyze the Lie supergroups whose Lie superalgebras are studied in
Section 4, and we describe the (non-simple) structure of their degenerations — i.e., the member
of the families at singular values of o (Theorems 5.1, 5.2, 5.3, 5.4 and 5.5).

As the main objects treated in this article have many special features, most of the above
descriptions are given in a down-to-earth manner, so that even the readers who are not familiar
with the subject could follow easily our exposition.

2 Preliminaries

In this section, we recall the notions and language of Lie superalgebras and Lie supergroups.
Our purpose is to fix the terminology, but everything indeed is standard matter.
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2.1 Basic superobjects

All throughout the paper, we work over the field C of complex numbers (nevertheless, immedi-
ate generalizations are possible), unless otherwise stated. By C-supermodule, or C-super vector
space, any C-module V endowed with a Zs-grading V = Vi & V;, where Zy = {0, 1} is the group
with two elements. Then Vj and its elements are called even, while Vj and its elements odd. By
|z|(€ Z2) we denote the parity of any non-zero homogeneous element, defined by the condition
T € va

We call C-superalgebra any associative, unital C-algebra A which is Zo-graded: so A has
a Zg-grading A = Ay @ Az, and AaAp C Aatp. Any such A is said to be commutative if
Ty = (—1)‘x||y‘y33 for all homogeneous z,y € A; so, in particular, 22 = 0 for all z € A;. All
C-superalgebras form a category, whose morphisms are those of unital C-algebras preserving
the Zo-grading; inside it, commutative C-superalgebras form a subcategory, that we denote
by (salg). We denote by (alg) the category of (associative, unital) commutative C-algebras, and
by (mod) that of C-modules. Note also that there is an obvious functor ( )5: (salg) — (alg)
given on objects by A — Az. We call Weil superalgebra any finite-dimensional commutative
C-superalgebra A such that A = C @ 9M(A) where C is even and M(A) = 9N(A); ® N(4);
is a Zo-graded nilpotent ideal (the nilradical of A). Every Weil superalgebra A is endowed
with a canonical epimorphisms p4: A —» C and an embedding u4: C —— A, such that
pa ouy = id. Weil superalgebras over C form a full subcategory of (salg), denoted by (Wsalg).
Finally, let (Walg) := (Wsalg) N (alg) be the category of Weil algebras (over C), i.e., the full
subcategory of all totally even objects in (Wsalg) — namely, those whose odd part is trivial.
Then the functor ( )5: (salg) — (alg) obviously restricts to a similar functor ( )5: (Wsalg) —
(Walg) given again by A — Aj.

2.2 Lie superalgebras

By definition, a Lie superalgebra is a C-supermodule g = g5 @ g7 with a (Lie super)bracket
[,]:9xg—g¢, (z,y) — [z,y], which is C-bilinear, preserving the Zs-grading and satisfies the
following (for all homogenenous z,y, z € g):

(a) [z, 9] + (=) Wy, 2] = 0 (anti-symmetry);
(b) (—=1)Wl 1z, Ty, 2]) + (=)W, [2, 2] + (=1) W[z, [2, 4] = 0 (Jacobi identity).

In this situation, we write Y? := 271V, Y] (€ g;) for all Y € g;. All Lie C-superalgebras form
a category, denoted by (sLie), whose morphisms are C-linear, preserving the Zs-grading and
the bracket. Note that if g is a Lie C-superalgebra, then its even part gg is automatically a Lie
C-algebra.

Lie superalgebras can also be described in functorial language. Indeed, let (Lie) be the
category of Lie C-algebras. Then every Lie C-superalgebra g € (sLie) defines a functor

Ly: (Wsalg) —— (Lie), A Ly(A) = (A@g)5 = (45 © g5) D (A1 © g7)-

Indeed, A ® g is a Lie superalgebra (in a suitable, more general sense, over A) on its own, with
Lie bracket [a ® X,d' ® X'] := (—1)‘X”al‘aa’ ® [X, X']; now L4(A) is the even part of A ® g,
hence it is a Lie algebra on its own.

2.3 Lie supergroups

We shall now recall, in steps, the notion of complex holomorphic “Lie supergroups”, as a special
kind of “supermanifold”. The following is a very concise summary of a long, detailed theory:
further details are, for instance, in [1, 4, 17].



Singular Degenerations of Lie Supergroups of Type D(2,1;a) 5

2.3.1. Supermanifolds. By superspace we mean a pair S = (]S], (’)g) of a topological space |S|
and a sheaf of commutative superalgebras Og on it such that the stalk Og, of Og at each point
x € |S| is a local superalgebra. A morphism ¢: S — T between superspaces S and T is
a pair (|¢], ¢*) where |¢|: |S| — |T'| is a continuous map of topological spaces and the induced
morphism ¢*: Or — |¢|+(Og) of sheaves on |T'| is such that ¢} (ms)z)) S M, where myg(,)
and m; denote the maximal ideals in the stalks Op 4|(») and Og 4, respectively.

As basic model, the linear supervariety ng (in Leites’ terminology) is, by definition, the topo-
logical space CP endowed with the following sheaf of commutative superalgebras: O Cp‘q(U ) =
C

Her(U) @c Ac(é, ..., &) for any open set U C CP, where Hcr is the sheaf of holomorphic
functions on CP and Ac(&1,...,&,) is the complex Grassmann algebra on ¢ variables &, ..., &,
of odd parity. A (complex holomorphic) supermanifold of (super)dimension p|q is a superspace
M = (|M],Op) such that |M| is Hausdorff and second-countable and M is locally isomorphic
to ng, i.e., for each z € |M| there is an open set V; C |M| with x € V; and U C CP such
that Oply, = chth (in particular, it is locally isomorphic to C(Iélq). A morphism between

holomorphic supermanifolds is just a morphism (between them) as superspaces.

We denote the category of (complex holomorphic) supermanifolds by (hsmfd).

Let now M be a holomorphic supermanifold and U an open subset in |M|. Let Zy;(U) be the
(nilpotent) ideal of Oy (U) generated by the odd part of the latter: then O /Iy defines a sheaf
of purely even superalgebras over | M|, locally isomorphic to Hee. Then Mg := (M|, On/Zar)
is a classical holomorphic manifold, called the underlying holomorphic (sub)manifold of M; the
standard projection s — § := s+ Zp(U) (for all s € Op(U)) at the sheaf level yields an
embedding M,q — M, so M4 can be seen as an embedded sub(super)manifold of M. The
whole construction is clearly functorial in M.

Finally, each “classical” manifold can be seen as a “supermanifold”, just regarding its struc-
ture sheaf as one of superalgebras that are actually totally even, i.e., with trivial odd part. Con-
versely, any supermanifold enjoying the latter property is actually a manifold, nothing more. In
other words, every manifold identify with a supermanifold M that actually coincides with its
underlying (sub)manifold M.

2.3.2. Lie supergroups and the functorial approach. A group object in the category
(hsmfd) is called (complex holomorphic) Lie supergroup. These objects, together with the obvi-
ous morphisms, form a subcategory among supermanifolds, denoted (Lsgrp).

Lie supergroups — as well as supermanifolds — can also be conveniently studied via a functorial
approach that we now briefly recall (cf. [1] or [9] for details). Let M be a supermanifold. For every
z € [M| and every A € (Wsalg) we set M4, = Hom(saig)(Onrz, A) and Ma = |, ¢)pr Mazs
then we define W), : (Wsalg) — (set) to be the functor given by A — My and p — pM) with
pM) e My — Mp, x4 — pox 4. Overall, this provides a functor B: (hsmfd) — [(Wsalg), (set)]
given on objects by M — W); we can now refine still more.

Given a finite dimensional commutative algebra Ag over C, a (complex holomorphic) Aj-
manifold is any manifold that is locally modelled on some open subset of some finite dimensional
Ag-module, so that the differential of every change of charts is an Ag-module isomorphism. An
Ag-morphism between two Ag-manifolds is any smooth morphism whose differential is every-
where Ag-linear (we then say that “it is Ag-smooth”). Gathering all Ag-manifolds (for all
possible A), and suitably defining morphisms among them, one defines the category (Az-hmfd)
of all “Ag-manifolds”.

A key point now is that each Wy turns out to be a functor from (Wsalg) into (Ag-hmfd).
Furthermore, let [[(Wsalg), (Ag-hmfd)]] be the subcategory of [(Wsalg), (Ag-hmfd)| with the
same objects but whose morphisms are all natural transformations ¢: G —— H such that
for every A € (Wsalg) the induced ¢4: G(A) —— H(A) is Ag-smooth. Then the second key
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point is that if ¢: M —— N is a morphism of supermanifolds, then ¢a is a morphism in
[[(Wsalg), (Aj-hmfd)]]. The final outcome is that we have a functor S: (hsmfd) — [[(Wsalg),
(Ag-hmfd)]], given on objects by M — W,y; the key result is that this embedding is full and
faithful, so that for any two supermanifolds M and N one has M = N if and only if S(M) =
S(N), i.e., War = Why.

Still relevant to us, is that the embedding S preserves products, hence also group objects.
Therefore, a supermanifold M is a Lie supergroup if and only if S(M) := Wy takes values in
the subcategory (among Ag-manifolds) of group objects — thus each Wjs(A) is a group.

Finally, in the functorial approach the “classical” manifolds (i.e., totally even supermanifolds)
can be recovered as follows: in the previous construction one simply has to replace the words
“WEeil superalgebras” with “Weil algebras” everywhere. It then follows, in particular, that the
functor of points Wy, of any holomorphic, manifold M is actually a functor from (Walg) to
(Ag-hmfd); one can still see it as (the functor of points of) a supermanifold — that is totally even,
though — by composing it with the natural functor ( )5: (Wsalg) — (Walg). On the other hand,
given any supermanifold M, say holomorphic, the functor of points of its underlying submanifold
M,q is given by Wiy, (A) = Wa(A) for each A € (Walg), or in short Wy, = WM‘(WaIg)'

Finally, it is worth stressing that the functorial point of view on supermanifolds was originally
developed — by Leites, Berezin, Deligne, Molotkov, Voronov and many others — in a slightly
different way. Namely, they considered functors defined, rather than on Weil superalgebras, on
Grassmann (super)algebras. Actually, the two approaches are equivalent: see [1] for a detailed,
critical analysis of the matter.

There are some advantages in restricting the focus onto Grassmann algebras. For instance,
they are the superalgebras of global sections onto the superdomains of dimension 0|¢ — i.e.,
“super-points”. Therefore, if M is a supermanifold considered as a super-ringed space, its
description via a functor defined on Grassmann algebras (only) can be really seen as the true
restriction of the functor of points of M, considered as a super-ringed space.

On the other hand, the use of Weil superalgebras has the advantage that one can use it to
perform differential calculus on functors Wy, much in the spirit of Weil’s approach to differential
calculus in algebraic geometry. Note also that some peculiar properties for Grassmann algebras
are still available for every Weil superalgebra A: e.g., the existence of the maps pp: A —» C
and uq: C —— A, key tools in the theory (for instance, for any Lie supergroup G this implies
the existence of a semidirect product splitting of the group G(A) of A-points of G). See [1] for
further details.

2.4 Super Harish-Chandra pairs and Lie supergroups

A different way to deal with Lie supergroups (or algebraic supergroups) is via the notion of
“super Harish-Chandra pair”, that gathers together the infinitesimal counterpart — that of Lie
superalgebra — and the classical (i.e., “non-super”) counterpart — that of Lie group — of the
notion of Lie supergroup. We recall it shortly, referring to [9] (and [8]) for further details.

2.4.1. Super Harish-Chandra pairs. We call super Harish-Chandra pair — or just “sHCp”
in short — any pair (G,g) such that G is a (complex holomorphic) Lie group, g a complex
Lie superalgebra such that g = Lie(G), and there is a (holomorphic) G-action on g by Lie
superalgebra automorphisms, denoted by Ad: G —— Aut(g), such that its restriction to gg
is the adjoint action of G on Lie(G) = gy and the differential of this action is the restriction to
Lie(G) x g = gg X g of the adjoint action of g on itself. Then a morphism (Q,w): (G',¢') —
(G",¢") between sHCp’s is given by a morphism of Lie groups Q: G’ — G” and a morphism
of Lie superalgebras w: g’ — g” such that w[g; = dQ and w o Ad, = Adq, (4 ow for all g € G.
We denote the category of all super Harish-Chandra pairs by (sHCp).
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2.4.2. From Lie supergroups to sHCp’s. For any A € (Wsalg), let Afe] := Afz]/(2?),
with € := z mod (mZ) being even. Then Ale] = A @ Ae € (Wsalg), and there exists a natural

morphism p,: Ale] — A given by (a + a’s)%a. For a Lie supergroup G, thought of as
a functor G: (Wsalg) —— (groups) — i.e., identifying G = Wg — let G(pa): G(4[e]) —
G(A) be the morphism associated with p4: Ale] —— A. Then there exists a unique functor
Lie(G): (Wsalg) —— (groups) given on objects by Lie(G)(A) := Ker(G(p)a). The key fact
now is that Lie(G) is actually valued in the category (Lie) of Lie algebras, i.e., it is a functor
Lie(G): (Wsalg) — (Lie). Furthermore, there exists a Lie superalgebra g — identified with the
tangent superspace to G at the unit point — such that Lie(G) = Ly (cf. Section 2.2). Moreover,
for any A € (Wsalg) one has Lie(G)(A) = Lie(G(A)), the latter being the Lie algebra of the
Lie group G(A).

Finally, the construction G +— Lie(G) for Lie supergroups is actually natural, i.e., provides
a functor Lie: (Lsgrp) —— (sLie) from Lie supergroups to Lie superalgebras.

On the other hand, each Lie supergroup G is a group object in the category of (holomor-
phic) supermanifolds: therefore, its underlying submanifold G,q is in turn a group object in
the category of (holomorphic) manifolds, i.e., it is a Lie group. Indeed, the naturality of the
construction G — G4 provides a functor from Lie supergroups to (complex) Lie groups.

On top of this analysis, if G is any Lie supergroup, then (Giq, Lie(G)) is a super Harish-
Chandra pair; more precisely, we have a functor ®: (Lsgrp) —— (sHCp) given on objects by
G — (Gyq, Lie(G)) and on morphisms by ¢ +— (¢pyq, Lie(9)).

2.4.3. From sHCp’s to Lie supergroups. The functor ®: (Lsgrp) —— (sHCp) has a quasi-
inverse W: (sHCp) —— (Lsgrp) that we can describe explicitly (see [8, 9]).

Indeed, let P := (G,g) be a super Harish-Chandra pair, and let B := {Y;};c; be a C-basis
of g7. For any A € (Wsalg), we define G, (A) as being the group with generators the elements
of the set T'} := G(A)U{(1 + mY3) }i)erx 4, and relations

1G -1, g/ 'g// _ g/ . g//7
(1+nYi)-g=g-(1+ Cj177in1) (14 Cjkniyjk)

with  Ad (¢7") (Vi) = ¢, Y5, + - + ¢, Yy,
(1+7Ys) - (L4 nY) = (1o +nfmy™) - (1+ (o +0)Y),
(L+mYs) - (1 +n;Y5) = (g +nmilYs, Y - (L +n5Y5) - (1 +m:Y5)

for g,¢', 9" € G(A), ni,n,,n/,n; € Az, 1,5 € I. This defines the functor G, on objects, and one
then defines it on morphisms as follows: for any ¢: A" — A” in (Wsalg) we let G, (¢): G, (4)
— G, (A”) be the group morphism uniquely defined on generators by G, (¢)(¢') := G(¢)(¢'),
G, (p)(1+n'Yi) = (14 0(n)Y;).

One proves (see [8, 9]) that every such G, is in fact a Lie supergroup — thought of as a special
functor, i.e., identified with its associated Weil-Berezin functor. In addition, the construction
P — G, is natural in P, i.e., it yields a functor ¥: (sHCp) —— (Lsgrp); moreover, the latter
is a quasi-inverse to ®: (Lsgrp) —— (sHCp).

3 Lie superalgebras of type D(2,1;0)

In this section, we present the complex Lie superalgebras of type D(2,1;a). On the one hand,
one can construct them directly, through Kaplansky’s representation (cf. [14]; a widely acces-
sible account of it is also in Scheunert’s book [15, Chapter I, Section 1.5]), which depend on
parameters. On the other hand, for non-singular values of the parameters one can realize them
via Kac’ method, choosing a suitable Cartan matrix, which still depends on parameters.
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3.1 Construction of g, (after Kaplansky)

To fix notation, we set V := {(01,02,03) € C?" >0 = 0} — a plane in C* — and V* :=
VN (C*)3, where C* := C\ {0}; also, 0 := (0,0,0) € V' \ V*. The Lie superalgebras g, we deal
with will depend on a parameter o := (01, 02,03) € V.

3.1.1. Kaplansky’s realization. We recall hereafter the construction of Lie superalgebras
introduced by Kaplansky (cf. [14]) who denoted them by I'(A, B,C), with A, B,C € C. With
a suitable normalization, and different terminology, they form the family nowadays called “of
type D(2,1;a)”, with a € C and a ¢ {0, —1} to ensure simplicity; we shall stick to Kaplansky’s
point of view, but using the parameter o € C? (and later in V') and adopting the convention
of denoting by 0sp(4,2;0) the Lie superalgebra of type D(2,1;0). A detailed account of Kap-
lansky’s realization of these Lie algebras can be found in Scheunert’s book (cf. [15, Chapter I,
Section 1, Example 5]). Recall that having a Lie superalgebra g = gg @ g7 amounts to having:
(a) a Lie algebra gg; (b) a gg-module g7; (¢) a gg-valued symmetric product on gi, such that the
gg-action is by derivations of the (symmetric) product.

Indeed, in the family of Lie superalgebras g, := 0sp(4, 2; o) parts (a) and (b) above will stand
the same for any o € V, while the dependence (of the Lie superalgebra structure) on o will
actually occur only for part (c).

Step (a): Let sl;(2) := Ce; & Ch; & Cf; (i = 1,2,3) be three isomorphic copy of sl(2), in its
standard realization. Then we consider their direct sum sy (2) @ sl2(2) @ sl3(2) with its natural
structure of Lie algebra: this will be the even part (gg)é of our g,-.

Step (b): Let O := C|+) @ C|—) be the (natural) tautological 2-dimensional s[(2)-module,
and O; (for all i = 1,2,3) its i-th copy for sl;(2). The odd part (go); of g, is (isomorphic
to) Oy X Oy X O3, with its natural structure of (sl;(2) @ sl2(2) @ sl3(2))-module. We describe
a C-basis of it with the following shorthand notation: for every e, ez, €3 € {+,—}, we set
Ve ,enes 1= |€1) @ |€2) @ |e3) € O; K Op X Og.

Step (c): We define a projection ¢ : 0%2 = §20 @ A0 —» A20 = C by

|4+) @ |£) — 0, |4+) ® |F) — £271.

Then for ¢/ € C, we define the linear map p: 0%2 = 520 ¢ A0 — 5?0 = sy by
p(u,v).w =o' (Y(v,w).u — Pp(w,u).v) Vu,v,we D

that more explicitly reads
[4+) ® |[+) — e, 1+) @ |F) — —271o'h, |-) ®|—=) — =o' f

with {e, h, f} being the standard sly-triple, i.e., [e, f| = h, [h, €] = 2e, [h, f] = —2f.

Now, for each triple o := (01,02,03) € C? and each i € {1,2,3}, let p;: DZ@Q — sl;(2) be
the above map with scalar factor ¢’ := —20; € C. The Lie superbracket [ | on g7 x g7 can be
expressed as

[®§:1Ui7 ®?:1'Ui] = Z ¢(u7(1) ) fUT(l))¢(“T(2) y Ur(2) )pT(3) (UT(?))? UT(3))'
TEG3

Tidying everything up, we can define a bracket on g, = (ga)ﬁ <) (90)1 by the formula
[+ v,y +w]:=[z,y] + 2.0 —y.v+ [v,w] Vz,y € (85)5, v,w € (o)1

The following proposition resumes the outcome of this construction (see also Theorem 4.1
later on for what happens for singular values of o):
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Proposition 3.1 (cf. [15, Chapter II, Section 4.5, p. 135]). Let o € C3.

(a) The bracket given above defines a structure of Lie superalgebra on g, if and only if the
given o € C3 satisfies the condition oy + 09 +03 = 0, that is, 0 € V := C3 { > 00 = 0}.

(b) Let o € V.. Then the Lie superalgebra g, is simple if and only if o € V.

(¢) Let o’,0"” € V.. Then the Lie superalgebras g, and gy are isomorphic if and only if there
exists T € &3 such that o” and 7.0’ are proportional.

Thus, the isomorphism classes of our g,’s are in bijection with the orbits of the Gs-action
onto P(V)) {0 := (0,0,0)} = PL |J{*}, a complex projective line plus an extra point.

3.1.2. The multiplicative table of g,. For later use, we record hereafter the complete
multiplication table of the Lie superalgebra g, — for every o = (01, 09,03) € V — with respect to
the C-basis {hi, €, [}, Ve eares | 1,7 € {1,2,3}, €1, €2, €3 € {+, —}} given from scratch. In addition,
in the formulas below we also take into account the following coroots:

h@l = +2710'1h1 . 2710'2h2 . 2710'3h3,

h52 = —2_101h1 + 2_102h2 — 2_103h3,

h53 = —2_10'1h1 — 2_10'2h2 + 2_10'3h3,

hy := —|—2_101h1 + 2_102h2 + 2_103h3.

In short, the table is the following (Vi,j € {1,2,3}, €1,€2,€3 € {+,—}):

hi,hjl =0,  [ei,e;] =0,  [fi, f;] =0,

hi,e;] = 2bi5e5, i, fi] = =265 f5,  leas fi] = dizhy,
€isVey e0,65] = 5@'7—“(—1)51@51,(—1)5271'52,(—1)‘53»1'63’

Ry Vey sen,e5) = €iVeyen,e35

Jis Uc1,62,63] = 5ei,+v(,1)51,i61’(,1)52@62,(,1)53@63,

[

[

[

[

[

(Vi 44504, — -] = —01en, [Vt 445 V- =] = —02e9,
[Vt 45 v— - 4] = —03€3, (V44— v — 4] = o161,
[Vt =5 v 4] = o260, [V4— 45 v— 4] = t+o3es,
(Vg g4,0— — | = +27 1 hy + 27 Y oghe + 27 oghs = hy,
(Wi gmy v — 4] = =27 o1hy — 27 oohe + 27 3R = hg,,
[y 1,0 4] =—2"to1hy + 27 toghy — 27 toghy = hg,,
[V 4y Vg — =] = +27 o1 hy — 27 oghy — 27 o3hy = hg,,
V-t 4,0 - -] = +o1 /1, [Vt -4, v — -] = +o2 f2,
(V44— v—— -] = +o3fs, Vet v — 4] = =01 f1,
[Vt — = v— 4] = =02 f2, [V —— v 4] = —03 /5.

3.2 Kac’ realization

We show now how the Lie superalgebras g, of Section 3.1, for non-singular values o € V*, can
be also realized as contragredient Lie superalgebras (via Kac’ method).

3.2.1. First construction. For any o € V', we consider the Cartan matrix

0 —o3 —o09
_ Jj=12,3 _
As = (ai,j)izl,z,s =|-0o3 0 -0
—09y —01 0
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(see [3] for a far-reaching analysis of what else is associated with such a Cartan matrix). We
associate to it a Dynkin diagram for which the nodes are defined as in [12, Section 2.5.5], and
we join any two vertices ¢ and j with an edge labeled by a;;: the resulting diagram then is

1

2
7\
—03 // \\\— (o0}

// \\
2 & 53

_0'1

Following Kac, we consider a realization ([],HV = {Hﬁi}i:1,2,37 II= {51‘}7:1,273) of A,, that is
1) b is a C-vector space,
2) IIY is the set of simple coroots, a basis of b,
3) II is the set of simple roots, a basis of h*,
4) Bj(Hg,) = a;; for all 1 <1i,5 < 3.
The (contragredient) Lie superalgebra g(A, ) is, by definition, the simple Lie superalgebra defined

as follows. First, let g(A,) be the Lie superalgebra with the nine generators Hg, Xig, (i =
1,2,3), and relations (for 1 <i,5 < 3)

[H/Bi’ Hb’j] =0, [Hﬁiaxiﬁj] = iﬁj(Hﬁi)Xiﬁj’

(X, Xl = 0ijHp,  [Xap, Xap] =0
with parity |Hg,| = 0 and |X1s,| = 1 for all <. Then one considers the maximal homogeneous
ideal I, of g(A) which meets trivially the C-span of the generators, and finally defines g(A,) :=
9(4As)/ L5

A straightforward (and easy) analysis shows that g(A,) is finite-dimensional. Then, by
general results (cf. [12, Section 2.5.1]), there exists an epimorphism ®,: g, — g(A,) of Lie
superalgebras uniquely determined by

h/jl i—)Hgl, hBQHH52, h/@gHHﬁs,
Vopr = Xpp, Uy Xigy U4 - Xog,
/U+7777 H X_/Bl’ U77+77 H X_527 U7’77+ '% X_BB.

When o is non-singular, that is o € V>, this epimorphism @, is actually an isomorphism, so
that 0sp(4,2;0) =: g5 = g(As). One can see it in two ways: first, since g, is simple for o € V>,
the kernel of @, is then necessarily trivial; second, direct inspection shows that for o € V* the
ideal I, has the “correct” codimension in g(A,) so that ®, be injective.

We assume now, for the rest of the present subsection, that o € V> (non-singular case).

Then the set AT of positive roots of g(A4,) has the following description:

AT = {B1, B2, B3, 81 + B2, B2 + B3, B3 + B, B + P2 + B3}

This can be seen as a consequence of g, = g(A,), or more directly by inspection (namely,

describing I, explicitly). The set of roots then is A = AT U A~ with A~ := —A™.
The dual h* of the Cartan subalgebra has the following description. Let {€;},_; 53 C h* be an
orthogonal basis normalized by the conditions (g;,¢;) = —%ai (i = 1,2,3); then one can verify

that (8, B;) = —op with {i,j,k} = {1, 2,3}, where the simple roots are

B1=—¢e1+e2+ €3, B2 =€1 — €2 + €3, B3 =¢€1+e2 —€3.
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Now let Aar and AT be the set of even (resp. odd) positive roots. One has

Ag — {Bl +627B2 —|—ﬁ3’53 —{—ﬁl} = {2€l | 1 é 7 S 3}, A{ - {ﬁlaﬁ2aﬁ3,9}a

where 0 := 81 + B2 + 83 = €1 + €2 + €3 is the highest root.
We introduce now further root vectors and coroots, defined by

X2€1 = [XﬁmXﬁg]v X2€2 = [X,BgaXﬁJ? X2€3 = [XﬁwXﬁz]a
X 9y 1= _[X—527X—ﬁ3]7 X_9¢, 1= _[X_B3’X_Bl]’ X_9e4 := _[X—ﬁle—52]v
Hye, = _(Hﬂz + Hﬁ3)’ Hye, = _(Hﬁs + HBI)’ Hyey = _(Hﬁl + Hﬁz)'

It can be checked that, for i, j € {1,2,3}, one has
[XQEU X—26j] - Uiéi,jH26i7 [HQEN X:tQEj] = :t20'i5i,jXﬂ:26j7 (31>

which implies that each a; := CXa., ®CHa,, BCX_o, (for 1 < i < 3) is a Lie sub-(super)algebra,
with [a;,a;] = 0 for j # k, and a; is isomorphic to sl(2) since o; # 0. In particular, the even
part of the Lie superalgebra g(A,) is nothing but g(A4s); = @?:1 a;.

For i = 1,2,3 we set X = [Xo.,, Xg,] € 9(4s)y and X' ) = [X 5., X_5,] € 9(As)_y; then
the following identities hold:

3 3
ZXie =0, (X7, X",] = —oj00 ZHﬁ (3.2)
i=1 i=1

These formulas imply that there exists Xy € g(Ay), and X_g € g(As)_, such that
X} = 0;Xy, X'y =0:X_, (3.3)

for any 1 < i < 3. Hence, setting Hy = —(Hpg, + Hp, + Hp,), one has also [ Xy, X_y] = Hp.
Moreover, it also follows that Ha., + Hae, + Haey = 2Hp. Eventually, from all this we see that
the odd part g(As); of the Lie superalgebra g(Ay) is the C-span of {X4g, }i=1,23 U {X19}.

Finally, from the previous description we see that the isomorphism osp(4,2;0) = g(A,) can
be described on basis elements by

-1 —1 1 ,
h’i =0, H26i7 € — 0, X2€i7 f’L =0, X—2€i7 1= 172737
Vbt = Xy Ve Xy s Vo Xy Vg X,
Vg — — — X—/BN V_ 4 — X_/BQ, V— — + — X_53, V_ — — X_g. (34)

Note that in first line of (3.4) the non-singularity of o € V* plays a key role!

3.2.2. Second construction. For the reader’s convenience, we present now a second construc-
tion based upon a different, more familiar Cartan matrix (and associated Dynkin diagram).
The link with the previous construction of Section 3.2.1 is through the application of the odd
reflection with respect to the root Sz, following V. Serganova (see [16]).

To begin with, set oy = 2 + B3, ag = —f2, a3 = B1 + f2. Then Il := {;};,_, 5 5 is another
set of simple roots of g(A,), which is not Weyl-group conjugate to II; the corresﬁdnding set of
coroots (IT')Y = {hai}i=1,2,3 should be taken as hq, = Hae,, hay, = Hp,, hay = Hae;. With such

. . . 1=1,2.3 . .
a choice, the associated Cartan matrix AL := (a} . := Oéj(hai))g:ﬂg’gg is given by

i7j.
200 —o1 O 2 -1 0
Al=-01 0 —o3|=01|-1 0 —% )
0 —o3 203 0 -2 2%

a1 o1
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where the second equality is available only if o1 # 0. In particular, for o1 # 0 and o3 # 0, our
original g(Ay,) can be also defined via the Cartan matriz

2 -1 0
Al=[1 0 a
0 -1 2
with a = g—f When a # —1, this in turn corresponds — following Kac’ conventions, up to

renumbering the vertices (cf. [12, Section 2.5]) — to the simple Lie superalgebra attached to the
following distinguished (i.e., with just one odd vertex) Dynkin diagram of type D(2,1;a)

Q] G2 Q3

O—&R—0O
1 a
(instead, a = —1 corresponds to o9 = 0, that is a singular case). Kac’ results tell us that, for

all a € C\ {—1,0}, the set of positive roots with respect to II' is given by
A = {ay, ag, 3,00 + g, a0 + a3, 00 + ag + as, 01 + 202 + as},
while the coroots can be expressed as

hay = Hpy 8, = _(H52 + H/D’3)> ha, = H_p, = Hg,,

ha3 = H52+51 = —(ng +H51),

haivas = —Hpgy = hay + hay, hastar = —Hp, = hay + ha,,
haytaztas = Hpypy+8; = —Hpy — Hp, — Hpy = hay + hay + has,
hay+2astas = Hp, 18, = —Hp, — Hpy = hay + 2hay + hag.

3.2.3. The singular case. We saw in Section 3.2.1 that for every non-singular parameter
o € V>, we have a Lie superalgebra isomorphism ®, : 0sp(4,2;0) = gU;»g(AU). For singular
values 0 € V\V ™ instead, the epimorphism ®,, is no longer an isomorphism: indeed, in this case,
the Lie ideal I, in g(A,) is bigger than in the non-singular case, for instance (as a straightforward
calculation shows), we have

(X5, X5 €ly <= op=0  V{i,jk}=1{1,23}.

Similarly, the contragredient Lie superalgebra g(A/) of Section 3.2.2 can be defined also for
the “singular value” a = —1 (corresponding to o1 + o3 = 0, which is equivalent to oo = 0).
However, in this case the corresponding Lie ideal I/, in g(Al) is bigger, as we have, for instance,

[[[Xoél?XazLXas]?Xaz} € I¢lz — a=-—1,

therefore g(Aflzfl) has strictly smaller dimension than osp(4,2;0) for o := (1,0, —1), whereas
g(A)) = g, :=0sp(4,2;0) via ®, for all 0 = (1,a+ 1,a) # (1,0,—1).

This shows that, in a sense, describing our objects g, = 0sp(4,2;0) of Section 3.1 as con-
tragredient Lie superalgebras is problematic, so to say, at singular values of o, in that the

contragredient construction yields not the outcome we are looking for.

3.3 Bases of g,

In this subsection, for any given o € V* we sort out three special bases of g,. Later on (in
Section 4) we use them to construct three different families, indexed by V', of Lie superalgebras:
by construction these families will coincide on all non-singular parameters o € V* but will
actually differ instead on singular values o € V' \ V*.
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3.3.1. First basis. Let B := {Ha.,, Hoey, Hacy } | U{Xa }aea and By := BU{Hp} be the subsets
of g, whose elements are defined by

3
Hy, :=oihi, X 9ci=0iei,  Xoooi=0ifi, i=1,2,3,  Hp:=2""Y o
=1

Xp =v—p4y Xpgp =op 4 Xpy =044 Xo 1= V44,4,
X_gl =V - -, X_g2 =V 4, X-BB =V — 4, X_9 S (35)

(cf. Section 3.1.1); the analysis in Section 3.1.1 tells us that, for every o € V¥, the set B is a C-
basis of g,, hence B, is a spanning set. Again from Section 3.1 — in particular Section 3.1.2 —
for the Lie brackets among the elements of B, we find the following multiplication table

Hae,;, Hae ;] = 0, [Hae,, Xaoe;] = £20; joi X1ae,

Xoe;, Xoe,] = 0, [X _2¢,, X2c,] =0, [Xoe,, X—2¢;] = 0 joi Hae,,
Hye,, X1p,] = +(—1)"90: X5, [Hoe;, X1o] = +0: X 10,

Hg, X12c,] = +0i X, [Hy, X1p,] = FoiX1p,, [Hg, X+9] =0,

[
[
[
[
[(Xoe,, Xp;] = 0ijoiXe,  [Xoe,, Xop;] = (1= 0;5)0iXp,,

[Xoc;, Xp;] = (1 =61 j)0i X _p,, (X 2, X _p,] = d;j0iX s,

[Xoc,, Xo] =0, [Xo.,, X_g] =0:X_g,, (X 2, Xo| = 0:Xp,, [X 2, X 9] =0,
(X Xg;] = (1= 0ij)Xoey,  [Xop,, Xop] = —(1 = 0i5) X0z,

(X5, X—p;] = 0i,(Hae, — Hy),

[Xg;, Xo] =0, [(Xp;, X_g] = X _2c,, (X g,y Xo] = —Xoe,, [X_p,, X] =0,
[Xo, Xo] =0, [Xo, X_g] = Ho, [(X_9,X 4] =0

for all 4,5 € {1,2,3}, with k € {1,2,3} \ {4,7}.

3.3.2. Second basis. Let now B’ := {Hj_, Hy_,, Hy., } U{ X[, }aea and B, := B'U{Hy} be
the subsets of g, with elements

3
/A ! ,_ / o s /. o—1
H25i = hi, +2; T €, X—Qei = fi, 1= 1, 2,3, H0 =2 ZO‘ihi,
=1
/A ! /L I
Xpg, = U4+, X, = Vg — 1, X, = Vg 4,—, Xp = Vg 4+,
/ -—_ / -—_ / - —_— / - —_
X751 = ’l)_i_7_7_7 X*B2 = ’U_’_i_,_7 X*ﬁg = U_7_’+7 X*@ = U_7_’_, (36)

(cf. Section 3.1.1). Again from Section 3.1.1 we see that, for every o € V (including also the
singular locus), B’ is a C-basis of g,, so B/, is a spanning set: indeed, B’ is nothing but a different
notation for the natural, built-in C-basis of g, in Kaplansky’s realization (cf. Section 3.1.1). Then
from Section 3.1.2 we get the following multiplication table for Lie brackets among elements
of B!,

[Héaszéaj] =0, [Héaiﬂ X:ll:2aj] = :t25i,jX:/|:2aj>
[Xésiﬂ Xésj] =0, [XLZsivXLQEj] =0, [Xé€i7XL2€j] = 5i7jHési7

5i

[HéEﬁX/iﬁ]] - i(_l) JX,i,Bj’ [Hé&‘i’ Xli@] - :l:ng(?a
[Héinl:Qsi] = io’iXéep [HévX;:B,] = :FO-iX:,I:,Biv [Hé?Xéte] =0,
XL oo X1 = (1= 00X 5, (X, XL = 0K,
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[ X5, Xpl =0, [Xo,, X/ y] = X’_BZ (X e Xpl = X5, [XDo,, XDg] =0,
[Xﬁ,-a Xﬁj] (1- z])Uz’Xéek, [ —Bi> X. ] —(1- 5i,j)UiX/—25ka

[ng XLB] 0; (Usza Hé),

(X5, Xp] = 0, (X5, X gl = 0 X o, (X! 5, Xg] = —0i X5, (X' 5, X 9] =0,
(X5, Xl =0, [Xp, X'g]=Hy,  [X 4, X g =0,

for all 4,j € {1,2,3}, with k € {1,2,3} \ {4,7}.

3.3.3. Third basis. Let now o € V* (generic case again!). We fix as third basis (and spanning
set) of g, a suitable blending of the two ones in Sections 3.3.1 and 3.3.2 above. Namely, we
set B" := {Hj, , Hj. , Hj. Y U{Xa}aea and B := B" U {H,}, with elements defined by (3.6)
and (3.5). Then B” is another C-basis, and B’/ another spanning set, of g,-.

For later use we record hereafter the complete table of Lie brackets among elements of B/,
which can be argued at once from those for B, and B, in Sections 3.5 and 3.6, respectively:

[Hje,. Hy. ) =0,  [Ha,, Xioe)] = £20;j X s0- ),

[X2e,, Xoe,] =0, [X _2¢;, X 2c,] =0, [Xoe,, X_oc,] = 6 jo; Hy,
[Hhep, X)) = £(=1)" Xog,,  [Hpe,, Xag) = + X,

[Hy, Xioe,] = £0iXoe,,  [Hp, Xap] = FoiXap,  [Hy Xi9] =0,
[Xoc;, Xpg;| = 0ijoiXe,  [Xoe;, Xog)] = (1= 6ij)0i X,

[(Xooe,, Xpl = (1= 0ij)oiX p,,  [Xo2e, Xp;] = 0ijoiX o,

[X2z,;, Xo] =0, [Xoe,, X g] = 0: X _p,, [X—2¢,, Xo] = 0:.Xp,,
[Xooc,, X 9] =0, [Xp, Xg,] = (1—0i)Xoe,,

(X g, X p]=—(1—6i5)X e,  [Xp,X_p,]=0i;(0iH5., — Hp),
[X/gi,Xg] =0, [X/Bi,X_g] =X_o,, [X_,gi,Xg] = —Xo,, [X_ B> X— 9] =0,
[Xg,Xo] =0,  [Xo, X 9] =Hy,  [X_g,X 4]=0,

for all 4,5 € {1,2,3}, with k € {1,2,3} \ {7, }.

4 Integral forms & degenerations for Lie superalgebras
of type D(2,1;0)

Let [ be any Lie (super)algebra over a field K, and R any subring of K. By integral form
of L over R, or (integral) R-form of I, we mean by definition any Lie R-sub(super)algebra tp
of [ whose scalar extension to K is [ itself: in other words K ®pr tg = [ as Lie (super)algebras
over K. In this subsection we introduce five particular integral forms of [ = g, and study some
remarkable specializations of them. Let A := A" U (—A™) be the root system of g,.

3
From now on, for any o := (01,02,03) € V := {6 € C*| 3 0; = 0} we denote by Z[o] the
=1

(unital) subring of C generated by {01, 02, 03}.

We warn the reader that the choice of a Z[o|-form becomes very important when one considers
a singular degeneration: one cannot speak instead of the singular degeneration, in that any
degeneration actually depends not only on the specific specialization value taken by o but also
on the previous choice of a specific Z[o]|-form, that must be fixed in advance. Some specific
features of this phenomenon are presented in Theorems 4.1, 4.2, 4.3 etc.
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4.1 First family: the Lie superalgebras g(o)

4.1.1. Construction of the g(o)’s. For any 0 € V (cf. Section 3.1), let g,(o) be the Lie
superalgebra over Z[o] defined as follows. As a Z[o]-module, g,(o) is spanned by the formal
set of Z[o]-linear generators By := {Hac,, Hocy, Hocy, Ho} | U{ X }aca subject only to the single
relation Ho., + Hae, + Haey = 2Hy. Then it follows, in particular, that g, (o) is clearly a free
Z]o]-module, with basis By \ {Hac, } for any 1 <i < 3. The Lie superalgebra structure of g, (o) is
defined by the formulas in Section 3.3.1, now taken as definitions of the Lie brackets among the
(linear) generators of g, (o) itself. Overall, all these g,(c)’s form a family of Lie superalgebras
indexed by the points of the complex plane V. Moreover, taking g(o) := C Dy10] 9z (o) for all
o € V we find a more regular situation, as now these (extended) Lie superalgebras g(o) all
share C as their common ground ring. Moreover,

in the non-singular case, i.e., for o; € V>, we have g(0) = g, (4.1)

by Section 3.3.1 and the very definition of g(o) itself. Indeed, the analysis in Section 3.3.1 —
describing a C-basis and its multiplication table for g, with o € V* — prove that for all 0 € V'*,
the Lie superalgebra g,(o) over Z[o| identifies to an integral Z[o|-form of g,. In order to for-
malize the description of the family {g(c)},cv, we proceed as follows. Let Z[x] := Z[V] =
Z|x1, e, 3] /(21 + 22 + z3) be the ring of global sections of the Z-scheme associated with V. In
the construction of g, (), formally replace x to o (hence the x;’s to the o;’s): this makes sense,
provides a meaningful definition of a Lie superalgebra over Z[x], denoted by g,(x), and then
g(x) := Clx] 21w 9z () by scalar extension, which is a Lie superalgebra over C[z] := C®yz Z[x].
Definitions imply that, for any o € V, we have a Lie Z[o]-superalgebra isomorphism

g,(0) = Z[o] © g,(x)
Zlx]

— through the ring isomorphism Z[o] = Z[z] / (z; — i) — and similarly

i=1,2,3

as Lie C-superalgebras, through the ring isomorphism C = C[x]/(z; — 04)i=1,23. In geometrical
language, all this can be formulated as follows. The Lie superalgebra g(x) — being a free,
finite rank C[z]-module — defines a coherent sheaf £y of Lie superalgebras over Spec(C[z]).

Moreover, there exists a unique fibre bundle over Spec(C[x]), say qu X whose sheaf of sections
is exactly ’C%[z] . This fibre bundle can be thought of as a (total) deformation space over the base

space Spec(Clx]), in which every fibre can be seen as a “deformation” of any other one, and also
any single fibre can be seen as a degeneration of the original Lie superalgebra g(x). Moreover, the
fibres of L%[ , on Spec(Clz]) = VU{x} are, by definition, given by (L%[ ])U =C ® g(x)=g(o)

for any closed point o € V' C Spec(Clz]), while for the generic point x € Spec(Clx]) we have
(]L%[ ])* = C(z) ® g(x)(=: g,,)- Finally, it follows from our construction that these sheaf
* Cla]

€T
and fibre bundle do admit an action of C* x &3, that on the base space Spec(Clz]) = V U {x}
simply fixes {x} and is the standard ((CX X 63)—action on V. In the next result we describe the
structure of these fibres (L%[w])" =~ g(o) for all 0 € V. The outcome is that in the “regular”
locus V* they are simple (as Lie superalgebras), while in the “singular” locus V' '\ V* they are
not, and we can describe explicitly their structure.

Theorem 4.1. Let o € V as above, and set a; := CXo., ® CHae; ® CX_o., with Xo., , Hoe, and
X_9, as defined in Section 3.3.1, for alli =1,2,3.
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(1) If o € V¥, then the Lie superalgebra g(o) is simple.

(2) If o e VAV, with o; =0 and 05 # 0 # oy, for {i,j,k} = {1,2,3}, then a; is a central Lie
ideal of (o), isomorphic to C30, and g(o) is the universal central extension of psl(2|2)
by a; (cf. [10, Theorem 4.7]); in other words, there exists a short exact sequence of Lie
superalgebras

0 —— C0=~q —— g(0) —— psl(2]2) —— 0.

A parallel result also holds true when working with g, (o) over the ground ring Zo].
(3) Ifo =0 (€ V\VX), ie, o =0 for all h € {1,2,3}, then g(0)5 = C is the center of
9(0), and the quotient g(O)/g(O)G > CO8 is Abelian; in particular, g(0) is a non-trivial,

non-Abelian central extension of CO® by C0, i.e., there emists a short exact sequence of
Lie superalgebras, with non-Abelian middle term,

0 —— C%0 = g(0); a(0) col8 > 0.
A parallel result holds true when working with g,(0) over the ground ring Z[0] = Z.

Proof. Part (1) is a direct consequence of (4.1) and Proposition 3.1. Claim (2) instead follows
at once by direct inspection of the formulas in Section 3.3.1. For instance, reading the lines
in the first and second line in the table of formulas for Lie brackets therein, we see that a; is
Abelian when o; = 0, so that a; = C? as claimed. Moreover, the formulas from the third to
the seventh in the same table tell us also that all brackets of the generators of a; with all other
generators turn to zero when o; = 0: thus a; is central in g(o) — hence, in particular, it is a Lie
ideal — as claimed. Similarly, a direct verification (setting o; = 0 in those formulas) shows that
the quotient g(o)/a; is isomorphic to psl(2]2).

Claim (3) follows again by straightforward analysis of the table of formulas in Section 3.3.1.
Indeed, the first two lines in the table describes the structure of the Lie algebra g(c);: when
o = 0 they simply tell that this structure is trivial, that is g(0) is Abelian, hence isomorphic
to C° with trivial Lie bracket. Moreover, the lines from third to seventh in the same table
describe the adjoint action of g(o)g onto g(o)i: when o = 0, all the Lie brackets therein turn to
zero, so the g(0)j-action is trivial, which means exactly that g(0) is central. Finally, the lines
from eighth to eleventh describe the Lie brackets among linear generators of g(o)j: all these
brackets are independent of ¢, and prove that none of these generators is central. Therefore we
can conclude that the center of g(0) is exactly g(0);.

As g(0); is the center of g(0), the space g(0)/g(0); bears the quotient Lie superalgebra
structure, entirely odd. Since g(0) = g(0)y ® g(0)g, this Lie structure is automatically trivial
(no need of looking at formulas whatsoever ...) because [g(0)5,9(0);] € g(0)5. Therefore
9(0)/g(0); is Abelian, and isomorphic to C°® because dimgc(g(0);) = 8.

Finally, we stress the point that g(0) has non-trivial structure, as the lines from eighth to
eleventh (in the table) display non-zero Lie brackets among some of its generators. |

4.2 Second family: the Lie superalgebras g’(o)

4.2.1. Construction of the ¢/(0)’s. For any o € V (cf. Section 3.1), we define the Lie
superalgebra g’ (o) over Z[o] as follows. As a Z[o]-module, g’ (o) is spanned by the formal
set of Z[o]-linear generators By := {Hy_ , Hy_,, Hy ., Hg} | U{ X[, }aca subject only to the single
relation o1 Hy., +ooHy,, +03Hy = 2Hy. The Lie superalgebra structure of g’ (o) is defined by
the formulas in Section 3.3.2, which now we read as definitions of the Lie brackets among the
(linear) generators of g/ (o) itself.
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Altogether, the g/ (0)’s form a family of Lie superalgebras indexed by the points of V. Then
taking g'(c0) := C 4] g, (o) for all 0 € V we find a more regular situation, as these Lie
superalgebras g'(0) now share C as their common ground ring. In fact, this is just another
manner of presenting the family of Kaplansky’s Lie superalgebras g, in that

for all o; € V, we have ¢'(0) = g, (4.2)

by Sections 3.1.1 and 3.3.2 — c¢f. (3.6) — and the very construction of g’(c). In fact, the analysis
in Section 3.3.2 (describing a C-basis of g, for any o € V, and its multiplication table) prove
that for all o € V, the Lie Z[o]-superalgebra g, (o) identifies to an integral Z[o]|-form of go.
We can formalize the description of the family {g’'(c)}scy proceeding like in Section 4.1.1; in
particular we keep the same notation, such as Z[x| := Z[V] & Z[x1, 2, 23] /(x1 + x2 + x3), etc.
In the construction of g/ (¢), formally replace « to o: this yields a meaningful definition of a Lie
superalgebra over Z[x|, denoted by g (x), and also g'(@) := Clx] @, 9, () by scalar extension.
Now definitions imply that, for any o € V, we have a Lie Z[o]-superalgebra isomorphism

g,(0) 2 Zlo] © g (@)
(]

— through the ring isomorphism Z[o] = Z[x]/(x; — 0;)i=1,2,3 — and similarly

g'(0)=C @ g'(x)
Clx]

as Lie C-superalgebras, through the ring isomorphism C = Clz]/(x; — 04)i=1,2,3-

One can argue similarly as in Section 4.1.1 to have a geometric picture of the above descrip-
tion: this amounts to literally replacing g(o) with g’(o), which eventually provide a coherent
sheaf E%[m] of complex Lie superalgebras over V, with a (C* x &3)-action on it, and a corre-

sponding fibre bundle L%[ . whose fibres are the g/(o)’s; details are left to the reader. In the

next result we describe these Lie superalgebras g'(0) (¥g,), for all o € V: like for the g(o)’s,
the outcome is again that in the “regular” locus V* they are simple, while in the “singular”
locus V'\ V* we can describe explicitly their non-simple structure.

Theorem 4.2. Given 0 € V, let aj := CXy. © CHy, ® CX',_, for alli € {1,2,3}.

(1) If o € V¥, then the Lie superalgebra ¢'(c) is simple.
(2) If o e VA VX, with 0; =0 and oj # 0 # oy, for {3, j,k} = {1,2,3}, then if

b = ( > ng> o (Z(CHQE])
a#+2e; G#i

we have b, < ¢'(0) (a Lie ideal), af < ¢'(c) (a Lie subsuperalgebra), and there exist
isomorphisms b} = psl(2|2), a; = sl(2) and ¢'(0) = sl(2) x psl(2]2) — a semidirect product
of Lie superalgebras. In short, there exists a split short exact sequence

0——— psl(22) 20, —— g/(0) a2 s1(2) — 0.

A parallel result also holds true when dealing with g, (o) over the ground ring Z[o].

B) If o =0 (€ V\VX), ie., o, = 0 for all h € {1,2,3}, then g'(0); = s1(2)%% as Lie
(super)algebras, the Lie (super)bracket is trivial on g'(0); and ¢'(0); = 03 as modules
over ¢'(0)g = s1(2)®2. Finally, we have

g'(0) = g'(0)5 x g'(0); = s1(2)®° x O
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— a semadirect product of Lie superalgebras. In other words, there is a split short exact
sequence

0 ——— 0% = ¢/(0); g'(0) g'(0)5 = sl(2)® ——— 0.

A parallel result holds true when working with g,(0) over the ground ring Z[0] = Z.

Proof. Part (1) is a direct consequence of (4.2) and Proposition 3.1. Claim (2) instead follows
easily from direct inspection of the formulas in Section 3.3.2. Indeed, a} = s[(2) follows from the
first two lines of the table of formulas for Lie brackets in Section 3.3.2, which also show that df
is a Lie subsuperalgebra of g'(o) — for all 0 € V| indeed.

Similarly, those formulas show that b} is stable by the adjoint aj-action exactly if and only

3
if 0; = 0: in fact, the critical point is that Hy = 27" Y oxHy, € bj <= o; = 0, and also
k=1

[Xs.,, Hyl = F0i X5, € b <= 0;=0.

Moreover, the same formulas altogether show also that b) is a Lie subsuperalgebra if and only
if o; = 0 — for instance, because [X,IBj’X,/Bk] = (1 = 0jk)0: X5, € bj <= 0; =0. Then, when
o; = 0, looking closely at the specific form of the Lie (sub)superalgebra b, these formulas also
show that b} = psl(2]2) as claimed.

Finally, as ] is a direct sum complement of b} in g’(¢), since b} is a Lie subsuperalgebra and
is a}-stable (when o; = 0) we conclude that it is also a Lie ideal, q.e.d.

Claim (3) follows again by straightforward analysis of the table of formulas in Section 3.3.2 —
just a matter of sheer bookkeeping. |

4.3 Third family: the Lie superalgebras g’ (o)

4.3.1. Construction of the g’(o)’s. For any 0 € V (cf. Section 3.1), we define the Lie
superalgebra g//(o) over Z[o] as follows. By definition, g (o) is the Z[o]-module spanned by the
set of formal (linear) generators By» := {Hy, , Hy.,, Hs.,, Hy} U{Xa}aea subject only to the
single relation o1 Hy., + o2H,_, + 03Hy., = 2Hy. The Lie superalgebra structure of g’(o) is
defined by the formulas in Section 3.3.3, which now must be read as definitions for Lie brackets
among the (linear) generators of g/ ().

The g’Z’ (0)’s altogether form a family of Lie superalgebras indexed by the points of V. Set-
ting g”(0) := C ®210] g (o) for all o € V we find a more regular situation, in that these Lie

superalgebras g”(c) share C as their common ground ring. In addition
in the non-singular case, i.e., for o; € V>, we have g"(c) = g4 (4.3)

by Section 3.3.3 and the very definition of g”(c) itself. Indeed, from Section 3.3.3 — where
a C-basis and its multiplication table for g,, with o € V*, are described — we see that for all
o € VX, the Lie superalgebra g (o) over Zlo] identifies to an integral Z[o]-form of g,.

Keeping notation as before, we can describe the family {g”(c)}scy in a formal way, taking its
“version over Z[z]”, denoted by g”z(x) — just replacing the complex parameters (o1, 02,03) =:
with a triple of formal parameters (x1,z2,23) =: * adding to zero — and its complex-based
counterpart g”(x) := C[x] 2] g”z(x). Then the very construction implies that, for any o € V,
one has a Lie Z[o]-superalgebra isomorphism

6/(0) 2 Zlo] @ o"2(x)

— through Z[o] = Z[x|/(x; — 0i)i=1,2,3 — and similarly

g’(0)=C ® g"(z)

(]
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as Lie C-superalgebras, through C = C[x]|/(x; — 0;)i=1,2,3. Finally, the reader can easily mimick
what is done in Section 4.1.1 and find a geometric description of the family of the g”(o)’s.

Like in Section 4.1.1, we can re-cast all this in geometrical terms, defining a coherent
sheaf £9<’C’[ | of complex Lie superalgebras over V, with a (C* x &3)-action on it, and a cor-
responding fibre bundle ]ng[ | with the g”(o)’s as fibres; the reader can easily fill in the details.

In the next result we describe these Lie superalgebras g”(c), for all o € V: like for the
previous two families, the outcome is that in the “regular” locus V' * they are simple, while in
the “singular” locus V' \ V* we can describe explicitly their non-simple structure.

Theorem 4.3. Let o € V, and set ¢/ := (CXo:, ® CX_o.,), b7 := g(0)/c! — a subsuperspace
and a quotient superspace of g" (o), in general — for all i € {1,2,3}.

(1) If o € V*, then the Lie superalgebra g (o) is simple.

(2) If c e V\ VX, with 0; =0 and oj # 0 # oy, for {i,j,k} = {1,2,3}, then ¢/ := (CXy., &
CX_o,) is an Abelian Lie ideal of g" (o), hence b! is a quotient Lie superalgebra of g"(o);
therefore, there exists a short exact sequence

0—— c;/ = (CX257; D (CX—QEZ') SN g//(0_) F{L/ 0.

Furthermore, setting 0! := (GB#Z- (CHQE], ® CXya., ® CX o)) B (EB%AT CX,) - in

the quotient Lie superalgebra b!! — we have that DT’ is a Lie ideal and Cﬁggi is a Lie sub-
superalgebra of bY, with 0/ = ps((2|2), CH'5., = C, and b = (CH'y.,) x 0! — a semidirect
product of Lie superalgebras. In short, there exists a split short exact sequence

0 —— psl(2]2) = 07 b/ CHy., % C ——— 0.

A parallel result holds true when working with g/ (o) over the ground ring Zlo].

3
3) Ifo =0 V\VX), ie, o,b =0 for all h € {1,2,3}, then ¢" := @ ¢! is an Abelian Lie
( i
i=1
ideal, hence b := g"(0) /<" is a quotient Lie superalgebra (of ¢"(c)); therefore, there exists
a short exact sequence

0—— =@/ —— ¢"(0) > b 0.

Moreover, there exists a second, split short exact sequence

00— @oen, CXa YA — @} CHla, —— 0,

where @aeAicya Q0" is an Abelian Lie ideal and @f’:lCFQQ < 0" is an Abelian Lie
subsuperalgebra (of b”), so that b” = (@?ZICFQQ) X (@aeAiCYQ) - a semidirect product
of Lie superalgebras.

A parallel result holds true when working with g”(0) over the ground ring Z[0] = Z.

Proof. Claim (1) is a direct consequence of (4.3) along with Proposition 3.1. Claims (2)
and (3), like for the previous, parallel results, both follow as direct outcome of the formulas for
Lie brackets among linear generators of g”(o), which we read from Section 3.3.3.

Indeed, for claim (2) we notice that [Xo.,, X o] = 8; jo7 Hj_, is zero when oy = 0, so that ¢/
is then an Abelian Lie subsuperalgebra. Moreover, ¢/ is stable for the adjoint action by elements
of {Ha.,, Ha,, Ha-,, Hy} by construction (this holds true for every o € V indeed). Finally, ¢/
is also stable for the adjoint action by odd root vectors such as X1, and Xip because the
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formulas in fifth, sixth and seventh line of the table in Section 3.3.3 all give zero Lie brackets
when o; = 0. Overall, this means that ¢/ is an Abelian Lie ideal of g”(o).

The claim about b” := g”(c)/c¢” and the short exact sequence now are obvious consequences
of ¢/ being a Lie ideal.

As to the rest of claim (1), one sees again that everything follows from straightforward
bookkeeping, nothing more. For claim (3) one has again to carry out a similar analysis. For
3

instance, ¢’ := € ¢/ is an Abelian Lie ideal because of claim (2) and the fact that the ¢’s

=1
commute with each other.

Something less obvious only occurs with the analysis of ¢ AiCYa. Indeed, the fact that

this is an Abelian Lie ideal of b” follows once more from the formulas in Section 3.3.3 but one
also has to pay attention to some detail.

Indeed, a first bunch of Lie brackets among odd root vectors which are non-zero in g(0) but
are trivial instead in its subquotient @ ATCYQ are the following:

(X5, Xp,] = (1 — 6ij) Xoe;, = —0, (X 5, X g,] = —(1—=0ij)X 2, = -0,
[T&v X—@] = X*2€i = _Ga [X—ﬁnYG] = _XQEZ' = —0.

Second, the remaining non-obvious Lie brackets are described by the two formulas

(X, X—p,] = 0ij(oiHy., — Hy),  [Xo, X_o] = Hp
but the relation o1Hy_ + 02Hs_, + 03H;., = 2Hy in g”(0) reads now Hy = 0 in g”(0), hence
from the last formulas above we get [Xp,, X_3 ] =0 and [Xg, X_] = 0 in b”.

All other parts of claim (3) follow equally from a similar analysis — a sheer matter of book-
keeping — so we leave them to the reader. |

4.4 Degenerations from contractions: the g(o)’s and the g’(o)’s

We finish our study of remarkable integral forms of g, by introducing some further ones, that all
are obtained through a general construction; when specializing these forms, one obtains again
degenerations, now of the kind that is often referred to as “contraction” (see, e.g., [5]). We
start with a very general construction. Let R be a (commutative, unital) ring, and let A be an
“algebra” (not necessarily associative, nor unitary), in some category of R-bimodules, for some

“product” denoted by “”: we assume in addition that

A=FaC with F-FCF, F-CCC, C-FCCc(, C-CCF (4.4)
Choose now 7 be a non-unit in R, and correspondingly consider in .4 the R-submodules
Fr:=F, C,:=1C, A =F.+Cr =F @ (70). (4.5)

Fix also a (strict) ideal I < R; then set Ry := R/I for the corresponding quotient ring, and use
notation A, 1 :=A;/IA; =2 (R/I) ®r A+, Fr1:=F-/IF; = (R/I)®r F and Cr.1 :=C,/IC, =
(1C)/(ITC) = (R/I) ®r C; = (R/I) ®g (7C). By construction we have A, = F.; & C, s as an
R;-module; moreover,

=2
FT,I : JrT,I - f‘l’,[a ~F‘r,] : CT,I C CT,I: CT,I : Jr‘r,[ C CT,I: CT,I : CT,I cT FT,I?

where the last identity comes from C, - C; = TQ(C -C) C 72F = 72F, and we write T :=
(rmodI) € R/I. In particular, if T € I, then Cr1-Cr 1 = {0} and we get

AT,I - fT,I X C‘r,b (46)
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where Cr 1 bears the Fr r-bimodule structure induced from A and is given a trivial product, so that
it sits inside Ar1 as a two-sided Abelian ideal, with (4.6) being a semidirect product splitting.
In fact, A; 1 is what is called a “central extension of F, by Cr”.

In short, for 7 € I this process leads us from the initial object A, that splits into A = F & C
as R-module, to the final object A, = F; 1 x Cr 1, now split as a semidirect product. Following
[5, Section 2 and references therein|, we shall refer to this process as “contraction”, and also
refer to A, as to a “contraction of A”. Note, however, that these are contractions of a very
special type, in that only the odd part is “contracted”: in the general theory of contractions
of Lie superalgebras, instead, one has to do with a richer variety of objects — cf., e.g., [17].
For our purpose however we do not need the general theory in its full extent. We apply now
the above contraction procedure to a couple of integral forms of g,. First consider the case
A:=g,(x), F:=g,(x); and C := g,(x)7; here the ground ring is R := Z[z], and we choose in
it 7 := x12973 and the ideal I = I, generated by 1 — 01, 2 — 02 and x3 — 03. In this case,
the “blown-up” Lie superalgebras in (4.5) reads g,(x),. = g,(x); © (7g,(x);), that we write
also with the simpler notation g,(z) := g,(),; similarly we write g, (o) := g,(), ;. Note
that each g, (o) for non-singular o € V* is yet another Z[o]-integral form of our initial complex
Lie superalgebra g,. Similarly occurs if we work over C, i.e., when we consider A := g(x),
F :=g(x)5, C := g(x); and the blown-up algebra g(x), with ground ring R := C[z], and the
contraction g(o) := g(zx),; over C. This gives (as in Section 4.1.1) a new coherent sheaf of
complex Lie superalgebras over V', say L'@Cm , with a ((CX X 63)—action on it, and an associated

fibre bundle Lﬁc[ ] with the g(o)’s as fibres; details are left to the reader. Next result describes
the structure of the g(o)’s.

Theorem 4.4. Let 0 € V, i € {1,2,3}, a; := CXo., ® CHy., ® CX_o., (= a; of Section 3.2.1).

(1) If o € V¥, then the Lie superalgebra g(o) is simple.

(2) If o € V\V*, with o;, = 0 and 0j # 0 # oy for {i,5,k} = {1,2,3}, then a; < g is
a central Lie ideal in §(c), with a; = C3°, while a; = Gy = sl(2) for {j,k} = {1,2,3}\ {i}.
Moreover, we have a semidirect product splitting

9(0) =g(o)g x 9(0);

@3_,a = C0 @ s1(2) @ sl(2) while §(o); is endowed with trivial Lie bracket
(mESm) X OX O — where W is the trivial representation — as a module over
@sl(2) Dsl(2); so there exists a split short exact sequence of Lie superalgebras

and g(o)1
g(0)g = C30

o~

0—glo)y=m@omXOXKO —s ﬁ(a):ﬁ(a)ﬁ =~ 30 @ 51(2) @ s1(2) — 0.

A parallel result also holds true when working with g,(o) over the ground ring Z[o].

(3) If o =0 V\VX), i.e., o, =0 for all h € {1,2,3}, then g(0) is the Abelian complex Lie
superalgebra of superdimension 9|8, that is g(0) = C18 with trivial bracket.

A parallel result holds true when working with §,(0) over the ground ring Z[0] = Z.

Proof. The claim follows directly from Theorem 4.1 once we take also into account the fact
that the g(o)’s are specializations of g(x),, and for singular values o € V* any such speciali-
zation is a contraction of g(c), of the form g(c) = g(z), ; for the element 7 := wiz923 and
the ideal I := {(z; — Ui)i=1,2,3}‘
explicit formulas for (linear) generators of g(x): indeed, the latter are easily obtained as slight
modification — taking into account that odd generators must be “rescaled” by the coefficient
T := x1xex3 — of the similar formulas in Section 3.3.1 for g(o), which read as formulas for g(x)
just switching the op’s into x;’s. |

Otherwise, one can deduce the statement directly from the
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As a second instance, we consider the case A := g} (z), F = g, (z); and C := g/ (z);; the
ground ring is again R := Z[x], and again we choose in it 7 := xjz223 and the ideal I generated
by x1—01, x9 —0o9 and x3—o3. In this second case, we have again a “blown-up” Lie superalgebra
as in (4.5), that now reads g/ (x)_= g, (z); ® (79, (x);), for which we use the simpler notation
g, (z) := g, (x)_; similarly we write also g, (o) := g, (w)T’IU. Again, each g/ (o) for non-singular
o € V* is another Z[ol]-integral form of the complex Lie superalgebra g, we started with.
Similarly, working over C we consider A := ¢'(x), F := g¢'(x)5, C := ¢/(x); and the blown-up
algebra ¢'(x), with ground ring R := Clz], and the contraction §'(c) := g/(z), ; over C. This
provides one more coherent sheaf of complex Lie superalgebras over V, denoted Eaf[ ; with

Clae
a (C* x &3)-action on it, and an associated fibre bundle ]L@/[ having the g’(o)’s as fibres (just
Cle
like in Section 4.1.1: details are left to the reader). Next result describes the structure of these
fibres g'(o)’s:
Theorem 4.5. Let o € V, and a; := CX5_ ® CHy. & CX',_ for all i =1,2,3.

(1) If o € V¥, then the Lie superalgebra g'(o) is simple.

(2) If 0 € V\ VX, then §'(0)y = sl(2)®* as Lie superalgebras, §'(0); = K2_,0; as modules
over g'(o)y = s1(2)% and the Lie bracket is trivial on §'(c)1; finally, we have semidirect
product splittings

§'(0) = (0)g x §'(0); =sl(2)™ x (L, 0).

In other words, there exists a split short exact sequence

12

0 ——— 0¥ 2 g(0); §(0)—7(0); =sl(2® ———0.

A parallel result also holds true when working with g, (o) over the ground ring Z[o].

Proof. One can easily deduce the claim from Theorem 4.2 along with the fact that each g’(o)
is a specialization of g/(z)_, and in particular for singular values ¢ € V" any such specialization
is indeed a contraction of g'(c), namely of the form §'(c) = ¢/(x), ; for the element 7 := 12923
and the ideal I := {(z; — 0;)i=1,2,3}. As alternative method, one can obtain the statement by
means of a direct analysis of the explicit formulas for (linear) generators of g'(x): in fact, one
easily obtains such formulas as slight modifications — taking into account the “rescaling” of odd
generators by the coefficient 7 := z1z223 — of the formulas in Section 3.3.2. We leave details to
the interested reader. |

Remark 4.6. We considered five families of Lie superalgebras, denoted by {g(o)}scv,
{d(0)}oev, {§"(0)}oev, {8(0)}sev and {g(0)}sev, all being indexed by the points of the
complex plane V. Now, our analysis shows that these five families share most of their elements,
namely all those indexed by “general points” o € V> := V N (C*)3. On the other hand,
the five families are drastically different at all points in the “singular locus” § := V \ V> =

VN (Ui:1,273{0i = 0}) In other words, the five sheaves £gC[m]7 L’%[ ¥ .ng[ . 'Cﬁu ] and E@(/C[ ] of

Lie superalgebras over Spec(Clz]) = V U {x} (=A% U {*}) share the same stalks on all “general”

points (i.e., those outside S), and have different stalks instead on “singular” points (i.e., those

in §). Likewise, the five fibre bundles H"QC[ , Ly, Lgr , L and I[@[ | over Spec(Clz])
x Clae

I cle]’  Oclz)’ " OC[a]
share the same fibres on all general points and have different fibres on singular points. Let

us also stress that the second family {g'(0)}secy is just Kaplansky’s one, as ¢g'(0) & g, — cf.
Section 4.2. The outcome of the previous discussion is, loosely speaking, that our construction
provides five different “completions” of the family {go}sev\s of simple Lie superalgebras, by
adding — in five different ways — some new non-simple extra elements on top of each point of
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the “singular locus” §. In particular, this shows that it makes no sense to speak of “taking the
limit for o going to S8” of the simple Lie superalgebras g, (for o € V'), unless one states exactly
what is the total family — namely, indexed over all of V — of Lie superalgebras one has chosen
to complete the family {g, },cy\s- Indeed, as our results show, depending on such a choice one
finds very different, non-isomorphic “limits”.

5 Lie supergroups of type D(2,1;0):
presentations and degenerations

In this section, we introduce (complex) Lie supergroups of type D(2, 1;0), basing on the five
families of Lie superalgebras introduced in Section 4 and following the approach of Section 2.4.3.
For simplicity, we formulate everything over C, but the reader may see some subtleties to discuss
about the Chevalley groups over a Z[o]-algebra. The latter had been discussed in [6] and [7] for
some basis, i.e., for one particular choice of Z[o]|-integral form (though with slightly different
formalism); in the present case everything works similarly, up to paying attention to the o-
dependence of the commutation relations of the Z[o]-form one chooses (cf. Section 4). The
details are left to the reader.

5.1 First family: the Lie supergroups G,

Given o = (01,092,03) € V, let g = g(o) be the complex Lie superalgebra associated with o as in
Section 4.1, and gg its even part. We recall that g is spanned over C by {Ha,, Hac,, Hocy, Hg} U
{Xa}a- Like in Section 4.1, we set a; := CXa., @ CHy., ® CX_o,, for each i — all these being Lie
subalgebras of g(o), with g(o); = ©?_;a;. When o; # 0, the Lie algebra a; is isomorphic to s((2):
an explicit isomorphism is realized by mapping Xo., — oje, Ho., — o;h and X_o., — o; f, where
{e, h, f} is the standard basis s[(2). When o; = 0 instead, a; = C®3 becomes the 3-dimensional
Abelian Lie algebra.

Let us now set A; := Sl if 0; #0 and A; := Cx C* x C if 0; = 0, and define G := x:f:lAi -
a complex Lie group such that Lie(G) = g(o);. One sees that the adjoint action of g(o);
onto g(o) integrates to a Lie group action of G onto g(o) again, so that the pair P, := (G, g(0)) —
endowed with that action — is a super Harish-Chandra pair (cf. Section 2.4.1); note that its
dependence on o lies within all its constituents: the structure of G, the Lie superalgebra g(o),
and the action of the former onto the latter.

Finally, we let

G, = GPU

be the complex Lie supergroup associated with the super Harish-Chandra pair P, trough the
category equivalence given in Section 2.4.3.

5.1.1. A presentation of G,. We shall now provide an explicit presentation by generators
and relations for the supergroups G, i.e., for the abstract groups G,(4), A € (Wsalg).
To begin with, inside each subgroup A; we consider the elements

T2, (c) == exp(cXax,), hae, (c) == exp(cHae,), T_2¢,(c) = exp(cX_2,)

for every ¢ € C; then I := {2, (c), ha, (), v_2,(¢) }eer is a generating set for A;.

We define also elements hg(c) := exp (cHy) for all ¢ € C: then the commutation relations
[Hae,, Hs:,) = 0 and Ho., + Hoey, + Hoey = 2Hp inside g(o) together imply the group relations
hoe, (€)hae, (¢)hoe, (¢) = hg(c)? for all ¢ € C.
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The complex Lie group G is clearly generated by

(the hg(c)’s might be dropped, but we prefer to add them too as generators).

In addition, when we consider G as a (totally even) supergroup and we look at it as a group-
valued functor G: (Wsalg) — (grps), the abstract group G(A) of its A-points — for A €
(Wsalg) — is generated by the set

Ty(A) = {22, (a), hac, (a), ho(a), 2z, (a) Focy P (5.1)

Note that here the generators do make sense — as operators in GL(A ® g(o)), but also
formally — since A = C @ 91(A) (cf. Section 2.1), so each a € A reads as a = ¢ + n, for some
¢ € C and a nilpotent n, € 7M(A), hence exp(aXa.,;) = exp(cXa,)exp(nq.Xae,), etc., are all
well-defined.

Following the recipe in Section 2.4.3, in order to generate the group G4(A) := G, (A), beside
the subgroup G(A) we need also all the elements of the form (1+7;Y;) with (i,7;) €1 x Az — cf.
Section 2.4.3 — where now the C-basis {Y;}icr of g7 is {Yi}tier = {X1o, X135, }i=1,2,3. Therefore,
we introduce notation z1g(n) := (1+nX1g), 244,(n) := (1+nX4p,) for all n € Az, i € {1,2,3},
and we consider the set I'7(A) := {z19(n),z15,(n)|n € A7}

Now, taking into account that G(A) is generated by I'5(A), we can modify the set of relations
given in Section 2.4.3 by letting g € G(A) range inside the set I5(A): then we can find the
following full set of relations (where hereafter we freely use notation e = exp(Z)):

l.=1, 4¢-d"=4d.4d", VJ.,4"€GA),

h‘25i (a)ﬂﬁiﬁj (77)}1251- (a)_l = Tap, (ei(—l)—éi,j o—,-an)7

hoe, (@)x4p(n)hae,(a) ™' = w49 (eF71%n),

ho(a)zss, (Mho(a)™! = x1p, (77n),  ho(a)zso(n)ho(a) " = 219(n),
woc, (), (s, (a)™F = @, (n)wg (83 joian),

o, (@) g, ()@, (@)™ = 2, ()2, (1 = 65 5)oiam),

_gc,(a)ap, (M)a—oc,(a) "' = wg,(Ma_p, (1 = 8i5)0sam),

_ge,(@)x_g, (M _2e,(a) " = z_g, (Ma_g(5:j0ian),

e, (@)zp(n)a2e, (a) ™" = wo(n),

o, (@) _g(n)waz, (@) = z_g(n)x_p,(diam),

2 _ge,(a)zg(n)z 2, (a) "' = zg(n)zp, (05am),

_ge,(@)z_g(n)2 22, (a) " = 2_g(n)

g, (1), (1) = @26, (1 = i j)mymi) s, (nf) s, (mi),

w—p; (i)x—p;(0;) = w02, (= (1 = &5 5)nmi)w—g; (n})x—g, (i),

2, ()2 —p,;(0;) = hae, (805 ho (=i jmymi )z —p, (02, (1),

zg, (ni)zo(n) = zo(Mzs, (m:), @, (m)w—0(n) = T—0¢,(MMi)T -0 (M) T8, (M),
x_p,(ni)xe(n) = wae,(—mmi)wo(Ma—p, (M),  x—p,(mi)x—0(n) = 2—0(N)2—p, (1),
zg(n+)r—0(n-) = ho(n-n4)z_9(n-)z0e(n+),

1/ /"

zi,(n)xss (") = 215, +n"), zro(n)zro(n’) = zro(n’ +1")

with {i,j, k} € {1,2,3}.
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5.1.2. Singular specializations of the supergroup(s) G,. From the very construction of
the supergroups G, we get that

G, is simple (as a Lie supergroup) for all o = (01,02,03) € V™,

where we recall that a Lie supergroup is said to be simple if it has no non-trivial normal closed
connected Lie sub-supergroup. This follows from the presentation of G, in Section 5.1.1 above,
or it can be seen as a direct consequence of the relation Lie(G,) = g(o) = g, and of Proposi-
tion 3.1.

On the other hand, the situation is different at “singular values” of the parameter o: the
following records the whole situation.

Theorem 5.1. Let o € V' as usual, and keep notation as above.

(1) If o € V¥, then the Lie supergroup G, is simple.
(2) If c e V\V*, with 0; =0 and o # 0 # o, for {i,j,k} = {1,2,3}, then A; is a central

subgroup of G, isomorphic to C x C* x C, and G, is the universal central extension of
PSL(2|2) by A;; in other words, there exists a short exact sequence of Lie supergroups

1— > CxC*xC=A4 G, PSL(2|2) —— 1.

(3) If o = 0(€ V\ V), ice., o, = 0 for all h € {1,2,3}, then (Gy)a = (Cx C* x C)**
is the center of G, and the quotient GU/(GU)rd =~ C8 is Abelian; in particular, Gy is
a central extension of C8 by (C x C* x C)*3, i.e., there exists a short evact sequence of
Lie supergroups, with non-Abelian middle term,

1—— (CxC*xC)*° = (G,) G, c® 1.

rd
Proof. The claim follows directly from the presentation of G, given in Section 5.1.1 above, or
also from the relation Lie(G,) = g(o) along with Theorem 4.1. [

5.2 Second family: the Lie supergroups G/,

Given o = (01,09,03) € V, let ¢’ := g/'(0) be the complex Lie superalgebra associated with o
as in Section 4.2.1, and let g be its even part. Fix the C-basis {Xy, , Hy. , X', }i=123 of g
as in Section 3.3, and set a} := CXy,, © CHy,, ® CX',_. for each i: each one of these is a Lie
subalgebra of gj, with g5 = a} © aj @ a3. Moreover, each Lie algebra aj is isomorphic to sl(2),
an explicit isomorphism being given by Xj_ e, Hy_ + h and X', + f, where {e,h, f} is
the standard basis s[(2). It follows that gj is isomorphic to 51(2)%3. For each i € {1,2,3}, let A/
be a copy of SLy, and set G’ := A} x A} x A}. By the previous analysis, Lie(G’) is isomorphic
to g{—) and the Lie(G’)-action lifts to a holomorphic G’-action on g’ again: in fact, one easily sees
that this action is faithful too. With this action, P, := (G’,¢’) is a super Harish-Chandra pair
(cf. Section 2.4.1), which overall depends on P/, (although G’ alone does not). Finally, we define

G, =G -
to be the complex Lie supergroup associated with the super Harish-Chandra pair P’ via the
equivalence of categories given in Section 2.4.3.

5.2.1. A presentation of G/ . The supergroups G/, can be described in concrete terms via an
explicit presentation by generators and relations of all the abstract groups G/ (A), with A ranging
in (Wsalg). To this end, we first consider the Lie group G’ = A x A5 x Aj with A} = SLs. Letting
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exp: g5 = Lie (G') ——— G’ be the exponential map, we consider Ty (c) = exp(cXy.,),

9e,(€) == exp(cHy. ), ¥’ 4. (c) = exp(cX’, ) and hy(c) := exp(cHy) for all ¢ € C. Note
that the commutation relations [Hj_ , Hy. | = 0 along with oy Hy, + 02Hy_, + o3Hy. , = 2H,
inside ¢'(0) . together imply, inside G’ , the group relations hj., (01¢)hs,, (02¢) R, (03¢) = hg,(c)2
for all ¢ € C. The complex Lie group G’ is clearly generated by the set

I = {he, (). e, (), Hy(c), 2o (0) | € C}

(where the hj(c)’s might be discarded, but we prefer to keep them). Then, looking at G’ as
a (totally even) supergroup thought of as a group-valued functor G’: (Wsalg) — (grps), each
abstract group G'(A) of its A-points — for A € (Wsalg) - is generated by the set

I5(A) := {@y, (a), hy,(a), hy(a), 2"y, (a) | a € Ag}. (5.2)

Following Section 2.4.3, we need as generators of GJ,(A) := G, (A) all the elements of G'(A)
and all those of the form 27, ,(n) = (1 +nXl,) or 2l 4 () := 0(1 +nXy,) with n € A7 and
i € {1,2,3} — since now we fix {Yl’} = {X%y, X! g }i=1,2,3 as our C-basis of gi; we denote the
set of all the latter by I'7(A) := {ac’ie( ),2lp,(n) [0 € A}

Implementing the recipe in Section 2.4.3, and recalling that G'(A) is generated by I5(A),
we can now slightly modify the relations presented in Section 2.4.3 and consider instead the
following, alternative full set of relations among the generators of G/ (A):

=1 4d-d"=4,9"" V4,9 €G(4),
-1 —1) %,5q
—1 a
25 a)x:te(n) 1251(0’) = LE,:I:&?(ei 77)7
oia -1 _
h(,(a)a: ,31( )he( ) _x/:tﬁi (GJF 77)7 hé(a)ﬂf/ie(ﬁ)h/e(a) _'I:I:I:Q(na

whe, (@)zy (n)ahe, (a) ™" = 2y (n)ap(i jan),

whe, (a)a’_5 (M)ahe, ()™ = a5 (n)afy, (1 — b j)am),
2., (a)ls, (M7, ()" = aly (n)a’_, (1= 6ij)an),
e (@)a g, (M7 o (@)™ =25 ()a’ (6 jan),
The, (@)zh(n)ahe,(a) " = 2p(n),

The, (a)a’_g(n)ahe,(a) " = 2’ y(n)a’_s, (an),

oo, (a)zh(n)a’ o, (@)™ = ay(n)afs, (an),

:c'_%i(a)x' () g, (@)™ =2/ 4(n),

fﬁ,’gl(m) B, (1) = 2o, (+(1 = 0 5)aamm) s, (n;) 2, (i),

g (mi)alg () = alae, (= (1 = dip)omim)a’g, (nj)xg, (m:),
g, (mi)x_g, (0}) = hae, (i goimym) ho(=di gnmi)x_g, (n})ass, (mi),
93[31(771)939( ) =z, (i), 2, (mi)ale(n) = Lo, (Foimm)alg(n)zly ,(ni),
a’ g, (ni)xp(n) = 2o, (—ommi)zg(m)alp (i),  olg (m)alg(n) = alg(n)al g (m),
zy(n+)xlg(n-) = vhy(n-ny)xlo(n-)zy(n+),
wlyg (n)alg, (n") = alg, (0" +1"), wlg(n)alg(n") = alg(n' +1")

with {i, 7, k} = {1,2,3}.
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5.2.2. Singular specializations of the supergroup(s) G/. By construction, for the super-
groups G/, we have that

G is simple (as a Lie supergroup) for all o = (01,02,03) € V.

Indeed, this follows from the presentation of G/ in Section 5.2.1 above, but also as a fallout of
the relation Lie (G}) = ¢/ (o). = 9, along with Proposition 3.1. The situation is different at
“singular values” of the parameter o; the complete result is

Theorem 5.2. Given o € V, keep notation as above.

(1) If o0 € V¥, then the Lie supergroup G is simple.
(2) If o e V\V*, with 0;, =0 and 0 # 0 # oy, for {i,j,k} = {1,2,3}, then letting B, be the
Lie subsupergroup of GL. defined on every A € (Wsalg) by
t£i, 0 €A\ {26}, B€ AT
BJ(A) 1= ({hh, (a), 2o (b), 2t g(n) Yo 1 o5 e PEET)
we have B, < G/ (a normal Lie subsupergroup), A, < G/ (a Lie subsupergroup), and there
ezist isomorphisms Bl = PSL(2|2), A, = SLy and G/, = SLy x PSL(2]2) - a semidirect
product of Lie supergroups. In short, there exists a split short exact sequence

«——

1— 5 PSL(22) @ B G/

[

Y/ ppa——

(3) If o = 0 V\VX), ice., o, = 0 for all h € {1,2,3}, then letting (G,); be the Lie
subsupergroup of G/ defined on every A € (Wsalg) by

(G)1(A) = ({zh(m}peal)

we have (G)q = SL3 and (Gl); = C® as Lie (super)groups, (G); = X}_,0; =~ 03
(=C®) as modules over (G/,)5 = SL3 — where 0O; = O := C|+) & C|—) is the tautological
2-dimensional module over the i-th copy SL;Z) of SLa (fori=1,2,3). Finally, we have

G, = (G, ) x (G,); = SL§ x (K7, 0;) = SLj x 0%

— a semidirect product of Lie supergroups.

In other words, there is a split short exact sequence

1 o (@), G (G), 8L ——— 1

Proof. Like for Theorem 5.1, the present claim can be obtained from the presentation of G
in Section 5.2.1, or otherwise from the relation Lie (G},) = ¢’(0) along with Theorem 4.2. W

5.3 Third family: the Lie supergroups G/

Given o = (01,09,03) € V, let g” := g”(0) be the complex Lie superalgebra associated with o
as in Section 4.3.1, and let gj be its even part. Fix the elements X,, Hy_ , Hy (with a € A,
i € {1,2,3}) of g as in Section 3.3.3 and set aj := CXy., ® CHj_, & CX o, for each i: the
latter are Lie subalgebras of gj such that g = af @ a5 @ a3. Moreover, every aj is isomorphic
to sl(2) when o; # 0 — an explicit isomorphism being given by Xs., + oje, Hy. ~ h and
X_9, — oif, where {e, h, f} is the standard basis sl(2) — while for o; = 0 it is isomorphic to
the Lie subalgebra of by @ b_, with by := Ce+Ch and b_ := Ch+ Cf being the standard Borel

subalgebras inside s[(2), with C-basis {(e, 0), (h, h), (0, f)}.
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Let By be the Borel subgroup of SLy of all upper, resp. lower, triangular matrices, and let S
be the subgroup of By x B_ whose elements are all the pairs of matrices (X, X_) such that the
diagonal parts of X and of X_ are the same. For each i € {1,2,3}, let A” (depending on ;)
respectively be a copy of SLy if 0; # 0 and a copy of S otherwise; then set G” := A x Aj x AY.
The adjoint action of gf = Lie (G”) on g” lifts to a holomorphic G"-action on g”, which is
faithful again; then the pair P} := (G”,g") with this action is a super Harish-Chandra pair, in
the sense of Section 2.4.1. At last, we can define

Gl = Gpg
as being the complex Lie supergroup associated with the super Harish-Chandra pair P/ through
the equivalence of categories given in Section 2.4.3.

5.3.1. A presentation of G”. In order to describe the supergroups G/, we aim now for an ex-
plicit presentation by generators and relations of the abstract groups G (A), for all A € (Wsalg).
To start with, let G” = A x A x Af be the complex Lie group considered above, and let
exp: gj = Lie (G") ———— G” be the exponential map: then consider zo.,(c) := exp (cX2.,),

he,(c) == exp (cHY, ), ©_9c,(c) := exp (X _a,) and hy(c) := exp(cHp) for all ¢ € C. It is clear
that G” is generated by the set

F(/), = {x25i(c)7 h/251- (C)v hl@(c)v L—2¢; (C) ’ ce C}

(actually the hj(c)’s might be discarded, but we choose to keep them); therefore, looking at G”
as a supergroup, thought of as a group-valued functor G”: (Wsalg) — (grps), every abstract
group G"(A) of its A-points — for A € (Wsalg) — is generated by the set

I§(A) = {x2,(a), My (a), hy(a), 2—2¢,(a) |a € Ag}. (5.3)

According to Section 2.4.3, the group G, (A4) := G_,(A) is generated by G"(A) and all
elements of the form ziy(n) = (1 + nXig) or x45,(n) = (1 + nXi/gz.) with n € A; and

i €{1,2,3} — as now the chosen C-basis of g7 is {Yil}iel = {Xig, Xiﬁi}i:1,2,3; the set of all the

latter is denoted IY(A) := {x49(n),z1,(n) |1 € A7} — coinciding with I7(A) in Section 5.2.1.

From the recipe in Section 2.4.3, and the fact that G”(A) is generated by I'j'(A), with a slight
modification of the relations in Section 2.4.3 we can find the following full set of relations among
generators of G/ (A) (for all {4, j,k} = {1,2,3}):

l, =1, ¢-¢"=4-.9" V.4 eG4,

B, (@), (MR, (a) " = s, (X0,

he, (@)z+9(n) Ry, (a) ),

ho(a)za, (he(a) ™" = 215, (e77n), he(a)z=g(n)he(a) " = z19(n),
ae, (@), (M)T2e,(0) "' = 35, (n) 70 (i jorsan),

o, (a)z_p, ()r2e, (@) = 2_g, (Mg, (1 — 6 5)osan),
T_2¢;(a)wg; ()72, (a) ' = wg; (M _p, (1 — 0 5)oiam),
T e, (a)z_p, (M) T2¢,(a) " = z_g,(n)7_0(5; joi07m),
2z, (a)zo(n)2az, (a) ™1 = o(n),

oz, (a)x_g(n)2e,(a) " = 2 _g(n)2_g, (0uan),

2 ge,(@)zo(n) 3z, (a) "' = zo(n)2, (050m),
T_9:,(a)v_g(n)T—2¢,(a) " = z_g(n),

= T4 (6
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g, (ni)z s, (17) = 26, (1 = i j)nmi) s, (n)z s, (mi),

T—B; (ni)x*ﬁj (773) = x_25k(_(1 - 5i7j)77;'77i)x*5j (W})x*ﬁ’i (i),

g, (ni)x—p; (107) = hae, (8 joimyni ) g (=i mimi)x—p, (02, (1),

zg,(mi)re(n) = zo(n)xs,(ni)y  xp,(Mi)T—0(N) = T—20, (MMi)T—0 (M) 18, (Mi )
z_g,(ni)ze(n) = wae,(—mmi)wo(Mx—p, (M), w—p,(mi)x—0(n) = 2—0(N)2—p, (M),
zo(n4)r—g(n-) = ho(n-n+)z—g(n-)ze(n+),

wip,()rsp, (") = xep,( +0"),  wre()r0(n”) = 2L0(0 +1").

5.3.2. Singular specializations of the supergroup(s) G//. One sees easily that for the
supergroups G/ we have

G/ is simple (as a Lie supergroup) for all o = (01,09,03) € V*.

This follows from the presentation of G/ in Section 5.3.1 above, and also as a consequence
of the relation Lie (G) = g”(0) = g, along with Proposition 3.1.
Things change, instead, for “singular values” of o: hereafter is the general result.

Theorem 5.3. Given o € V, keep notation as above.

(1)
(2)

If o € V*, then the Lie supergroup G is simple.
If o € V\V*, with o; = 0 and o # 0 # oy for {i,j,k} = {1,2,3}, consider the
subsupergroup K/ of G2 which is given by

K/(A) = ({220,(a4), 220, (a )bapa_cap) VA€ (Wsalg).
Then K is an Abelian normal Lie subsupergroup of G, hence — letting B! := G/ /K" be
the quotient supergroup — there exists a short exact sequence

1 > K > G/ B’ 1.

Furthermore, deﬁm'ng inside BY(A) the two subgroups HY(A) = <{h252(a1)}az€A0> and
,c+EAGMEA

D” = <{h x+2€J (cy),z— 2, (c), xg(n)}j;fiﬁeA‘in 1> — for all A € (Wsalg) —

we ovemll find two Lie subsupergroups DY and H” of B” such that D” is a normal Lie

subsupergroup with D = PSL(2|2), H/ = CX, and Bl = Hg’ x DY — a semidirect product

of Lie supergroups. In short, there exists a split short exact sequence

1 ——— PSL(22) 2 D/ B’f H~C* 1.

3
Ifo =0 (@€ V\VX),ie, o, =0 for all h € {1,2,3}, then K" := x K is an Abelian
1= 1

normal Lie subsupergroup, hence B” := G” /K" is a quotient Lie supergroup (of GZ);
therefore, there exists a short exact sequence

1—K':= >3< K/ G/ B” 1
i—1 (2 o °
Moreover, setting O"(A) := ({zs(n )}ZEK ) and T"(A) := ({hh, (a )}?GESGQ 3}> inside B” (A)

for all A € (Wsalg) we overall find two subsupergroups O” and T” of B” such that O” is
normal Abelian, isomorphic to AZ'S — the (totally odd) complex affine Abelian supergroup
of superdimension (08) — and T” is Abelian, isomorphic to T2 — the (totally even) 3-
dimensional complex torus — with B =2 T x O” — a semidirect product of Lie supergroups.
In other words, there exists a second, split short exact sequence

1——07=A¥ s p— Y,
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Proof. Like for Theorem 5.1, one can deduce the claim from the presentation of G in Sec-
tion 5.3.1, or also from the relation Lie (G) = g”(c) along with Theorem 4.3. [ |

5.4 Lie supergroups from contractions: the family of the éa’s

Given o = (01, 09,03) € V, following Section 4.4 we fix the element 7 := z1x9x3 € Clz| and the
ideal I = I, := ({x; — 0;}i=1.2.3), and we consider the corresponding complex Lie algebra g(o),
with g(o)g and g(0)7 as its even and odd part, respectively. With a slight abuse of notation, for
any element Z € g(x) we denote again by Z its corresponding coset in g(o) = C|o] Ocia) g(x) =
9(x)/1,9(x) (see Section 4.4 for notation). By construction, g(o) admits as C-basis the set

B = {Xo, Hoe, o€ Ayi€ {1,2,3}} U{X5:=7X5| 5 € A1}

We consider also a; := a; (:= CXy., ® CHa., ® CX_o,) for all 1 = 1,2,3, that all are Lie
subalgebras of g, with @; = sl;(2) when o; # 0 and a; = C®3 — the 3-dimensional Abelian Lie
algebra — if o; = 0 (see also Section 5.1).

Recalling the construction of G, in Section 5.1, for each i € {1,2,3} we set A; = A
(isomorphic to either SLy or C x C* x C depending on o; # 0 or o; = 0) and G:= X3 1A G,
a complex Lie group such that Lie (G) =9g(0)p. Like in Section 5.1, the adjoint action of g(o);
onto g(o) integrates to a Lie group action of G onto g(0): endowed with this action, the pair
Py = (G g(o )) is a super Harish-Chandra pair (cf. Section 2.4.1). Eventually, we can define

~

G, =G.
PO'

to be the complex Lie supergroup associated with 73(; following Section 2.4.3.

5.4.1. A presentation of (/ia. To describe the supergroups (A}a, we provide hereafter an
explicit presentation by generators and relations of all the abstract groups é’o-(A>, with A €
(Wsalg). To begin with, let exp: g5 = Lle(G) — G be the exponential map. Like we did
in Section 5.1.1 for the supergroup G, inside each subgroup A; we consider

Toe, (€)= exp(cXae, ), hae,(¢) == exp(cHag,), x_ge,(c) = exp(cX_2,)

for every ¢ € C; then I} := {z2e,(€), hoe,(¢), x—2¢,(¢) }eec is a generating set for Ay also, we
consider elements hy(c) := exp(cHp) for all ¢ € C. It follows that the complex Lie group
G = A1 X Ag X A3 is generated by

Ty = {wae,(€), hae, (€), ho(c), w—oe, (c) }EH 2

(we could drop the hgy(c)’s, but we prefer to keep them among the generators).

When we think of G as a (totally even) supergroup, looking at it as a group-valued functor
G: (Wsalg) — (grps), the abstract group G(A) of its A-points — for A € (Wsalg) — is generated
by the set

T5(A) = {waz,(a), has, (a), ho(a), 2z, (a) s . (5.4)

In fact, WeAwould better stress that, by construction (cf. Section 5.1), we have an obvious
isomorphism G = G (see Section 5.1.1 for the definition of G) as complex Lie groups.

To generate the group G,(A) := G, (A) applying the recipe in Section 2.4.3, we fix in
g(o)1 the C-basis {Yi}icr = {)?/3 =71Xg|B € A1 = {£6, iﬁl,iﬁz,ﬂ:ﬁ:;}}. Thus, besides the
generating elements from G(A), we take as generators also those of the set

Fi(A) i= {Fap(n) = (1 + 1 X1g), B, (n) == (14 nXap) 12y >
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Taking into account that @(A) is generated by I} 9(A), we can modify the set of relations in
Section 2.4.3 by letting g+ € G(A) range inside the set I5(A): then we can find the following
full set of relations (freely using notation e := exp(Z)):

1I=1, 4 .g'=¢-.4" V.9 €GA),

G

(ei(fl)_‘si’jaian> 7

hoe,(@)Z g, (N)hae, (@) ™" = Tig,
hae, (@) Z46(n)hae; () = Tg (€F1%0),
he(a)zp, (n)he(a)—l =241 (GjFﬂz‘an), hg(a)ﬁj\ie(n)he(a)—l — Fao(n),
wae,(a)Z, (M)w2e, (@)1 = B, (0)To(65,joian),

(« 22, (a) " = T, ()5, (1 = 8i5)oiam),

a2, (@) = Tg, (07—, (1~ bi5)oan),

—p;(M)T_g(d; joiam),

= o0, (1 - 5i,j)T§?7ﬂ7 )23, (1) %3, (1),

; di.7) amm)x 8; (1;)Z—g, (i),
T, ()T —p; () = hae, (3157, mm)he( To0i) T, (1) %, (i),
T, (n:)Te(n) = To(n)Ts,(mi), Tg,(n ) o(n) = x_oe, (T21m:)T—0(n 36,31 (1),
Z_g,(n:)Zo(n) =rczs,.(—fgnm)f( )T, (mi),  Top,(m)T_a(n) =T_a(n)T_p,(m),
To(ny)Z_o(n-) = he (7'371—77+)5 o(n-)To(n+),

)

(N Zep,(n") =Zap,(n +1"), Tig(n)Zao(n") = Zoo(n' +1")
with {i, 7, k} € {1,2,3}.

8
H,
»

5.4.2. Singular specializations of the supergroup(s) (A}c,. The very construction of the
supergroups G, implies that

G, is simple (as a Lie supergroup) for all o = (01,02,03) € V.

This also follows from the presentation of (A-}U in Section 5.4.1 above, or as a direct consequence
of the relation Lie (G4) = §(0) = g, and of the fact that §, = g, when o; # 0 for all 4.

Things change instead at “singular values” of o. The complete result is the following:
Theorem 5.4. Given o € V', keep notation as above.

(1) If o € V¥, then the Lie supergroup G, is simple.
(2) If c € V\V*, witho; =0 and o # 0 7 oy, for {i,j,k} = {1,2 3} then A; < Gy is

a central Lie subsupergroup of Gg, with A; = C x CX x C, while A Ak =~ SL(2) for
{j,k} ={1,2,3} \ {i}. Also, we have a semidirect product splitting

o~

G(0) = G(0),q x G(0);

~ 3 .
with G(0),4 = €>< Ay = (C x C* x C) x SL(2) x SL(2) while G(0); is the subsupergroup
1

of G, generated by the T1g’s and the 15, s (for all i), which is normal Abelian, isomorphic
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to Ag‘g ~ the (totally odd) complex affine Abelian supergroup of superdimension (0|8) — and
such that G(o); = (WO®) KX OX O — where ® is the trivial representation — as a module

over G(o )ra = (C x C* x C) x SL(2) x SL(2). In other words, there exists a split short
exact sequence of Lie supergroups

1— e RORO > G(o); G(o)
~ (C x C* x C) x SL(2)* — 1.

(3) Ifo =0 (@€ V\V*),ie,on=0foralhe{1,2,3}, then G, is the Abelian Lie supergroup
Gy 2 (Cx CX x C)3 x (mom)¥3,

Proof. As for the parallel results for G,, G, and Gy, we can deduce the claim from the
presentation of G in Section 5.4.1, or from the hnk Lie(G,) = §(0) along with Theorem 4.4. W

5.5 Lie supergroups from contractions: the family of the (A};’s

Given o = (01,09,03) € V, we follow again Section 4.4 and set 7 := xjx9z3 € Clx ] and
I=1,:={x — UZ}Z 1,2,3); but now we consider the corresponding complex Lie algebra g'(o),
with §'(0)g and g'(0)7 as its even and odd part, respectively (and we still make use of some
abuse of notation as in Section 5.4). By construction, a C-basis of g'(o) is

={X], HQe\aeAz€{123}}U{Xﬁ:TXBWEA}

Consider also @} := a; (:= CX;_ © CHy,, ® CX',_, cf. Section 4.2.1) for all 1 = 1,2,3: all
these are Lie subalgebras in ﬁ’ (o), isomorphic to sl(2), and g'(0)5 = @®3_,a,. The faithful
adjoint action of g ( )p onto g'(0) gives a Lie algebra monomorphism g (o ) — gl(g'(0)), by
which we identify g'(c); with its image in gl(g’(c)). Then exp: gl(g'(c)) — GL(§'(0)) yields
a Lie subgroup G’ := exp(¢’ (0)p) in GL(g'(0)) which faithfully acts onto g’(co) and is such that
Lie(G") = (§'(0))g; finally, the pair P, := (G’,§(0)) with this action is then a super Harish-
Chandra pair (cf. Section 2.4.1).

As alternative method, we might also construct the super Harish-Chandra pair 73(’, via the
same procedure, up to the obvious, minimal changes, adopted for P/ in Section 5.2; indeed, one
can also do the converse, namely use the present method to construct P/ as well.

Once we have the super Harish-Chandra pair 73(;, it makes sense to define

~

G =G,
PO'

that is the complex Lie supergroup associated with 73(’7 after the recipe in Section 2.4.3.

5.5.1. A presentation of (A};r We shall presently describe the supergroups (A}; by means of
an explicit presentation by generators and relations of all the abstract groups @f,(A), for all
A € (Wsalg). To begin with, let exp: g = Lle(G’) — 5 @' be the exponential map. Just like
for the supergroup G, in Section 5.1.1, inside each subgroup A’ we consider

37/251, (C) = exp(CX§€¢)7 /281‘ (C) = eXp(CHéEi)7 H:LQEZ' (C) = eXp(CXLQ&;)

for every ¢ € C; then f’ = {xh,(c), b, (), 2" 5. (c)}eec is a generating set for A\; = Al; also,
we consider elements h' p(c) == exp (cH / ) for all ¢ € C. It follows that the complex Lie group

G = A’ X A’ X A’ is generated by

= i€{1,2,3
T = {@h.(c), B, (), (), aoe, (c) }EH 2P
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(as before, we could drop the hy(c)’s, but we prefer to keep them among the generators).

When thinking of G’ as a (totally even) _supergroup, considered as a group-valued functor
G': (Wsalg) —s (grps), the abstract group G'(A) of its A-points — for A € (Wsalg) — is gene-
rated by the set

A €{1,2,3
T3(A) = {whe,(a), e, (a), ho(a), 2., (a)oc a2 (5.5)
Indeed, we can also stress that, by construction (cf. Section 5.1), there exists an obvious
isomorphism G’ = G’ as complex Lie groups. Now, to generate the group G/ (A) := G, (4)
following the recipe in Section 2.4.3, we fix in (g'(c)_)7 the C-basis {Yi}ier = {)?é =7Xp|B €

A7 = {:I:H,:l:ﬁl,:lzﬁg,:l:,é’g}}. Then, beside the generating elements from é’(A) we take as
generators also those of the set

Knowing that G’ (A) is generated by fé (A), we can modify the set of relations in Section 2.4.3

E)f};el;t;iﬂfi Iglgeni’ ;ﬁ()) Il;aenzge: :in:;cll)e( 5 ()’) )(A), eventually, we can find the following full set of relations
1A/ =1, g/ _g// _ g/ " g//7 Vg/,g” c @/(A),

B ()T, (M., (a) " = Ty (XD 70y,

e, (@) g () ’2&<a>‘1 = &g (),

hiy(a)&p, (Mhp(a) ™" =T, (77%n),  hyla)eg(mhyla) ™ = Fp(n),

The ()T, (M)ahe, (a) " = B (0)Tp(5ian),

!/

x’zgi (a)ffﬁj (n)x’zai(a)_l = /x\LBj (n)fc\%k((l — 0i4)an),

2o, ()Z, () o, (@)~ =T, (N)F_ 5, (1 — 6:5)an),
2o ()T g ()2 oo (a) ™ =B ()F (61 jan),
whe, () Ty(n)ay., (a) "' = Zy(n),

The, ()T g(n)7he, (a) " =T y(n)T g, (an),

2 e, (a) " = Bp(n)@5, (an),
()7 g(n)7 g, (a) ' = F4(n),
B, ()@, () = whe, (1 = 8 j)ro0imim) T, (1) %, (i),
(nj) = &'ae, (—(1 = Gig)T20umms) T g, (nj)Z. g, (ns),
T, ()7 g, (nf;) = hi, (8170 Um;'ni)hle(_5i,j7377;’77i)37\L6j(n;)fc\/ﬁi(ni)a
T, (n)Tp(n) = Te()T, (i), T, (0)Tg(n) = Lo, (r50immi )T g ()T 5, (mi),
T, (ni)Ty(n) = ahe, (—mo0inmi) Tp(mTg, (), Tg, ()T g(n) = T_g(n)T_g,(mi),
Ty(n+)Tg(n-) = hy (gn 'n+):r o(n-)T4(n+),
fﬁiﬁi (' )xiﬁl (n") xiﬁ (n' +n"), Thg(n)Tg(n") = Tg(n' +1")
with {7, 7, k} € {1,2,3).

5.5.2. Singular specializations of the supergroup(s) (A}f7 From the very construction of
the supergroups G/ we get

G’ is simple (as a Lie supergroup) for all o = (01,09,03) € V*.

o
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This follows from the presentation of é{, in Section 5.5.1 above, but also as direct consequence
of the relation Lie(G)) = g'(c) = gl and of g/, = g, when o; # 0 for all 1.

g

At “singular values” of ¢ instead things are quite different; the precise claim is as follows:
Theorem 5.5. Given o € V, keep notation as above.

(1) If o € V¥, then the Lie supergroup CA}; s simple.

(2) Ifo € V\V*, let (G)1 be the subsupergroup of G, generated by the Tlyy's and the T 5 ’s
(for all i). Then (é;)i is Abelian and normal in (A};, and there exist isomorphisms
(G')ra =2 SL(2)"? and (G)); = ®2_,0; as a (G)q-module; in particular, (G\)7 is
Abelian; moreover, there exists an isomorphism

A~ ~Y A~ ~ Y 3
G, = (G}),, % (G,); = SL(2)*® x 0.
In other words, there exists a split short exact sequence

1——— 0% = (G); (¢ h—

+(G),, =SL©2)? ——— 1.

Proof. Much like the similar result for (A}O., we can deduce the present claim from the presen-
tation of G/ in Section 5.5.1, or from the relation Lie(G.) = g'(c) along with Theorem 4.5. W

5.5.3. The integral case: G,, G/, G, G, and (/:\};_ as algebraic supergroups. In
the integral case, i.e., when o € Z3, the Lie supergroups we have introduced above are, in
fact, complex algebraic supergroups: indeed, this follows as a consequence of an alternative
presentation of them, that makes sense if and only if o € Z3.

Let us look at G, for some fixed o € Z3. Consider the generating set (5.1) for the groups
I'5(A), and for each a € {2¢;,2¢9,2¢3,0} replace the generators hq(a) := exp(aH,) — for all
a € Ag — therein with hq(u) — for all u € U(Ap), the group of units of Ag. Every such hq(u) is
the toral element in G(A) whose adjoint action on g, is given by Ad(ﬁa(u))(Xv) =y (Ha) X
for all v € A; note that this makes sense, since we have v(H,) € Z just because o € Z3. Now,
the set

T5(A) = {@ae, (a), hae, (u), ho(u), —2c,(a) |i € {1,2,3},a € Ag,u € U(Ag)}

still generates G(A). A moment’s thought then shows that G,(A) can be realized as the group
generated by I'(A) := G(A) U I'1(A) with the same relations as in Section 5.1.1 up to the
following changes: all relations that involve no generators of type h,(a) are kept the same, while
the others are replaced by the following ones (with {i,j,k} € {1,2,3}):

R, (w)zp, (M)hos, (w) = 2ap,

I

(w0 i)

+o;

Toe, (W) 49(1) o, () = 2 (u™n),

ho(uw)zss,(Mho(w) ' = zas,(uFn),  p(u)zso(m)ho(u) = zro(n),
zo(n)x_o(n-) = ho(n_ny)z_g(n_)ze(ny).

In fact, the key point here is that if (and only if) o € Z3, then all our construction does make sense
in the framework of algebraic supergeometry, namely P, := (G, g(0)) is a super Harish-Chandra
pair in the algebraic sense — like in [8] — and G, := G, is nothing but the corresponding
algebraic supergroup associated with P, trough the algeb;aic version of category equivalence
in Section 2.4.3 — cf. [8] again. If we present the groups G(A) using I'5(A) as generating set,
we can also extend such a description — as o € Z3 — to a presentation of the groups G,(A) as
above. Leaving details to the reader, the same analysis applies when we look at G, G/, éo
or G! instead of G,: whenever o € Z3, all of them are in fact complex algebraic supergroups.
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5.5.4. A geometrical interpretation. In the previous discussion we considered five families

of Lie supergroups indexed by the points of V', namely {G, }oev, {GL}oev, {GL}oev, {ag}gev

and {(A}f,}aev. Our analysis shows that these families have in common all the elements indexed
3

by “general” points, i.e., elements o € V* :=V \ § with S := [J{o; = 0}. On the other hand,

these families are entirely different at all points in the “singulalr llocus” S.

In geometrical terms, each family forms a fibre space, say IL,GC[E], LG&[m]’ LGE[m]’ ]L@C[m],
and L@(,C[z], respectively, over the base space Spec(Clz]) = V U {x} (=AZ U {x}), whose fibres
are Lie supergroups. Our results show that the fibres in any two of these fibre spaces do coincide
at general points — where they are simple Lie supergroups — and do differ instead at singular
points — where they are non-simple indeed.

As an outcome, loosely speaking we can say that our construction provides five different
“completions” of the family {Ge}oev\s of simple Lie supergroups, by adding — in five different
ways — some new non-simple extra elements. Note also that, a priori, many other such “com-
pletions”, more or less similar, could be devised: we just presented these ones as significant,

interesting examples, with no claims whatsoever of being exhaustive.
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