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Abstract. We present an explicit formula for the transition matrix C from the type BC,
Koornwinder polynomials P;-)(z|a, b, ¢, d|q,t) with one column diagrams, to the type BC),
monomial symmetric polynomials m;~y(x). The entries of the matrix C enjoy a set of
four terms recursion relations. These recursions provide us with the branching rules for the
Koornwinder polynomials with one column diagrams, namely the restriction rules from BC),
to BC,,_1. To have a good description of the transition matrices involved, we introduce the
following degeneration scheme of the Koornwinder polynomials: Pr)(z|a,b,c,d|q,t) <—
Pary(zla, —a,c,d|q,t) < Pury(zla, —a,c, —clg,t) < Pary (x|t1/2c, —t1/2¢, ¢, —c|q, t) —
Py (x|t1/2, —t1/21, —1lg, t). We prove that the transition matrices associated with each of
these degeneration steps are given in terms of the matrix inversion formula of Bressoud. As
an application, we give an explicit formula for the Kostka polynomials of type B,,, namely

the transition matrix from the Schur polynomials P((ﬁs“B“) (z|q; ¢, q) to the Hall-Littlewood
polynomials P((E;’B”L)(x|t;0,t). We also present a conjecture for the asymptotically free

eigenfunctions of the B,, g-Toda operator, which can be regarded as a branching formula
from the B,, ¢-Toda eigenfunction restricted to the A,,_; ¢-Toda eigenfunctions.

Key words: Koornwinder polynomial; degeneration scheme; Kostka polynomial of type B,;
g-Toda eigenfunction
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1 Introduction

This article is a continuation of [6]. Recall that in the work of Lassalle [8], Bressoud’s matrix
inversion formula [3] is extensively used to describe the transition matrices associated with
the Macdonald polynomials of types B,, C, and D, with one column diagrams. One of our
motivations in the present paper is to establish a generalization of Lassalle’s principle to the
case of the Koornwinder polynomials [7] Pry(z|a,b,c,d|q,t) with full six parameters a, b, c,
d, ¢ and t. (As for the definition of Piry(z|a,b,c,d|q,t), see Section 2.) Our starting point
is the new version (Theorem 1.8) of our previous fourfold summation formula obtained in [6]
(Theorem 1.7). We show that the new fourfold formula can be understood as a product of
four Bressoud matrices (Theorem 2.5), thereby giving us the corresponding inversion formulas
automatically (Theorem 3.6).

This paper is a contribution to the Special Issue on Elliptic Integrable Systems, Special Functions and Quan-
tum Field Theory. The full collection is available at https://www.emis.de/journals/SIGMA /elliptic-integrable-
systems.html


mailto:a.hoshino.c3@it-hiroshima.ac.jp
mailto:shiraish@ms.u-tokyo.ac.jp
https://doi.org/10.3842/SIGMA.2020.084
https://www.emis.de/journals/SIGMA/elliptic-integrable-systems.html
https://www.emis.de/journals/SIGMA/elliptic-integrable-systems.html

2 A. Hoshino and J. Shiraishi

Another motivation comes from the transition matrix C™ (Definition 5.1) from the monomial
polynomials m;r)(z) to the Koornwinder polynomials Pry(z|a,b,c,d|q,t). (As for m(r(z),
see Section 2.) One may find a reasonable property of the transition matrix C(™ | as stated
in Proposition 5.3 below. Our proof of Proposition 5.3 (see Sections 4 and 5) is based on
the new fourfold summation formula in Theorem 1.8. It seems, however, that we still lack
a fundamental grasp of the phenomenon, since the proof remains technically too much involved.
We hope in the future, a better understanding will appear. Noting that Proposition 5.3 implies
the essential mdependence of C( on n, we summarize our main result in Theorem 1.2. For
simplicity, write P( = = Pury(z|a,b,c,d|q,t) and m(iry = mr)(z). Let n € Zxg. Let P™ and

m(™ be the infinite column vectors defined by P(") = (P(]f,(j;" ng 1y ,P(Ef)C", P@BC"7 0,.. .),
m™ = t(m(ln)’m(1n71)7 N =T U ) Here @ denotes the empty diagram, and hence
PQBCn = My — 1.

Definition 1.1. Set

f(sla,b,c,d)

(I —abcds/t)(1 —ts)(1 — abs)(1 — acs)(1 — ads)(1 — bes)(1 — bds)(1 — cds) (1.1a)
(1 — abeds?/t) (1 — abcd52)2 (1 — abedts?) ’ ‘
b d— (ab bd d+ bed)s/t 1 —

gl(s\a,b,c,d):a+ +c+ (abc + abd + acd + bed)s/ s (1.1b)

1 — abcds?/t2 1—t
Write g(s|a,b,c,d) = gi(s|a,b,c,d) — g1(st|a, b, ¢, d) for simplicity.

Theorem 1.2. There exists a unique infinite transition matriz C = (C¢7j)i7jez;20 satisfying the
conditions

C is upper triangular, (1.2a)
Cm‘ =1 (Z > 0), (1.2b)
Cij=Ci1j1+9(t")Cij1+ f(t')Citri1, (1.2¢)

and we have P = Cm®™ for all n > 1 (stability).

Remark 1.3. By the stability is meant that the entries C; ; of the transition matrix C do not
depend on the rank parameter n of the type BC),, Koornwinder polynomials. The first few terms
of the transition matrix C read

L —gi(t) 1)+ (1) —qu(t)? _91() f1) =g () F(1)
1 —91(*) @)+ g1 (t?)g(t) + f(t)
1 —gl(t3)

A proof of Theorem 1.2 is presented in Section 5.2. As a consequence of Theorem 1.2, we
establish the following branching rule.

Theorem 1.4. Set P(Eff” Y(z|a,b,c,d|q,t) = 0 and P(BC” Y(z|a,b,c,d|q,t) = 0 for simplicity.
We have
BC BC,,—
P(IT)”(xl,xg,.. , Tnla,b,c,dlg,t) = P(lr) Y(x1,x2, ..., Tn_1]a,b,c,d|q,t)

+ (zn + 1/zn + g(t”*T|a, b,c, d))P(lf?_”f)l(arl,arg, ey Tp—1]a, b, e, d|g,t)

+ f(t" "a,b,c,d)P, (1T ) Y(x1, T2, ..., Tn_1]a,b,c,d|g,t).
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A proof of Theorem 1.4 is presented in Section 5.3.
An explanation is in order concerning our plan of the proof of Theorem 1.2.

Definition 1.5. Define the symmetric Laurent polynomial E,(z)’s by expanding the generating

function E(z|y) as

n

E(zly) = [[(0 = yz)(1 —y/a;) =D (1) E(x)y".

i=1 r>0

Then the ordered collection (E,) := (E,(x),..., E1(x), Eo(x)) provides us with another basis
of the space of polynomials spanned by the bases (m(lr)) = (m(ln), e ,m(l),mg) or (P(Efr)") =

(Pgnc)", ... ,Pg)C”,P;fC”). Firstly, the simplest example of the transition matrix is the one
from (m(iry) to (E).

Lemma 1.6 ([6, Lemma 3.3]). We have
2 n—r+2k
B0 =3 ("7 e o),

k=0

where (T]”) denotes the ordinary binomial coefficient.

Nextly, the transition matrix from (E,) to (Pgr)") also has already been studied in [6],
presented as a certain fourfold summation.

Theorem 1.7 ([6, Theorem 2.2]). We have the following fourfold summation formula for the
BC,, Koornwinder polynomial P(iry(z|a, b, c,d|q,t) with one column diagram.

P(lr) (‘T‘aa b7 c, d‘Qa t) = Z (_1)i+jE7"72k72l7i*j(x)gle(k7 l7 tnir+1+i+j)80 (Z7 ]7 tnir+1)7

k,l,1,7>0
where
o1ty — U025 ) (5 12), (2% %), (1/%5 005/ )t
o (t%12), (sc?/t;82)  (s2a2 [t;82), (B t)i(se?5t) gy
1 — gp2k+21-1 ok o
X W@ c, (13&)

ali i) = OB/t 0) (s5)irj(—sac/t; )iv (s?a?c? [t%:t),

oA (t;t)i(—sac/t;t); (szabcd/tQ;t)iﬂ.(sac/t?’/g;t)i+j(—sac/t3/2;t)i+j
(=c/d;t);(sab/t:t); ;. (1.3b)

(t;t)j(—sac/t;t);
In (1.3) we have used the standard notation explained at the end of this section.

Hence, the properties of the transition matrix from (m,) to (Pgr(’;”) should be extracted just
by combining Lemma 1.6 and Theorem 1.7. One finds, however, that a slightly improved version
of the fourfold summation formula better fits with our investigation of the transition matrices,
explaining each degeneration step in (2.1) below from the point of view of the matrix inversion
formula of Bressoud [3].
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Theorem 1.8. We have
Pgury(la, b, c,d|q,t) = Z (1) By _op_oy—i—j(2)Tl(k, I "I GV (5 g g
k,l,3,5>0
where
I (i jes) = (—a/b;t)i(s;t)i(sac/t;t);(sad/t;t);(scd/t;t); ( 52a2cd/t3;t)ibi
Com (1 38) = (t;1)i (s%abed/t%;t) (—s2a?ed /t3;12) (—s?a?ed /135 12),
(—c/d;t);(t's;t) ;(—t'sa®/t; 1) (t¥'s%a?c?/t%; )
(t;t); (—t¥s2a%cd /12 )j(tZZs a202/t3;t2)j

J i

A proof of Theorem 1.8 is given in Section 2, using Watson’s transformation formula for
the basic hypergeometric series of sW7 type [4, p. 43, equation (2.5.1)]. An interpretation of
Theorem 1.8 is presented in Section 3, based on Bressoud’s matrix inversion. In Section 4,
we find a certain five term recursion relation, which enables one to relate Theorem 1.8 with
Theorem 1.2.

An application of Theorem 1.8 to a particular case reads follows. Consider the Macdonald
polynomials of type (By, By) [11, 9, 12]

Br,Bn)
P((lr) (.CL‘|CL q, ) P(IT (SC|q /25 *17a|Qa t)

Note that in this specialization of the parameters (a,b,c,d) — (q1/2, —q'/2, —1,a), we have
cl(k,l;s) =0 when I > 0, and ¢,"°"(4,7;s) = 0 when ¢ > 0. Hence the fourfold summation in
Theorem 1.8 degenerates to the following twofold one.

Corollary 1.9. We have

P((5;7Bn)(x‘a; Q>t) = Z (_1)jEr—2k—j (x)/c"e(k,o;tn—r-i-l-&-j)é;new (O,j; tn_r+1),
k,j>0
where
t/q;t?), (st;t?) (s2/t%582), (s/t;t)on 1 — st2k1

(2:42), (s/t:12) ( 2q/t; t2) (s Do L—st1 1
(1/a;1)(s:1);(=sq/t;1); (s2a/t%;1)
(t;t);(s2qa/t?; )j (s q/t3,t2)j
Corollary 1.10. When a = t = q, the Macdonald polynomials of type (B, By) become the
Schur polynomials sy(x) = sf“ (x) of type By. It holds that

ﬁ?)(x) P((lr*)“ " (2q;q.q) = Er(z) + Er_1(2)

" (0, 55 8) =

r LEJ
) n—r+2j 2 m—r+2j+1
— Z ( . )m(lrzj)(fﬂ) + Z < . )m(yzj1)(x), (1.4)
j=0 J j=0 J
where (73”) = m(m_l)'j'!(m_j+1) denotes the ordinary binomial coefficient.
Remark 1.11. The first few terms of (1.4) read
B,
Sam)
5. 1123 6 10 20 35 70 126 ---\ [ man
*an-1) 113 4 10 15 35 56 126 m(in-1)
532_2) — 11 4 5 15 21 56 84 - [mpa-s
B 1 1 5) 6 21 28 84 m(ln—S)
S(an-9) : :
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As another application of our results obtained in this paper, we calculate the transition matrix
from the Schur polynomials to the Hall-Littlewood polynomials, namely the Kostka polynomials
of type B, associated with one column diagrams. As for the Kostka polyonomials of types C,
and D,, associated with one column diagrams, see [6].

Definition 1.12. Let K(Ei?)(lr—z)(t) be the transition coefficients defined by

r

Bn _ By, (Bn,Bn) ( .14.
S(lr)(x) - ZZ; K(lr)(lr—l)(t)P(lv-fl) (JE‘L 07 t)

Theorem 1.13. The Kg’;)(lr,l)(t) is a polynomial in t with nonnegative integral coefficients.
Ezxplicitly, we have

—r+oL
tL [" TLJF } , | =2L,
Kt 1oy () = oL i1
tL+n—T‘+1 n—r+ + ’ l:2L+1
L o

Here we have used the notation for the g-integer [n|q, the q-factorial [n),! and the g-binomial

coefficient [’ﬂ as
q

S B | R

We prove this in Section 6.2.

The present article is organized as follows. In Section 2, we derive a slightly improved
version of the fourfold summation formula for the Koornwinder polynomial with one column
diagram. See [6] as for the original version. In Section 3, we give the transition matrices
from the Koornwinder polynomials P;r(z|a, b, c,d|q,t) with one column diagrams, to certain
degenerations of the Koornwinder polynomials Pry(x|a, —a,c,d|q,t), Pyr(z|a, —a,c, —clq,t),
Par (a:|t1/20, —t12¢, ¢, —cq, t) and Py (m|t1/2, —tY/2 1, —1lg, t). We show that these transition
matrices are described by the matrix inversion formula of Bressoud. In Section 4, we present
some technical preparations for our proof of Theorem 1.2. Namely, we give a certain set of five
term relations for 4¢3 series of the basic hypergeometric series associated with the transition
matrices. In Section 5, we prove Theorems 1.2 and 1.4. In Section 6, we study some degenerate
cases, including the calculation of the Kostka polynomials of type B,. In Section 7, we give
a solution to the recursion relation of the transition matrix in Theorem 1.2. In the appendix, we
recall briefly the asymptotically free eigenfunctions of the Askey—Wilson polynomials and discuss
the relation of the transition matrix. In addition, we present a conjecture for the asymptotically
free eigenfunctions of the B,, ¢-Toda operator.

Throughout the paper, we use the standard notation (see [4])

o0

(% 9)
(%)= [ (1=d"2), (=", ke,
kl;[o (¢"zq)
(a1,a2,...,ar;Q)k = (a1;9)k(a2; Ok - - - (ar; @), keZ,

)

alaa25-~~aa7‘+l‘ (a17a27"')ar+1;q)n n
7"+1¢T‘ b b 34,2 :Z b b bo.: z,

1y::-5Up n—0 (Qa 1 27-‘~7Taq)n

1/2 1/2
alvqal 7_qa1 y A4y o ooy Apg1

r+1Wr(a1§a4aa57 <oy Ar415 4, Z) = r+1¢r 1/2 1/2 74,2

a; ,—ag >qa1/a‘47"'7qa1/a7“+1
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2 Fourfold summation formula for Koornwinder polynomials
with one column diagram

Recall the definition of the Koornwinder polynomials. Let a, b, ¢, d, g, t be complex parameters.
We assume that |q| < 1. Set a = (abed/q)'/? for simplicity. Let z = (z1,...,z,) be a sequence of
independent indeterminates. The hyperoctahedral group of rank n is denoted by W,, = Z5 x &,,.
Let C [xl ,ac2 Yo ,x,ﬂ " be the ring of W,-invariant Laurent polynomials in x. For a partition
A= (A1, A2,...,Ay) of length n, ie., \; € Z>p and A\y > --- > \,,, we denote by my = my(z)
the monomial symmetric polynomial being defined as the orbit sums of monomials

A= |Stab ; Alj‘[x

where Stab(\) = {s € W, | sA = A}
Koornwinder’s g-difference operator D, = D, (a, b, c,d|q,t) [7] reads

" (1= ax;)(1 = bx) (1 — cx;) (1 — day) (1 —tasx;)(1 — tw;/xj)
Z atr= (1 —27)(1 - qz7) jl;lz (1- fﬂil‘j')(l - fﬂi/xjj) (e =)

(1 —a/x;)(1 = b/z;)(1 — ¢/x;)(1 — d/z;)
Z ot =11~ 1/2)(1 - ¢/7)

= (I —taj/a;)(1 —t/xizy) B
- (1= /)1 — 1/zi;) (Tq’a’i 1)’

=1

i
where we have used the notation T,fxlif(xl, ey Ty ey Ty) = f(ml, N T ,l‘n).
The Koornwinder polynomial Py(z) = Py(z|a,b,c,d|q,t) € C[xl ,. ..,x#]w’l is uniquely

characterized by the conditions

(a)  Px(x) = my(x) + lower terms w.r.t. the dominance ordering,
()  DyPy = dyPs.

The eigenvalue d) is explicitly written as

n
dA:Z<abcdq Lp2n=2j A > > Z(at" TN at™ ]>
j=1
where we have used the notations (z) = 2'/2 =212 and (z;y) = (zy)(z/y) =z +z ' —y—y !
for simplicity of display.

The aim of this paper is to study the Koornwinder polynomials Py (x|a, b, ¢, d|q,t) (0<r <n)
associated with the one column diagrams, and establish some explicit formulas for them. Note
that we will treat the most general six parameter case with arbitrary a, b, ¢, d, ¢ and t for any
number n of variables. No attempt, however, is made to investigate the cases with two columns
or more complicated partitions in this work. The only exception to this rule is the Appendix
where we present a conjecture about the asymptotically free solution to the g¢-difference Toda
equation of type B,,.

Recall the symmetric Laurent polynomial E,(z)’s in Definition 1.5. Our starting point in
this paper is the fourfold summation formula in Theorem 1.7 (Theorem 2.2 in [6]), namely

P(lr)($|a7b7 ) d‘Qat) = Z (_1)i+jE7“—2k—2l—i—]( ) (k7l7tn 7“—"—1—"_1—’—]) (7’ jatn_r+1)'
k,l,i,j>0
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We first need to derive a slightly modified version of this fourfold summation formula as
stated in Theorem 1.8, obtaining a better description of the transition matrices associated with
the following degeneration scheme:

P(lr)(x‘(% b7 c, d‘Qa t) A P(l’") (.T|(I7 —a,c, d|q7 t) > P(lr) (CL’|CL, —a,c, _C|q7 t)
> Py (:c|t1/20, —tl/Qc, c, —c\q,t) «— P(lr)(a;\tl/Q, —t1/2, 1, —1]q,t). (2.1)
We prove that the transition matrices associated with each of these degeneration steps are given

in terms of the matrix inversion formula of Bressoud.
In order to prove Theorem 1.8 we require the following proposition.

m m
Proposition 2.1. Y &,"V(i,m —i;s) = > ¢(i,m —i; s).
1=0 1=0

Proof. We have
- new SN (_C/d; t)i(s;t)i(_5a2/t§ t)i(8204262/t3;t)m g
Z — 1 3) = (t; t)i (S(IC/t3/2; t)i(_sac/t3/2; t)i(—82a26d/t2; t)m
x Wy (—s%a®cd/t*; t™s*a*c? [t sad [t, —a /b, scd/t,t™;t, —tb/c).

(2.2)

By Watson’s transformation formula [4, p. 43, equation (2.5.1)], the W7 series in (2.2) equals

(—s?a®cd/t?, sab/t;t)
(s2abed/t2, —sa?/t;t)

m, b, [ —a/b, scd/t, —t~™F2/sac ” t]

t- erld/c —sac/t, t="+2/sab’
On the other hand, we have
in: o B (s, s%a*c? /13, —c/d, sab/t;t) .
Colism = N (s2abed/t?, sac/t3/2, —sac/t3/?, t; t)m

=0
—a/b,scd/t, t™™, —t~™*2 /sac g
—sac/t,—t=mHd/c, t—m*2/sab’

X 4¢3 [ (2.3)

m m
This shows that > ¢,"V (i,m —i;8) = Y éo(i,m — i; 8). [
i=0 i=0

Proof of Theorem 1.8. By Theorem 1.7 we have

Pary(zla,b,e,dlg t) = Y (=) Ergpoiij(@)eL (k, L") e (i, ;60T

k,l,i,j>0
m
= > Yk Lt T B g (2) Y (i m — i56" )
k,l>0m>0 =0
m
S S UL T By () G (i — 7).
k,l>0m>0 =0
This completes the proof of Theorem 1.8. |

Now we turn to an explanation of the meaning of the new fourfold summation formula in
Theorem 1.8, from the point of view of the degeneration scheme (2.1).
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Lemma 2.2. We have

(L) = (tc2 /a2 12) (sc2t;12), (24 /12582), (1/c2t) (/8 ot 1 — st2R 211
) (t%82), (sc2/t:12)  (s2a?c2 [t 42)  (Gt)i(scPit)y,,,  1—st™!
(215 ), (50, 8) (6 /85 ) (st 1 — 521 o,
= (t2;t2)k( c2/t’t2) (32a 2/t; t2) (ch,t)% 1 — a1 ¢
(1/c%t),(%Fs /1), 1 — st2kg2-1
(t; )i (ke t), 1 — sttt ¢
= Cl(k,0;5)eL(0,1;t%*s),
and

RV (i i 5) = (—a/b;t)i(s; t)i(sac/t;t)i(sad/t; t);(sed/t; t); (— 32@26d/t3;t)i i

(t;t)i (s2abed/t%; 1) (—s2a?ed /t3;12) (—s%a?ed /%5 12),
(—c/d;t); (t's;t) ;(—t'sa® [t; ) (1% sac? [t%; 1)
(t;t);(—t*s%a%cd /12 )j(t2182a202/t3;t2)j
c/(\)neW(z 0 s)AneW(O,j;tis).

J g7

Hence we have the following recursive structure:

P(lr)(x‘(% b) ¢, d‘Qa t) = Z (_]—)i+jET—2k—2l—i—j( )AI (k l " T+1+Z+J)CO (7’ ]a tn7T+1)

k7l7i7j20
_ Z z/\new Z 0; 8) (Z(_l)jé‘;new(o,j;tis)
i>0 >0
(e (z OB ) ) )
£>0 1>0

where s =t

Definition 2.3. We denote the specialization of the parameters in the degeneration scheme (2.1)
by the Roman numbers IV, III, II, T as follows:

(a,b,c,d) PBC"(m|a b,c,d|q,t)

IV | (a,b,c,d) P(Eff’;"’w( ) = PS5 (wla, b, c,d|g, 1)

1 | (a,—a,c,d) P (@) = P(BC (x]a, —a, ¢, d|g, t)

II (a,—a,c,—c) P(]fg”’ll( ) = P(]ff’;”( x|a, —a,c, —c|q, t)

I (tl/Qc, —t1/2¢ ¢, —c) P(Efrc)"’ (x) = P(?Fn ($|t1/2 —t1/2¢,c, —clg,t)
(t1/2, 12,1, 1) BE.(x) = P(Jf,?; (z|t'/2, 12,1, ~1]q,1)

Lemma 2.4. When the parameters are in the strata 111, we have ¢,V (i,0;s) = 0 for i > 0.
When the parameters are in the strata 11, we have ¢,"V (i,0;8) = 0 fori > 0 and ¢,"°" (0, 5;8) =0
for 5 > 0. When the parameters are in the strata 1, we have ¢,"V(i,0;s) = 0 for i > 0,
" (0,7;8) =0 for j >0 and ¢,(k,0;s) =0 for k > 0. When (a,b,c,d) = (tl/Q, —t1/2 1, -1),

we have P(BC (x[t¥/2, —t1/2,1, ~1|q,t) = E,(z).

Proof. These immediately follow from the definitions of ¢,"°" (7, j; s) and ¢’ (k,[; s) and Theo-
rem 1.8. |
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Theorem 2.5. We have

Pay N (@) = (1)@ (1,05 P (), (2.42)
1>0
P(J?TC)'n,IH( ) = Z(_l)jé;new (O,j; tn_r+1)P£€7§’)H(£L'), (2.4D)
Jj=0
BC,,I1 o - n—r+1 BCp,,I
P(]_r) ($) - Z C,e (k7 07t + )P(lr—Qk)(x)7 (24C)
k>0
PES @) =3 (0,547 ) By (a). (2.4d)
>0

Here we have used the shorthand notation in Definition 2.3
Pﬁf’;’“w( ) = PES (2la, b, e, dlg, 1), Pﬁ?ﬁ“( ) = PES (xla, —a, ¢, d|g, 1),

P (@) = Pfcmm —cla,t),  PanTi@) = BES (elt e~ ¢, —clg,1).

Proof. First, set the parameters (a,b,c,d) as in the strata I. Then in view of Lemmas 2.2
and 2.4, we have (2.4d). Next, when we go up by one step to the strata II, we have (2.4c)
from (2.4d), Lemmas 2.2 and 2.4. In the same way, when we go up to the strata III, we
have (2.4b) from (2.4c), Lemmas 2.2 and 2.4. Going up one more time to the top strata IV, we
have (2.4a) from (2.4b), Lemmas 2.2 and 2.4. This completes the proof of Theorem 2.5. [

3 Matrix inversions for degeneration scheme
of Koornwinder polynomials

In this section we investigate the transition matrices appearing in Theorem 2.5 and their inverse
matrices, in terms of the matrix inversion formula of Bressoud [3].

Theorem 3.1 ([3, p. 1, Theorem], [8, p. 5, Corollary|). Define the infinite lower triangular
matrizc M(u,v;z,y; q) = (M, j(u,v;2,y;9))o<ij<co With entries given by

(@Y 0)i (ug"?" ;1 q)
(:9)i (uzq™;q), (uyq"=2+1;q),

M r—2i(u, v; 2,95 q) = y'v . i €L, i < |r/2],

7
and zero otherwise. Then we have M(u,v;x,y; ) M(u,v;y, z;q) = M(u,v;x, z;q). In particu-
lar, M(u,v;z,y;q) and M(u,v;y,x;q) are mutually inverse.

Definition 3.2. Set

_ (t%lﬂ?t)r 1/4, 3/4\T
d/\/[(u,v)r—m(u /'U ) .

Let .K/lv(u, v;x,y;t) denote the conjugation of the matrix ./\/l(u, v, T, Y; t2) by the daq(u,v), with
entries

Mr,rf% (Ua VT, Y, t) = Mr,eri (ua V5T, Y; t2)d./\/l (u, U)r/d/\/l (ua U)eri

G U (ut> =0 82),, (yul/? v /?)?
- (t2;t2)z‘ (u1/2tr—2i;t)2i (uxt2r—2i;t2)i(uyt2r—4i+2;t2)i Y :

Note that Mv(u, v;x,y;t) and M(u, v;y,x;t) are mutually inverse.
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Theorem 3.3. Define the matriz K(x,y; q) with entries

(/Y5 q)ij 1

(@ 9)i~j (2¢"7;q),_, (ya* 5 q),_;

Kij(z,y;q) =y

Then K(z,y;q) and K(y, z;q) are mutually inverse.

Proof. From the matrix M(u,v;x,y;q), we obtain the even-reduced lower triangular matrix
ME(u,v;x,y;q) = (M;j(u,fu; z,y;q)) with entries M7 ; (u, v; 7, y; q) = Ma;2i(u,v;z,y;q). Then
we have M®(u, v; z, y; ) M®(u, v; y, 2;q) = M®(u,v;z, z; q), implying that the matrix

K(z,y;q) = lim M®(u, L2/u, y/u; q)
satisfies K(z, y; 9)K(y, 2; q) = K(z, 2; ). u
Definition 3.4. Set

dN(“v U)r =v " (ul; t)r(u% t)’r(uS; t)r(u4; t)r

for u = (uy,us,us3,us). Let N(u,v;z,y;t) denote the conjugation of the matrix K(z,y;t) by
the da(u,v), with entries defined by

Nr,r—i(ua v, T, Y; t) = /Cmn_i(xv, Yy t)d/\/(u, U)r/d/\f(u7 U)T—i

_a(afyi )i (it ), (uat™ 5 8), (ust™ 5 8) (uat™™5 ),
(t;t)i (:thT—i;t) (yvt2r—2i+1;t)

% %

s T,’iEZZo.

Then N (u,v; x,y;t) and N (u,v;y,z;t) are mutually inverse.

~

Proposition 3.5. All the transition coefficients (—1)"¢,""(4,0; "~ "+1), (=1)76,"Y(0,5; ¢+,
c, (k‘, O;t”_’”ﬂ) and cl, (O,l;t”_”l) in Theorem 2.5 are given in terms of the Bressoud matrices
N(u,v;2,y;t), M(u,v;2,y;t) and M(u,v;z,y;q). Namely, we have
(_1)iéz)new (17 0; tn—r—i—l)
=Nyri (t_", 7" Jac, t 7" Jad, t 7" Jed, —t 7" Jacd, —t /b, t ] a; t),
(_1)jé:)new (0’ j; tn—r—l—l)
=Nor—j (t_”, —t7" a2 7 Jae, -t ae, 7 JaPe, —t/d, t] c; t),
é\/e (ka O; tn—r—l—l) = Mr,r—2k (t_2n+2/647 t_Qn_4> CQ/tCLQ, 1/t2; t)v
(0,147 = My o (877 8,1/6, 158).

Proof. These can be checked by straightforward calculations using the definitions. We only
demonstrate the first equation. By Definition 3.4 we have

(1) Nopi (" 7" Jac, 7" Jad, 7" Jed, —t 72" Jacd, —t /b, t/a; ) (3.1)
_ (_t/a)i (—a/b; t)i (t—n—i-r—i; t)i (t—n+r—i+1/ac; t)i (t—n+r—i+1/ad; t)i (t—n+r—i+1/cd; t)i
(t; t)i (t72n+2r7i+1/abcd; t)z’ (7t72n+2r72i+2/a26d; t)z'

Noting that we have
(—x/t)t=G) (X 158)
L (t/x:8), (27X 17)
i (t/X;t)n

(Xt_i;t)i = i’

(Xt72:4) n(—x/t2)"t30),
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and recalling the definition of ¢,"“V (7, j; s) in Theorem 1.8, we find that r.h.s. of (3.1) reduces to
(—a/b;t) (84 t) (8 T acs t) (" Tad; t) (87 " ed; t) (— "2 e ed; t)ibi

( : )i(th 2rabed, t)i(ith 2r— 1a26d, tZ)i(ith 2ra26d; tZ)i
— é\onew(ijo;tnfvdrl)' [

Theorem 3.6. The following relations are inverse to those given in equation (2.4)

BCy,II1
Py (@)

= Y Nops(tT T Jac, 7 fad, 7 fod, 7" facd, t/a, /b t) PO (@),

1 z)
>0
BC,,I1
=3 Nepj (£ =t a? 47" Jac, —t7" Jac, £ a’e,t fc, —t/d;t) Pﬁ?’y)m(a:),
>0
BCy,I ~ _ —on— . BC, 11
Pyl (@) =) Moo (7202 072071/, P fta®s 6) P (),
k>0
- Ch,
= > Moy (177 1,1, 1/ ) P ().
>0

Proof. These follow from the Bressoud matrix inversion formulas (Theorem 3.1, Definition 3.2
and Theorem 3.3), Theorem 2.5 and Proposition 3.5. |

4 Five term relations

In this section we give some preparations in order to prove Theorem 1.2. We need to recall some
of the results in [6] concerning the four term relations for the 4¢3 series associated with the
matrix M. Then we give the five term relations for the 4¢3 series associated with the matrix A.

4.1 Matrices M = (M;;), N = (N,;) and series B(n,r,p)

Definition 4.1. Define the lower-triangular matrices M = (M;;), N = (N;;) by the following
products of the Bressoud matrices:

M = M(t272 /et 47201 2 a1 /825 M (778,12, 151),
N = /\/'(f"7 7" ac, t7" M Jad, t7" Y Jed, —t 7" Jacd, —t /b, t ) a; t)
x Nt =t a? 7" Jac, —t 7" Jac, 72" JaPc, —t/d, t/c; t).

Writing the matrix elements explicitly, we have

L(i—4)/2]
M;; = Z Mo (87272 ) 72074 3 ta? 185 6) Mg (8771, 1/, 15t)

= Y ALostEN (0, (i - 5)/2) — LTI i >
=0

N;; = ZM i (T Jae, 7 Jad, t7" T Jed, 7" Jacd, —t /b, t/a;t)

0
X M Lj (tin’ _tin+1/a27 tinJrl/a’Ca _tin+1/ac7 t72n/a2ca _t/da t/C7 t)
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i—j

— Z(_ JAnew(l 0; 1 z+1)/\new(0 i—j— l;tnfiJrlJrl)’ i> .

(4.1)
=0

Definition 4.2. Define the series B(n,r,p) as the (r,r — p)-th matrix element of the product
matrix MN

B(n,r,p) = (MN)m_p.

Writing them explicitly, we have (p € Z>)

nTQp E Mr 2k,r— 2p ror—2k

P pfk 2k -
— ZZ (2 0 tn 7"+2k+1) (O p— k, —Z t?’b 7’+2k+21+1)
k=0 i=0 5=0
x _1)2ké\onew(j’O;tn—r+1)l§\onew(0’2k —j;tn_r+j+1),
p+1

— (Z 0 tn 7'+2]€) (0 p— k+ 1— tn—r+2k+2i)

Note that we have

B(n,r,p)

= > Negpasoeriop ("t ac, 7 fad, 7 fed, —t7" Jacd, —t/b, t/a; t)
i+2k+20<p

r4204+2k+i—p,r+204+2k—p (t_n, *t_n+1/a2a t_n+1/CLC, *t_n+1/ac7 t_2n/CLQC, *t/da t/C' t)
X Mr+2l+2k‘—p,7’+2l—p (t_2n+2/647 t_Qn_4a CQ/ta2> 1/t2; t)MT+2l—p,T—p (t_na t, 1/627 1; t)

_ Z (_l)pé;new (p — 20— 2k —14,0; tn—r—i—l)é;new (07 i; tn—r—2l—2k—i+p+1)
1+2k+20<p

% ¢ (k‘ 0 T 20— 2k+p+1) (0 l T 2l+p+1)

4.2 Four term relations for M
We remark that the matrix M, ; is denoted by B; ; in [6].
Definition 4.3. In view of Lemma 2.2, set for simplicity
y (th/aQ;t2)k(502t;t2)k(s2c4/t2;t2)k(s;t)2k .
mi(s, k) :=Ce(k, 0;5) = 2,42 2/6:42), (a2t 12), (sc%;t a
(2:47) (sc?/t;12) (s%a2c? [;12), (sc2it) )

0] 5) — (1/623t)l(3/t§t)l(3§t)2lc2l
mo(s,l) :==¢L(0,1;s) = (t;t)l(SCQ;t)l(S/t; B

Definition 4.4. Define

M. D) i (—1)ls! (s2/12;42),1 — s2¢41-2 —sa?, —sc?, 222 =2 2
s, 1) :=(=1)'s )
’ (t2;¢2), 1—s%t2 s —s, —st, 52(1202/75
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Proposition 4.5. For s = t" "1, we have

!
Mo = M(s,0) = > ma(s, k)mo(st™,1— k).
k=0

We rewrite Theorem 6.1(a) in [6] as follows.
Theorem 4.6 ([6, Theorem 6.1(a)]). We have
M, o2k + My 912k 12 = My 911102k 41 + f(tnfrwl!a, —a, ¢, —¢)My_o1_1 r—2kt1.
We can rewrite Theorem 4.6 for generic s as follows.
Theorem 4.7 ([6, Theorem 6.1(a)]). For generic s we have
M(st,1) + M(st,l — 1) = M(s,1) + f(s|a, —a, ¢, —c)M(st*,1 — 1).
This follows from the following lemma.
Lemma 4.8. We have

mi (s, k) + f(s|a,—b,c, —d)ymq (st*, k — 1)
=mq(st, k) + f(st2k_2|t1/20, —t'/2¢, ¢, —c)ml(st, k—1),
mo(s,l) + f(s|t1/20, —t12¢, c, —c)mg (st2,l —1) = mo(st, 1) + mo(st,l — 1).

Note that f(st?=2t1/2 —t1/2,1,—1) = 1.
4.3 Five term relations for N

Definition 4.9. In view of Lemma 2.2, set for simplicity

n1(s,4) = (=1)'6"" (i, 05 5)

_ (—a/b;t)i(s; t)i(sac/t; t)i(sad/t; t);(scd/t; t); (—s*a’ed/t3; t)

(t;1)i (s2abed /1% t) (—s2a?ed/t3;t),, H0)
nO(Saj) = (_1)ja)nevv(0,j;s)
B (—c/d; t)j(s;t)j(—saQ/t;t)j (82a202/t3;t)j($2a262/t3;t2)j 0y

(t;t)j(—sa2cd/t2;t)j(sa202/t3;t)2j
Definition 4.10. Define

(—c/d, s, s2a%c? /13, sab/t; t)

N(s,j) := J —d)’
(5,9) (t, sac/t3/?, —sac/t3/?, s>abed /12 t)j )
—-J _ _4—Jt+2
% sds t , a/b, scd/t, —t | /sac ot
—t—itld/e, —sac/t, =312 /sab

Proposition 4.11. For s = t" "+ we have

J
Ny r—j = N(s,j) = an(s, i)no(sti,j — z)
i=0
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Proof. Set s = t"~"*! for simplicity. By (4.1) in Definition 4.1, we have

M] gnlstnost,j—z)

J

J
Z Y(i,0;s)¢ new(O]—zst’ Z(?newzj—zs)

i=0 =0
(—c/d, s, s%a? 2/t3,sab/t;t)j

— —d)’
(t, sac/t3/2, —sac/t3/?, s2abed /12, t)j )
t=9, —a/b,scd/t,—t=712 /sac ,
) ;t,t| =N .
X 4¢3 [—t7+1d/c —sac/t,t=912/sab’ (5:7)
Here in the last step, we have used (2.3) in the proof of Proposition 2.1. |

We obtain a five term relation for N(s, j) as follows.

Theorem 4.12. For generic s, we have

N(s, ) + g(sla, b,c,d)N(st, j — 1) + f(s|a,b, c, dN(st?,j — 2)
= N(st,j) + f(stj_2|a, —a,c,—c)N(st,j — 2). (4.2)

We require the following lemma in order to show Theorem 4.12.

Lemma 4.13.

ni(s,i) + g(sla, b, c,d)ni(st,i — 1) + f(s|a,b,c,d)ny (st2,i —2) (4.3a)
= ny(st,i) + g(sti*1|a, —a,c, d)nl(st,i -1+ f(st"*QIa, —a,c, —d)nl(st,z’ —2),
nO(Saj) + g(s|a, —a,c, d)nO(Staj - 1) + f(8|a> —a, ¢, d)nO (St27j - 2)
=no(st,j) + f(stj”]a, —a,c, —c)no(st,j —2). (4.3b)
Note that g(s|a, —a,c,—c) = 0.
Proof. This follows from a direct calculation. |

Proof of Theorem 4.12. We have

N(st,j) + f(stj*2\a, —a,c, —c)N(st,j —2)

J Jj—2
= Z nq(st,i)ng (st“‘l,j - z) + f(stj_2]a, —a,c, —c) Z ni(st,i)ng (st“'l,j —2— z)
i=0 i=0
; : Z
= 1(st z)(no(stzﬂ,j —i) + f(stj %la, —a,c, —c)no(stzﬂ,j —i—2))
i=0
+ni(st,j — 1)ng (st], 1) + nq(st, j)no (stj“, 0). (4.4)

Applying (4.3b), and noting that ng(st/*!,0) = 1, we have

j—2
r.hs. of (4.4) = an(st, i)(no (sti,j — z) + g(st'|a, —a, ¢, d)ng (st”l,j —7— 1)

i=0

+ f(sti]a, —a,c, d)no (sti+2,j — 17— 2)) +ny(st,j — 1)ng (stj, 1) +nqy(st, j)
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= S ni(st,i+ ng (st j —i — 1) +ni(st,0)no(s, §)
=1
—Zl—nl(st, Dng(st,j —1) —ni(st,j — 1)ng (Stj_l, 1) — ny(st, j)no (stj, 0)
+ jig(stﬂa, —a,c, d)nl(st, i)ng (st”l,j — 17— 1)
-+ ;:(;a, —a,c,d)ni(st,0)no(st,j — 1)
- g(stj_1|a, —a,c, d)nl(st,j —1)ng (stj, 0)

j—1
+ Z f(sti_1|a, —a,c, d)nl(st,i — 1ng (st”l,j —1— 1)
i=1
+ni(st,j — Dno(st?, 1) +ny(st, j). (4.5)

Concerning the Lh.s. of (4.2), we have

J
N(Saj) = an(svi)nO(Stiaj - Z)
=0

j—1
= ma(s,i+Dng(st™,j — i — 1) + na(s,0)no(s, j) + na(s, Yno(st, j — 1), (4.6)
i=1
j—1
g(sla,b, e, N(st, j — 1) = glslasb,ed) S (st, iyno (st j — i — 1)
i=0
j—1
= Zg(s\a, b, ¢, d)ny(st,i)ng (st”l,j —7— 1)
i=1
+ g(sla, b, ¢, d)ny(st,0)ng(st,j — 1), (4.7)
j—2
f(sla,b,c,d)N(st?,j — 2) = f(s|a,b,c,d) an (8t2, i)no (st”z,j — 17— 2)
i=0
j—1
= f(sla,b,c,d)ny (stQ,z’ - 1)n0 (st’“,j —1— 1). (4.8)

=1

By the equations (4.5), (4.6), (4.7) and (4.8), and applying (4.3a), the equation (4.2) is shown
to be equivalent to the identity
n1(s,0)no(s,7) +ni(s, Dno(st,7 — 1) + g(s|a, b, ¢, d)ni(st,0)ng(st,j — 1)
= n1(st,0)no(s, 1) +ni(st, 1)no(st, j — 1) — ni(st,j — Dng(st! 1, 1) — ny(st, j)no(st,0)
+ g(sla, —a, ¢, d)ni(st,0)no(st,j — 1) — g(st];l]a, —a,c,d)ni(st,j — L)no(st’,0)
+ni(st,j — 1)ng (stj, 1) +nq(st, j). (4.9)

By a direct calculation, one can show that the equation (4.9) holds. This completes the proof
of Theorem 4.13. |

4.4 Five term relations for B(n,r,p)

Now, we obtain the five term relations associated with the B(n,r,p) as follows.
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Theorem 4.14. We have

B(’I’L,T‘,p) + B(TL,’F,p— 2) = B(n,r—}— ]-ap) + f(tn_r|aa ba ¢, d)B(’fL,T‘ - 17p_ 2)
+g(t" "a,b,c,d)B(n,r,p—1). (4.10)

Proof. First, we shall show (4.10) for p = 2k. We have

k k—1
Lh.s. of (4.10) = Z My 21 r—2kNp 21 + Z M;-—21r—2k+2Nrr—21
=0 =0
k—1 k—1
= Mr—2k,r—2kN7‘,r—2k + Z Mr—?l,r—ZkNr,r—Ql + Z MT’—Ql,T—Qk’-‘,—QNr,r—Ql
=0 =0
k—1
= Nr,r72k’ + Z(Mr72l,r72k + Mr72l,r72k+2) Nr,r72l- (411)
1=0
By Theorem 4.6, we have
r.hs. of (4.11)
k—1
= Nprooe + Y (Mr_ori1pmanst + L7720, —a, ¢, —c)My_g1-1r—2k11) Ny
1=0
k k—1
- Z My 2141, —2k4+1Nr 21 + Z f(tn—r2l—2‘a7 —a,c, —C) My —21—1 r—2k+1 Ny 2.
1=0 1=0
Then we have
(Lh.s. — r.h.s. ) of (4.10)
k k—1
= Z M, o112k 41Ny o + Z FE e, —a, ¢, —¢) M1y 1Ny 2
1=0 1=0
k k—1
- Z M, p1—21r41—26Nrp1 rp1-21 — Z F(E" T a, b, e, d)My_1—op p—okr1Np 1 19
1=0 1=0
k
—g(t" "|a,b,c,d) Z My —2141r—2k+1Npr—2141
1=0

k
= Z My —o41,0—2k+1 (N o2t — Np1 p1—21)
1=0

k-1
+ Z M, 21— 1okt (f (" @, —a, ¢, )Ny pop — F ("7 "]a, b, ¢, d)Ny_1,—1-21)
1=0
k
— Z M —o141,r—2k4+19 (8" " |a, b, ¢, d) Ny —op4 1. (4.12)
1=0

The second summation in the r.h.s. of (4.12) can be recast as

o
—

M, o1 a1 (F (" a, —a, ¢, —c)Np oy — f(£" " |a, b, ¢, d)Ny_1,,—1-2)

N
Il
o
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k
= Z M, o1 o1 (f ("2 72|a, —a, ¢, —¢)Ny oo — F(£" " |a, b, e, d)Ny—1 - 2141)
=1
k
= Moot a1 (F(E " 2a, —a, ¢, —¢)Nyy—oria — f(E" " |a, b, ¢, d)Ny_1 p_i41)-
1=0
Hence, the r.h.s. of (4.12) reduces to
k
Z M, —2141r—2k+1 (Np—2r — Nyt p1—21 + f(tn_rwl\a? —a,c,—c)N; ;o
1=0
- f(tn_r|aa ba ¢, d) Nr—l,’r—l—?l - g(tn—’r|a’ b7 ¢, d) NT,T—QZ—H) =0.
Here we have used Theorem 4.12.
Second, we shall show (4.10) for p = 2k + 1.

k+1 k
Lh.s. of (4.10) = Z M, —2141,r—2k—1Np 241 + Z M o112k 41N 2041

=1 =1

k
=M, ok _1,-2k-1Npr 261 + Z M, 211 1r—2k—1Nrr—2141
=1
k
+ Z M, —2141,r—2k+1Np r—2141
=1
k
=Ny yok-1+ Z (My—2141,r—2k—1 + My—a141r—2k41 ) Npr—2141- (4.13)
=1

By Theorem 4.6, we have

r.h.s. of (4.13)

k
=Nppob 1+ Y (Mrarpopar + ("7 Ha, —a, ¢, = )My —appok) Ny 2111
=1

k+1 k
4201
= § M, 2142 r—2kNy r—2141 + E FET  a, —a, ¢, —¢)My_arp—0k Ny p—op41.
=1 =1

Then we have

(Lh.s. — r.his. ) of (4.10)

ket 1 k
—r42l-1
= Z MT—QZ‘FQ,T—?’CNT,T—QH‘I + Z f(tn T |a7 —-a,Cc, _C) Mr—2l,r—2kN'r,r—2l+1
=1 =1
ket 1 k
= My kN oo = Y F(8" " a by e, d)My ook Np 1 oy
=1 =1
k
- g(tn—r|a’ b7 ) d) Z Mr—?l,’r—Qk’Nr,r—Ql
1=0
ht1

= E M, —o42.r—2k (Npr—2141 — Npg1 r—2142)
=1
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k
+ Z MT‘*2l,T’*2k‘ (f(tnir+2lil ‘a7 —a,C, _C) NT,T*21+1 - f(tnir‘aa b; ¢, d) NT*LT*%)
=1
k+1

- Z M, —o142r—2kg (t" " "|a, b, ¢, d)Nyp_op4o. (4.14)
=1

The second summation in the r.h.s. of (4.14) can be modified as

k
Z M, oo (f ("2 a, —a, ¢, —¢)Npp—oii1 — F(£" " |a,b, ¢, d)Nyp_1 —21)
=1

k+1
= Z M, _ors0—ok (f ("3 a, —a, ¢, )Ny y—ops — F(£" " |a, b, e, d)Ny_1,—9110)
=2

k1
= Z M, _ors0r—ok (f ("2 73a, —a, ¢, )Ny p—ops — F (1" |a, b, e, d)Ny_1,—211).
=1

Hence, the r.h.s. of (4.14) reduces to

k+1
Z M, —2+2r—2k (Np 2111 — N1 r—org2 + fF (7273 a, —a, ¢, —)Np o143
=1
- f(tnirlaa b7 C, d) NT*I,T‘*QZ+2 - g(tnir’aa ba C, d) NT,T72l+2) = 0.
Here we have used Theorem 4.12. [ |

5 Proof of Theorems 1.2 and 1.4

5.1 Transition coefficients Ci(g.)

In this section we set f(s) = f(s|a,b,c,d) and g(s) = g(sl|a, b, c,d) for simplicity. Recall that we
have the expansion (Theorem 2.5, Definitions 4.1 and 4.2)

Pary(zla,b,c,dlg,t) =Y B(n,r,p)Er_p(). (5.1)
p=0

In the previous section, we have established the five term relations for B(n, r, p) in Theorem 4.14.

Definition 5.1. Define C(") = (C’L'(Z))Ogi,jgn as the finite upper triangular (i.e., Ci(g) = 0 for
i > j) transition matrix from the monomial basis (mr)(x)) to the one with Koornwinder

polynomials (P(;r)(z]a, b, c,d|q,t)):

Pary(zla,b,c,d|q,t) = ZCT@nniwkm(lpk)(m). (5.2)
k=0

Recall Lemma 1.6 (Lemma 3.3 in [6]):

L5

N3

E.(z)=

<n —r+2k
k=0

L )m(lr_zk)(x),

where (Zn) denotes the ordinary binomial coefficient.
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Proposition 5.2. We have

—r+2h
nrn T+2h_ZBnT2p( h—p )’ OShSLT‘/QJ, (53)
n n—r+2h+1
C?S—)r,n—r—i—Zh—i—l = Z B(TL, r, 2p + 1) < h— P >, 0 S h S L(T’ — 1)/2J
p=0
Proof. These follow from (5.1) and (5.2). [

Proposition 5.3. We have i > j = Ci(z) =0, CZ(’?) =1(>1), and

¢ =cf" )u 1 +9(ti)cfg)—1 + f(t@')cz‘ﬂ,j-r (5:4)

7]

Proof. By Definition 5.1, we have the triangularity i > j = Ci(f;-) = 0. We have from (5.3) that
e =1 (¢ > 1). Next we shall show (5.4) for the case: i =n—r, j=n—r+2h (h>0). (The

1,1
other case i =n—7r,j=n—7r+2h+ 1 (h > 0) can be treated in the same way, hence we can

omit it safely.) The r.h.s. of (5.4) in this case reads
C(n) 4 (tn T)C(n) 4 (tnfr)c(n)
n—r—1ln—r+2h—1 g n—r,n—r+2h—1 f n—r+1,n—r+2h—1

h h—1
n—r—1+2h e n—r+2h—1
:pZZ:OB(n,T—f—l,Zp)( h—p >+g(t )ZB(n,r,2p+1)< ho1-p >

p=0
h—1
e n—r+2h—1
+ f(t )ZB(n,r—l,Qp)( h—1—p ) (5.5)
p=0
Concerning the first term in the r.h.s. of (5.5), we have
h
—r—142h
ZB(n,r—i—l,Zp)(n Th + >
p=0 P
h
n—r—1+2h n—r—1+4+2h
=< L >+ZB(n,r+1,2p)( h—p >
p=1
n—r—1+2h = n—r—1+2h
= B 1,2 2 . .
(" >+§ o+ 124 2) (" (5.6

By Theorem 4.14, the other parts of the r.h.s. of (5.5) are calculated as

h—1
> (n _hT_+1 Q_hp_ 1) (g(t"")B(n,r,2p+ 1) + f(t" ") B(n,r — 1,2p))
p=0

e Sy Y A |
< >(B(n,r, 2p 4+ 2) + B(n,r,2p) — B(n,r + 1,2p+2))
0
1

h—1—7p
p=
S n—r+2h-1
—Z( he1-p >(B(n,r,2p—|—2)—B(n,r+1,2p—|—2))
p=0

h—1
n n—r-+2h B n—r+2h—1 Bn,r,2p)
—0 h=p h=p
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h—1
n—r+2h—-1
:Z( he1-p )(B(n,r,?p—i—Q)—B(n,r+1,2p+2))
p=

+Z<(n_r+2h>_(n_zl—’__i,h_:l))B(n’r’zp)' 57

Hence, from (5.6) and (5.7), the r.h.s. of (5.5) is

h
n—r—14+2h n—r-+2h
B 2

p=0

h—1 h
—r+2h—1 —r+2h—1
+ (n iﬁ_ )Bhun%+a)—§:<n th )BWJJM- (5.8)

Then noting that the last term of (5.8) is recast as

h
n—r+2h-—1 n—r+2h—1
E B 2

p=1

- n—r+2h—1 +h
- h

p

1<n—r+2h—1

B(n,r,2p + 2
h_p_l > (n77ﬂ7 p+ )7

I
=)

the r.h.s. of (5.5) is calculated as
h
S (" B = .
p=0
5.2 Proof of Theorem 1.2
Now we are ready to state our proof of Theorem 1.2.

Proof of Theorem 1.2. Consider the following recursion equation for the infinite upper tri-
angular matrix X = (X ;)o<i j<oo:

X is upper triangular, (5.9a)
Xii=1, i>0, (5.9b)
Xij=Xi—1j-1+9(t") Xijo1 + f(t') Xig1,j-1- (5.9¢)

The solution to this recursion equation (5.9a), (5.9b), (5.9¢) for X exists uniquely. Write by
C = (Cij)o<i,j<oo the unique solution. The stability property (i.e., the independence of C on n

is clear. We have established that C(") = (CZ(?)) satisfies the same recursion equation (5.9a),
(5.9b), (5.9¢). Hence we have C( W = =C;; (0 <4,j <n). This proves Theorem 1.2. [ |

5.3 Proof of Theorem 1.4

By Theorem 1.2 we have

P(BC ch rn— r+km(1r k)(ml,mg,...,xn).

k=0
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Noting that

m(lrfk)(xl, T2y xn) = m(lrfk)(xl, T, ... wn_l)

+ (Tn + 1/zn)mar—s—y(T1, 22,y Tn—1),

we have
Cn—r,n—r—i—km(lf'*k)(xla L2y ey -Tn) = Cp—r n—r-l—km(l?“*k)(lila Z2, ... xnfl) (510)
+ Corn—r+k(Tn + 1/Tn)Mgr—k-1y (21,22, . ., Tp1).
The first term of (5.10), by (1.2¢), is
Cnfr,nfrJrkm(lT—k)(wly Ty evny xn—l) = (Cnfrfl,nfrJrkfl + g(tnir)cnfr,nfﬂrkfl
+ f(tn_r)cn—r-‘rl,n—r-i-k‘—l)m(lrfk)(:Ela Z2, .- 7mn71)-
Then we have
.
P(BC Cn r—1n—r— 1+km(1?“ k)(wlax%-”axn—l)
k=0
r—1
+ Z (($n +1/zn) + g(tn—T))Cn_r7n_r+km(1r7k71)(l'1, Xy ey Tp—1)
k=0
r—2
+ ) J" T )Chmr i1 146 M(1r—k-2) (X1, T2, -+, Tp1).
k=0
This completes the proof of Theorem 1.4. |

6 Some degenerations of Macdonald polynomials of type B,
with one column diagrams and Kostka polynomials

This section is devoted to the study on certain degenerations of our formulas for the Macdonald
P(Bnan

polynomial (1) (z|a;q,t).
6.1 Macdonald polynomials of type (B, B,)

Setting the parameters as (a,b,c,d;q,t) — (ql/z, —q?, —1,t; g,t) in the Koornwinder polyno-

mial Py, we obtain the Macdonald polynomials of type (B, By)
Bn,Bn
PP (@las g,1) = Pr(wlg"?, —q'%, 1, alg, ).

Theorem 6.1. We have

r 1/t - r+1 ftN—Tq th—Qr /t't).
(Bn7Bn
P(lf‘) $|t q,t ]go t, $2n— 27’+1q t) (th o /‘f,‘ t2) —t)]
T‘QJJ (t/q;tQ)k(tn—T+2+j;t2)k(t2n—2r+2j;t2)k (tn_T+j;t>2k
X kZ:O (t2;t2)k(tnfr+j;t?)k(t2n72r+1+2jq;t2)k (tn7r+1+j;t)2k
1 — gn—r+2k+j

k
X WCI Ey_a—j(z),
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5 B \_%J (t'n,—T-i-l; t) o (Q/t, t2)k (t2n—2'r; t2)2k (t2n—27“—1q; t2)k
r(l') - P (tn—r; t) o (t2, t2n72r+2; 752) . (t2n72r71q; t2) o
r— tnfr+2kq1/2’ tTL*T“Fqul/Z; t) )

’ P((ﬁ’l;f’i_)j) (t;q,t).

tk

2k 4(tn7r+2k+17 _tnfr+2kq7 _

x ) (=1) -
= (t2n 27‘+4kq; t) Sy

Corollary 6.2. Setting t = q, we have the formula for the Schur polynomials sﬁ’;)(:c) =

PP g 0, q)

s (#) = Bo(a) + By (),

Br(a) = Y (-1sf ) @)

15 . =1 .

n—1r+2j n—r+2j+1

sg"r)(x) = ( i >m(1r—2j)(a€) + Z < i )m(lr_zj_1)(:1:).
0 j=0

6.2 Hall-Littlewood polynomials P((llf"’B")(m|t 0,t) and Kostka polynomials

Theorem 6.3. Setting ¢ = 0, we have

l5]
(Bnan kan_T+2k] n—T+k—1
P t; 0, t - @ - E,_
(1) l’| kzo [TL — T]t k - Qk(ﬂj‘)
r—1
2
nr—i—l kk2n—7’+2k+1] n—r-+k B
+ t Z [n —r + 1] k t2 r—1—2k(~1'),
k=0
5] ( n—r+1 2n—2r 2 r—2k
t it),, (Tt T
k=0 (tnﬂq; t)Qk (tz t2n= 2r+2 752 Z (1r=2k=7)
r L5 (t2n2r, t2) .

o (5 2) (0075 ) g, (2225 8),,

Definition 6.4. Let K(Ei?)(lr l)( ) be the transition coefficient defined by

r

Bn Bn (Bn,Bn) .,
8(17‘)(56) ZX;K( )(17 l)(t)P(lr—l) (ta07t)

Then we have the following theorem.
Theorem 6.5. The Kgr)(lr l)( ) is given by
13 (t2n=2ry g2 (£n=r )
)2k Y (1)

Kl e (t) =
(1my(1r=1h) P (t2;t2)k(tn—r;t)2k (t2n—2r+2;t2)k

115 2n—2 2 2,
2 (t n— 7"+2;t ) (tn r+ t)

=1k gyl
+ P (t2;t2)k(tnfr+l’t)2k(t2n 2T+4,t2)kt ( 1) :
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Theorem 6.6. We have

tL[n—r+2L} 1oL
Ky () = g 2 |
1mar= — 2L +1
(LAn—rt1 [n r+ 2L+ ] Cl—or4 1
L 2

In particular, K(lr)(lr,l)(t) is a polynomial in t with nonnegative integral coefficients.

Proof. Set
e (th—zr; t2)2k(1 _ tn—r—H) 2
(% t2)k (tn=rst) 2% (t2n=2r+2,42) k ’

(t2n—27‘+2 : t2)

2k k
(t2; t2) 3 (tTL*T‘Fl; t) ok (t2n72r+4; t2) N ¢

Then we have

Br ==

i Lﬂj
2 2

Kg?)m y(t) = ("), (_1)lzak+ G Z B | - (6.1)
k=0 k=0

We shall prove (6.1) for [ = 2L by induction on L. We have
L+1

K(Bn)(lr erin)(t) = ("% 001 (Z k _Zﬂk> ("% a4 (n g1 — Br)

L-1
+(1 - tn—r+2L+1) (1 - tn—r+2L+2) ((tn—r+2; t) - (Z ay — Z 5k>>
k=0 k=0

(t2n727‘+2L+2 : 752)

_ T2, —r42L+1 —r+2L+2 L,L
= (" 75)2L+1(O‘L+1 Bu)+ (1 —1" )y = ) (2:12), t
(£2n-2r+2L+D)+2, 42)
— L4, L41
$2: 2 ¢ : (62)
(#%82)
We can prove (6.2) for [ = 2L + 1 similarly. [ |

7 Solution to the recursion relation

We give a combinatorial expression of the entries C, ,,; in the transition matrix C for r,l € Z>.
In this section we set f(s) = f(s|a,b,c,d) and g(s) = g(s|a,b, ¢, d) for simplicity.
For m,n € Z>¢ let us define the finite set

PO = {X1 X2 Xpnin | Xi = fF("7%) or g(t"~%) for 1 < i <m+mn, d; € L},
which satisfies three conditions:
1) 0<d; <,
2) [{i| Xi = f(t""%)} =m and [{j]X;=g(t""%)}| =n,
3) If (X5, Xig1) = {(f(tr_d-i)’f(tr_%iﬂ)) o ( (t” N ) (tT dlﬂ)) then d; —1 < dip1 <1,
(9(t~),g(t=4)) or (9(¢"~), F(E—4+1))  then d, < dyps <.
Theorem 7.1. Let us define Coo = 1. For r,k € Z>o we have

Crptok = Z Z X, Crrgokt+1 = Z Z X.

k1, k2€Z>o (r) k1, k2€Z>o (r)
k1+ko= Xepkl 2kg k1+ko= Xeph 2kg+1
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A  Appendix

A.1 Asymptotically free eigenfunctions of Askey—Wilson polynomials

Let a,b,c,d,q € C be parameters with the condition |¢| < 1. Let D denote the Askey—Wilson
g-difference operator [1]

(1 —azx)(1—bx)(1—czx)(l—dzx)
(1—22)(1— qa?)
(1 —a/z)(1 =b/z)(1 —c/x)(1 —d/x) 1y
* (1—1/a%)(1—q/2?) (Lo =1):

where the g¢-shift operators are defined by Tqﬁl (x) = f(qilx). Recall the fundamental facts
about the Askey-Wilson polynomial p,(z;a,b,c,d|q) (n € Z>p). It is a symmetric Laurent
polynomial in z and characterized by the two conditions: (i) p,(z) has the highest degree n,
(ii) pn(x) is an eigenfunction of the operator D. Askey—Wilson’s celebrated formula reads [1]

D=

(T = 1)

n—1

q ", abedq™t ax,a/x

n =a " ba s d; n y 4, s
pn(z) = a”"(ab, ac, ad; q) 4¢3[ ab. ac. ad 4q

Dp,(x) = (q_" +gbedg™ 1 — 1 — abcdq_l) P ().
Let s € C be a parameter. Introduce \ satisfying s = ¢~*. Then we have Tq,zzp_)‘ = sz,
Let f(x;s) = f(x;s|a,b,c,d|q) be a formal series in z

f(z;s) = zA Z cnx”, co # 0,
n>0

satisfying the g-difference equation

abed 1 abed
qs

Df(z:s) = ( ¥ ) fa:s). (A1)

With the normalization ¢y = 1, (A.1) determines the coefficients ¢, = ¢, (s|a, b, ¢, d|q) uniquely
as rational functions in a, b, ¢, d, ¢ and s.

Definition A.1 ([5]). Set cc(k,l;s) = ce(k,l; s|a, c|q) and co(i, j; 8) = ¢o(i, j; s|a, b, ¢, d|q) by

(@), (%5 7),

ce) — 2, ok
Ce(k, i s) = (q2;q2)k(q4lq282/a2;q2)k (q /a )
(/a;4%),(s*/a* ¢?),  (s;0)2(q*s*/a*; )y, (@2/2)
(@), (*2/a2 2), (as]a% @)y (2] a% ) 10
(i jis) (=b/a;q)i(s; q)i(qs/cd; q)i(gs?/a*c?; q), (/)

(¢;9)i(q?s?/abed; q) (g5 /a%c?; ¢?)
(—d/c;a);(a's:a) ;(as/ab;@)j(—d'as/ac; q) ;(a'as® /a*c?;q)
(7:9);(a'q*s*/abed; q) (—qs/ac; q); (g% qs? /a*c?; ?)

Theorem A.2 ([5]). Let s € C be generic. We have

flass)=a Y ce(k 1507 s)co(i, ji s)aF T2,
k,1,i,5>0

(a/d)’.

Here, we can rewrite above theorem as follows.
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Theorem A.3. Let s € C be generic. We have

flass)=a™ Y ce(k, g™ s)eh™ (i, ji s)a 24,
lij20

where
) - b/ass as/ac,as/ad gs/ed, ~qaed: )
b= (¢, 4%s%/abed; q)  (—qs?/a*cd, —q?s? [a2ed; ¢
(=d/c,q's,—q'qs/a?, ¢*'qs* [a*c? )
X
(Q7 —q%q 82/a20d;q)j(q qu/a2c2

new (

)i(Q/)

d
)(/)

For (1.1b) in Definition 1.1, note that we have

g1 (8) = (Cgew(la 0; 5) + CgeW(O’ L; 5)) |a:t/a,b:t/b,c:t/c,d:t/d,q:t>

where c2%(1,0;s) + 2% (0, 1; 5) is the coefficient of 2= in f(x;s).

A.2 Conjecture concerning B,, g-Toda eigenfunctions

In this appendix, we present a conjecture for the asymptotically free eigenfunctions for the B, ¢-
Toda operator, which can be regarded as a branching formula from the B,, ¢-Toda eigenfunction
restricted to the A,_1 ¢-Toda eigenfunctions.

A.2.1 A, _; case

First we briefly recall the asymptotically free eigenfunctions for A,_1 g-Toda operator. Let

x = (x1,...,2,) and s = (81,...,8,) be a pair of n-tuples of indeterminates. Let § = (n — 1,
n—2,...,0), and write tou = (t"_lul,t”_2u2, .. ,un) etc. for short. Let
tr; — x;
DA" 1 ‘Q7 Z H Z_ 7 q,:cza
i=1 jF#i

be the Macdonald operator of type A,_1.

Definition A.4. Set

—tx;/x; — i /tx;
DAn*l(.%"S‘q,t) )\DAn 1 x‘q, Z H l/ J H / i q“’r”
k>1i

—~ l—xz/ac] 1—z/x;

where 2} = IL ZL‘?i, and s = ¢™? namely s; = ¢hit" .

Definition A.5. Set

n—1

DAn- 110 (g |s| ) = Z si(1 = iv1/2i) Tye, + snTga,-
i=1

Proposition A.6. We have

DAn,lToda(x|S|q) _ %H% DAn71 (t—5m|S|Q, t) .
—
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Definition A.T7. Let M) be the set of strictly upper triangular matrices with nonnegative
integer entries: M) = {9 = ( zg)lgi,jgn | 91'73' € ZZO7 Qi,j =0if i > ]} Set

an (05,a=05+1,a)
n (C]“:I“Jrl tsj1/si; Q>6

en(0;s1,.smat) =] ] _ ik

E=21<i<j<k—1 2 (Bia—bj+1,0)
(q”—’““ qsj+1/si; q) ,

ik
=056+ > (05,0—05.4)
(q o=kt qsj/tsi; q)
% 0; .k

—0j,k+ > (ei,a_ej,a)
(q ek sj/ 85 q)
0k

Definition A.8. Define f47-1(z|s|q,t) € Q(s, q,t)[[x2/x1, ..., Tn/Tn_1]] by

fArt(@lslat) = Y enl@;siat) [ (a/20)"
geM(n) 1<i<j<n
Proposition A.9 ([2, 10]). Let A = (A1,..., ) € C", and set s = t°¢* (s; = t"~¢*). Then
we have

n

DA (xslg, ) f A4 (w[slg, t) = D sif A (a]slg, ).

=1

Definition A.10. Set

Tod ) 6.
(0581, ..y Sn3q) = limep (0551, .., Sp; g, t) H =00
t—0
1<i<j<n
Il : -
= n n )
k=21<i<j<k—1 2 (0i.a=0j+1.0) Ojk=0ik— > (0i,a—0j.a)
- —J—= a=k+1 S /S" a=k+1 S'/S"
q qSj+1/Si3 4 o q qsi/Sj; q 0
k

and

fAnflToda(x|8|q) _ Z CEOda(Q;S;q) H (ﬂfj/ﬂfi)ei’j

fecM(n) 1<i<j<n

Corollary A.11. We have

n

DA”_lTOda(ZC|S|q)fA”_1TOda(:E|8|q) _ Z SifAn_lTOda(x|8’q)-
=1

A.2.2 B, case
Definition A.12. Set

Bn T _ " (1 — t.%'i) (1 — tmixj)(l — txi/xj) +1
D™ (ala.1) Z =121 — ) ]1;[ (= i) (1 —aifay) oo

N Z — t/z;) 1 H (1 —taj/2:)(1 — t/2i2;) 1y

= 1/2 1— o) L 0= oy (0= 1) "o
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Then we have the Koornwinder operator for the parameter (a,b,c,d) = (t, —1,¢'/2, —q1/2)
as

tn

D, (t,—1,4"%,—¢"?|q,t) = DP"(xlq, ) — A2 iz

Definition A.13. Set

D" (2[slq, )

_ 1-— 1/t.1‘i (1 — l/tIi:Ej)(l — tmi/xj) (1 — 1/t$i$k)(1 — xk/txz) +1
=L A e =) L e maa=am) T

=1
4 zn: 71 1-— t/l’i H (1 — l‘l/tI])(l — t/ﬁiﬂfj) H (1 — ti’k/l’l)(l — t/ﬂi‘ii'k)Tfl

T 1o A 0=/ (0= 1) L O fa) (1= ) 0

We have
D7 (x|s|g, t) = 2~ *DP" (x|g, t)z?,

where s = ¢*t*F1/2 namely s; = ghit" i H1/2,

Definition A.14. Set

1
DE T (alslq) = Y si(1 — wiv1/xi) Ty, + su(l = 1/2n) Ty,
1

S
I

i

+s17 1, x1 + Z Si xi/zifl)Tq_wl

Proposition A.15. We have
DBnTOda =1 DBn t_6_1 t
(]slg) = lim D% (7% x|s]g, 1),

t—§—1

where T means (t‘”xl,t_”HxQ, ... ,t‘la:n).

Definition A.16. The asymptotically free eigenfunction fBnToda(

system is defined as

anTOda<m‘s‘q) = Z Cﬁ?,ln (817 <oy Smy q)(xQ/xl)il U (xn/x’N—l)in_l U (1/'7;71«)1”7
11500in >0

anToda(x|s|q) — (51 + -+ s, + 1/81 +---+ 1/Sn)anT0da(m|SIQ)'

x|s|q) of type B, ¢-Toda

DZTod 75]g)

Conjecture A.17. Let 6 = (01,...,0,). Assume that fP1°9%(z|s|q) is expanded in terms of

fAn—1Teda(1151q) as the following branching formula
fBaTedacg sy, snlq)
n
Bn An_ *91' n— - Ton
= > e / slg) - [ - AT (@, g 1, g P snla).
01,...,0n>0 =1
Then we have
no (k)0 1 (q/sis;)
Bn/An 1 q q s 0+0
(slg) = H 0

Py Q)Hk q/s )gk 1<i<j<n (gsj/si)e; (q j_eiqsz‘/sj)g (q/sis5)0;(q /5151)6 ‘
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For example, we expect that

22141 () s9lq) = - i !
(61.02) (@0, (a/5%) 5, (@)o, (a/53) g, (a52/51)0, (a7 1gs1/52) .
(a/5152)6,+6
(q/5152)0,(a/5152)0,
BB (1 r,s5lg) = —— L q% ¢
(61,62.05) (0o, (a/5%) 5, (@0, (a/53) 5, (@)as (a/53) 5,
" 1 1
(as2/51)0, (472~ %1qs1/52) , (as3/51)0, (472~ %1qs51/53),
y 1 (a/5152)0,+6,
(g53/52)6, ((193_92(182/83)92 (q/5152)0,(q/5152)0,
(q/5153)0,+05 (q/5253)0,-+0
(q/s153)6,(q/5153)05 (4/5253)0,(q/5253)05
Acknowledgements

Research of A.H. is supported by JSPS KAKENHI (Grant Number 16K05186 and 19K03530).
Research of J.S. is supported by JSPS KAKENHI (Grant Numbers 15K04808, 19K03512,
16K05186 and 19K03530). The authors thank M. Noumi and L. Rybnikov for stimulating
discussion. They also thank the anonymous referees for valuable comments and suggestions,
including the proof of Theorem 3.3 based on Bressoud’s matrix inversion.

References

1]

2]

)

Askey R., Wilson J., Some basic hypergeometric orthogonal polynomials that generalize Jacobi polynomials,
Mem. Amer. Math. Soc. 54 (1985), iv+55 pages.

Braverman A., Finkelberg M., Shiraishi J., Macdonald polynomials, Laumon spaces and perverse coherent
sheaves, in Perspectives in Representation Theory, Contemp. Math., Vol. 610, Amer. Math. Soc., Providence,
RI, 2014, 23-41, arXiv:1206.3131.

Bressoud D.M., A matrix inverse, Proc. Amer. Math. Soc. 88 (1983), 446-448.

Gasper G., Rahman M., Basic hypergeometric series, Encyclopedia of Mathematics and its Applications,
Vol. 35, Cambridge University Press, Cambridge, 1990.

Hoshino A., Noumi M., Shiraishi J., Some transformation formulas associated with Askey—Wilson polyno-
mials and Lassalle’s formulas for Macdonald-Koornwinder polynomials, Mosc. Math. J. 15 (2015), 293-318,
arXiv:1406.1628.

Hoshino A., Shiraishi J., Macdonald polynomials of type C, with one-column diagrams and deformed
Catalan numbers, SIGMA 14 (2018), 101, 33 pages, arXiv:1801.09939.

Koornwinder T.H., Askey—Wilson polynomials for root systems of type BC, in Hypergeometric Functions on
Domains of Positivity, Jack Polynomials, and Applications (Tampa, FL, 1991), Contemp. Math., Vol. 138,
Amer. Math. Soc., Providence, RI, 1992, 189-204.

Lassalle M., Some conjectures for Macdonald polynomials of type B, C, D, Sém. Lothar. Combin. 52 (2004),
Art. B52h, 24 pages, arXiv:math.CO/0503149.

Macdonald I.G., Orthogonal polynomials associated with root systems, Sém. Lothar. Combin. 45 (2000),
Art. B45a, 40 pages, arXiv:math.QA /0011046.

Noumi M., Shiraishi J., A direct approach to the bispectral problem for the Ruijsenaars—Macdonald g¢-
difference operators, arXiv:1206.5364.

Rains E.M., Warnaar S.O., Bounded Littlewood identities, Mem. Amer. Math. Soc., to appear,
arXiv:1506.02755.

Stokman J.V., Macdonald-Koornwinder polynomials, in Multivariable Special Functions, Editors
T.H. Koornwinder, J.V. Stokman, Cambridge University Press, Cambridge, to appear, arXiv:1111.6112.


https://doi.org/10.1090/memo/0319
https://doi.org/10.1090/conm/610/12130
http://arxiv.org/abs/1206.3131
https://doi.org/10.2307/2044991
https://doi.org/10.17323/1609-4514-2015-15-2-293-318
http://arxiv.org/abs/1406.1628
https://doi.org/10.3842/SIGMA.2018.101
http://arxiv.org/abs/1801.09939
https://doi.org/10.1090/conm/138/1199128
http://arxiv.org/abs/math.CO/0503149
http://arxiv.org/abs/math.QA/0011046
http://arxiv.org/abs/1206.5364
http://arxiv.org/abs/1506.02755
http://arxiv.org/abs/1111.6112

	1 Introduction
	2 Fourfold summation formula for Koornwinder polynomials with one column diagram
	3 Matrix inversions for degeneration scheme of Koornwinder polynomials
	4 Five term relations
	4.1 Matrices M=(Mij), N=(Nij) and series B(n,r,p)
	4.2 Four term relations for M
	4.3 Five term relations for N
	4.4 Five term relations for B(n,r,p)

	5 Proof of Theorems 1.2 and 1.4
	5.1 Transition coefficients C(n)i,j
	5.2 Proof of Theorem 1.2
	5.3 Proof of Theorem 1.4

	6 Some degenerations of Macdonald polynomials of type Bn with one column diagrams and Kostka polynomials
	6.1 Macdonald polynomials of type (Bn, Bn)
	6.2 Hall–Littlewood polynomials P(1r)(Bn, Bn)(x|t;0,t) and Kostka polynomials

	7 Solution to the recursion relation
	A Appendix
	A.1 Asymptotically free eigenfunctions of Askey–Wilson polynomials
	A.2 Conjecture concerning Bn q-Toda eigenfunctions
	A.2.1 An-1 case
	A.2.2 Bn case


	References

