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Abstract. We use the isomorphisms between the R-matrix and Drinfeld presentations
of the quantum affine algebras in types B, C' and D produced in our previous work to
describe finite-dimensional irreducible representations in the R-matrix realization. We also
review the isomorphisms for the Yangians of these types and use Gauss decomposition
to establish an equivalence of the descriptions of the representations in the R-matrix and
Drinfeld presentations of the Yangians.
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1 Introduction

The Yangians and quantum affine algebras associated with simple Lie algebras comprise two
remarkable families of infinite-dimensional quantum groups, as introduced by V. Drinfeld [9]
and M. Jimbo [17]. Both families have since found numerous connections with many areas in
mathematics and physics, they possess rich and versatile representation theory.

Finite-dimensional irreducible representations of the Yangians were classified by Drinfeld in
his paper [11] by relying on the pioneering work by V. Tarasov [27, 28]. The classification in [11]
uses a new presentation of the Yangians and quantum affine algebras which is now often referred
to as the Drinfeld presentation and which was used by V. Chari and A. Pressley to classify finite-
dimensional irreducible representations of quantum affine algebras [6, Chapter 12].

A different kind of presentations of these algebras known as R-matriz presentations goes back
to the work of the Leningrad school of L. Faddeev; see, e.g., [12, 23, 25, 26]. In accordance to
Drinfeld [10], such presentations can be produced from the universal R-matrix associated with
a quantum group and they can be associated with arbitrary finite-dimensional representations.
This approach was developed further in a more recent work [29].

Explicit isomorphisms between the R-matrix and Drinfeld presentations of the Yangians in
type A were given in the original work [11], while detailed proofs were produced by J. Brundan
and A. Kleshchev [5]. An analogous isomorphism for the type A quantum affine algebras is due
to J. Ding and I. Frenkel [8].

This paper is a contribution to the Special Issue on Representation Theory and Integrable Systems in honor
of Vitaly Tarasov on the 60th birthday and Alexander Varchenko on the 70th birthday. The full collection is
available at https://www.emis.de/journals/SIGMA /Tarasov-Varchenko.html
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Despite their importance in representation theory and applications, such isomorphisms had
remained unknown beyond type A until recent work [15, 19, 20, 21], where they were produced
for the remaining classical types B, C' and D.

Our goal in this paper is to give a brief review of Yangians and quantum affine algebras
in types B, C and D and apply the isomorphisms to describe finite-dimensional irreducible
representations of these algebras in their R-matrix realization.

In the case of Yangians, such a description was already given in [1], so that the isomorphisms
connect two sides of the representation theory and explain how additional symmetries of the
representation parameters arise from the Gauss decomposition of the generator matrices. How-
ever, for the R-matrix realization of the quantum affine algebras the isomorphisms are essential
to get a parametrization of their finite-dimensional irreducible representations.

A key step in our arguments relies on a consistency property for the triangular decomposition
of the algebra and the Gauss decomposition of the generator matrices. The property ensures that
the upper triangular Gaussian generators can be expressed in terms of the ‘simple root genera-
tors’ implying that the annihilation properties of the highest vectors agree in both presentations
of the algebras. Its Yangian version is well-known in type A (see, e.g., [24, Section 3.1]), while
proofs in the remaining classical types follow from [19, Lemma 5.15]. This property has also
been known for the quantum affine algebras of type A [22], so that the isomorphism of [8] con-
nects the descriptions of the representations given in [6, Section 12.2] and [14]. Similar to the
approach of [22], we establish the consistency property in Section 3.2.4 in types B, C and D by
deriving it from the defining relations. An alternative way can rely on explicit formulas for the
universal R-matrices which, however, leads to more involved calculations.

In Appendix A we give a modified version of the Yangian isomorphisms produced in [19],
which is based on the opposite Gauss decomposition of the generator matrix. This version can
be applied to make an alternative connection between the parameters of representations in the
two realizations of the Yangians.

2 Representations of Yangians of types B, C and D

2.1 Classification results

We will denote by g one of the simple Lie algebras of type By, » or D,. That is, g = oy is
either the orthogonal Lie algebra with N = 2n + 1 and N = 2n, or g = spy is the symplectic
Lie algebra with N = 2n. Choose simple roots in the form

o = € — €11 for ¢=1,....,n—1, (2.1)
and
€n if g = 02p41,
o = S 26, it g = spg,,
€n—1+ €, if g = 09,,
where €1,. .., €, is an orthonormal basis of a Euclidian space with the inner product (-,-). The

Cartan matrix [A;;] for g is given by

2(0%, a])

(o) (2.2)

Aij =

We will use the notation

Ti:%(%'704i)7 221,,77, (23)
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As defined in [11], the Drinfeld Yangian YP(g) is generated by elements ;,., & and &, with
i=1,...,nand r=0,1,... subject to the defining relations
["Qz‘rv js] =0,
z7"7 ] 51] Kirts

3
[I{’LO ] (a“a])gjisa
[

(o7 e
'Lr+17 ] - [Him ]:'ts+1] = j:( “2 ])(Rir ]:ts+ ;tsliir)v

(] - 5 6] == 20 (e e e ),
o6 (6 € Gel -1 =0,

pPESH

where the last relation holds for all ¢ # j, and we denoted m = 1 — a;;.

By the results of [11] (they apply to any simple Lie algebra g), every finite-dimensional
irreducible representation of the algebra Y (g) is generated by a nonzero vector ¢ (called the
highest vector) which is annihilated by all E; and is a simultaneous eigenvector for all x;, so
that

Hir( - diT‘Ca dir S (C

Furthermore, there exist unique monic polynomials P;(u),..., P,(u) in u such that

o0
o Pi(u+r;) .
1_ 1 K3 _
1+E diru™" _71(10 , i=1,...,n.

Equivalently, every finite-dimensional irreducible representation of the algebra YP(g) is gen-
erated by a nonzero vector ¢’ (the highest vector with respect to the opposite triangular de-
composition) which is annihilated by all &, and is a simultaneous eigenvector for all x;, so
that

k¢ =d. d!, € C.

Furthermore, there exist unique monic polynomials Q1 (u),...,Qy,(u) in u such that
o0
e Qi(u) ,
1+ df w =22 i=1,...,n. 2.4
; v Q; (u + T’i) ( )

All possible n-tuples of monic polynomials (P;(u),..., Py(u)) and (Q1(u),...,Qxn(u)) arise in
this way. The equivalence of the two parametrizations is seen by using the automorphism of the
algebra Y (g) defined by

oo (CUTGL G (FDTE R e (F1) R

2.2 Gaussian generators and isomorphisms

Introduce the following elements of the endomorphism algebra End CY @ End C™:

N N
P = E €ij & €j; and Q= E Ei€j €ij & ey,

i,j=1 i,j=1
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where e;; € End CN are the matrix units, and we use the notation i/ = N +1 — i and set &; = 1
in the orthogonal case, and

1 fori=1,...,n,
€ =
‘ -1 fori=n+1,...,2n,
in the symplectic case. Set
) N/2 -1 in the orthogonal case,
N/2+1 in the symplectic case.

Following [30], consider the R-matriz R(u)

R(u):l—g—i- «

U uU—kK

(r)
ij

The extended Yangian X(g) is defined as a unital associative algebra with generators ¢,
1,2,..., satisfying certain quadratic relations. Introduce the formal

where 1 <i,7 < N andr =
series

tij(u) = dij + Z t(r) )H“_l“

and set
N
T(u) = Z eij @ tij(u) € EndCY @ X(g) [[u™]].
ij=1

Consider the tensor product algebra End CY ® End CY ® X(g) and introduce the series with
coefficients in this algebra by

N N
Tl(u) = Z €ij @ 1® tij(u) and TQ(U) = Z 1® €ij @ tij(u).

4,j=1 i,j=1
The defining relations for the algebra X(g) are then written in the form

R(u —v) Th(u) To(v) = To(v) Th(u) R(u — v).

The Yangian Y(g) is defined as the subalgebra of X(g) which consists of the elements stable
under the automorphisms

upe T(u) o Fu) T(u),

for all series f(u) =1+ fiu=! + fou=2 +--- with f; € C. Equivalently, Y(g) is isomorphic to
the quotient of the algebra X(g) by the relation

T (u+r)T(u) =1, (2.5)

where t denotes the matrix transposition with egj =EiEjej 4.
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2.2.1 Isomorphisms

Apply the Gauss decomposition to the matrix T'(u),
T(w) = F(u) H(u) E(u) (2.6

where F'(u), H(u) and E(u) are uniquely determined matrices of the form

1 0 .. 0 1 epp(u) ... en(u)
Fay= | | oBw= el
fnvi(w)  fae(uw) ..o01 0o 0 ... 1

and H(u) = diag [hi(u),...,hn(u)]. Define the series with coefficients in Y(g) by
a() = R — (6 = 1)/2) " i (u— (= 1)/2)
fori=1,...,n—1, and

ho(u—(n—1)/2) "L hpii(u— (n—1)/2) for 0241,
R (W) = § hn(u—n/2)" hngy (u —n/2) for spy,,,
hy—1(u— (n—2)/2) hyp1(u— (n —2)/2)  for o0gy,.

Furthermore, set

&) = finilu—(-1)/2), & (u) =eiipa(u—(i-1)/2)

fori=1,...,n—1,

frtin(u—(n—1)/2)  for 0g,41,
& (W) = q farin(u—n/2) for sp,,,
fotin—1(u—(n—2)/2) for oy,

and

enn+1(u—(n—1)/2)  for ogny1,
51; (u) = %ennJrl(u - n/2) for SPon,
en—1n+1(u— (n—2)/2) for ogy,.

Introduce elements of Y(g) by the respective expansions into power series in v,

oo oo
ki(u) =1+ Z Fopp and &5 (u) = Z gyt
r=0 r=0

for i = 1,...,n. According to [19, Main Theorem|, the mapping which sends the genera-
tors k,, and &L of YP(g) to the elements of Y(g) with the same names defines an isomorphism
YP(g) = Y(g).
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2.2.2 Central elements of the extended Yangian

A presentation of the extended Yangian X(g) in terms of the Gaussian generators is given in
[19, Theorem 5.14].1 By [19, Theorem 5.8], all coefficients of the series

[Thiu+rs—d) 7 []hiCu+ s —i+1) - hnpa(u)hpyr(uw—1/2) if N=2n+1,
=1 =1

z(u)

n

) n—1
th‘(u—‘rli—i)_lHhi(u—"-/ﬁ}—i—‘l-l)'hn_t,_l(U) if N =2n,
i=1 i=1

belong to the center C of the extended Yangian X(g). Moreover, these coefficients generate the
center and we have the tensor product decomposition

X(g) = Y(g) @C.
The following identity holds in X(g):
T (u+ k) T(u) = 2(u),

so that the Yangian Y(g) is isomorphic to the quotient of X(g) by the relation z(u) = 1. We
will record the relations which follow from the arguments in [19, Section 5.3].

Lemma 2.1. In the algebra X(g) we have

hi(u+ k) hy(u) = z(u),
hi(u+ K — i) hir(u) = hiy1(u+ K —0) by (), (2.7)

where i =1,...,n for N=2n+1, andi=1,...,n—1 for N = 2n.

2.3 Highest weight representations

Definition 2.2. A representation V of the algebra Y(g) (or X(g)) is called a highest weight
representation if there exists a nonzero vector ¢ € V such that V is generated by ¢ and the
following relations hold:

t,;j(u)C:O for 1<
t”(u)(:)\l(u)g for iZl,...,N,

for some formal series \;(u) € 1 +u~1C Hu‘lﬂ The vector ( is called the highest vector of the
representation V.

The following classification theorem for finite-dimensional irreducible representations of the
Yangians in types B, C' and D was proved in [1] in terms of their R-matrix presentation.
We will use the isomorphisms of [19] which we recalled in Section 2.2.1, to make an explicit
connection between this theorem and the results of [11]. Note that such a connection was
already established in [15], where isomorphisms between three presentations of the orthogonal
and symplectic Yangians were constructed. However, those results did not use the Gaussian
presentation which we will rely on in our arguments.

!Note that the formulas in [19, equations (5.4) and (5.47)] should be corrected by swapping the order of the
factors on their right hand sides.
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Theorem 2.3.

1. Any finite-dimensional irreducible representation of the algebra Y(g) is a highest weight
representation. Its parameters satisfy the relations

N(u)  Pu+1)

= , =1,...,n—1,
Ai1(u) Pi(u)
and
An () P,(u+1/2)
= or type By,
Mol B TP
An (1) P,(u+2)
= or type Cy,
Mi(w) o) for 1w
An—1(u)  Py(u+1)
= or type Dy,
Miw) o) for-tur
for some monic polynomials P;(u) in u.
2. Every n-tuple (Py(u),. .., P,(u)) of monic polynomials in u arises in this way.

3. The series A\i(u) satisfy the relations
Ai(u+ kK —3)Air(u) = Nip1(u + K — @) Ay (u), (2.8)

where ¢ = 0,1,...,n for N =2n+4+1, and i = 0,1,...,n — 1 for N = 2n, and we set
)\Q(U) = )\0/(11,) = 1.
Proof. Using the isomorphism Y”(g) = Y(g) and the classification results recalled in Sec-

tion 2.1, we find that any finite-dimensional irreducible representation V' of the algebra Y(g) in
types B, and C, is generated by a vector ¢’ such that

eiit1(u)¢ =0 for i=1,...,n, (2.9)
hi(u) ¢ = Ni(u) ¢ for i=1,...,n+1, (2.10)

for some formal series \;(u) € 1 +u~'C Hu‘l]] For type D,,, the same conditions hold, except
that relation (2.9) with ¢ = n should be replaced with e,,_1 n41(u)¢’ = 0. Indeed, for all types,
relation (2.9) is clear from the definition of the highest vector ¢, while (2.10) follows from the
condition that ¢’ is an eigenvector for all series x,;(u) with ¢ = 1,...,n and z(u){’ = ¢’. Now,
Lemma 2.1 and [19, Lemma 5.15] imply that

eij(u) ¢’ =0 for i<y
hi(u) ¢ = Ni(u) ¢’ for i=1,...,N,

for certain formal series A;(u) € 1+ u~'C[[u!]] satisfying identities (2.8). Finally, note that
the values of the parameters (2.3) are found by r; = 1 for i = 1,...,n — 1, while r, = 1/2 for
type By, m, = 2 for type C,, and r, = 1 for type D,,, so that conditions in Part 1 of the theorem
follow from (2.4). [

Corollary 2.4. All statements of Theorem 2.3 hold in the same form for the extended Yan-
gian X(g), except that the value i = 0 is excluded for the conditions (2.8).

Proof. The proof of the theorem obviously extends to the algebra X(g). Relation (2.8) with
i = 0is now replaced by the property that the series z(u) acts in the highest weight representation
as multiplication by A\j(u + k) Ay (u). [

Remark 2.5. It is clear that the arguments used in the proof of the theorem can be reversed,
so that the classification theorem for the Yangian representations in types B, C' and D proved
in [1] implies the corresponding results of [11].
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3 Representations of quantum affine algebras

3.1 Classification results

We will suppose that ¢ is a nonzero complex number which is not a root of unity and set ¢; = ¢"
for i = 1,...,n, with ; defined in (2.3). The Cartan matrix of the simple Lie algebra g of
type By, Cyp, or D, is given by (2.2). We will use the standard notation

¢ —q"

[k]q = q—q1

for a nonnegative integer k, together with

i k k]!
k]! = f_[[s]q and Hq = W[[k]_r]q'

The quantum affine algebra Uy(g) (with the trivial central charge) in its Drinfeld presentation
is the associative algebra with generators mfm, a;; and kiﬂ fori=1,...,n and m,l € Z with

I # 0, subject to the following defining relations:

kikj = kjk;, kiaj; = a;; ki, Aim @1 = 1 Qi m,

+ - +A; + , +1 [mAijlg
k ],m kz 4; xj m? [a’l m’le] == m xj,m—l—l’

+ :t +A; + :t _ FAG o+ + + +
Tim+1T50 — 4% " TjiTime1 = 4G TimTji41 — Ty i41%mo
+ iy Yim1 — (Pz m—+l
[xz m’ ] l] ij ’
q; — qz
+ + + + _ . .

Z Z [ } Z Sr(1) xi7sw(l)xj1mxivsﬂ(l+l) xiasﬂ(r) =0, i # s
TeS, =0

where in the last relation we set r = 1 — A;;. The elements 1); ,, and ¢; _,, with m € Z_ are

defined by

Yi(u) == Z Yimu” " = k; exp ( —q; Zal U s) ,
m;O
m=0

whereas 1; ,, = @i —m = 0 for m < 0.

Remark 3.1. For the Lie algebras g of types C, and D,,, it will be convenient to work with
an extended quantum algebra obtained by adjoining the square roots ki 2 and (kn_1kn)*/2,
respectively. Accordingly, we need to add the defining relations

1/2 .+ 1/2 _ +
ky, jm/{n "J:Ujm

for type C,,, and

(kne1kin) V2L (kp_1kn)™Y/2 = g An-15T4n) /2%

]m Jm

for type D,,, while the new elements commute with all the remaining generators.
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As explained in [6, Section 12.2], the algebra Uy(g) admits a family of sign automorphisms
such that the composition of any finite-dimensional irreducible representation with a suitable
automorphism of this kind is isomorphic to a type 1 representation. Such a representation is
generated by a vector ¢ which is annihilated by all ZL‘:rm and is a simultaneous eigenvector for

all k; and a; ;. Furthermore, if the series ®;(u) € C[[u]] and ¥;(u) € C[[u']] are defined by

pi(u)( =®;(u)¢  and  Pi(u)¢ = ¥;(u)C,

then there exist unique polynomials P;(u), ..., P,(u) in u all with constant term 1 such that

—deg P; R(qu)

P;(u) = q; PZ(U)

= U;(u), i=1,...,n,

where the equalities are understood for the expansions of the rational functions in u as series in u
and u ™!, respectively.? Every n-tuple of polynomials (P;(u), ..., P,(u)) in u, where each P;(u)
has constant term 1, arises in this way.

The above classification of finite-dimensional irreducible representations of Uy (g) is valid for
any simple Lie algebra g. Note also that the corresponding results of [6, Section 12.2] apply
to centrally extended algebras U,(g), which show that the central element acts trivially in any
finite-dimensional representation. For this reason we only consider the quotients of the quantum
affine algebras by the relation specifying the value of the central element as equal to 1.

3.2 Gaussian generators and isomorphisms

To define R-matrix realizations of the quantum affine algebras, introduce elements of the endo-
morphism algebra End C"Y ® EndC¥ by

N N
P = E eij & ejq and Q= E q" e gj ey & €,
2,7=1 2,7=1

where i = N + 1 — i, as before, and

(TL—%"”7%7%,07—%,—%7...,—714-%) for g = o241,
(1,2,...,N) =1 (n,...,2,1,-1,-2,...,—n) for g =spyy,
(n—1,...,1,0,0,—1,...,—n+1) for g = o09y,.

Furthermore, introduce the R-matrix by

N
R=gq Z €ii & €ii + entint1 @ entint1 + Z e ® ejj + q_1 Z €ii @ ey
i=1,i#d i34, i#i!
tla—a ) ) e @ei—(a—a7") Y a T eiceny @ ey,

1<j 1>7

where the second term ej41p+1 ® €pt1n+1 should be omitted if N = 2n. This formula goes
back to [2, 3, 18, 26], which appeared along with the spectral parameter-dependent R-matrix

R(u)=(u—1)R+ (q - q_l) <P — uuf__f Q> , (3.1)

2The roles of v and v~ ! are swapped in our notation as compared to [6, Section 12.2].
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_ 2k _
§=a =9 N

g N2 if g =op,
q lfg :5p2n'

The corresponding two-parameter R-matrix R(u,v) = v R(u/v) can be written as

N N
_R(u7 U) = Z (uqaij — Uq_éij) €ii @ €jj + (q — q_l) Z (U 6z<] +v 6@>]) €ij ® €ji
i,j=1 i,j=1
u—v &
— Z dij(u,v) ey jr @ e, (3.2)
u—v€ i

where 6;<; or 6;~; equals 1 if the subscript inequality holds, and 0 otherwise, and

(q—q_l)ﬁvqi_jeisj for ¢ < j,

(¢g— g Yugeie; fori>j,
(1—g ) (utvql) fori=j, i#7,
(1-g¢ Y (ug+vg) fori=j=1.
Observe that by setting d;;(u,v) = 0 we recover the trigonometric R-matrix for type A. Note
also that if N = 2n, then the equality ¢ = i’ is impossible, so that the last case in the definition

of dj;(u,v) does not occur.
The quantum affine algebra Uf(ﬁ) (with the trivial central charge) is generated by the ele-

dz] (u U) = (33)

ments l;'; [Fm] with 1 < 4,7 < N and m € Z subject to the following defining relations. We
have?
G0 =15[00=0 for i<j and  [F[0]1;[0] =I5 [0];5[0] = 1, (3.4)

while the remaining relations will be written in terms of the formal power series

Z I [Fm]u (3.5)

combined into the respective matrices
N
LE(u) = Z €ij ® lj;(u) € EndC" @ Uf(/g\) [u,u]]. (3.6)
i,j=1
Consider the tensor product algebra End CY ® End CY ® Uf(ﬁ) and introduce the series with
coefficients in this algebra by

N
Li(u)= ) e;®1®I5:(u)  and Z 1® ey @ 15 (u). (3.7)
i,j=1 i,5=1

The defining relations then take the form

R(u,v) Ly (u)Ly (v) = L (v) LY (u) R(u, v), (3.8)

R(u,v)L{ (u)Ly (v) = Ly (v) LT () R(u, v), (3.9)
together with the relations

L*(u)DLE(ué)'D =1, (3.10)

where D is the diagonal matrix

: 1 N
D:dlag[q,...,q }
3The condition i < j was erroneously replaced by the opposite inequality in [20, 21].
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3.2.1 Isomorphisms
By applying the Gauss decomposition to L™ (u) and L™ (u) introduce matrices
jE1 0 0 1 eiy(u) eiN(u)
Fi(u) _ f21'(“) 1 0 7 Ei(u) _ 0 1 2N(U)
forw) fiaw o1 0 0 1
and H* (u) = diag [hf(u), . ,hﬁ(u)], such that
LE(u) = FE(u)H* (u)E* (u). (3.11)
Their entries are found by the quasideterminant formulas [13]:
l1i1(u) lil:z 1( ) li(u)
B () = l;t1'1( ) lz;tli‘l(u) lzi—u(u) ’ =L N, (8.12)
Gilw) o ) [
whereas
lﬁ(“) li 1(u) li’(“)
GO =T ) ) ) (.13
Gilw) o ()| ()
and
l1i1(u) litz 1( ) li(u)
L e N N O I Y O A G
i) o Lg(w) | ()
for 1 <i<j<N. Set
X:r(u) = e;,_i—i-l(u) - ei_,i+1(u)7 X; (u) = fz—‘,—l i(u) — fzjrlz(u)a

fori=1,...,n—1, and

X,T(u) —_ { nn+1(u nn+1( ) for types Bn and Cna

) —

Cn— 1n+1(“)_ n— 1n+1( u) for type Dy,
) —
(

X;(’LL) :{ n+1, n(u

n+1n 1 u)_ n+1n 1( ) for type Dn

foia, (1) for types B, and C,,

Combine the generators a: of the algebra Ugy(g) into the series

7,m

+ —m
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By the Main Theorems of [20] and [21], the maps

eE(w) e (g — g7 )T XE (ug),

pi(u) — hiiy (uql) h; (uqi)fl,
wi(u) — hj—&-l (uqz) h;r (uqi)_l, (3.14)
fori=1,...,n—1, and
(qn —-q, )_1[2](;3/2XflE (uq”) for type By,
zE(u) — (qn —q, )_IXELE (uq”“) for type Cp,
(qn —-q, )71Xﬂf (uq"il) for type D,
oy (ug™) by (uq")_1 for type By,
Yn(u) = S by (ug™t) by, (uq”+1)_1 for type Cp,
h;—&-l n

for type By,

(

(ug™*!)

(uq”fl) h__l(uqnfl)f1 for type D,
(

(

(

on(u) — h:;_H ug" ) bt uq”“)f1 for type C,,
Lh:“ uq”fl) ht (uq”fl)fl for type D,

=
o

define an isomorphism U,(g) — U

3.2.2 Central elements of the extended quantum affine algebra

The extended quantum affine algebra is defined by the same presentation as the algebra Uff(ﬁ),
except that the relation (3.10) is omitted. It was shown in [20, 21], that this algebra can be
explicitly described in terms of the Gaussian generators by producing complete sets of rela-
tions. We will denote the extended algebra by Ug’“ (g) and identify its R-matrix and Gaussian
presentations.

The maps described above can be understood as an embedding ¢: Ug(g) — Ug*(g) so that
we can regard U,(g) as a subalgebra of UZXt (g). This subalgebra can also be described with the

use of the multiplication automorphisms
pre U Q) = UF@),  L¥(w) = [T (u) L (u), (3.15)

where
Fw) =Y fFlEmlu®™,  fEFmleC, 00 =1, (3.16)
m=0

Namely, the image of Uy(g) under the embedding ¢ consists of the elements in U™ (g) which are
fixed by all automorphisms of the form (3.15).
All coefficients of the series z*(u) given by

Hhi (uéq®) ™ Hhi (u€q®2) - B (u) bty (ug) for N =2n+1,

Hhi (uég®)™ Hhi (u€q®=2) - b, (u) for N = 2n,

=1 =1

belong to the center of the algebra UZXt(ﬁ). If N = 2n then the constant terms of the se-
ries 2% (u) are the central elements z*[0] =I5, [0] 15 ,[0]. In this case we will extend this algebra



Representations of Quantum Affine Algebras in their R-Matrix Realization 13

by adjoining the square roots z*[0]'/2. Then in all three cases there exist power series ¢*(u)

with coefficients in the center of U (g) such that CF(u) ¢t (ué) = 2% (u). Under the automor-
phism (3.15) we have

pre CHu) = 5 () ¢ (w).

This implies that the coefficients of the entries of the matrices ¢(*(u)~! L*(u) belong to the
subalgebra U,(g) C U (g). Therefore, if C denotes the subalgebra of U**(g) generated by the
coefficients of the series ¢(*(u), then we have the tensor product decomposition

U (@) = Uy(@) @ C,

assuming that the algebra U,(g) is extended by adjoining square roots in types C), and D, as
in Remark 3.1. In the algebra UZXt (g) we have

LEw)DL*(u &) D™ = 2% (u), (3.17)

so that the subalgebra U,(g) can also be regarded as the quotient of Ug*(g) by the relations
2% (u) = 1. The following relations are implied by (3.17), and they were essentially derived in
Section 4.5 of [20] and [21].

Lemma 3.2. In the algebra U™ (g) we have

W (ug) b (u) = 2 (u),

hi (uéq™) iy (w) = By (u€q™ ) iz, ) (w),
wheret=1,...,n for N=2n+1, andit=1,...,n—1 for N = 2n.

Remark 3.3. Note that for the parameters d;j(u,v) defined in (3.3) we have dj/(u,v) =
d;ij(u,v). Therefore the R-matrix (3.2) possesses the symmetry property

RT1T2 (’LL, U) = Roy (U, U)? (318)

where Roq(u,v) = PR(u,v)P, while T denotes the standard matrix transposition with eiTj = ej;

and T, is the partial transposition applied to the a-th copy of the endomorphism algebra End C¥.
We can use the R-matrix R2i(u,v) instead of R(u,v) to define the extended quantum affine
algebra U (g) in a way similar to Ug*(g), by using the relations

Ro1 (u,0) L7 (u) Ly (v) = Ly (v) L (u) Ren (u, v),
Rox (u,v) LT (u) Ly 2

where we impose the opposite zero mode conditions

0] =T;[0)=0 for i>j and  I5[0]0;[0) = I;[0] I£[0] = 1.

— 5 i i i
The symmetry property (3.18) implies that the mapping

LF(w) — L (w)T

defines an anti-isomorphism ﬁg"t (8) — UgX(g). Using the definition of quasideterminants, we
obtain the following formulas for the images of the respective Gaussian generators

RE(u) = hE(u),  EE(u) = fEw)  and  fif(w) e eh(w).
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3.2.3 Hopf algebra structure
The quantum affine algebra UZXt (9) possesses a Hopf algebra structure defined by the coproduct

N
Ar IS5(u) = > (u) @ 155 (u), (3.19)
k=1

the antipode

S: LE(u) — L (u)™! (3.20)
and the counit

e LE(u)— 1. (3.21)
Proposition 3.4. In the Hopf algebra UZ"t (g) we have

A 2E () - 25 (0) @ 25 (u)
and

S: 2 (w) = 2 (w) 7L (3.22)

In particular, Uy(g) is a Hopf subalgebra of UZXt(ﬁ). Moreover,

2 L) o 2 L* (ué?). (3.23)
2+ (uf)

Proof. The formulas for the images of the series z*(u) under the maps A and S follow easily
from the definition of z* (u) and the Hopf algebra axioms. For the proof of (3.23) use the relation

LF(u) ™ = 25 (u) ' DL*(u)' D!
and apply (3.22). Furthermore, for the power series ¢*(u) we have

A CF(u) = CFu) @ CH(uw),

and so
A(Uq(@) C Ug(8) ® Ug(@),  S(Uq(@)) C Ug(a),
thus proving that Uy(g) is a Hopf subalgebra of Ug**(g). [

3.2.4 Consistency with the triangular decomposition

Denote by U, (g)™ (respectively, Uy(g) ™) the subalgebra of U,(g) generated by the elements :Ufm
(respectively, z; ), and denote by U,(g)° the subalgebra generated by k:iil and a; ; together with
the additional elements in types C}, and D,,, introduced in Remark 3.1. The multiplication map
provides the triangular decomposition isomorphism

Uy(8)” © Uy(9)° @ Ug(8)™ = Uy (3),

as proved in [4]; see also [16] for a generalization to quantum affinizations of symmetrizable
Kac—Moody algebras.

Here we aim to establish a key property of the Gauss decomposition by showing that it is
consistent with the triangular decomposition (see Proposition 3.8 below). We will rely on a few
relations for the Gaussian generators described in the following lemmas.

We will use a standard notation [z,y], = xy — gy for g-commutators and begin by proving
some g-commutator formulas; cf. [22, Lemma 5.6].
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Lemma 3.5. For any k < i < j < k' such that i # j' we have

[ (), e5;[0]], = (1 = ¢°) e (w).

Proof. Due to the consistency property of Gauss decompositions for subalgebras as stated in
Proposition 4.2 in [20] and [21], we may assume without loss of generality, that kK = 1. By taking
matrix entries in (3.8) and (3.9), write the defining relations in terms of the series li(u) to get

(ug’s — vq_‘sij) lia () Gy (0) + (0 = 471) (wics + v 8i) U (u) G (0)
{ Z Ak (u, v) G, () Ly (V)

= (uge —vq_‘;“") U () g (u) + (0 = a71) (w8ast + v acp) U (0) L (w)

—5ab/ §chbuv V) 1L (u),
and
(g™ = vg™) I (u )ljb( V) + (4= a7") (udicj + v 0img) I, (w) 15 (v)
u— vvg Z (1 0) Ui (1) L (0)

= (ug’ —vg~ ‘5ab)ljb( )l (W) + (g = ¢7 1) (ubasp + v 8acs) 1, (v) 15 (u)

Y

ij’

_5ab/ é,chbquC v) 1, (u),

where d;;(u,v) are defined in (3.3). If 1 < ¢ < j and j # 7/, then they give
(u =)l ()l (v) + (g — g7 1) wli;(u) I (v)
= (u—wv)l;;(v) li(u) + (q - qil) vl;;(v) lil:j(u)'
By comparing the coefficients of v on both sides, we come to the relations
() 1510] = 15101 55(w) — (g — 1) 15[0] 15 (w). (3.24)

Similarly, assuming that 1 < ¢ < m and m # 1/, we get

(u_”)lll( u)ly, () + (¢ — )ulﬁ(u)lfm(v)
= (u—)l;,,(v) 1§ (u )+(q—q_1)vlﬁ(v)lfm(u)»

which yields

B ()1, [0] = 15, [0] 855 (). (3.25)
Since 15 (u) = IF, (u) &, (u), together with relation (3.24) this implies

et (W) 15[0] = 15510] €5 (u) — (g — ¢~ ") 15[0] e (). (3.26)
Applying the defining relations again, for any 1 < i < 1’ we get

(u =) 5 (W) G (0) + (¢ = ¢7) wl(w) I;(v) = (ug — v ) I5(0) I (w).
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Comparing the coefficients of v on both sides, we come to
I3 () (0] = ¢ 15 [0] 45 ()
which implies
e1: (W) 1;[0] = ¢~ I [0] 7 (w). (3.27)
Hence, using this together with the decomposition I;;[0] = I;;[0]e;;[0], we derive from (3.26) that
q ey (u) e;;[0] = e;;[0] eri(u) — (a—a) ei‘(“)'
We can write this as the g-commutator relation
[elii(u)’ 6;]‘ [OHq = (1 - q2) elij(u)’
as required. ]
Lemma 3.6. For n > 2 we have
[e1i2'(“)’ ey [0]] = (1 - q2) (61i1/(u) + 6’%2(“)“#’%2/ ().
Proof. The defining relations give
(u — ) I3 () Iy, (0) + (a—a7") wlyy (u) 15, (v)
—v

N
D der(u,v) 1y (v) I, (u).

c=1

= (=) Uy (0) B () + (g = 47") 015y (0) Iy () = —— ve

By comparing the coefficients of v on both sides we come to the relation

Ly 05 (1) = ¢ 71 I () 1y, [0) = (= 071) Ly [0] 5 (1) (3.28)

On the other hand, taking i = 2’ and j = 1’ in (3.24) we get

g () U0, [0] = Uy 0] 155 () — (= ¢7")15[0] Iy (w).
Write 175 (u) = 175 (u) eF;(u) for i = 1,2 and use (3.28) together with (3.25) to bring this to the
form

6?2/(71) 51,0 = ¢~ 15,/ [0] eﬁ,(u) — (¢~ q_l) Ly [0] (ei,(u) + ei(u)ei, (u)).
Finally, write I5,,,[0] = I5,,,[0] e5,1,[0] and apply (3.27) with ¢ = 2. |
Lemma 3.7. For any i < j < i we have the relations

j—ie1
+ ] 77 + + +
ez‘j (u§q2z) = qj H Z (_1)S+1 Z €aoay (’LL) €a1as (u) T ea5a5+1 (u)
s=0

j'=ap<a1<--<asy1=i

Proof. We will rely on Proposition 4.2 in [20] and [21], which allows us to reduce the proof to
the case i = 1. Working in the algebra U™ (g), write (3.17) in the form

DLEu&)'D™ = L (u) 2% (u)
and take the (j’,1’) entries on both sides. Using the Gauss decompositions (3.11) and

L ()™ = B () HE () P )
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we obtain

¢ I R (ug) e (u€) = €5 (u) b (w) ~H 2% (w),

where we used the notation é\lj;(u) for the (i,4) entry of the matrix E*(u)~!. Now apply (3.2)
to replace hli, (u) = 2% (u) with h(u€) and note that

W (u€) i (u€) = g~ ei; (uq®) hi (uf). (3.29)
Indeed, by the defining relations,

(ug —vg™) G (u)135(v) = (u—0)135(0) Gy (u) + (¢ — ¢ 1) vl (0) 135 (w).
By setting v = ug® we get

l1ij(UCJ2) lﬁ (u) = ql1i1 (U(IZ) li(“)-

Since lfj(u) = hi(u) efj (u), (3.29) follows. It remains to apply the formula

j—2
~+t 1 + + +
ej/ll (U) = (_1)s+ Z €a0a1 (u) €a1as (u) T eaSCLSJrl (u)
s=0 j'=ap<ar<--<as41=1"
for the (j/,1') entries of the inverse matrix E*(u)~!. [ |

Proposition 3.8. The images of the coefficients of all series efj(u) (respectively, fﬁ(u)) with
1 <i < j < N under the isomorphism UF(§) — Uq(g) belong to the subalgebra Uq(g)" (respec-
tively, Uq(g)~). The images of the coefficients of all series hzi(u) with i = 1,..., N belong to
the subalgebra U,(g)°.

Proof. We will identify the coefficients of all the series with their images under the isomorphism
UZK(g) — Uy(g). We start by verifying the claim for the series h; (u); the argument for h; (u) is
exactly the same. We have

hj(u) =1 (uqil) g02(uq*2) C i (uq*iﬂ) hf(u), 1=2...,n.

This relation is also valid for ¢ = n + 1 in type B,, whereas

hIH(U) = ¥n (Uq_n_l) h,f(u) and h:{ﬂ(u) = ®n (“q_n+1) h:f—l(u)

for types C), and D,,, respectively. Now substitute these expressions into the formula for the
series 27 (u) given in Section 3.2.2, so that the relation 2™ (u) = 1 would give an equation for
the coefficients of the series h{ (u). For type By, it reads

n

hi ()b (W) [T ei(ua™) @i (usq’) = 1.

=1

Hence, the constant term hio of hi(u) is found from hiOQ = k?..-k2 which together with
Lemma 3.2 implies that all coefficients of the series hj(u) with 4 = 1,..., N belong to the
subalgebra Uq(ﬁ)o. The same conclusion is reached for types C),, and D, from the respective
formulas

n—1
hi () hf (ué) TT ei(ug™) ei(uée’) - on(ug ™™ ') =1
=1
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and

hi (u) b (ug) Hsoz ug~") pi(u€d’) - pn—1 (ug™ ) on(uéd" ) = 1,
=1

which imply the relations hig = k2. k:?b_lk:n and hfg = k2. ki_Q kn_1ky, respectively, for
the constant terms.
Now turn to the series eiij (u) and use induction on n. By Proposition 4.2 in [20] and [21], the

coefficients of these series with 2 <7 < 7 < 2/ can be regarded as elements of the algebra U ( "
associated with the Lie algebra g’ of rank n — 1, which belongs to the same type as g. These
coefficients coincide with the generators obtained from the Gauss decompositions of the associ-
ated L-operators, so that we can apply the induction hypothesis to suppose that the coefficients
of all series i;( ) with 2 <@ < j < 2 belong to the subalgebra U, (g)™.

On the other hand, the coefficients of the series ei,(u) also belong to the subalgebra U,(g)™,
and so by applying Lemma 3.5 we derive that the coeflicients of the series ef (u) with j = 2,. 2’
belong to Uy(g)™", assuming that n > 2 for type B, and n > 3 for types C), and D). Further—
more, by Lemma 3.7 we have e,,,[0] = —e],[0] so that applying Lemma 3.6 we may conclude
that the required property is shared by the series eﬁ,(u). The induction step is completed by
another application of Lemma 3.7, which implies that the coeflicients of the series ejt,l,(u) with
Jj=2,...,2 also belong to Uy (g)*

It remains to verify the induction base for the Lie algebras g = o03,sp, and o4. In the case
g = o3 it follows from the identity

e (u)? = —(ql/2 + q_l/Q) ey (u),

which is a particular case of [21, Lemma 4.9] obtained by taking the residue at u = ¢
second formula. In the case g = sp, it is sufficient to verify the identity

[eﬁ(u), [ [O]]q2 =(1- q4) efz, (u). (3.30)

By the defining relations,
(u—0) () Ly (v) + (¢ — a7 1) ulzy(u) 15 (v)

= (1 = 0) Iy (0) B3 () + (g = ¢71) 0155 (0) 1 () —

~29 in the

u—v

4
Z dc?’(“a U) lz}( ) litc’ (’LL)

u—v g
Comparing the coefficients of v on both sides we derive

15(u) 15 [0] = q L5, [0] 15 (w) + (g7 = ¢%) 15,[0] 135 ().

Relation (3.30) now follows from (3.25) and (3.27).

The particular case g = 04 was considered in [21, Section 4.4]; it was shown therein that
62i2,(u) = 0, which is sufficient to complete the argument in this case. These relations essentially
refer to the algebra UqR(ﬁ) with g = 02, whose definition extends to the abelian Lie algebra os.
In this case we have £ = 1 and the defining relations give?

(W) 5 (v) = (ug™ — va) I (0) 1, (u).

By setting v = u¢? we derive that l11'( u) = 0 and hence ei,(u) =0.

The argument for the series fﬂ( u) is quite similar to that for ef;(u) As an alternative
approach, one can work with the quantum affine algebra defined with the R-matrix Roj(u,v)
used instead of R(u,v), and modify the above calculations for the series e;tj(u) accordingly; then
apply the anti-isomorphism introduced in Remark 3.3. |

(ug —vq™)

“This corrects the formula used in the proof of [21, Lemma 4.13].
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3.3 Highest weight representations

Definition 3.9. A representation V' of the algebra Uf(ﬁ) (or the extended quantum affine
algebra UZXt (9)) is called a highest weight representation if there exists a nonzero vector ¢ € V
such that V is generated by ¢ and the following relations hold:

[5(u) ¢ =0 for 1<i<j<N, and
)¢ =Af(u)¢  for i=1,...,N,

for some formal series A/ (u) € C[[u]] and A; (u) € C[[u~!]]. The vector ( is called the highest
vector of V.

Note that by (3.4), the product of the constant terms of Af (u) and A; (u) must equal 1.

Proposition 3.10. In terms of the Gaussian generators, the conditions in Definition 3.9 are
equivalent to the following:

e;tj(u)g‘:O for 1<i<j<N, and
hE(w) ¢ =M (w)¢  for i=1,...,N.
Proof. This is immediate from the Gauss decomposition formulas (3.11)—(3.13). [

The algebra Uff(ﬁ) (as well as Ug*'(g)) admits a family of automorphisms
Lt (u) = SL*(u) and L™ (u) = S0 (u), (3.31)
parameterized by invertible diagonal matrices S = diag[o1,...,on] satisfying the conditions
St=s81=s or St=85"1=-s.

The second condition can occur only for N = 2n. When applied to the isomorphic algebra
Ug(@) = UJ(5), the automorphisms (3.31) correspond to the sign automorphisms considered in
[6, Section 12.2.B].

Theorem 3.11.

1. Any finite-dimensional irreducible representation of the algebra Uf(/g\) s a highest weight
representation. Up to twisting this representation with a suitable automorphism (3.31), its
parameters satisfy the relations

_9 _
N @) _ aegr Pl _ A (W)

=AW a1, (3.32)
/\z’trl (u) Pi(u) A (u)

and

) Laeg p, Po(ug™!) An (u)
n = g29%8"n = = for type By,
P (u) Apga(w)

AF Py (ug™* P
+n (u) — q2 deg P, (Uq ) — n (u) fOT’ type Cfn,,

/\n+1(u) Py (u) /\;+1(u>
W) g op, Pa(ug™®) A _i(u)

=q & = Dy,
)\I—i_l (’LL) q Pn (’LL) )\;+1 (u) fOT type

for some polynomials P;(u) in u, all with constant term 1, where the first and second
equalities are regarded in C[[u]] and C[[u]], respectively.
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2. Every n-tuple (Py(u), ..., Py(u)), where each P;(u) is a polynomial in u with constant term
1, arises in this way.

3. The series )\;t(u) satisfy the relations

AT (€™ N (1) = A1 (u€a™) A 4y (), (3.33)

where ¢ = 0,1,...,n for N =2n4+1, and i = 0,1,...,n — 1 for N = 2n, and we set
Ag(u) = A5 (u) = 1.

Proof. Using the isomorphism U, (g) = U(If(ﬁ) and the classification results recalled in Sec-
tion 3.1, we find that any type 1 finite-dimensional irreducible representation V of the alge-
bra U,(g) is generated by a vector ¢ such that

el:-’tiﬂ(u)(:() for i=1,...,n, (3.34)
hE(u) ¢ = A (u) ¢ for i=1,...,n+1,

for some formal series A\ (u) € C[[u]] and A (u) € C[[u"!]], where for type D, relation (3.34)
with ¢ = n should be replaced with ef_lvn 4+1(u)¢ = 0. Proposition 3.8 implies that V' is a highest
weight representation of UqR(ﬁ). Relations (3.32) follow from the results of [6, Section 12.2]. They
can also be derived by considering a subalgebra U; C Uf (g) associated with the i-th simple root
of g such that U; = U, (5?[2) The cyclic span U;( is a finite-dimensional Uy, (glg)—module which
yields the required conditions on the series A\ (u); see [14, Section 3.1] for more details on this
approach going back to [28].

Part 2 of the theorem follows from the classification results of [6, Section 12.2]. The proof
relies on the Hopf algebra structure on UqR(ﬁ) introduced in Section 3.2.3. It is implied by
a well-known property of tensor products of representations. Namely, suppose that V and W
are finite-dimensional irreducible representations of Uf(ﬁ) with respective highest vectors (
and 7, with the parameter series (Af(u), . ,)\ﬁ(u)) and (uf(u), e ,,uﬁ(u)) The coproduct
formula (3.19) implies that the irreducible quotient X of the cyclic span

Uf@(¢en cVew

is a highest weight representation with the parameter series ()\f(u)uli(u), . ,)\ﬁ(u)yﬁ(u))
Therefore, if V' and W are associated with the respective n-tuples of polynomials

(Pr(u),...,Py(u)) and (Q1(w),...,Qn(u)),

then by the formulas of Part 1, the representation X is associated with the n-tuple

(P1(w)Q1(w),. .., Po(u)Qn(uw)).

Hence, to complete the proof of Part 2, one only needs to produce a finite-dimensional irreducible
representation to each n-tuple of the form

(1,...,Lau+1,1,...,1), acC.

The existence of such fundamental representations of the quantum affine algebra was established
in [7]. Part 3 of the theorem is immediate from Lemma 3.2. |

Corollary 3.12. All statements of Theorem 3.11 hold in the same form for the algebra UZXt(ﬁ),
except that the value i = 0 is excluded for the conditions (3.33).

Proof. The arguments used in the proof of the theorem equally apply to the representations

of the algebra Ug*(g). Relation (3.33) with i = 0 is now replaced by the property that the
series 2% (u) acts in the highest weight representation as multiplication by A} (u€) )\f, (u). [
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3.3.1 Representations of quantum affine algebras in type A

Corresponding versions of the classification results described in Theorem 3.11 for the quantum
affine algebras in type A are well-known. They can be derived in the same way as for the
types B, C' and D from the isomorphism between the R-matrix and Drinfeld presentations
of the quantum affine algebra Uy(g) for g = sl,, constructed in [8]. On the other hand, an
independent proof of the classification theorem for the quantum affine algebras in the R-matrix
presentation, which we state below, was given in [14] following the original approach of [28].

The quantum affine algebra Uy, (sA[n) (with the trivial central charge) is defined by the formulas
of Section 3.1, where the simple roots are chosen in the form (2.1). Finite-dimensional irreducible
representations of Uy, (sA[n) are described by the results recalled in that section.

Consider the R-matrix defined by

n n
Ra(w)= Y (uq” —q %) eq®ej;+ (a—a7") D (wdicj +ding) e ® eji.
i,j=1 4,j=1

The quantum affine algebra UqR(gT[n) (with the trivial central charge) is generated by ele-
ments l;; [Fm] with 1 < 4,5 < n and m € Z4 subject to the defining relations described in
(3.4)—(3.9), where the parameter N is replaced by n and the R-matrix (3.1) is replaced by Ra(u).
The Hopf algebra structure on UZ (é\[n) is described by the maps (3.19), (3.20) and (3.21). The

algebra Uff (s?[n) is a Hopf subalgebra of Uf (gA[n) which consists of all elements which are stable
with respect to all automorphisms

L (u) = 5 (u) L*(u),

where f¥(u) are arbitrary series satisfying conditions (3.16). By the results of [8] the maps (3.14)
define a Hopf algebra isomorphism U, (5[n) — Uf(ﬁ[n), where the Gaussian generators are

defined by (3.11). The algebra UqR(ﬁA[n) (as well as Uf (é\[n)) admits a family of automor-
phisms (3.31) parameterized by diagonal matrices S = diag|oy,...,0,] such that o; = £1 for
all 4.

Highest weight representations of the algebra Uf‘(g?[n) are defined in the same way as in
Definition 3.9. By restrictions, we get highest weight representations of the subalgebra UqR (;[n)
Proposition 3.10 holds in the same form. The following theorem is contained in [14, Theorem 3.6].
The proof of Theorem 3.11 applied to the quantum affine algebras of type A provides another
derivation of that result.

Theorem 3.13.

1. Any finite-dimensional irreducible representation of the algebra UqR (g?[n) (cmd UqR (;[n)) 18
a highest weight representation. Up to twisting this representation with a suitable auto-
morphism (3.31), its parameters satisfy the relations

A Pi(ug™®) A
M:qdegpi (uq ): Z(U) i:l,...,n—l,

/\z—':l(“) Pi(u) A (u) 7

for some polynomials P;(u) in wu, all with constant term 1, where the equalities are under-
stood for the expansions of the rational function in u as a series in u and u™', respectively.

2. Every n-tuple of polynomials (Pi(u),..., P,—1(u)) in u, where each P;(u) has constant
term 1, arises in this way.
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3.3.2 Outlook

The isomorphisms of [20, 21] do not rely on any Poincaré-Birkhoff-Witt-type theorem for the
algebra U?(fj). Therefore, such a theorem is implied by the results of Beck [4]. In particular,
by Proposition 3.8, the image of the basis of the subalgebra U,(g)* under the isomorphism
Uq(@) — UL(g) is a basis of the subalgebra UZ(g)" generated by the coefficients of all se-
Zi](u) However, a precise expression of the basis elements in terms of these coefficients is
unknown.

Note also that the version of the Poincaré-Birkhoff-Witt theorem for the algebra U, (gA[N)
given in [14, Corollary 2.13] does not immediately extend to types B, C' and D, because of
more complicated defining relations on the generators l% [m]. It would be interesting to find an
alternative form of the quadratic relations for the generator series to lead to such a version.

ries e

A Modified isomorphism for Yangians

Here we give a modified version of the isomorphism produced in [19, Main Theorem| which can
be used to establish a different correspondence between the parameters of representations in
the two realizations of the Yangians; cf. Section 2.2.1. An analogous isomorphism was used for
type A in [24, Section 3.1]; see also [5] for an isomorphism with an opposite presentation of
the Yangian Y(sly). The new version is based on the alternative Gauss decomposition of the
matrix T'(u), defined by

T(u) = E(u) H(u) F(u), (A.1)

where F(u), H(u) and F(u) are uniquely determined matrices of the form

1 512(’[0 . é}N(u) B 1 0 0
e O O .
0 0 . 1 fni(u)  fra(w) 1

and H(u) = diag [hi1(u), ..., hn(u)]. Define the series with coefficients in Y(g) by
ki(w) = hi(u+ (i = 1)/2) hipa(u + (i = 1)/2)7
fori=1,...,n—1, and

ho(u+ (n—1)/2) hyy1(uw + (n —1)/2)71 for 09,41,
Bn(u + n/2) BnJrl(u + n/2)_1 for 5Pons
Bo—1(u+ (n—2)/2) hpg1(u+ (n—2)/2)~1 for og,.

Fop(u) =

Furthermore, set

5?(“) = én’ﬂ(u + (i — 1)/2)7 & (u) = ﬁ'+1¢(u + (i — 1)/2)

fori=1,...,n—1,

énn+1(u + (TL - 1)/2) for 02p41,
g(“) = 4 Enn+1 ('LL + n/2) for 5Pap,
€n—1nil (u + (n— 2)/2) for o9,
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and

frtin(u+ (n—1)/2) for 09,41,
&n (u) = %fn+1n(u+n/2) for spy,,,
f_n+1 n_l(u + (n — 2)/2) for 092n.

Introduce elements of Y(g) by the respective expansions into power series in u ™!,

o0 oo
ki(u) =1+ Z g u " and §f(u) = Z fiir w
r=0 r=0

fore=1,...,n.

Theorem A.1. The mapping which sends the generators x;, and fﬁ of YP(g) to the elements

~

of Y(g) with the same names defines an isomorphism YP (g) = Y(g).

Proof. We will derive this result from [19, Main Theorem] as recalled in Section 2.2.1, by
taking the composition of the isomorphism Y?(g) — Y(g) constructed therein, with certain
automorphisms of the algebra Y(g). We have the following quasideterminant formulas for the
entries of the matrices H(u), F(u) and F(u) [13]:

)]t ... tiv(w)
Rofuy = i) fierinl) e tan@) (A.2)
tviw)  tvin(e) oty (w)
whereas
tij(w)|  tijp(w) .. tin(u)
() = tj+1.j(u) tj+1j'+1(U) tj+1{v(U) ()~ (A.3)
)ty . txw(u)
and
tji(u) | tijea(u) o tin(u)
F() = ()" th.,-(u) 7fj+1j.+1(U) tj+1{v(U) (A1)
tvi) ) e tyw(w

for 1 < i < j < N. The Gaussian generators h;(u), e;;(u) and f;;(u) are defined by using
the decomposition (2.6) dual to (A.1), and are given by the respective dual quasideterminant
formulas; see [19, Section 4]. On the other hand, the mapping

S tij(u) = tigy(u), 1<i,7<N, (A.5)

defines an involutive automorphism of the algebra Y(g). Since quasideterminants are unchanged
under permutations of rows or columns, we find that the images of the Gaussian generators are
given by

S: h; (u) — hy (u), €ij (u) — fi’j’ (u), fﬂ(u) — éj’i’ (u)



24 N. Jing, M. Liu and A. Molev

Furthermore, the unitary condition (2.5) implies symmetry relations for the Gaussian generators
which were described in [19, Section 5.3].° They are given in (2.7), and for i = 1,...,n — 1 we
have

ey (u) = —eiipi(ut+r—14)  and  figpay(u) = —fipri(u+ K — 1),

with some additional type-specific relations. These relations allow us to express the images of the
generators of Y”(g) under the composition of the isomorphism Y?(g) — Y(g) provided by [19,
Main Theorem] with the automorphism (A.5), in terms of the Gaussian generators (A.2)—(A.4).
The formulas given in the statement of the theorem are obtained by taking further compositions
with the shift automorphism 7'(u) — T'(u+ x — 1) and with the automorphism which multiplies
all generators fﬁ by —1, while leaving all &,, unchanged. |
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