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1 Introduction

1.1 Backgrounds

Derived categories of coherent sheaves on varieties are one of the important invariants in algebraic
geometry, and they have interesting links to other fields of mathematics. For example, if a smooth
variety X admits a tilting bundle T , the derived category Db(cohX) of coherent sheaves on X
is equivalent to the derived category Db(mod Λ) of finitely generated right modules over the
endomorphism ring Λ ··= EndX(T ) of T . Once we have such an equivalence, we can study the
derived category of coherent sheaves by the representation theory of noncommutative algebras.
However, if X is a smooth projective Calabi–Yau variety, X can never admit a tilting bundle.

Recently, Okonek–Teleman proved that the derived category of a regular zero section in
a certain smooth variety is equivalent to the derived factorization category of a noncommuta-
tive gauged Landau–Ginzbubrg (LG) model [13]. In particular, they proved that the derived
category Db(cohZ) of a Calabi–Yau complete intersection Z ⊂ Pn is equivalent to the derived
factorization category DmodGm(Λ, χ, w) of a noncommutative gauged LG model (Λ, χ, w)Gm ,
where Λ is a noncommutative crepant resolution of some quotient singularity. This result gives
a new approach to the study of the derived categories of Calabi–Yau complete intersections.
For example, it is interesting to interpret autoequivalences of Db(cohZ) with autoequivalences
of DmodGm(Λ, χ, w) induced by Gm-equivariant tilting modules/complexes over Λ, and it is ex-
pected that this interpretation enables us to study the fundamental group action on Db(cohZ),
constructed in [5] using variations of GIT quotients, by equivariant tilting theory over Λ.
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In this paper, for any reductive affine algebraic group G, we generalize Okonek–Teleman’s
result to a G-equivariant setting. More precisely, we prove that G-equivariant tilting modules
over G-equivariant algebras induce equivalences of derived factorization categories of noncom-
mutative gauged LG models. Moreover, combining Rennemo–Segal’s results in [16] with our
result, we prove that the derived category of a noncommutative resolution of a generic linear
section of a Pfaffian variety is equivalent to the derived factorization category of a noncommu-
tative gauged LG model (Λ, χ, w)Gm , where Λ is a non-commutative resolution of the quotient
singularity W/GSp(Q) arising from a certain representation W of the symplectic similitude
group GSp(Q) of a symplectic vector space Q.

1.2 Equivariant algebras and noncommutative LG models

Let X be a scheme, and G an algebraic group acting on X. Denote by σ : G × X → X
the morphism defining the G-action on X, and write π : G × X → X for the natural pro-
jection. Let ρ : OX → A be a (not necessarily commutative) OX -algebra that is a coherent
OX -module. A G-equivariant structure on A is an isomorphism θA : π∗A ∼−→σ∗A of sheaves
of OG×X -algebras such that the pair

(
A, θA

)
defines the G-equivariant coherent OX -module,

and we call the pair
(
A, θA

)
a G-equivariant coherent X-algebra. Similarly, we define a G-

equivariant coherent A-module to be the pair
(
M, θM

)
of a right A-module M and an isomor-

phism θM : π∗M ∼−→σ∗M of π∗A-modules such that the pair
(
M, θM

)
defines a G-equivariant

coherent OX -module. We write cohGA for the category of G-equivariant coherent A-modules.
Then we have an equivalence

cohGA ∼= coh[A/G]

of categories, where [A/G] is the associated coherent [X/G]-algebra (see Appendix A).
Let χ : G → Gm be a character of G, and w : X → A1 a χ-semi-invariant regular function

on X, i.e., W (g · x) = χ(g)W (x) for any (g, x) ∈ G×X. We call the data (A, χ, w)G a gauged
Landau–Ginzburg (LG) model, and it is said to be noncommutative if the algebra A is not
commutative. We define a factorization of (A, χ, w)G to be a sequence

M1
ϕ1−→M0

ϕ0−→ OX(χ)⊗OX
M1

consisting of G-equivariant coherent A-modules Mi and G-equivariant A-linear maps ϕi such
that the compositions ϕ0 ◦ ϕ1 and ϕ1(χ) ◦ ϕ0 are the multiplications by w. To a gauged LG
model (A, χ, w)G we associate the derived factorization category

DcohG(A, χ, w)

whose objects are factorizations of (A, χ, w)G. If X = SpecR, the G-equivariant X-algebra A
corresponds to the G-equivariant R-algebra A ··= Γ(X,A), and we write DmodG(A,χ,w) for the
corresponding derived factorization category.

1.3 Results

Let X be a variety, G an affine algebraic group acting on X, and H a closed normal subgroup
of G.

Definition 1.1. A G-equivariant coherent A-module T ∈ cohGA is called a (G,H)-tilting (resp.
partial (G,H)-tilting) if the restriction TH ∈ cohH A satisfies the following conditions (1), (2)
and (3) (resp. (1) and (2)):

1. We have ExticohH A(TH , TH) = 0 for all i > 0.
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2. The object TH is compact in D
(

QcohH A
)
.

3. The object TH is a generator of D
(

QcohH A
)
, i.e., for any complex A• in QcohH A,

RHom(T,A•) ∼= 0 in D(Mod End(TH)) implies A• ∼= 0 in D
(

QcohH A
)
.

Let SpecR be an affine variety with a G-action such that the induced H-action is trivial so
that SpecR has the induced G/H-action. Let f : X → SpecR be a G-equivariant morphism
such that the associated morphism f : [X/H] → SpecR is proper. Let T ∈ cohGA be a G-
equivariant coherent A-module, and write Λ ··= EndcohA(T ) for the endomorphism ring of
the underlying A-module T . Then Λ has a natural H-action, and the H-invariant ring ΛH is
a G/H-equivariant coherent R-algebra. Let χ : G/H → Gm be a character of G/H, and define
the character χ̂ : G → Gm to be the composition of χ and the natural projection G → G/H.
Let wR : SpecR→ A1 be a χ-semi-invariant regular function on SpecR, and write w ··= f∗wR.
Then we have two gauged LG models(

A, χ̂, w
)G

and
(
ΛH , χ, wR

)G/H
.

The following is a generalization of Okonek–Teleman’s result [13, Theorem 1.11].

Theorem 1.2 (Theorem 4.7). Assume that G/H is reductive and ΛH is of finite global dimen-
sion.

1. If T is partial (G,H)-tilting, then we have a fully faithful functor

DmodG/H
(
ΛH , χ, wR

)
↪→ DcohG

(
A, χ̂, w

)
.

2. If T is (G,H)-tilting and every quasi-coherent A-module has a finite injective resolution,
we have an equivalecne

DcohG
(
A, χ̂, w

) ∼−→ DmodG/H
(
ΛH , χ, wR

)
.

Let V be a vector space of dimension v. For an integer q with 0 ≤ 2q ≤ v, we have a Pfaffian
variety

Pfq ··=
{
x ∈

∧
2V ∗ | rk(x) ≤ 2q

}
⊆ P

(∧
2V ∗

)
,

and we consider its linear section

Pfq|L ··= Pfq ∩ P(L),

where L ⊂
∧

2V ∗ is a subspace of V such that Pfq|L 6= ∅. If we choose a generic L, there is a
noncommutative resolution BL of Pfq|L [17, 18], and if Pfq|L is smooth Db(cohBL) is equivalent
to Db(coh Pfq|L). Combining Theorem 1.2 and the results in [16], we have the following.

Corollary 1.3 (Corollary 5.1). There is a noncommutative gauged LG model (Λ, χ, w)Gm such
that we have an equivalence

Db(cohBL) ∼= DmodGm(Λ, χ, w)

and that Λ is a noncommutative resolution of the affine quotient W/GSp(Q) of a certain repre-
sentation W of the symplectic similitude group GSp(Q) of a symplectic vector space Q.
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1.4 Notation and convention

� Unless stated otherwise, categories and stacks we consider are over an algebraically closed
field k of characteristic zero.

� For a character χ : G→ Gm of an algebraic group G, we denote by OX(χ), or simply O(χ),
the G-equivariant invertible sheaf on a G-scheme X associated to χ.

� For an exact category E, we denote by Ch(E) (resp. Chb(E)) the category of cochain
complexes (resp. bounded cochain complexes) in E, and we write D(E) (resp. Db(E)) for the
derived category (resp. the bounded derived category) of E.

2 Preliminaries

In this section, we recall definitions and basic properties about derived factorization categories,
equivariant quasi-coherent sheaves and tilting objects.

2.1 Derived factorization categories

We recall the basics of derived factorization categories mainly to fix notation. See, for exam-
ple, [2, 8, 15] for more details. Throughout this section, A is an abelian category with small
coproducts such that the small coproducts of families of short exact sequences are exact. In what
follows, we fix a triple

(E,Φ, w) (2.1)

consisting of an exact subcategory E ⊆ A of A, an exact autoequivalence Φ: A → A pre-
serving E and a functor morphism w : id → Φ that is compatible with Φ, i.e., the equality
w(Φ(E)) = Φ(w(E)) holds for every object E ∈ E. The functor morphism w : id → Φ is called
a potential of E.

Definition 2.1. A factorization of (E,Φ, w) is a sequence

E =
(
E1

ϕE
1−−→ E0

ϕE
0−−→ Φ(E1)

)
in E such that ϕE0 ◦ ϕE1 = w(E1) and Φ

(
ϕE1
)
◦ ϕE0 = w(E0). Objects E1 and E0 in the above

sequence are called the components of E.

Definition 2.2. Let (E,Φ, w) be the above triple.

1. For two factorizations E,F of (E,Φ, w), we define the complex Hom(E,F )• with differential
d•(E,F ) : Hom(E,F )• → Hom(E,F )•+1 by

Hom(E,F )2n ··= HomE(E1,Φ
n(F1))⊕HomE(E0,Φ

n(F0)),

Hom(E,F )2n+1 ··= HomE(E1,Φ
n(F0))⊕HomE(E0,Φ

n+1(F1)),

where Ei and Fi are the components of E and F respectively, and

d•(E,F )(f) := ϕF ◦ f − (−1)deg(f)f ◦ ϕE if f ∈ Hom(E,F )deg(f).

This defines the dg category

Fact(E,Φ, w)

of factorizations of (E,Φ, w).
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2. The dg category Fact(E,Φ, w) defines the additive categories

Fact(E,Φ, w) ··= Z0(Fact(E,Φ, w)),

K(E,Φ, w) ··= H0(Fact(E,Φ, w)).

We call K(E,Φ, w) the homotopy category of (E,Φ, w).

The category Fact(E,Φ, w) is an exact category, and the homotopy category K(E,Φ, w) is a tri-
angulated category (see [8, Propositions 3.5 and 3.9]). To define the derived factorization cate-
gories, we define the totalizations of complexes of factorizations: For an object E ∈ Fact(E,Φ, w),
let us set

Com(E)2i ··= Φi(E0), Com(E)2i−1 ··= Φi(E1),

d2i
E
··= Φi

(
ϕE0
)
, d2i−1

E
··= Φi

(
ϕE1
)
.

Then a periodic (up to twists by Φ) infinite sequence

Com(E) ··=
(
Com(E)•, d•E

)
in E satisfies di+1

E ◦ diE = w(Com(E)i) for all i ∈ Z.

Definition 2.3. Let E• =
(
· · · → Ei

δi−→ Ei+1 → · · ·
)

be a bounded complex of Fact(E,Φ, w).
We define the totalization Tot(E•) ∈ Fact(E,Φ, w) of E• by

Tot(E•) ··=
(
T1

t1−→ T0
t0−→ Φ(T1)

)
,

where

Tl :=
⊕

i+j=−l
Com(Ei)j ,

tl|Com(Ei)j ··= Com(δi)j + (−1)idj
Ei .

Taking totalizations defines an exact functor

Tot: Chb(Fact(E,Φ, w))→ Fact(E,Φ, w).

Definition 2.4. Let A(E,Φ, w) be the smallest thick subcategory of K(E,Φ, w) that contains
totalizations of all short exact sequences in Fact(E,Φ, w). Then we define the derived factoriza-
tion category D(E,Φ, w) of the triple (E,Φ, w) by the Verdier quotient

D(E,Φ, w) ··= K(E,Φ, w)/A(E,Φ, w).

If E is closed under coproducts in A, we denote by Aco(E,Φ, w) the smallest thick subcategory
of K(E,Φ, w) that contains totalizations of all short exact sequences in Fact(E,Φ, w) and closed
under coproducts. Then we define the coderived factorization category Dco(E,Φ, w) by

Dco(E,Φ, w) ··= K(E,Φ, w)/Aco(E,Φ, w).

Let F be an exact subcategory of another abelian category B satisfying the same properties
of A, and let

(F,Ψ, v)

be a triple as in (2.1).
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Definition 2.5. An additive functor

F : E→ F

is factored with respect to the potentials (Φ, w) and (Ψ, v) if there is a functor isomorphism

α : F ◦ Φ ∼−→Ψ ◦ F

such that for every object E ∈ E, the following diagram commutes:

F (E)

F (Φ(E)) Ψ(F (E)).

F (w(E)) v(F (E))

α(E)

If F : E → F is a factored functor with respect to (Φ, w) and (Ψ, v), then it induces a dg
functor

F : Fact(E,Φ, w)→ Fact(F,Ψ, v).

This dg functor defines the additive functors

F : Fact(E,Φ, w)→ Fact(F,Ψ, v),

F : K(E,Φ, w)→ K(F,Ψ, v),

where the latter functor is an exact functor. To define the derived functors of exact functors
between homotopy categories, we need the following results due to [2].

Proposition 2.6 ([2, Corollary 2.25]). Assume that A has enough injectives and that the co-
products of injectives are injective. Let I ⊂ A be the subcategory of injective objects. Then the
natural functor

K(I,Φ, w)→ Dco(A,Φ, w)

is an equivalence.

Proposition 2.7. Let P ⊂ A be the subcategory of projective objects in A, and assume that A

has enough projectives. Let C ⊂ A be an abelian subcategory that is preserved by Φ, and let
Q ··= C ∩ P.

1. Assume that all objects in C are compact in A. Then for any P ∈ K(Q,Φ, w) and A ∈
Aco(A,Φ, w) we have

HomK(A,Φ,w)(P,A) = 0.

In particular, the natural functor

K(Q,Φ, w)→ Dco(A,Φ, w)

is fully faithful.

2. If every object in C has a finite projective resolution in C, the natural functor

K(Q,Φ, w)→ D(C,Φ, w)

is essentially surjective.
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Proof. (1) The latter statement follows from the former one by [12, Proposition B.2]. The vani-
shing HomK(A,Φ,w)(P,A) = 0 reduces to the case when A ∈ A(A,Φ, w), since the compo-
nents of P are compact by our assumption. If A ∈ A(A,Φ, w), the vanishing follows from [2,
Lemma 2.4].

(2) This follows from [2, Proposition 2.22]. �

Definition 2.8. Let F : A→ B be a factored functor with respect to (Φ, w) and (Ψ, v).

1. Assume that A has enough injectives and that the coproducts of injectives are injective.
If F is left exact, we define the right derived functor

RF : Dco(A,Φ, w)→ Dco(B,Ψ, v)

of F : K(A,Φ, w)→ K(B,Ψ, v) to be the composition

Dco(A,Φ, w) K(I,Φ, w) K(B,Ψ, v) Dco(B,Ψ, v),∼ F Q

where the first functor is the equivalence in Proposition 2.6, and Q is the natural quotient
functor.

2. Let C ⊂ A and D ⊂ B be abelian subcategories that are preserved by Φ and Ψ respectively,
and assume that the factored functor F restricts to F : C→ D. Assume that every object
in C is compact in A and has a finite projective resolution in C, and that the natural
functor D(C,Φ, w) → Dco(A,Φ, w) is fully faithful. If F is right exact, we define the left
derived functor

LF : D(C,Φ, w)→ D(D,Ψ, v)

of F : K(C,Φ, w)→ K(D,Ψ, v) to be the composition

D(C,Φ, w) K(Q,Φ, w) K(D,Ψ, v) D(D,Ψ, v),∼ F Q

where the first functor is the equivalence in Proposition 2.7.

2.2 Quasi-coherent modules over sheaves of algebras

In this subsection, we recall fundamental properties of quasi-coherent modules over sheaves
of algebras over schemes.

Let X be a scheme. An OX -module F is said to be quasi-coherent if for any point x ∈ X,
there are an open neighborhood U of x and an exact sequence

O⊕IU → O
⊕J
U → F|U → 0,

where I and J are sets. A quasi-coherent OX -module F is called a coherent OX -module, if for
every affine open subset U = SpecR of X, Γ(U,F) is a finitely generated R-module. We denote
by QcohX (resp. cohX) the category of quasi-coherent (resp. coherent) OX -modules.

Definition 2.9. An X-algebra is a sheaf A of not necessarily commutative algebras together
with a morphism ρ : OX → A of sheaves of algebras such that the image of ρ lies in the center
of A and that A is a quasi-coherent OX -module. An X-algebra ρ : OX → A is said to be
coherent if A is a coherent OX -module. A morphism of X-algebras is a morphism ϕ : A → B
of sheaves of algebras that is OX -linear.
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For an X-algebra ρ : OX → A, a quasi-coherent (resp. coherent) A-module is a right A-mo-
duleM that is a quasi-coherent (resp. coherent) OX -module. For quasi-coherent A-modulesM
and N , a morphism from M to N is a morphism of sheaves of right A-modules. We denote by

QcohA

the category of quasi-coherentA-modules, and we write cohA for the full subcategory of coherent
A-modules.

Remark 2.10. Since the category of rightA-modules and the category QcohX are both abelian,
QcohA is also an abelian category. Furthermore, in Proposition 3.19 we will see that QcohA
is a Grothendieck category.

Let ϕ : A → B be a morphism of X-algebras. For an object N ∈ QcohB, we define a quasi-
coherent A-module Nϕ by the composition

N ×A id×ϕ−−−→ N × B → N ,

where the second morphism is the right B-action of N . This defines the functor

(−)ϕ : QcohB → QcohA, (2.2)

and we call the functor (−)ϕ the restriction by ϕ.
Conversely, for an object M ∈ QcohA, the tensor product M ⊗A B has a natural right

B-action, and this defines the functor

(−)⊗A B : QcohA → QcohB, (2.3)

and we call this functor the extension by ϕ. It is standard that we have an adjunction

(−)⊗A B a (−)ϕ.

Although the following propositions might be well known, we give the proofs for reader’s
convenience.

Proposition 2.11. Let X be a scheme, and ρ : OX → A an X-algebra.

1. For every M ∈ QcohA and every point x ∈ X, there are an open neighborhood U of x
and a surjective A|U -linear map

A|⊕JU �M|U ,

where J is a set.

2. A right A-module M is quasi-coherent if and only if for every point x ∈ X there are
an open neighborhood U and an exact sequence

A|⊕IU → A|
⊕J
U →M|U → 0.

in the category of right A-modules.

Proof. (1) Let M ∈ QcohA and x ∈ X. Then there are an open neighborhood U of x,
a set J and an surjective morphism π : O⊕JU � Mρ|U in QcohX. Since the functor (−) ⊗OU

A|U : QcohU → QcohA|U has a right adjoint functor, it is right exact and commutes with small
direct sums. Hence we have a natural isomorphism O⊕JU ⊗OU

AU ∼= A|⊕JU and the morphism

π ⊗OU
A|U : A⊕JU →Mρ|U ⊗OU

A|U

is surjective. Composing this surjection with a natural surjective morphism Mρ|U ⊗OU
A|U �

M|U ; m⊗ a 7→ ma, we have a surjective morphism A|⊕JU �M|U .
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(2) (⇒) Assume that a right A-moduleM is quasi-coherent and let x ∈ X be a point. Then
by (1) there are an open neighbborhood U of x and a surjective A|U -linear map p : A|⊕JU �M|U .
Denote by K the Kernel of p and by i : K ↪→ A|⊕JU the natural inclusion. Then K is also a quasi-
coherent A-module, and thus, by shrinking U if necessary, we have a surjective A|U -linear map
q : A|⊕IU � K|U . Then the sequence

A|⊕IU
i◦q−−→ A|⊕JU

p−→M|U → 0

is an exact.

(⇐) Assume that a right A-module M is locally isomorphic to the cokernel of a morphism
between free modules. Then, since A is a quasi-coherent OX -module andM is locally isomorphic
to the cokernel of a morphism of quasi-coherent modules,M is a locally quasi-coherent module.
Thus M is a quasi-coherent OX -module. �

2.3 Equivariant sheaves

We briefly recall the basics of equivariant quasi-coherent sheaves. For more details, see, for
example, [3, Section 2].

Let G be an algebraic group, and denote by ε : Spec k → G, µ : G×G→ G and ι : G→ G the
morphisms defining the identity, the multiplication and the inversion of G. Let X be a scheme
with an algebraic left G-action σ : G × X → X. We denote by π : G × X → X the natural
projection, and we write

εX : X → G×X

for the composition X ∼−→ Spec k ×X ε×idX−−−−→ G×X.

Definition 2.12. A G-equivariant structure on a quasi-coherent sheaf F ∈ QcohX is an iso-
morphism

θ : π∗F ∼−→σ∗F

of OG×X -modules such that the equations

ϕ∗θ ◦ (idG×π)∗θ = (µ× idX)∗θ and ε∗Xθ = idF (2.4)

hold, where ϕ : G×G×X → G×X is the morphism defined by ϕ(g, h, x) ··= (h, gx).

Remark 2.13. For any closed point g ∈ G, there is the corresponding morphism g : Spec k → G,
and this induces the morphism g× idX : X → G×X. The pull-back of a G-equivariant structure
θ : π∗F ∼−→σ∗F by g × idX defines the isomorphism

θg : F ∼−→σ∗gF ,

where σg : X → X is the isomorphism defined by σg ··= σ ◦ (g × idX). The pull-back of the first
equation in (2.4) by the morphism g × h× idX : X → G×G×X implies the equation

σ∗gθh ◦ θg = θgh,

and the pull-back of the second equation is nothing but the equation θ1G = idF .
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A G-equivariant quasi-coherent sheaf is a pair (F , θ) of a quasi-coherent sheaf F ∈ QcohX
and a G-equivariant structure θ on F . We say that (F , θ) is coherent (resp. locally free) if F
is coherent (resp. locally free). If there is no risk of confusion, a G-equivariant quasi-coherent
sheaf (F , θ) is denoted simply by F .

Let
(
F , θF

)
and

(
G, θG

)
be G-equivariant quasi-coherent sheaves on X. A morphism ϕ:

F → G of OX -modules is said to be G-equivariant if the diagram

π∗F π∗G

σ∗F σ∗G

π∗ϕ

θF θG

σ∗ϕ

(2.5)

is commutative.

Remark 2.14. Let
(
F , θF

)
and

(
G, θG

)
be G-equivariant quasi-coherent sheaves on X. Assume

that X is of finite type over k. Then the set of closed points of G × X is equal to the set of
pairs (x, g) of closed points x ∈ X and g ∈ G. This implies that a morphism ϕ : F → G of the
OX -modules is G-equivariant if and only if for any closed point g ∈ G the pull-back

F G

σ∗gF σ∗gG

ϕ

θFg θGg
σ∗gϕ

of the diagram (2.5) by g × idX is commutative.

G-equivariant quasi-coherent sheaves on X and G-equivariant morphisms define the abelian
category

QcohGX.

It is standard that the category QcohGX is equivalent to the category Qcoh[X/G] of quasi-
coherent sheaves on the quotient stack [X/G];

QcohGX
∼= Qcoh[X/G], (2.6)

and for F ∈ QcohGX we denote by [F/G] ∈ Qcoh[X/G] the image of F by the equivalence (2.6).
We denote by cohGX the subcategory of G-equivariant coherent sheaves on X. This category
is an exact subcategory, and if X is noetherian, it is an abelian subcategory. Furthermore, if X
is of finite type over k, by Remark 2.14, we have

HomQcohGX

((
F , θF

)
,
(
G, θG

))
= HomQcohX(F ,G)G, (2.7)

where the right hand side HomQcohX(F ,G)G is the G-invariant subset with respect to the G-
action on HomQcohX(F ,G) defined by g · ϕ ··= (θGg )−1 ◦ σ∗gϕ ◦ θFg .

Let Y be another G-scheme, and f : X → Y a G-equivariant morphism that is quasi-compact
and quasi-separated. Then f induces the direct image

f∗ : QcohGX → QcohG Y

and the inverse image

f∗ : QcohG Y → QcohGX.

It is standard that f∗ is a left adjoint functor of f∗.
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Tensor products and sheaf Hom define bi-functors

(−)⊗X (−) : QcohGX ×QcohGX → QcohGX,

Hom(−,−) : (cohGX)op ×QcohGX → QcohGX,

and it is also standard that for any F ∈ cohGX, the functor Hom(F ,−) : QcohGX → QcohGX
is right adjoint to the functor (−)⊗X F : QcohGX → QcohGX.

2.4 Tilting objects and derived equivalences

We recall that tilting objects induce derived equivalences. Throughout this subsection, A is
an abelian category with small coproducts and enough injectives, and we assume that small
coproducts of families of short exact sequences in A are exact. These properties of A are
satisfied if A is a Grothendieck category.

Definition 2.15. Let T ∈ A be an object. The object T is called a tilting object if the following
conditions are satisfied:

1. ExtiA(T, T ) = 0 for all i > 0.

2. T is compact in D(A), i.e., the natural map⊕
i∈I

HomD(A)(T,A
•
i )→ HomD(A)

(
T,
⊕
i∈I

A•i

)
is an isomorphism of abelian groups for any set I and any family {A•i }i∈I .

3. T is a generator of D(A), i.e., for an object A• ∈ D(A),

RHom(T,A•) ∼= 0 in D
(

Mod EndA(T )
)

implies A• ∼= 0 in D(A).

We call T a partial tilting object if the conditions (1) and (2) are satisfied.

For an object T ∈ A, we denote by

AddT

the smallest additive subcategory containing all direct summands of small coproducts of T .
We write addT ⊂ AddT for the subcategory consisting of direct summands of finite coproducts
of T . If T is a partial tilting object, then for arbitrary sets I and J , we have isomorphisms

ExtnA

(⊕
i∈I

T,
⊕
j∈J

T
)
∼= HomD(A)

(⊕
i∈I

T,
⊕
j∈J

(T [n])
)

∼=
∏
i∈I

HomD(A)

(
T,
⊕
j∈J

(T [n])
)

∼=
∏
i∈I

(⊕
j∈J

HomD(A)(T, T [n])
)
.

This implies that for any X,Y ∈ AddT , we have ExtnA(X,Y ) = 0 for any n > 0. Thus any short
exact sequence 0 → X → Z → Y → 0 in A with X,Y ∈ AddT splits, and in particular AddT
is an exact subcategory of A.

In the remaining of this subsection, T ∈ A is a partial tilting object, and we assume that
every right module over the endomorphism ring Λ ··= EndA(T ) is of finite projective dimension.
Consider the functor

F ··= HomA(T,−) : A→ Mod Λ

and assume that
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(i) F has a left adjoint functor G : Mod Λ→ A such that the adjunction morphisms σ(Λ): Λ→
FG(Λ) and τ(T ) : GF(T )→ T are isomorphisms.

(ii) The right derived functor RF : D+(A)→ D+(Mod Λ) restricts to the functor

RF : Db(A)→ Db(Mod Λ)

between bounded derived categories.

Note that both of the functors F and G commute with small coproducts since T is compact
and G admits a right adjoint functor. In particular, F and G restrict to the following functors

F : AddT → Proj Λ,

G : Proj Λ→ AddT,

where Proj Λ is the category of projective right Λ-modules.

Lemma 2.16. The functor F : AddT → Proj Λ is an equivalence, and G ∼= F−1.

Proof. The adjunction morphisms σ(P ) : P → FG(P ) and τ(S) : GF(S)→ S are bijective for
any P ∈ Mod Λ and S ∈ AddT , since σ(Λ) and τ(T ) are bijective and Proj Λ = Add Λ. Hence,
the functors F and G are equivalences, and G ∼= F−1. �

By our assumptions, the functor F defines the right derived functor

RF : Db(A)→ Db(Mod Λ)

between bounded derived categories, and the functor G also defines the left derived functor

LG : Db(Mod Λ)→ Db(A)

between bounded derived categories. The following is well known to experts.

Theorem 2.17. The functor LG : Db(Mod Λ) → Db(A) is fully faithful. Furthermore, if T is
a tilting object, then LG is an equivalence and RF ∼= (LG)−1.

Proof. We have the following commutative diagram

Kb(Proj Λ) Kb(AddT )

Db(Mod Λ) Db(A),

G

LG

where the vertical arrows are the natural quotient functors. The left vertical functor is an equi-
valence, since every right Λ-module has a finite projective resolution. Moreover, by Lemma 2.16,
the top horizontal functor is also an equivalence. Hence, for the former assertion, it is enough
to show that the natural functor

Kb(AddT )→ Db(A)

is fully faithful, and this follows from an identical argument as in [6, Chapter III, Lemma 2.1].
For the latter assertion, assume that T is a tilting object. It is enough to prove that RF is

also fully faithful. For any A• ∈ D(A), consider the following triangle

LGRF(A•)
τ−→ A• → C(τ)→ LGRF(A•)[1],

where τ is the adjunction morphism. Applying the functor RF to the above triangle and using
the natural isomorphism RF ◦LG ∼= id, we see that RF(C(τ)) ∼= 0 in Db(Mod Λ). Since T is
a generator of D(A), this implies that C(τ) ∼= 0 in D(A). Hence the adjunction morphism τ is
an isomorphism. This completes the proof. �

Remark 2.18. Our assumption that every Λ-module has a finite projective resolution might
be weakened. However, the result under our assumption is enough for our purpose.
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3 Equivariant algebras and equivariant tilting modules

In this section, we introduce equivariant algebras and equivariant modules, and define seve-
ral functors between equivariant modules that are generalizations of functors in [3, Section 2].
We also show that equivariant tilting modules induce derived equivalences of equivariant mod-
ules, which are simultaneous generalizations of tilting equivalences induced by tilting bundles
on schemes and tilting modules over noncommutative algebras.

3.1 Equivariant modules over equivariant algebras

In this subsection, we give the definitions of equivariant algebras and equivariant modules,
and discuss basic properties. Notation is the same as in Section 2.3. Let ρ : OX → A be an
X-algebra.

Definition 3.1. A G-equivariant structure on the X-algebra ρ : OX → A is an isomorphism

θA : π∗A ∼−→σ∗A

of sheaves of algebras on G × X such that it is OG×X -linear and it gives a G-equivariant
structure on the OX -module A. The pair

(
A, θA

)
is called a G-equivariant algebra over X,

or G-equivariant X-algebra. We say that
(
A, θA

)
is coherent if the underlying X-algebra A is

coherent OX -module. We write simply A for
(
A, θA

)
if no confusion seems likely to occur.

Remark 3.2. Note that for an isomorphism φ : π∗A ∼−→σ∗A of sheaves of algebras which
defines a G-equivariant structure on the quasi-coherent sheaf A, φ is OG×X -linear if and only
if the morphism ρ : OX → A is a G-equivariant morphism of G-equivariant quasi-coherent
sheaves (OX , θcan) and (A,φ), where θcan is the canonical equivariant structure on the structure
sheaf OX induced by the G-action on X.

Let X = SpecR be an affine scheme with an action from an affine algebraic group G, and
set RG ··= k[G]⊗k R, where k[G] denotes the coordinate ring of G. We denote by

RπG
(
resp. RσG

)
the R-algebra R → RG induced by the morphism π : G × X → X (resp. σ : G × X → X).
If
(
A, θA

)
is a G-equivariant X-algebra, taking global sections induces an R-algebra A ··= A(X)

and an isomorphism

θA ··= θA(X) : A⊗R RπG ∼−→A⊗R RσG

of RG-algebras such that θA gives a G-equivariant structure on the R-module A. This yields
the following definition.

Definition 3.3. We call a pair (Λ, θΛ) a G-equivariant R-algebra, if Λ is an R-algebra and
θΛ : Λ⊗RRπG ∼−→Λ⊗RRσG is an isomorphism of RG-algebras such that it defines a G-equivariant
structure on the R-module Λ.

Remark 3.4. For any commutative ring S, via the natural equivalence ModS ∼−→ Qcoh SpecS,
to give a G-equivariant algebra over SpecS is equivalent to give a G-equivariant S-algebra.

Example 3.5. Notation is the same as above.

1. Let F ∈ cohGX be a G-equivariant coherent sheaf on X. Then the algebra

A ··= EndX(F)
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over X has a natural G-equivariant structure. Indeed, the G-equivariant structure

θ : π∗ EndX(F) ∼−→σ∗ EndX(F)

on the G-equivariant coherent sheaf EndX(F) ∈ cohGX is a morphism of algebras, and so
the pair (A, θ) is a G-equivariant algebra over X.

2. Let
(
A, θA

)
be a G-equivariant X-algebra. If Y is another G-scheme and f : X → Y

is a G-equivariant morphism that is quasi-separated and quasi-compact, then the direct
image

(
f∗A, (idG×f)∗θ

A) is a G-equivariant Y -algebra. If A is coherent and f is proper,
the algebra f∗A is also coherent. Similarly, if g : Y → X is a G-equivariant morphism,
then the pull-back

(
g∗A, (idG×g)∗θA

)
is a G-equivariant Y -algebra, and it is coherent if A

is coherent.

We define equivariant modules over equivariant algebras.

Definition 3.6. Let
(
A, θA

)
be a G-equivariant X-algebra.

1. A G-equivariant structure on a quasi-coherent right A-module M is an isomorphism

θM : π∗M ∼−→σ∗M

of π∗A-modules such that θM satisfies the condition (2.4), where the π∗A-module structure
on the σ∗A-module σ∗M is given by θA. We call the pair

(
M, θM

)
a G-equivariant quasi-

coherent right A-module, or simply G-equivariant A-module. If the underlying sheaf M
of modules is coherent, we call

(
M, θM

)
a G-equivariant coherent A-module. We some-

times write just M for
(
M, θM

)
.

2. Let
(
M, θM

)
and

(
N , θN

)
be G-equivariant A-modules. A morphism ϕ : M → N of

A-modules is G-equivariant if the following diagram

π∗M π∗N

σ∗M σ∗N

π∗ϕ

θM θN

σ∗ϕ

is commutative.

3. We denote by

QcohGA

the category of G-equivariant A-modules whose morphisms are G-equivariant, and write
cohGA for the full subcategory of G-equivariant coherent A-modules.

Remark 3.7. (1) If X is a G-scheme, then OX is a natural G-equivariant algebra over X. For
any (F , θ) ∈ QcohGX, the G-equivariant structure θ is automatically π∗OX -linear. Therefore,
we have a natural identification

QcohGOX = QcohGX.

Hence G-equivariant modules are generalizations of G-equivariant quasi-coherent sheaves.

Definition 3.8. Let X = SpecR be an affine scheme with an action from an affine alge-
braic group G, and (Λ, θΛ) a G-equivariant R-algebra. A G-equivariant structure on a right
Λ-module M is an isomorphism

θM : M ⊗R RπG ∼−→M ⊗R RσG
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of
(
Λ ⊗R RπG

)
-modules, where

(
Λ ⊗R RσG

)
-module M ⊗R RσG is considered as a

(
Λ ⊗R RπG

)
-

module via the ring isomorphism θΛ : Λ ⊗R RπG ∼−→Λ ⊗R RσG. We call such a pair
(
M, θM

)
a G-equivariant Λ-module. We denote by

ModG Λ

the category ofG-equivariant Λ-modules whose morphisms are defined similarly to Definition 3.6,
and we denote by

modG Λ ⊂ ModG Λ

the full subcategory consisting of equivariant modules that are finitely generated over Λ.

Remark 3.9. Let X = SpecR be an affine scheme with an action from an affine algebraic
group G, and

(
A, θA

)
a G-equivariant X-algebra. Then it induces a G-equivariant R-algebra

A ··= A(X), and we have a natural equivalence

QcohGA ∼−→ ModGA

of abelian categories, which restricts to an equivalence cohGA ∼−→ modGA.

Let
(
M, θM

)
be a G-equivariant A-module. Recall from Remark 2.13 that for each closed

point g ∈ G, we have the induced isomorphism

θMg : M ∼−→σ∗gM.

If
(
N , θN

)
is another G-equivariant A-module, we have the G-action on HomQcohA(M,N )

defined by

g · ϕ ··=
(
θNg
)−1 ◦ σ∗gϕ ◦ θMg .

The following is a generalization of the equality in (2.7).

Proposition 3.10. Assume that X is of finite type over k. We have

HomQcohGA
((
M, θM

)
,
(
N , θN

))
= HomQcohA(M,N )G.

Moreover, if G is reductive, we have

ExtiQcohGA
((
M, θM

)
,
(
N , θN

))
= ExtiQcohA(M,N )G.

for any i ≥ 0.

Proof. The first equality follows from an identical argument as in Remark 2.14. Since G is
reductive, the functor of taking G-invariant parts is exact, and thus the second equality follows
from the first one. �

Example 3.11. Notation is the same as in Example 3.5(1).

1. For any G ∈ QcohGX, the quasi-coherent A-module

HomX(F ,G)

has a natural G-equivariant structure induced by the G-equivariant structure on

HomX(F ,G) ∈ QcohGX.
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2. For M∈ ModGA and F ∈ QcohGX, the tensor product

F ⊗XM

of OX -modules is an A-module with a natural G-equivariant structure induced by the
G-equivariant structure on F ⊗XM∈ QcohGX.

If
(
A, θA

)
is a G-equivariant X-algebra, the ring homomorphism ρ : OX → A is G-equivariant

by Remark 3.2. We define the sheaf of rings

[A/G]

on the quotient stack [X/G] to be the image of A ∈ QcohGX by the equivalence

[−/G] : QcohGX
∼−→ Qcoh[X/G]

in (2.6). Since [OX/G] is canonically isomorphic to the structure sheaf O[X/G], we have the
following morphism

[ρ/G] : O[X/G] → [A/G]

of sheaf of rings and this makes the sheaf [A/G] an algebra over [X/G]. The following is
a generalization of (2.6), and it follows from Proposition A.11.

Proposition 3.12. We have an equivalence

QcohGA ∼= Qcoh[A/G]

of abelian categories.

Remark 3.13. If an affine algebraic group G is abelian, by a similar argument as in [4, Sec-
tion 2.1] G-equivariant algebras correspond to Ĝ-graded algebras, where Ĝ is the character
group of G. Since we do not need this correspondence in the present paper, we do not give
a formulation of the correspondence and its proof.

3.2 Functors of equivariant modules

In this subsection, we define fundamental functors between equivariant modules. Let X be a qua-
si-compact and quasi-separated scheme, andG an algebraic group acting on X by σ : G×X → X.
Denote by π : G×X → X the natural projection.

3.2.1 Restrictions and extensions

Let A and B be G-equivariant X-algebras, and let ϕ : A → B be a G-equivariant morphism
of X-algebras. The functors in (2.2) and (2.3) define the restriction by ϕ

(−)ϕ : QcohG B → QcohGA

and the extension by ϕ

(−)⊗A B : QcohGA → QcohG B,

and we have an adjunction

(−)⊗A B a (−)ϕ. (3.1)
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3.2.2 Direct image functors and pull-back functors

Let Y be another quasi-compact and quasi-separated G-scheme, and f : X → Y a G-equivariant
morphism. Let A be a G-equivariant X-algebra, and B a G-equivariant Y -algebra. Recall
from Example 3.5(2) that the push-forward f∗A is a G-equivariant Y -algebra and that the pull-
back f∗B is a G-equivariant X-algebra. The push-forwards and the pull-backs of G-equivariant
modules define the following additive functors

f? : QcohGA → QcohG f∗A,

f∗ : QcohG B → QcohG f
∗B.

Using natural morphisms of equivariant algebras ϕ : f−1f∗A → A and ψ : B → f∗f
∗B, we define

additive functors

f? : QcohG f∗A → QcohGA,

f∗ : QcohG f
∗B → QcohG B

by f?(−) ··= f−1(−) ⊗f−1f∗A A and f∗ ··= (−)ψ ◦ f?. By standard arguments, we see that the
above functors induce adjunctions;

f∗ a f∗ and f? a f?.

Let G′ be another algebraic group acting on another scheme Z, and let α : G → G′ be
a morphism of algebraic groups. Let h : X → Z be a morphism of schemes, and C an G′-
equivariant Z-algebra. We say that h is α-equivariant if we have h(gx) = α(g)h(x) for all
(g, x) ∈ G×X. If h is α-equivariant, then h induces the pull-back functor

h∗α : QcohG′ Z → QcohGX

defined by h∗(F , θ) ··= (h∗F , (α×h)∗θ), and we have the associatedG-equivariantX-algebra h∗C.
This functor extends to the functor

h∗α : QcohG′ C → QcohG h
∗C.

3.2.3 Tensor products and sheaf Homs

Let ρ : OX → A and ρ′ : OX → A′ be G-equivariant X-algebras. A G-equivariant quasi-coherent
(resp. coherent) (A′,A)-bimodule is a pair

(
M, θM

)
of a (A′,A)-bimodule M such that the

left action of OX via ρ′ coincides with the right action of OX via ρ and that M is a quasi-
coherent (resp. coherent) sheaf on X and an isomorphism θ : π∗M ∼−→σ∗M of (π∗A′, π∗A)-
bimodules such that θM satisfies the condition (2.4). We denote by QcohG(A′,A) the category
of G-equivariant quasi-coherent (A′,A)-bimodules, and cohG(A′,A) the full subcategory of G-
equivariant coherent (A′,A)-bimodules.

Let F ∈ QcohG(A′,A),M∈ QcohGA′ and N ∈ QcohGA. Then we have the tensor product

M⊗A′ F ∈ QcohGA.

If F ∈ cohG(A′,A), we also have the sheaf Hom

HomA(F ,N ) ∈ QcohGA′,

and there is a functorial isomorphism

HomQcohGA
(
M⊗A′ F ,N

) ∼= HomQcohGA′
(
M,HomA(F ,N )

)
.
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In other words, if F ∈ cohG(A′,A), the functor

(−)⊗A′ F : QcohGA′ → QcohGA

is left adjoint to the functor

HomA(F ,−) : QcohGA → QcohGA′.

The following is a version of projection formula for equivariant A-modules.

Lemma 3.14 (Projection formula). Let Y be a quasi-compact and quasi-separated scheme with
a G-action, and g : Y → X a G-equivariant morphism. If g is flat and affine, for any E ∈
QcohG Y and F ∈ QcohGA, we have an isomorphism of G-equivariant A-modules

g∗(E)⊗OX
F ∼−→ g∗

(
E ⊗OY

g∗F
)
.

Proof. Since Rg∗ ∼= g∗ and L g∗ ∼= g∗, by the projection formula [11, Proposition 3.9.4], we have
a quasi-isomorphism

g∗E ⊗L
OX
F ∼= g∗

(
E ⊗L

OY
g∗F

)
of complexes of quasi-coherent OX -modules. Hence we have isomorphisms

g∗(E)⊗OX
F ∼= H0

(
g∗(E)⊗L

OX
F
)

∼= H0
(
g∗
(
E ⊗L

OY
g∗F

))
∼= g∗

(
H0
(
E ⊗L

OY
g∗F

))
∼= g∗

(
E ⊗OY

g∗F
)
,

where the third isomorphism follows since g∗ is an exact functor. This isomorphism

ϕ : g∗(E)⊗OX
F ∼−→ g∗

(
E ⊗OY

g∗F
)

of OX -modules is nothing but the composition

g∗(E)⊗OX
F −→ g∗(E)⊗OX

g∗g
∗F −→ g∗

(
E ⊗OY

g∗F
)
,

where the first morphism is the morphism induced by the adjunction F → g∗g
∗F and the

second morphism is the canonical morphism defined by x⊗ y 7→ x⊗ y. Since these morphisms
are A-linear and G-equivariant, so is the composition ϕ. This finishes the proof. �

3.2.4 Taking invariant sections.

Let H be a closed normal subgroup of G. Assume that the restriction σH ··= σ|H×X : H×X → X
is the trivial action, so that σH = πH , where πH ··= π|H×X : H×X → X is the natural projection.
Then we have the induced G/H-action on X denoted by

σ : G/H ×X → X.

We write π : G/H ×X → X for the natural projection.

For
(
F , θF

)
∈ QcohGX, we define the subsheaf FH ⊆ F to be the kernel of the composition

F (πH)∗(πH)∗F (πH)∗(πH)∗F ,µ id−(πH)∗θFH
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where µ is the adjunction morphism and θFH ··= θF |H×X : (πH)∗F ∼−→ (σH)∗F = (πH)∗F . Then
the pair

(
FH , θF |π∗FH

)
is a G-equivariant quasi-coherent sheaf. Since the restriction of the

isomorphism θF |π∗FH : π∗FH ∼−→σ∗FH to H × X is the identity, there is a unique G/H-

equivariant structure θF
H

: π∗FH ∼−→σ∗FH on FH such that θF |π∗FH = (p× idX)∗θF
H

, where
p : G→ G/H is the natural projection. This defines the functor

(−)H : QcohGX → QcohG/H X. (3.2)

If ρ : OX → A is a G-equivariant X-algebra, the induced morphism

OX = OHX
ρH−−→ AH

defines a G/H-equivariant X-algebra. If
(
M, θM

)
is a G-equivariant A-module, the morphism

α : A×M→M defining the A-module structure onM is G-equivariant since θM is π∗A-linear.
The induced morphism

αH : AH ×MH →MH

defines a AH -module structure on MH , and so the pair
(
MH , θM

H)
is a G/H-equivariant

AH -module. Thus the functor (3.2) extends to the functor

(−)H : QcohGA → QcohG/H AH .

The following is a generalization of [3, Lemma 2.22].

Proposition 3.15. The composition

QcohG/H AH QcohGAH QcohGA
id∗p (−)⊗AHA

is left adjoint to the functor (−)H .

Proof. Let M ∈ QcohG/H AH and N ∈ QcohGA. The result follows from the following
sequences of isomorphisms

HomQcohGA
(

id∗pM⊗AH A,N
) ∼= HomQcohGAH

(
id∗pM,Nι

)
∼= HomQcohG/H AH

(
M, (Nι)H

)
∼= HomQcohG/H AH

(
M,NH

)
,

where Nι is the restriction of N by the natural inclusion ι : AH ↪→ A, the first isomor-
phism follows from (3.1), the second isomorphism follows from an identical argument as in
the proof of [3, Lemma 2.22], and the last isomorphism follows from a natural isomorphism
(Nι)H ∼= NH . �

3.2.5 Restriction functors and induction functors

Let H be a closed subgroup of G, and

α : H ↪→ G

the natural inclusion morphism. Let A be a G-equivariant X-algebra. We define the restriction
functor

ResGH ··= (idX)∗α : QcohGA → QcohH A
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to be the pull-back by the identity morphism idX : X → X that is α-equivariant. If H is trivial,
we write Res ··= ResG{1}, which is nothing but the forgetful functor

(
M, θM

)
7→ M.

Next, we will construct the adjoint functor of this restriction functor. We define an H-action
on G×X by

h · (g, x) ··=
(
g
(
h−1

)
, hx

)
for any h ∈ H, g ∈ G and x ∈ X, and we write

G×HX ··= [G×X/H]

for the associated quotient stack. By [3, Lemma 2.16(a)], the quotient stack G ×HX is repre-
sentable by the scheme G/H × X. Since the morphism σ : G × X → X defining the G-action
on X is H-invariant, we have the induced morphism

σH : G×HX → X.

We define the morphism

εHX : X → G×HX

to be the composition X
εX−−→ G×X q−→ G×HX, where q is the canonical quotient map. Then

we have σH ◦ εHX = idX . The G-action on G×X given by

σ̃ : G× (G×X)→ G×X, (g, g′, x) 7→ (gg′, x) (3.3)

induces the G-action on G ×HX. With respect to this G-action on G ×HX, the morphism εHX
is α-equivariant, and σH is G-equivariant. Thus

(
σH
)∗A is a G-equivariant G×HX-algebra, and

we have the following functor

Φ ··=
(
εHX
)∗
α

: QcohG
(
σH
)∗A → QcohH A.

The following is a generalization of [3, Lemma 2.13]

Lemma 3.16. The functor Φ: QcohG
(
σH
)∗A → QcohH A is an equivalence.

Proof. This can be proved by a similar argument as in [20, Lemma 1.3]. Since
(
σH
)∗A is

isomorphic to the restriction of the big fppf sheaf [σ∗A/H] to the small Zariski site of G×HX,
by Proposition 3.12 we have an equivalence Qcoh

(
σH
)∗A ∼= QcohH σ

∗A. Thus objects in

QcohG
(
σH
)∗A are identified with pairs((

M, θM
)
, θ(M,θM)

)
(3.4)

of
(
M, θM

)
∈ QcohH σ

∗A and an isomorphism θ(M,θM) : π̃∗
(
M, θM

) ∼−→ σ̃∗
(
M, θM

)
in

QcohH(σ ◦ σ̃)∗A satisfying the conditions as in (2.4), where π̃ : G × G × X → G × X and
σ̃ : G×G×X → G×X are the projection and the group action in (3.3) respectively. If we write

θ̃M : π̃∗M ∼−→ σ̃∗M for the isomorphism in Qcoh(σ ◦ σ̃)∗A defining the isomorphism θ(M,θM),
then the pair (M, θ̃M) is an object in QcohG σ

∗A, and θM defines a H-equivariant structure
on
(
M, θ̃M

)
. Thus the object (3.4) uniquely corresponds to an object in QcohH [σ∗A/G]. Since

G trivially acts on X in the G-action (3.3), the composition of εX : X → G×X and the natural
projection G×X → [G×X/G] gives an isomorphism X ∼−→ [G×X/G]. Via this isomorphism,
the sheaf [σ∗A/G] on [G×X/G] corresponds to the sheaf A on X. Hence the assignment((

M, θM
)
, θ(M,θM)

)
7→
(
ε∗XM, θM|H×{1}×X

)
defines an equivalence QcohG[σ∗A/H] ∼−→ QcohH A, and Φ is isomorphic to this equivalence
via QcohG

(
σH
)∗A ∼= QcohG[σ∗A/H]. �
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Since the morphism σH : G ×HX → X is G-equivariant, we have the direct image functor
σH∗ : QcohG

(
σH
)∗A → QcohGA, and we define the induction functor

IndGH : QcohH A → QcohGA

to be the composition
(
σH
)
∗ ◦ Φ−1. If H is trivial, we write Ind ··= IndG{1}.

Lemma 3.17. Notation is the same as above.

1. The functor ResGH is exact, and if G/H is affine, the functor IndGH is also exact.

2. The restriction functor ResGH is left adjoint to the induction functor IndGH .

3. If H is a normal subgroup of G and G/H is reductive affine algebraic group, the adjunction
morphism

µ : id→ IndGH ◦ResGH

is a split mono, i.e., there exists a functor morphism ν : IndGH ◦ResGH → id such that the
composition ν ◦ µ is the identity morphism of functors.

Proof. (1) Since the morphism σH is flat, the pull-back
(
σH
)∗

is exact. Since σH ◦ εHX = idX ,

the functor ResGH is isomorphic to the composition Φ ◦
(
σH
)∗

, and thus ResGH is exact. If G/H is
affine, the morphism σH is an affine morphism since G×HX is isomorphic to G/H ×X. Then
the direct image

(
σH
)
∗ is exact, and so is IndGH .

(2) This follows from the adjunction
(
σH
)∗ a (σH)∗ and the isomorphism ResGH

∼= Φ◦
(
σH
)∗

.
(3) It is enough to show that the adjunction morphism

µ̃ : id→
(
σH
)
∗
(
σH
)∗

is a split mono. Note that we have the following cartesian square

G×HX X

G/H Spec k,

σH

q

p

where p and q are the morphisms defining the base field k. If G/H is a reductive affine algebraic
group, it is linearly reductive. Then the natural morphism k → p∗p

∗k = k[G/H] is a split mono,
and so is the adjunction morphism

OX →
(
σH
)
∗
(
σH
)∗OX

by the base change formula for the above cartesian square. For any M ∈ QcohGA, by Lem-
ma 3.14 the adjunction µ̃(M) : M→

(
σH
)
∗
(
σH
)∗M is isomorphic to the tensor product(

OX →
(
σH
)
∗
(
σH
)∗OX)⊗OX

M,

and therefore µ̃(M) is also a split mono. �

We will apply the above result to the following:

Lemma 3.18. Let C and D be additive categories, and F : C → D and G : D → C additive
functors. If F is left adjoint to G, and if the adjunction morphism µ : idC → G ◦ F is a split
mono, then the functor F is faithful.
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Proof. For a morphism f : A → B in C, assume that F (f) = 0. It is enough to show that
f = 0. We have a commutative diagram

A GF (A) A

B GF (B) B.

µ(A)

id

f GF (f)

ν(A)

f

µ(B) ν(B)

Therefore, f = ν(B) ◦GF (f) ◦ µ(A) = ν(B) ◦G(0) ◦ µ(A) = 0. �

3.3 Fundamental properties of equivariant modules

In this subsection, we prove that the category of equivariant modules over a certain equivariant
algebra has enough injectives and enough locally free modules.

Let X be a quasi-compact and quasi-separated scheme with an action from an affine algebraic
group G, and ρ : OX → A a G-equivariant X-algebra.

Proposition 3.19. The category QcohGA is a Grothendieck category. In particular, it has
enough injectives.

Proof. The category QcohGA is an abelian category with small direct sums, and so it suffices
to prove that (1) filtered colimits are exact in QcohGA and that (2) QcohGA has a generator.

(1) For a point x ∈ X, denote by Fx : QcohGA → ModAx the composition

QcohGA
Res−−→ QcohA (−)x−−−→ ModAx,

where the latter is taking the stalk at x, and Ax is the stalk of A at x. Then a sequence
in QcohGA is exact if and only if for every x ∈ X the sequence in ModAx induced by Fx
is exact. Therefore, since Fx commutes with filtered colimits and ModAx is a Grothendieck
category, filtered colimits in QcohGA are also exact.

(2) It is well known that QcohGX is a Grothendieck category (more generally, the category
of quasi-coherent sheaves on an algebraic stack is a Grothendieck category [19, Proposition 14.2;
0781], [1, Corollary 5.10]). In particular, QcohGX has a generator G ∈ QcohGX. We show that

GA ··= G ⊗OX
A ∈ QcohGA

is a generator. LetM∈ QcohGA be an object. Then, there is a set I and a surjective morphism

p : G⊕I �Mρ

in QcohGX. Since the functor (−)⊗OX
A : QcohGX → QcohGA is left adjoint to the functor

(−)ρ, it is right exact and commutes with small direct sums. Hence the extension of p by
ρ : OX → A defines a surjective morphism

pA : G⊕IA �Mρ ⊗OX
A.

Composing this with a natural surjection Mρ ⊗OX
A → M, we have a surjective morphism

G⊕IA �M. This shows that GA is a generator in QcohGA. �
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Definition 3.20. Notation is the same as above.

1. A G-equivariant A-module
(
M, θM

)
is said to be locally free, if there is an open covering

{Ui ↪→ X}i∈I of X such that for every Ui the restriction M|Ui of the underlying A-
module M is a free A|Ui-module.

2. We say that
(
A, θA

)
satisfies the resolution property, if for any G-equivariant coherent

A-module N ∈ cohGA, there exists a surjective morphism
(
E , θE

)
�
(
N , θN

)
in cohGA

from a G-equivariant locally free coherent A-module
(
E , θE

)
.

3. A G-scheme X satisfies the G-equivariant resolution property if the G-equivariant X-alge-
bra (OX , θcan) has the resolution property.

Remark 3.21. (1) If X = SpecR is an affine noetherian scheme, a G-equivariant coherent
R-algebra A satisfies the resolution property if and only if the category ModGA has enough
projectives.

(2) Assume that X is noetherian and that A is coherent. If
(
A, θA

)
satisfies the resolu-

tion property, for every G-equivariant A-module M, there is a surjection E � M from a G-
equivariant locally free A-module E . This follows since there is a set {Mi}i∈I of G-equivariant
coherent submodules Mi of M such that the natural map

⊕
i∈IMi →M is surjective.

Proposition 3.22. Assume that
(
A, θA

)
is coherent and that X has the G-equivariant resolution

property. Then
(
A, θA

)
satisfies the resolution property.

Proof. Let M ∈ cohGA be a G-equivariant coherent A-module. By the assumption, there is
a surjective morphism p : E � Mρ from a G-equivariant locally free coherent OX -module E .
Then the extension

p⊗OX
A : E ⊗OX

A →Mρ ⊗OX
A

of p by ρ : OX → A is also a surjection in QcohGA. Composing with the natural surjection
Mρ ⊗OX

A�M gives a surjective morphism E ⊗OX
A�M from a G-equivariant locally free

A-module. �

Definition 3.23. A G-equivariant (resp. coherent) A-module
(
M, θM

)
has a finite locally free

resolution in QcohGA (resp. in cohGA) if there exists an exact sequence

0→ E−n → · · · → E0 →M→ 0

in QcohGA (resp. in cohGA) such that each E i is locally free.

Lemma 3.24. Assume that X is a normal scheme of finite type over k and that G is affine.
If X has an ample family of line bundles, then

(
A, θA

)
satisfies the resolution property.

Proof. This follows from [3, Theorem 2.29] and Proposition 3.22. �

Lemma 3.25. Let R be a normal ring of finite type over k, and G an affine reductive algebraic
group acting on SpecR. Let

(
A, θA

)
be a G-equivariant coherent R-algebra, and

(
M,θM

)
∈

ModGA a G-equivariant A-module. If the underlying A-module M ∈ ModA has a finite projec-
tive resolution, so does

(
M,θM

)
. If M is finitely generated and has a finite projective resolution

in modA, then
(
M,θM

)
has a finite projective resolution in modGA.

Proof. By Lemma 3.24, the categories ModGA and modGA have enough projectives. Since A is
coherent R-algebra, modGA is an abelian subcategory of ModGA. It is standard that an object x
in an abelian category A has a finite projective resolution if and only if there exists n > 0
such that ExtiA(x, y) = 0 for any i > n and any y ∈ A. Thus the statements follow from
Proposition 3.10. �
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3.4 Equivariant tilting modules and derived equivalences

In this subsection, we prove that an equivariant tilting module induces a derived equivalence
of equivariant algebras, which is considered as an equivariant Morita theory.

Let X be a separated scheme of finite type over k, and G an affine algebraic group acting
on X. Let H ⊆ G be a closed normal subgroup of G, and A a G-equivariant coherent X-algebra.

Definition 3.26. Let T ∈ cohGA be a G-equivariant coherent A-module.

1. T is called a (G,H)-tilting module (resp. partial (G,H)-tilting module), if the restriction
ResGH(T ) is a tilting object (resp. partial tilting object) in QcohH A.

2. T is called a G-tilting module (resp. partial G-tilting module) if it is (G, {1})-tilting (resp.
partial (G, {1})-tilting).

Let R be a normal ring of finite type over k, and suppose that there is a G-action σ : G ×
SpecR→ SpecR on SpecR such that the H-action on SpecR, which is given by the restriction
of σ, is trivial. Let f : X → SpecR be a G-equivariant morphism such that f∗OX = R and the
associated morphism f : [X/H] → SpecR is proper. Let

(
T , θT

)
∈ cohGA be a G-equivariant

coherent A-module. Then the endomorphism ring

Λ ··= EndA(T ) = f∗ EndA(T )

of the underlying coherent A-module T is a G-equivariant R-algebra. We define the functor

F : QcohGA → ModG/H ΛH

to be the composition

QcohGA QcohG EndA(T ) ModG Λ ModG/H ΛH .
HomA(T ,−) f? (−)H

Then the composition

G ··= (−⊗ T ) ◦ f? ◦
(
id∗p(−)⊗AH A

)
: ModG/H ΛH → QcohGA

is left adjoint to F, and it preserves equivariant coherent modules. Note that since the morphism
f : [X/H] → SpecR is proper, the functor F also preserves equivariant coherent modules. The
following is one of our motivations of considering equivariant algebras and equivariant modules.

Theorem 3.27. Assume that G/H is reductive and that every ΛH-module M ∈ Mod ΛH is of
finite projective dimension.

1. If
(
T , θT

)
is partial (G,H)-tilting, then the functor

LG : Db
(

ModG/H ΛH
)
↪→ Db

(
QcohGA

)
is fully faithful, and it restricts to the fully faithful functor

LG : Db
(

modG/H ΛH
)
↪→ Db

(
cohGA

)
.

2. If
(
T , θT

)
is (G,H)-tilting, then the functor

LG : Db
(

ModG/H ΛH
) ∼−→ Db

(
QcohGA

)
is an equivalence, and it restricts to the equivalence

LG : Db
(

modG/H ΛH
) ∼−→ Db

(
cohGA

)
.
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Before we prove this theorem, we prepare the following lemmas.

Lemma 3.28. Notation is the same as above, and assume that G/H is reductive. Then the
restrictions

ResGH : Db
(

QcohGA
)
→ Db

(
QcohH A

)
,

Res : Db
(

ModG/H ΛH
)
→ Db

(
Mod ΛH

)
are faithful functors.

Proof. We only prove ResGH is faithful. Since G/H is affine, IndGH : QcohH A → QcohGA is
an exact functor, and so it extends to the functor

IndGH : Db
(

QcohH A
)
→ Db

(
QcohGA

)
which is right adjoint to ResGH . SinceG/H is reductive, the adjunction µ : idQcohGA → IndGH ResGH
is a split mono by Lemma 3.17, and this splitting naturally extends to the splitting of the
adjunction µ : idDb(QcohGA) → IndGH ResGH since IndGH and ResGH are exact functors. Hence the

functor ResGH is faithful by Lemma 3.18. �

Lemma 3.29. For each i = 1, 2, let Fi : Ci → Di and Gi : Di → Ci be exact functors between
triangulated categories such that Gi a Fi. Denote by σi : Gi ◦ Fi → id and τi : id → Fi ◦Gi the
adjunction morphisms, and let P : C1 → C2 and Q : D1 → D2 be faithful exact functors. Assume
that we have functor isomorphisms ϕ : Q ◦F1

∼−→F2 ◦P and ψ : P ◦G1
∼−→G2 ◦Q and that the

following diagrams are commutative

PG1F1 G2F2P QF1G1 F2G2Q

P Q

∼

Pσ1 σ2P

∼

Qτ1 τ2Q

where the top horizontal arrows are the isomorphisms induced by ϕ and ψ.

1. If F2 (resp. G2) is fully faithful, so is F1 (resp. G1).

2. If F2 (resp. G2) is an equivalence, so is F1 (resp. G1).

Proof. (2) follows from (1). We only prove (1) for Fi, since the statement for Gi follows by
a similar argument. For an object C ∈ C1 consider the following triangle

G1F1(C)
σ1(C)−−−→ C → Cone(σ1(C))→ G1F1(C)[1].

It suffices to prove that Cone(τ1(C)) is the zero object. By the assumption, P (Cone(σ1(C)))
is isomorphic to the cone of the morphism σ2(P (C)), which is the zero object since F2 is fully
faithful. Hence Cone(σ1(C)) is also the zero object since P is faithful. �

Proof of Theorem 3.27. We prove (1) and (2) simultaneously. We define a functor

FH : QcohH A → Mod ΛH

to be the composition

QcohH A QcohH EndA(T ) ModH Λ Mod ΛH .
HomA(T ,−) f? (−)H
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If we set TH ··= ResGH
(
T , θT

)
∈ QcohH A, since ΛH ∼= EndA(T )H = EndQcohH A(TH), the

functor FH is isomorphic to the functor

HomQcohH A(TH ,−) : QcohH A → Mod ΛH .

Note that FH has a left adjoint functor GH : Mod ΛH → QcohH A which is given by

GH(−) ··= f?
(

id∗p(−)⊗ΛH Λ
)
⊗End(T ) T ∼= f−1

(
id∗p(−)⊗ΛH Λ

)
⊗f−1Λ T ,

where p : H → H/H = {1} is the natural projection. By construction, we have natural isomor-
phisms FH(TH) ∼= ΛH and GH

(
ΛH
) ∼= TH , and this implies that the adjunction morphisms

ΛH → FH GH
(
ΛH
)

and GH FH(TH)→ TH

are isomorphisms. Since TH is a partial tilting object in QcohH A, by Theorem 2.17, the functor

LGH : Db
(

Mod ΛH
)
→ Db

(
QcohH A

)
is fully faithful, and if TH is tilting, it is an equivalence. Now we have the following commutative
diagram:

Db
(

ModG/H ΛH
)

Db
(

QcohGA
)

Db
(

ModG/H ΛH
)

Db
(

Mod ΛH
)

Db
(

QcohH A
)

Db
(

Mod ΛH
)
.

LG

Res ResGH

RF

Res

LGH RFH

Hence (1) and (2) follows from Lemmas 3.28 and 3.29. �
The following is a special case of Theorem 3.27, which is an equivariant version of derived

equivalences induced by tilting bundles and tilting modules.

Corollary 3.30. Notation is the same as above. Assume that G is reductive.

1. Let T be a G-equivariant vector bundle on X and set Λ ··= EndX(T ). If T is G-tilting
and Λ is of finite global dimension, we have an equivalence

Db
(

cohGX
) ∼−→ Db

(
modG Λ

)
.

2. Let Γ be a G-equivariant R-algebra, and T a G-equivariant Γ-module. Set Λ ··= EndΓ(T ).
If T is G-tilting and Λ is of finite global dimension, we have an equivalence

Db
(

modG Γ
) ∼−→ Db

(
modG Λ

)
.

4 Equivariant tilting objects and factorizations

In this section, we prove that equivariant tilting modules induce equivalences of derived factor-
ization categories.

4.1 Tilting objects and factorizations

In this subsection, we prove that a tilting object in a Gorthendieck category induces an equiva-
lence of derived factorization categories. To prove this, we need the following lemmas:

Let A be a Grothendieck category and (E,Φ, w) a triple as in (2.1).
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Lemma 4.1. Assume that we have ExtiA(A,B) = 0 for arbitrary objects A,B ∈ E and all
i > 0. Then for objects E,F ∈ Fact(E,Φ, w) and an injective resolution ε : F → J• in
Ch(Fact(A,Φ, w)), the map

ε∗ : HomFact(A,Φ,w)(E,F )p → HomFact(A,Φ,w)(E, J
•)p

of cochain complexes of abelian groups is a quasi-isomorphism for every p ∈ Z. Here injective
resolution means that ε is a quasi-isomorphism given by an injection ε0 : F ↪→ J0, and all
components of the factorizations Jn are injective objects in A.

Proof. Since HomFact(A,Φ,w)(E,F )p ∼= HomFact(A,Φ,w)(E[p], F )0, we may assume that p = 0.
If ε : F → J• is an injective resolution, then we have the induced injective resolutions εi : Fi → J•i
for i = 0, 1. Then the map ε∗ : HomFact(A,Φ,w)(E,F )0 → HomFact(A,Φ,w)(E, J

•)0 of cochain
complexes is the direct sum of two maps

(ε∗)i : HomA(Ei, Fi)→ HomA(Ei, J
•
i ) (i = 0, 1)

of cochain complexes. The i-th cohomology of the cochain complex HomA(Ei, J
•
i ) is nothing but

ExtiA(Ei, Fi). Hence, by the assumption, the map (ε∗)i is a quasi-isomorphism, and so is ε∗. �

Lemma 4.2. Assume that we have ExtiA(A,B) = 0 for arbitrary objects A,B ∈ E and all i > 0.
Then the natural functor K(E,Φ, w)→ Dco(A,Φ, w) is fully faithful.

Proof. Let E,F ∈ Fact(E,Φ, w) be objects. We need to show that the map

Q : HomK(A,Φ,w)(E,F )→ HomDco(A,Φ,w)(E,F )

defined by the Verdier quotient Q : K(A,Φ, w)→ Dco(A,Φ, w) is an isomorphism. By [2, Propo-

sition 2.19] we can take an injective resolution ι : F → (I•, d•I) =
(
· · · → 0→ I0 d0

I−→ I1 d1
I−→ · · ·

)
of F in Ch(Fact(A,Φ, w)) in the sense that all Ii has injective components. Then, we have the
induced map

Tot(ι) : F → Tot(I•)

in Fact(A,Φ, w) which becomes an isomorphism in Dco(A,Φ, w). Consider the following com-
mutative diagram:

HomK(A,Φ,w)(E,F ) HomDco(A,Φ,w)(E,F )

HomK(A,Φ,w)(E,Tot(I•)) HomDco(A,Φ,w)(E,Tot(I•)).

Q

Tot(ι)∗ Tot(ι)∗

Q

In the above diagram, the vertical arrow on the right hand side is an isomorphism, and the
horizontal arrow on the bottom is also an isomorphism by [2, Lemma 2.24] and [12, Proposi-
tion B.2(I)] (see also [12, Remark 2.14]). Hence it suffices to show that the vertical arrow on
the left hand side is an isomorphism, and for this we prove that the map

Tot(ι)∗ : HomFact(A,Φ,w)(E,F )→ HomFact(A,Φ,w)(E,Tot(I•)) (4.1)

of cochain complexes is a quasi-isomorphism. The complex HomFact(A,Φ,w)(E,F ) can be seen as
the double complex X•,• defined by

Xp,q ··=

{
HomFact(A,Φ,w)(E,F )p, q = 0,

0, q 6= 0.
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On the other hand, we can consider the double complex Y •,• defined by

Y p,q ··= HomFact(A,Φ,w)(E, I
q)p,

where the differentials dp,•Y : Y p,• → Y p,•+1 and d•,qY : Y •,q → Y •+1,q are given by dp,•Y ··= (d•I)∗
and d•,qY ··= d•(E,Iq), where d•(E,Iq) is the differential of the complex HomFact(A,Φ,w)(E, I

q)•. Then

the injective map ι : F → I0 defining the resolution ι : F → I• gives the morphism

ι∗ : X•,• → Y •,• (4.2)

of double complexes. By definition, we have isomorphisms Tot(X•,•) = HomFact(A,Φ,w)(E,F )
and Tot(Y •,•) ∼= HomFact(A,Φ,w)(E,Tot(I•)), and the map Tot(ι)∗ in (4.1) is the totalization
Tot(ι∗) of the map ι∗ in (4.2). By Lemma 4.1 the map ι∗ : Xp,• → Y p,• of cochain complexes is
a quasi-isomorphism for any p ∈ Z, and therefore the map in (4.1) is also a quasi-isomorphism
by [9, Theorem 1.9.3] (see also [12, Lemma 2.46]). This completes the proof. �

Lemma 4.3. Let F • ∈ D+(A) be an object, and let m ∈ Z be an integer such that F k = 0 for
any k < m. Then there are a family {F •i }i∈Z of objects in Db(A) with F ki = 0 for any k < m
and i and an exact triangle⊕

i∈Z
F •i →

⊕
i∈Z

F •i → F • →
⊕
i∈Z

F •i [1].

Proof. Denote by τ≤i(F
•) the canonical truncation of F • defined by τ≤i(F

•)j = F j if j < i,
τ≤i(F

•)i = Ker(di : F i → F i+1) and τ≤i(F
•)j = 0 if j > i. If we set F •i ··= τ≤i(F

•), F •i lies
in Db(A) and F ki = 0 for any k < m and i. The object F • is the cokernel of an injective
morphism⊕

i∈Z
F •i →

⊕
i∈Z

F •i

in the abelian category Ch(A) given by id⊕(−ιi) : F •i → F •i ⊕ F •i+1, where ιi : F
•
i → F •i+1 is

a natural injection. Hence we have a triangle⊕
i∈Z

F •i →
⊕
i∈Z

F •i → F • →
⊕
i∈Z

F •i [1]

in D+(A). �

Let B be a Grothendieck category with enough projectives, and let F : A→ B be an additive
functor such that it commutes with small direct sums and has a left adjoint functor G : B→ A.
The adjunction G a F implies that F is left exact and G is right exact. By [10, Proposi-
tion 14.3.4], F admits a right derived functor

RF : D(A)→ D(B),

which commutes with small direct sums, and RF restricts to a functor R+F : D+(A)→ D+(B).
On the other hand, by [10, Theorem 14.4.3], G admits a left derived functor

LG : D(B)→ D(A),

and by [10, Theorem 14.4.5] the adjunction G a F induces an adjunction

LG a RF.
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Lemma 4.4. Assume that R+F : D+(A) → D+(B) restricts to the functor RF : Db(A) →
Db(B) and that there exists a positive integer d > 0 such that for every object B ∈ B the
projective dimension of B is less than d. Then, we have the following:

1. The functor LG restricts to a functor L+G : D+(B)→ D+(A).

2. If RF : Db(A)→ Db(B) is fully faithful, so is R+F : D+(A)→ D+(B).

Proof. (1) Let B• ∈ D+(B) be an object, and let m ∈ Z be an integer such that Bk = 0 for
any k < m. Then by Lemma 4.3 there are a family {B•i }i∈Z of objects in Db(B) with Bk

i = 0
for any k < m and i and an exact sequence⊕

i∈Z
B•i →

⊕
i∈Z

B•i → B• →
⊕
i∈Z

B•i [1]. (4.3)

We set C•i ··= LG(B•i ). Then, by the assumption, Cki = 0 for any k < m − d and i, and so⊕
i∈ZC

•
i lies in D+(A). Since LG admits a right adjoint functor, it commutes with small direct

sums. Applying the functor LG to the triangle (4.3), we obtain a triangle⊕
i∈Z

C•i →
⊕
i∈Z

C•i → LG(B•)→
⊕
i∈Z

C•i [1],

which implies that LG(B•) ∈ D+(A).
(2) Since R+F admits a left adjoint functor L+G by (1), it is enough to show that the

adjunction morphism

ε : Φ ··= L+G ◦ R+F → idD+(A)

is an isomorphism of functors. Let A• ∈ D+(A) be an object. Then by Lemma 4.3 there are a
family {A•i }i∈Z of objects in Db(A) and an exact triangle⊕

i∈Z
A•i

f−→
⊕
i∈Z

A•i
g−→ A• →

⊕
i∈Z

A•i [1].

Consider the following commutative diagram

Φ
(⊕

i∈ZA
•
i

)
Φ
(⊕

i∈ZA
•
i

)
Φ(A•)

⊕
i∈ZA

•
i

⊕
i∈ZA

•
i A•,

Φ(f)

ε

Φ(g)

ε ε

f g

where the horizontal sequences are triangles and the vertical arrows are induced by ε. Since Φ

commutes with direct sums, the vertical arrows on the left and middle are the direct sums of
morphisms εi ··= ε(A•i ) : Φ(A•i )→ A•i , and each εi is an isomorphism since RF : Db(A)→ Db(B)
is fully faithful and A•i ∈ Db(A). Hence the vertical arrow on the right hand side is also an iso-
morphism. �

Now we are ready to prove that a tilting object induces an equivalence of derived factorization
categories. Let T ∈ A be a partial tilting object such that the exact subcategory AddT ⊂ A is
preserved by Φ. Set Λ ··= EndA(T ), and let (Ψ, v) be a potential on Mod Λ. We define

DcoMod(Λ,Ψ, v) ··= Dco(Mod Λ,Ψ, v),

Dmod(Λ,Ψ, v) ··= D(mod Λ,Ψ, v).
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Consider the functor

F ··= HomA(T,−) : A→ Mod Λ,

and assume that there is a left adjoint functor G : Mod Λ → A, and that F and G are factored
with respect to (Φ, w) and (Ψ, v). Let

C ⊂ A

be an abelian subcategory preserved by Φ such that addT ⊂ C, F(C)⊂ mod Λ and G(mod Λ) ⊂ C.
Assume that the natural functors Db(C) → Db(A) and D(C,Φ, w) → Dco(A,Φ, w) are fully
faithful and that RF : Db(A) → Db(Mod Λ) restricts to RF : Db(C) → Db(mod Λ). Then
RF : Dco(A,Φ, w)→ DcoMod(Λ,Ψ, v) restricts to the functor

RF : D(C,Φ, w)→ Dmod(Λ,Ψ, v).

Moreover we assume that Λ is of finite global dimension. Then we have the left derived functor

LG : Dmod(Λ,Ψ, v)→ D(C,Φ, w)

that is left adjoint to RF : D(C,Φ, w)→ Dmod(Λ,Ψ, v).

Theorem 4.5. Suppose that the adjunction morphisms Λ → FG(Λ) and GF(T ) → T are
isomorphisms.

1. The functor LG : Dmod(Λ,Ψ, v) → D(C,Φ, w) is fully faithful, and it factors through an
equivalence

LG : Dmod(Λ,Ψ, v) ∼−→ Kadd(T,Φ, w).

2. Assume that every object in A has finite injective resolution and that the right derived
functor RF : Db(A)→ Db(Mod Λ) is an equivalence. Then the functor

RF : Dco(A,Φ, w)→ DcoMod(Λ,Ψ, v)

is an equivalence, and it restricts to the equivalence

RF : D(C,Φ, w) ∼−→ Dmod(Λ,Ψ, v).

Proof. (1) Recall that the functor LG : Dmod(Λ,Ψ, v)→ D(C,Φ, w) is the composition

Dmod(Λ,Ψ, v) K(proj Λ,Ψ, v) Kadd(T,Φ, w) D(C,Φ, w),∼ G Q

where the first equivalence follows from Proposition 2.7 and Q is the natural quotient functor.
Since we have the equivalence G : proj Λ ∼−→ addT , the middle functor G is also an equiva-
lence. Thus the statement follows from Lemma 4.2 and the assumption that the natural functor
D(C,Φ, w)→ Dco(A,Φ, w) is fully faithful.

(2) Since (RF)+ : D+(A) → D+(Mod Λ) is fully faithful by Lemma 4.4, the functor RF:
Dco(A,Φ, w)→ DcoMod(Λ,Ψ, v) is also fully faithful by [2, Lemma 4.11]. Consider the following
commutative diagram:

K Add(T,Φ, w) K Proj(Λ,Ψ, v)

Dco(A,Φ, w) DcoMod(Λ,Ψ, v).

F

RF
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Since the additive functor F : Add(T ) → Proj Λ is an equivalence, the top horizontal arrow is
an equivalence. Moreover, the vertical arrow on the right hand side is essentially surjective
by Proposition 2.7. Hence RF : Dco(A,Φ, w) → DcoMod(Λ,Ψ, v) is essentially surjective, and
so it is an equivalence.

Since the natural embedding functors D(C,Φ, w) → Dco(A,Φ, w) and Dmod(Λ,Ψ, v) →
DcoMod(Λ,Ψ, v) are fully faithful, the functor RF : D(C,Φ, w)→ Dmod(Λ,Ψ, v) and its left adjo-
int LG : Dmod(Λ,Ψ, v)→ D(E,Φ, w) are fully faithful. Hence RF : D(C,Φ, w)→ Dmod(Λ,Ψ, v)
is also an equivalence. �

4.2 Derived factorization categories of noncommutative gauged LG models

In this short subsection, we define (noncommutative) gauged Landau–Ginzburg models, and its
derived factorization categories.

Definition 4.6. We call the data (A, L, w)G a gauged Landau–Ginzburg model whenG is an alge-
braic group acting on a scheme X, A is a G-equivariant coherent X-algebra, L is a G-equivariant
line bundle on X, and w ∈ Γ(X,L)G is a G-invariant global section of L. A gauged Landau–
Ginzburg model (A, L, w)G is said to be noncommutative, if the algebra A is not commutative.
We write (X,L,w)G ··= (OX , L, w)G, and for a character χ : G→ Gm of G we write (A, χ, w)G ··=
(A,O(χ), w)G.

If (A, L, w)G is a gauged LG model, we have the triple(
QcohGA, L⊗OX

(−), w
)

as in (2.1), where L⊗OX
(−) : QcohGA ∼−→ QcohGA is the tensor product with L, and w : id→

L⊗OX
(−) is the functor morphism defined by the multiplication by w. Then we define

QcohG(A, L, w) ··= Fact
(

QcohGA, L⊗OX
(−), w

)
,

DcoQcohG(A, L, w) ··= Dco
(

QcohGA, L⊗OX
(−), w

)
,

DcohG(A, L, w) ··= D
(

cohGA, L⊗OX
(−), w

)
,

DMFG(A, L, w) ··= D
(

lfrGA, L⊗OX
(−), w

)
,

where lfrGA is the subcategory of cohGA consisting of locally free A-modules. We call
DcohG(A, L, w) the derived factorization category of (A, L, w)G, and DMFG(A, L, w) the derived
matrix factorization category of (A, L, w)G. If X = SpecR is an affine scheme and A ··= Γ(X,A)
is the corresponding G-equivariant R-algebra, we define

ModG(A,L,w) ··= Fact
(

ModGA,L⊗R (−), w
)
,

DcoModG(A,L,w) ··= Dco
(

ModGA, L⊗R (−), w
)
,

DmodG(A,L,w) ··= D
(

modGA,L⊗R (−), w
)
,

KMFG(A,L,w) ··= K
(

projGA,L⊗R (−), w
)
.

4.3 Equivariant tilting modules and factorizations

In this subsection, we apply the general result in Section 4.1 to the following geometric setting.
Let the notation be the same as in Section 3.4. Let χ : G/H → Gm be a character of G/H, and

set χ̂ ··= χ ◦ p : G→ Gm, where p : G→ G/H is the natural projection. Write for OR(χ) (resp.
OX
(
χ̂
)
) the associated G/H-equivariant invertible sheaf on SpecR (resp. G-equivariant invert-

ible sheaf on X). Take a G/H-invariant global section wR ∈ Γ(SpecR,OR(χ))G/H of OR(χ),
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and set w ··= (f)∗pwR ∈ Γ
(
X,OX

(
χ̂
))G

, where (f)∗p : ModG/H R→ QcohGX is the pull-back by
the p-equivariant morphism f . Then we have the gauged LG models(

A, χ̂, w
)G

and
(
ΛH , χ, wR

)G/H
,

and we define

KaddG
(
T , χ̂, w

) ··= K
(

addχ̂ T ,O
(
χ̂
)
⊗OX

(−), w
)
,

where addχ̂ T is the subcategory of cohGA defined by the following additive closure

addχ̂ T ··= add
{
O
(
χ̂n
)
⊗OX

(
T , θT

)
| n ∈ Z

}
.

Since the functors F : QcohGA → ModG/H ΛH and G : ModG/H ΛH → QcohGA are factored
with respect to (χ̂, w) and (χ,wR), they induce the functors

F : QcohG
(
A, χ̂, w

)
→ ModG/H

(
ΛH , χ, wR

)
,

G : ModG/H
(
ΛH , χ, wR

)
→ QcohG

(
A, χ̂, w

)
.

Since QcohGA has enough injectives, we have the right derived functor

RF : DcoQcohG
(
A, χ̂, w

)
→ DcoModG/H

(
ΛH , χ, wR

)
,

and it restricts to the functor

RF : DcohG
(
A, χ̂, w

)
→ DmodG/H

(
ΛH , χ, wR

)
.

If G/H is reductive and every ΛH -module has a finite projective resolution, then every finitely
generated G/H-equivariant ΛH -module has a finite projective resolution in modG/H ΛH by
Lemma 3.25. In this case, we have the left derived functor

LG : DmodG/H
(
ΛH , χ, wR

)
→ DcohG

(
A, χ̂, w

)
.

Theorem 4.7. Assume that G/H is reductive and ΛH is of finite global dimension.

1. If
(
T , θT

)
is partial (G,H)-tilting, then the functor

LG : DmodG/H
(
ΛH , χ, wR

)
→ DcohG

(
A, χ̂, w

)
is fully faithful, and it restricts to the equivalence

LG : DmodG/H
(
ΛH , χ, wR

) ∼−→ KaddG
(
T , χ̂, w

)
.

2. If
(
T , θT

)
is (G,H)-tilting and every M ∈ QcohA has a finite injective resolution in

QcohA, then we have the equivalence

RF : DcohG
(
A, χ̂, w

) ∼−→ DmodG/H
(
ΛH , χ, wR

)
.

Proof. By an identical argument as in the proof of Lemma 3.28, we see that the restriction
functors

ResGH : DcohG
(
A, χ̂, w

)
→ DcohH(A, χ, w),

Res : DmodG/H
(
ΛH , χ, wR

)
→ Dmod

(
ΛH , id, wR

)
are faithful. Let FH : cohH A → mod ΛH and GH : mod ΛH → cohH A be the same functors as
in the proof of Theorem 3.27, and recall that the adjunction morphisms ΛH → FH GH

(
ΛH
)

and
GH FH(TH)→ TH are isomorphisms. Then these functors define the functors

RFH : DcohH
(
A, χ̂, w

)
→ Dmod

(
ΛH , χ, wR

)
,

LGH : Dmod
(
ΛH , χ, wR

)
→ DcohH

(
A, χ̂, w

)
,

and if
(
T , θT

)
is partial (G,H)-tilting (resp. (G,H)-tilting), LGH is fully faithful (resp. an equi-

valence) by Theorem 4.5. Hence the results follow from Lemma 3.29. �
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5 Linear sections of Pfaffian varieties
and noncommutative resolutions

In this section, we prove that derived categories of noncommutative resolutions of linear sections
of Pfaffian varieties are equivalent to the derived factorization categories of noncommutative
gauged LG models.

5.1 Noncommutative resolutions of Pfaffian varieties and its linear sections

Following [16], we recall noncommutative resolutions of Pfaffian varieties and its linear sections.
Let V be a vector space of dimension v. For an integer q with 0 ≤ 2q ≤ v, we have a Pfaffian
variety

Pfq ··=
{
x ∈

∧
2V ∗ | rk(x) ≤ 2q

}
⊆ P

(∧
2V ∗

)
,

and we denote its affine cone by

Pfaff
q ⊆

∧
2V ∗.

Then we have dim Pfaff
q = q(2v−2q−1). The Pfaffian variety Pfq is smooth if and only if q = 1,

where it defines a Grassmannian Gr(2, V ), or q = bv/2c, where it defines the whole space
P
(∧

2V ∗
)
. In other cases, the singular locus is the subvairiety Pf(q−1) ⊂ Pfq. Let L ⊂

∧
2V ∗ be

a subspace of codimension c such that

Pfq|L ··= Pfq ∩ P(L) 6= ∅

and Pfq|L has the expected dimension dim Pfq −c. If c > dim Sing(Pfq) = (q−1)(2v−2q+1)−1,
we can take a generic L so that Pfq|L is smooth. If c is smaller than the bounds, then Pfq|L
is never smooth, and in this case the usual bounded derived category Db

(
coh Pfq|L

)
does not

behave well (for example, in the context of homological projective duality [16]).
Let (Q,ω) be a symplectic vector space of dimension 2q with a symplectic form ω ∈

∧
2Q∗.

Let

Sp(Q) ··= {f ∈ GL(Q) | f∗ω = ω}

be the symplectic group of Q, and

GSp(Q) ··= {f ∈ GL(Q) | ∃ t ∈ k∗ such that f∗ω = t ω}

the symplectic similitude group of Q. Then we have a short exact sequence

1→ Sp(Q) ↪→ GSp(Q) � Gm → 1 (5.1)

that induces a semi-direct product GSp(Q) = Sp(Q)oGm, where Gm ⊂ GSp(Q) is the diagonal
subgroup. Let us set

Y ··= Homk(V,Q)

and consider the following quotient stacks

Yaff ··= [Y/ Sp(Q)] and Y ··= [Y/GSp(Q)].

Then the surjective morphism

p : Y → Pfaff
q , ϕ 7→ ϕ∗ω
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induces the morphisms

πaff : Yaff → Pfaff
q and π : Y →

[
Pfaff

q /Gm

]
,

and if we set Yss ··=
[(
Y \ p−1(0)

)
/GSp(Q)

]
, the morphism π : Y →

[
Pfaff

q /Gm

]
restricts to

a (stacky) resolution

π : Yss → Pfq

of the Pfaffian variety Pfq.

Recall that irreducible representations of Sp(Q) are indexed by Young diagrams of height at
most q. We denote by Yq,s the set of Young diagrams of height at most q and width at most
s ··= bv/2c − q. Since vector bundles on Yaff are nothing but Sp(Q)-equivariant vector bundles
on Y , each representation of Sp(Q) defines a vector bundle on Yaff . For each Young diagram
γ ∈ Yq,s, we can choose a vector bundle Vγ ∈ vectY whose pull-back to Yaff by the natural
projection Yaff → Y is the vector bundle associated to γ (see [16, Section 2.4]). Then the vector
bundle

V :=
⊕
γ∈Yq,s

Vγ ∈ cohY

is a partial tilting bundle on Y. Restricting V to the open substack Yss we obtain a partial
tilting bundle Vss on Yss, and the Pfq-algebra

B ··= π∗ EndYss(Vss)

is a noncommutative resolution of Pfq by [18, Section 5]. By the noncommutative Bertini
theorem [17], for a generic L the restriction

BL := B|Pfq |L

is a noncommutative resolution of the linear section Pfq|L. If Pfq|L is smooth, the category
Db(cohBL) is equivalent to Db(coh Pfq|L).

5.2 Noncommutative resolutions of Pfaffian varieties
and noncommutative gauged LG models

In this subsection, we prove that the derived category of a noncommutative resolution of a linear
section of a Pfaffian variety is equivalent to the derived factorization category of a noncommu-
tative gauged Landau–Ginzburg model.

We use the same notation as in the previous section. We recall that the category Db(cohBL)
is equivalent to a full subcategory of the derived factorization category of a gauged LG model.
We write L⊥ ⊂

∧
2V for the annihilator of L. We have a GSp(Q)-action on the product Y ×L⊥

defined by

GSp(Q)×
(
Y × L⊥

)
→
(
Y × L⊥

)
, (f, ϕ, x) 7→

(
f ◦ ϕ, σ(f)−1x

)
,

where σ : GSp(Q)→ Gm is the surjection in (5.1). Consider the following quotient stacks

Y ×Gm L⊥ ··=
[
Y × L⊥/GSp(Q)

]
,

Yss ×Gm L⊥ ··=
[(
Y \ p−1(0)

)
× L⊥/GSp(Q)

]
.
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The function W : Y × L⊥ → C defined by W (ϕ, x) ··= (ϕ∗ω)(x) is GSp(Q)-invariant, and thus
it defines a potential

w : Y ×Gm L⊥ → C.

We define an additional Gm-action, which is called an R-charge, on Y × L⊥ by

Gm ×
(
Y × L⊥

)
→
(
Y × L⊥

)
, (t, ϕ, x) 7→ (tϕ, x).

This Gm-action commutes with the above GSp(Q)-action, and so we have an induced Gm-action
on Y ×Gm L⊥. Then the potential w : Y ×Gm L⊥ → C is a semi-invariant regular function with
respect to the character χ1 ··= idGm : Gm → Gm. Following [16], we define the B-brane category
DB

(
Y ×Gm L⊥, w

)
as follows:

We write rep GSp(Q) for the category of finite dimensional algebraic representations
of GSp(Q), and we define the full subcategory

Yq,s ⊂ rep GSp(Q)

consisting of irreducible representations whose restriction to the subgroup Sp(Q) is an irreducible
representation of Sp(Q) corresponding to some Young diagram in Yq,s. Since the origin 0 ∈
Y × L⊥ is a fixed point of the above action from GSp(Q) × Gm, the restriction to the origin
defines a functor

(−)|0 : DcohGm

(
Y ×Gm L⊥, χ1, w

)
→ DcohGm

(
[0/GSp(Q)], χ1, 0

) ∼−→ Db(rep GSp(Q)),

where the latter functor is a similarly equivalence as in [7, Proposition 2.14]. Then we define
the category

DB
(
Y ×Gm L⊥, w

)
to be the full subcategory of DcohGm

(
Y ×Gm L⊥, χ1, w

)
consisting of objects F such that each

cohomology H i(F |0) of the restriction F |0 ∈ Db(rep GSp(Q)) lies in Yq,s. Restricting to the
open substack Yss ×Gm L⊥, we have the B-brane subcategory

DB
(
Yss ×Gm L⊥, w

)
⊂ DcohGm

(
Yss ×Gm L⊥, χ1, w

)
,

and by [16, Section 4.1] we have an equivalence

Db(cohBL) ∼= DB
(
Yss ×Gm L⊥, w

)
. (5.2)

For an interval I ⊂ Z, we define a subcategory

YIq,s ⊆ Yq,s

of Yq,s consisting of representations whose restriction to the diagonal subgroup Gm ⊂ GSp(Q)
has weights in I. This subcategory defines a full subcategory

DB
(
Y ×Gm L⊥, w

)
I
⊂ DB

(
Y ×Gm L⊥, w

)
consisting of objects F such that each cohomology H i(F |0) of the restriction F |0 lies in YIq,s.
By [16, Theorem 4.7] we have an equivalence

DB
(
Yss ×Gm L⊥, w

) ∼= DB
(
Y ×Gm L⊥, w

)
[−qv,qv]

. (5.3)
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We set

T :=
⊕

ρ∈Y[−qv,qv]
q,s

Tρ ∈ cohGSp(Q) Y × L⊥,

where Tρ is the GSp(Q)-equivariant vector bundle on Y × L⊥ associated to an irreducible rep-

resentation ρ ∈ Y
[−qv,qv]
q,s , and choose a Gm ×GSp(Q)-equivariant vector bundle

T̃ ∈ cohGm×GSp(Q) Y × L⊥

on Y × L⊥ such that Res
Gm×GSp(Q)
GSp(Q) T̃ ∼= T. Then the natural functor

KaddGm×GSp(Q)

(
T̃, χ, w

)
→ DcohGm

(
Y ×Gm L⊥, χ1, w

)
is fully faithful by Lemma 4.2, and by [16, Lemma 2.8] we have a natural equivalence

DB
(
Y ×Gm L⊥, w

)
[−qv,qv]

∼= KaddGm×GSp(Q)

(
T̃, χ, w

)
. (5.4)

Since T is a partial tilting object in QcohGSp(Q) Y × L⊥ by construction, T̃ is a partial (Gm ×
GSp(Q),GSp(Q))-tilting bundle. If we set

Λ ··= EndY×GmL
⊥(T) = EndY×L⊥(T)GSp(Q),

then Λ is a Gm-equivariant algebra over the affine quotient
(
Y ×L⊥

)
/GSp(Q). Moreover, by the

results in [18, Section 1.5] and similar arguments as in [18, Section 5], we see that the algebra Λ
is a noncommutative resolution of

(
Y ×L⊥

)
/GSp(Q). By Theorem 4.7, we have an equivalence

KaddGm×GSp(Q)

(
T̃, χ, w

) ∼−→ DmodGm(Λ, χ, w). (5.5)

Combining the equivalences (5.2), (5.3), (5.4) and (5.5) we have the following:

Corollary 5.1. Notation is the same as above. We have an exact equivalence

Db(cohBL) ∼= DmodGm(Λ, χ, w).

In particular, if Pfq|L is smooth, we have an equivalence

Db
(

coh Pfq|L
) ∼= DmodGm(Λ, χ, w).

Remark 5.2. Let T ··=
{

diag
(
z1, . . . , zq, z0z

−1
1 , . . . , z0z

−1
q

)
| zi ∈ Gm

}
⊂ GSp(Q) be a standard

maximal torus of GSp(Q). Denote by χi : T → Gm the character defined by

(z0, z1, . . . , zq) 7→ zi.

Then the T -weights of Y are {χi, χ0 − χi}1≤i≤q with each weight occurring with multiplicity v,
and T -weights of L⊥ is −χ0 with multiplicity dimL⊥ = c. Thus, if c = qv, the sum of all
T -weights of Y is trivial, and in this case the category Db(cohBL) is Calabi–Yau of dimen-
sion 2qs− 1.
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A Algebras over groupoids in algebraic spaces

In this appendix, we prove a generalization of Proposition 3.12. We freely use the terminology
and notation from [19], and categories fibered in groupoids are defined over the big fppf site
(Sch/S)fppf over a fixed base scheme S. First, we recall some definitions from [19], where the
main references are Chapters Groupoids in Algebraic Spaces, Algebraic Stacks, and Sheaves on
Algebraic Stacks.

Let p : X → (Sch/S)fppf be a category fibered in groupoids. Recall that we have the induced
fppf topology on X , where a family of morphisms {xi → x}i in X is a covering of x ∈ X if the
family {p(xi) → p(x)}i is an fppf cover of the scheme p(x). We write Xfppf for this fppf site.
Then we have the structure sheaf OX : X op

fppf → (Rings) of Xfppf defined by

OX (x) ··= Γ
(
p(x),Op(x)

)
,

and thus we have the associated ringed site
(
Xfppf ,OX

)
. An OX -module F : X op

fppf → (Sets) is
said to be quasi-coherent, if for any x ∈ X there is a covering {xi → x} of x such that for each xi
there is an exact sequence of OX/xi-modules⊕

I

OX/xi →
⊕
J

OX/xi → F|xi → 0,

where
(
Xfppf/xi,OX/xi

)
is the localization of the ringed site

(
Xfppf ,OX

)
at xi ∈ X and F|xi is

the restriction of F to
(
Xfppf/xi,OX/xi

)
. We denote by QcohX the category of quasi-coherent

OX -modules. If X is an algebraic stack, QcohX is equivalent to the category of quasi-coherent
sheaves on the lisse-étale site of X defined in [14, Definition 9.1.14]. In particular, if X is an
algebraic space, QcohX is equivalent to the category of quasi-coherent sheaves on the small étale
site of X defined in [14, Definition 7.1.5], and if X is a scheme, it is equivalent to the category
of usual quasi-coherent sheaves on the small Zariski site of X . If X is an algebraic space, we
write Xét (resp. Xfppf) for the small étale site of X (resp. the big fppf site (Sch/X)fppf of X),
and sheaves on X means sheaves on Xét. Similarly, sheaves on a scheme X means sheaves on
the small Zariski site of X.

Definition A.1. An X -algebra is a sheaf of (not necessarily commutative) rings A on Xfppf

together with a morphism of sheaves of rings

ρ : OX → A

such that the OX -module A is quasi-coherent and the image of ρ is in the center of A, i.e., for
any x ∈ X the image of ρ(x) : OX (x)→ A(x) is contained in the center of the ring A(x).

If (A, ρ) is an X -algebra, we have the restriction by ρ

(−)ρ : ModA → ModOX , M 7→Mρ,

where ModA denotes the category of right A-modules.

Definition A.2. A right A-module M is said to be quasi-coherent if the OX -module Mρ is
quasi-coherent. We denote by

QcohA

the full subcategory of ModA consisting of quasi-coherent right A-modules.

Remark A.3. If X is an algebraic space, we tacitly consider X -algebras and quasi-coherent
modules over X -algebras as sheaves on the small étale site Xét instead of big fppf sheaves as
above.
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Let A be an X -algebra, and denote by X̃ the stackification of X . By [19, Lemma 12.1;
06WQ], we have an equivalence of topoi

Sh(Xfppf)
∼−→ Sh

(
X̃fppf

)
, (A.1)

where Sh(−) denotes the category of sheaves on a site (−). For an object F ∈ Sh(Xfppf), we

denote by F̃ ∈ Sh
(
X̃fppf

)
the image of F by the equivalence (A.1). By this equivalence the ring

object A ∈ Sh(Xfppf) defines a ring object Ã ∈ Sh
(
X̃fppf

)
and a morphism

ρ̃ : OX̃ → Ã.

By [19, Lemma 12.2; 06WR], the sheaf of rings Ã is quasi-coherent OX̃ -module, and so Ã is

an X̃ -algebra.

Lemma A.4. The equivalence of topoi Sh(Xfppf)
∼−→ Sh

(
X̃fppf

)
induces the equivalence

ModA ∼−→ Mod Ã

of right modules, and it restricts to the equivalence of quasi-coherent modules

QcohA ∼−→ Qcoh Ã.

Proof. The first assertion is obvious, and for the second statement it is enough to show that
a right A-module M is quasi-coherent if and only if the right Ã-module M̃ is quasi-coherent.
But this follows from the following commutative diagram

ModA Mod Ã

ModOX ModOX̃

(̃−)

(−)ρ (−)ρ̃

(̃−)

and [19, Lemma 12.2; 06WR]. �

Let G = (U,R, s, t, c) be a groupoid in algebraic spaces over S (see [19, Definition 11.1; 043W]
for the notation).

Definition A.5. An algebra over G, or G-algebra, is a U -algebra A : Uop
ét → (Rings) together

with an isomorphism

θA : s∗A ∼−→ t∗A

of R-algebras such that the equations

p∗1θ
A ◦ p∗2θA = c∗θA and e∗θA = idA (A.2)

of morphisms of sheaves of rings hold, where pi : R ×s,U,t R → R is the i-th projection and
e : U → R is the identity.

Remark A.6. Note that the structure sheaf OU together with the canonical isomorphism

θcan : s∗OU ∼−→ t∗OU
defines a G-algebra (OU , θcan). If

(
A, θA

)
is a G-algebra, since θA is OR-linear, the diagram

s∗OU OR t∗OU

s∗A t∗A

∼

s∗ρ

θcan

∼

t∗ρ

θA

is commutative, where the isomorphisms on the top level are natural isomorphisms.
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Definition A.7. Notation is the same as above.

1. A quasi-coherent module over a G-algebra
(
A, θA

)
is a quasi-coherent right A-module

M : Uop
ét → (Sets) together with an isomorphism

θM : s∗M ∼−→ t∗M

of quasi-coherent right s∗A-modules such that the similar equations as (A.2) hold, where
the right t∗A-module t∗M is considered as a right s∗A-module via the isomorphism
θA : s∗A ∼−→ t∗A of R-algebras.

2. Let
(
M, θM

)
and

(
N , θN

)
be quasi-coherent modules over a G-algebra

(
A, θA

)
. A mor-

phism from
(
M, θM

)
to
(
N , θN

)
is a morphism

ϕ : M→N

of right A-modules such that the diagram

s∗M s∗N

t∗M t∗N

s∗ϕ

θM θN

t∗ϕ

is commutative.

We denote by

Qcoh
(
A, θA

)
the category of quasi-coherent modules over a G-algebra

(
A, θA

)
.

Remark A.8. We have a natural identification

Qcoh
(
OU , θcan

)
= Qcoh(U,R, s, t, c),

where Qcoh(U,R, s, t, c) denotes the category of quasi-coherent modules on (U,R, s, t, c) in the
sense of [19, Definition 12.1; 0441].

Let G = (U,R, s, t, c) be a groupoid in algebraic spaces over S. Following [19, 044O] we
denote by [U/pR] the category fibered in groupoids associated to G, which is defined as follows:
An object of [U/pR] is a pair (T, u) of S-scheme T and a morphism u : T → U of algebraic spaces
over S, and a morphism (f, ϕ) : (T, u)→ (T ′, u′) is defined to be a pair of a morphism f : T → T ′

of S-schemes and a morphism ϕ : T → R of algebraic spaces over S such that s ◦ ϕ = u and
t ◦ ϕ = u′ ◦ f . Then the functor

[U/pR]→ (Sch/S), (T, u) 7→ T

is a category fibered in groupoids. We denote by [U/R] the stackification of [U/pR], which is
called the quotient stack of G. We have the natural morphism

α : (Sch/U)→ [U/pR] (A.3)

defined by α(u : T → U) ··= (T, u) and α(f : T → T ′) ··= (f, e ◦ u), and it defines the functor

α−1 : Sh
(
[U/pR]fppf

)
→ Sh(Ufppf)

defined by α−1F(u : T → U) ··= F(α(u : T → U)) = F(T, u).
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For a G-algebra
(
A, θA

)
, we define a sheaf of rings

[A/pR] : [U/pR]op
fppf → (Rings)

on [U/pR]fppf as follows: For an object (T, u) ∈ [U/pR] we set

[A/pR](T, u) ··= Γ(T, u∗A),

and for a morphism (f, ϕ) : (T, u)→ (T ′, u′) we define a morphism of rings

[A/pR](f, ϕ) : [A/pR](T ′, u′)→ [A/pR](T, u)

by the following commutative diagram:

Γ(T ′, u′∗A) Γ(T, u∗A)

Γ(T, f∗u′∗A) Γ(T, ϕ∗t∗A) Γ(T, ϕ∗s∗A).

[A/pR](f,ϕ)

f∗

∼ ϕ∗θA

∼

Similarly, for a quasi-coherent module
(
M, θM

)
over a G-algebra

(
A, θA

)
, we define the right

[A/pR]-module

[M/pR] : [U/pR]op
fppf → (Sets)

by [M/pR](T, u) ··= Γ(T, u∗M), and this defines an additive functor

[(−)/pR] : Qcoh
(
A, θA

)
→ Mod[A/pR]. (A.4)

By the equality [OU/pR] = O[U/pR] and Remark A.6, the morphism ρ : OU → A defines a

morphism from (OU , θcan) to
(
A, θA

)
in Qcoh

(
A, θA

)
, and thus we have the induced morphism

[ρ/pR] : O[U/pR] → [A/pR]

of sheaves of rings.

Lemma A.9. Notation is the same as above.

1. If (M, θcan) ∈ Qcoh(OU , θcan), then [M/pR] ∈ Qcoh[U/pR].

2. The sheaf [A/pR] together with the ring homomorphism [ρ/pR] is a [U/pR]-algebra.

3. If
(
M, θM

)
∈ Qcoh

(
A, θA

)
, the right [A/pR]-module [M/pR] is quasi-coherent.

Proof. (1) Let {ai : Ai → U}i∈I be an affine étale covering of U . Since M is quasi-coherent
OU -module, for each i ∈ I there is an exact sequence⊕

J

OAi →
⊕
K

OAi → a∗iM→ 0. (A.5)

For any object (T, u) ∈ [U/pR], set Ti ··= Ai×U T and write ti : Ti → T for the second projection.
If we set ui ··= u ◦ ti : Ti → U and ϕi ··= e ◦ ui : Ti → R, then{

(ti, ϕi) : (Ti, ui)→ (T, u)
}
i∈I

is a covering of (T, u) ∈ [U/pR]fppf . Since the localized ringed site(
[U/pR]fppf/(Ti, ui),O[U/pR]fppf/(Ti,ui)

)
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is equivalent to the ringed site
(
(Sch/Ti)fppf ,O(Sch/Ti)fppf

)
by [19, Lemma 9.4; 06W9], the pull-

back of the exact sequence (A.5) by the first projection Ti → Ai gives rise to an exact sequence⊕
J

O[U/pR]fppf/(Ti,ui) →
⊕
K

O[U/pR]fppf/(Ti,ui) →M|(Ti,ui) → 0.

(2) Since the image of ρ : OU → A is contained in the center of A, the image of

[ρ/pR] : O[U/pR] → [A/pR]

is contained in the center of [A/pR]. The O[U/pR]-module [A/pR] is quasi-coherent by (1).

(3) This follows from (1). �

By Lemma A.9, the functor (A.4) defines an additive functor

[(−)/pR] : Qcoh
(
A, θA

)
→ Qcoh[A/pR].

Proposition A.10. The functor [(−)/pR] : Qcoh
(
A, θA

)
→ Qcoh[A/pR] is an equivalence.

Proof. This follows from a similar argument as in the proof of [19, Proposition 13.1; 06WT].
We construct a quasi-inverse of the functor [(−)/pR] as follows.

First, for a sheaf F on [U/pR]fppf , we define a sheaf FR on the small étale site Uét by

FR ··=
(
α−1F

)
|Uét

,

where α : (Sch/U)→ [U/pR] is the morphism in (A.3). By construction we have OR[U/pR] = OUét
.

For each étale morphism (u : T → U) ∈ Uét, we have

[A/pR]R(u : T → U) = Γ(T, u∗A) = A(u : T → U).

Thus we have a natural identification [A/pR]R = A, and so if M is a quasi-coherent right
[A/pR]-module, the small étale sheaf MR is a quasi-coherent A-module.

Next, we define a category {U/pR} containing the category [U/pR] by replacing S-sche-
mes T in the definition of [U/pR] with algebraic spaces over S. If (f, ϕ) : (W,u) → (W ′, u′) is
a morphism in {U/pR}, this morphism induces a natural (functorial) commutative diagram

W W ′

[U/pR] .

f

α◦u α◦u′

Then, for any quasi-coherent right [A/pR]-module M, we have the composition

(α ◦ u′)−1M→ f∗f
−1
(
(α ◦ u′)−1M

) ∼−→ f∗(α ◦ u)−1M,

where the first morphism is the adjunction morphism and the second isomorphism follows from
the above commutative diagram. By the adjunction f−1 a f∗, this composition map induces the
morphism f−1(α ◦ u′)−1M → (α ◦ u)−1M and restricting this morphism to Wét, we have the
comparison map

c(f,ϕ) : f∗u′∗MR → u∗MR

and by [19, Lemma 11.6; 06WK] this is an isomorphism.
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Finally, we define a functor F : Qcoh[A/pR]→ Qcoh
(
A, θA

)
by

F (M) ··=
(
MR, θM

R)
,

where θM
R

: s∗MR ∼−→ t∗M is defined to be the inverse of the comparison map

c(idR,idR) : t∗MR ∼−→ s∗MR

induced by the morphism (idR, idR) : (R, s)→ (R, t) in {U/pR}. By construction, F is a quasi-
inverse of the functor [(−)/pR]. �

Write

[A/R] ··= ˜[A/pR]

for the sheaf of rings on the quotient stack [U/R] corresponding to [A/pR] via the equiva-
lence (A.1). By Lemma A.4 and Proposition A.10, we have the following generalization of [19,
Proposition 13.1; 06WT].

Proposition A.11. We have an equivalence

Qcoh
(
A, θA

) ∼−→ Qcoh[A/R].
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