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1 Introduction

Let X be a smooth projective variety with a simple normal crossing hypersurface H. Let L be
an ample line bundle on X. We shall prove the following theorem, that is the Kobayashi–Hitchin
correspondence for good wild harmonic bundles and good filtered λ-flat bundles.

Theorem 1.1 (Corollary 2.24). The following objects are equivalent:

� Good wild harmonic bundles on (X,H).

� µL-Polystable filtered λ-flat bundles
(
P∗V,Dλ

)
on (X,H) satisfying∫

c1(P∗V)c1(L)dimX−1 = 0,

∫
ch2(P∗V)c1(L)dimX−2 = 0.

We shall recall the precise definitions of the objects in Section 2.

In [51], we have already proved that good wild harmonic bundles on (X,H) induce µL-
polystable good filtered λ-flat bundles satisfying the vanishing condition. Note that 0-flat bun-
dles are equivalent to Higgs bundles, and 1-flat bundles are flat bundles in the ordinary sense.
Moreover, we studied an analogue of Theorem 1.1 in the case λ = 1, i.e., the correspondence
between good wild harmonic bundles and µL-polystable good filtered flat bundles satisfying
a similar vanishing condition [51, Theorem 16.1.1]. It was applied to the study of the correspon-
dence between semisimple algebraic holonomic D-modules and pure twistor D-modules.

In this paper, as a complement, we shall explain the proof for all λ. There is no new
essential difficulty to prove Theorem 1.1 after our studies [46, 47, 48, 49, 51] on the basis
of [62, 63]. Moreover, in some parts of the proof, the arguments can be simplified in the Higgs
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case. However, because the Higgs case is also particularly important, it would be useful to
explain a rather detailed proof. We shall also explain the correspondences in homogeneous cases
which would be useful in a generalized Hodge theory.

1.1 Kobayashi–Hitchin correspondences

1.1.1 Kobayashi–Hitchin correspondence for vector bundles

We briefly recall a part of the history of this type of correspondences. (See also [25, 35,
41].) For a holomorphic vector bundle E on a compact Riemann surface C, we set µ(E) :=
deg(E)/ rank(E), which is called the slope of E. A holomorphic bundle E is called stable
(resp. semistable) if µ(E′) < µ(E) (resp. µ(E′) ≤ µ(E)) holds for any holomorphic subbundle
E′ ⊂ E such that 0 < rank(E′) < rank(E). It is called polystable if it is a direct sum of sta-
ble subbundles with the same slope. This stability, semistability and polystability conditions
were introduced by Mumford [56] for the construction of the moduli spaces of vector bundles
with reasonable properties. Narasimhan and Seshadri [58] established the equivalence between
unitary flat bundles and polystable bundles of degree 0 on compact Riemann surfaces.

Let (X,ω) be a compact connected Kähler manifold. For any torsion-free OX -module F ,
the slope of F with respect to ω is defined as

µω(F) :=

∫
X c1(F)ωdimX−1

rankF
.

If the cohomology class of ω is the first Chern class of an ample line bundle L, then µω(F) is also
denoted by µL(F). Then, a torsion-free OX -module F is called µω-stable if µω(F ′) < µω(F)
holds for any saturated coherent subsheaf F ′ ⊂ F such that 0 < rank(F ′) < rank(F). This
condition was first studied by Takemoto [71, 72]. It is also called µω-stability, or slope stability.
Slope semistability and slope polystability are naturally defined.

Bogomolov [4] introduced the T -stability condition for torsion-free sheaves on connected
projective surfaces, and he proved the inequality of the Chern classes c2(E)−(r−1)c1(E)2/2r ≥ 0
for any T -semistable bundle E of rank r. We do not recall the precise definition of T -stability
condition here, but we note that if a holomorphic vector bundle on a complex projective manifold
is slope semistable, then it is T -semistable. (See [4, Section 7] for more details.) Gieseker [19]
gave a different proof of the inequality for slope semistable bundles. The inequality is called
Bogomolov–Gieseker inequality or Bogomolov inequality.

Inspired by these works, Kobayashi [32] introduced the concept of Hermitian–Einstein con-
dition for metrics of holomorphic vector bundles. Let

(
E, ∂E

)
be a holomorphic vector bundle

on a Kähler manifold (X,ω). Let h be a Hermitian metric of E. Let R(h) denote the curva-
ture of the Chern connection ∇h = ∂E + ∂E,h, associated with h and ∂E . Then, h is called
Hermitian–Einstein if ΛR(h)⊥ = 0, where R(h)⊥ denotes the trace-free part of R(h). In parti-
cular, he proved in [32] that if a holomorphic vector bundle on a compact Kähler manifold has
a Hermitian–Einstein metric, then it is T -semistable. Kobayashi [33, 34] and Lübke [40] proved
that a holomorphic vector bundle on a compact connected Kähler manifold satisfies the slope
polystability condition if it has a Hermitian–Einstein metric. Moreover, Lübke [39] established
the so called Kobayashi–Lübke inequality for the first and the second Chern forms associated
with Hermitian–Einstein metrics, which is reduced to the inequality Tr

((
R(h)⊥

)2)
ωdimX−2 ≥ 0

in the form level. In particular, it implies the Bogomolov–Gieseker inequality for holomorphic
vector bundles

(
E, ∂E

)
with a Hermitian–Einstein metric h on compact Kähler manifolds (X,ω).

Moreover, if c1(E) = 0 and
∫
X ch2(E)ωdimX−2 = 0 are satisfied for such

(
E, ∂E , h

)
, and if we

impose det(h) is flat, then the Kobayashi–Lübke inequality implies that R(h) = 0, i.e., ∇h is flat.
Independently, in [36], Hitchin proposed a problem to ask an equivalence of the stability

condition and the existence of a metric h such that ΛR(h) = 0, under the vanishing of the
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first Chern class of the bundle. (See [25] for more precise explanation.) It clearly contains
the most important essence. He also suggested possible applications of the vanishings. His
problem stimulated Donaldson whose work on this topic brought several breakthroughs to whole
geometry.

In [14], Donaldson introduced the method of global analysis to reprove the theorem of Nara-
simhan–Seshadri. In [15], by using the method of the heat flow associated with the Hermitian–
Einstein condition, he established the equivalence of the slope polystability condition and the
existence of a Hermitian–Einstein metric for holomorphic vector bundles on any complex pro-
jective surface. The important concept of Donaldson functional was also introduced in [15].

Eventually, Donaldson [16] and Uhlenbeck–Yau [73] established the equivalence on any dimen-
sional complex projective manifolds. Note that Uhlenbeck–Yau proved it for any compact Kähler
manifolds, more generally. The correspondence is called with various names; Kobayashi–Hitchin
correspondence, Hitchin–Kobayashi correspondence, Donaldson–Hitchin–Uhlenbeck–Yau corre-
spondence, etc. In this paper, we call it the Kobayashi–Hitchin correspondence.

As a consequence of the Kobayashi–Hitchin correspondence and the Kobayashi–Lübke inequa-
lity, we also obtain an equivalence between unitary flat bundles and slope polystable holomorphic
vector bundles E satisfying µω(E) = 0 and

∫
X ch2(E)ωdimX−2 = 0. Note that Mehta and

Ramanathan [43, 44] deduced the equivalence on complex projective manifolds directly from the
equivalence in the surface case due to Donaldson [15].

1.1.2 Higgs bundles and λ-flat bundles

Such correspondences have been also studied for vector bundles equipped with some additional
structure, which are also called Kobayashi–Hitchin correspondences in this paper. One of the
most rich and influential is the case of Higgs bundles, pioneered by Hitchin and Simpson.

Let
(
E, ∂E

)
be a holomorphic vector bundle on a compact Riemann surface C. A Higgs

field of
(
E, ∂E

)
is a holomorphic section θ of End(E)⊗ Ω1

C . Let h be a Hermitian metric of E.

We obtain the Chern connection ∂E + ∂E,h and its curvature R(h). Let θ†h denote the adjoint
of θ. In [24], Hitchin introduced the following equation, called the Hitchin equation,

R(h) +
[
θ, θ†h

]
= 0. (1.1)

Such
(
E, ∂E , θ, h

)
is called a harmonic bundle. In particular, he studied the case rankE = 2.

Among many deep results in [24], he proved that a Higgs bundle
(
E, ∂E , θ

)
has a Hermitian met-

ric h satisfying (1.1) if and only if it is polystable of degree 0. Here, a Higgs bundle
(
E, ∂E , θ

)
is

called stable (resp. semistable) if µ(E′) < µ(E) (resp. µ(E′) ≤ µ′(E)) holds for any holomorphic
subbundle E′ ⊂ E such that θ(E′) ⊂ E′ ⊗ Ω1

C and that 0 < rank(E′) < rank(E), and a Higgs
bundle is called polystable if it is a direct sum of stable Higgs subbundles with the same slope.
By this equivalence and another equivalence due to Donaldson [17] between irreducible flat bun-
dles and twisted harmonic maps, Hitchin obtained that the moduli space of polystable Higgs
bundles of degree 0 and the moduli space of semisimple flat bundles are isomorphic. His work
revealed that the moduli spaces of Higgs bundles and flat bundles have extremely rich structures.

The higher dimensional case was studied by Simpson [62]. Note that Simpson started his
study independently motivated by a new way to construct variations of Hodge structure, which
we shall mention later in Section 1.2.1. For a holomorphic vector bundle

(
E, ∂E

)
on a complex

manifold X with arbitrary dimension, a Higgs field θ is defined to be a holomorphic section
of End(E)⊗Ω1

X satisfying the additional condition θ∧θ = 0. Suppose that X has a Kähler form.

Let h be a Hermitian metric of E. Let F (h) denote the curvature of the connection ∇h+ θ+ θ†h.
A Hermitian metric h of a Higgs bundle

(
E, ∂E , θ

)
is called Hermitian–Einstein if ΛF (h)⊥ = 0.

When X is compact, the slope stability, semistability and polystability conditions for Higgs
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bundles are naturally defined in terms of the slopes of Higgs subsheaves. Simpson established
that a Higgs bundle

(
E, ∂E , θ

)
on a compact Kähler manifold (X,ω) has a Hermitian–Einstein

metric if and only if it is slope polystable. Moreover, he generalized the Kobayashi–Lübke
inequality for the Chern forms to the context of Higgs bundles, which is reduced to the inequality
Tr
((
F (h)⊥

)2)
ωdimX−2 ≥ 0 in the form level for any Hermitian–Einstein metric h of

(
E, ∂E , θ

)
.

Here, the condition θ∧θ = 0 is essential. In particular, it implies that if
(
E, ∂E , θ

)
on a compact

Kähler manifold (X,ω) satisfies µω(E) = 0 and
∫
X ch2(E)ωdimX−2 = 0, then a Hermitian–

Einstein metric h of
(
E, ∂E , θ

)
is a pluri-harmonic metric, i.e., the connection ∇h + θ + θ†h is

flat. It is equivalent to the following:

∂E,hθ = 0, ∂θ†h = 0, R(h) +
[
θ, θ†h

]
= 0.

A Higgs bundle
(
E, ∂E , θ

)
with a pluri-harmonic metric is called a harmonic bundle. This

equivalence and another important equivalence due to Corlette [11] induce an equivalence bet-
ween semisimple flat bundles and polystable Higgs bundles

(
E, ∂E , θ

)
satisfying µω(E) = 0

and
∫
X ch2(E)ωdimX−2 = 0 on any connected compact Kähler manifold.

After the work of Corlette, Donaldson, Hitchin and Simpson, it turned out that the moduli
space M(X) of flat bundles on a complex projective manifold X has a hyper-Kähler metric.
In particular, it induces the twistor space of the moduli space TW(M(X)), which is a complex
analytic space with a fibration TW(M(X)) −→ P1, such that the fiber over 1 is the moduli space
of flat bundles, and that the fiber over 0 is the moduli space of Higgs bundles with vanishing
rational Chern classes. The notion of λ-connections was introduced and developed by Deligne
and Simpson [65, 66] for a more complex analytic construction of the twistor space TW(M(X)).
They obtain the family of the moduli spaces Mλ(X) of λ-flat bundles on X, and the family
of the moduli spaces Mµ

(
X†
)

of µ-flat bundles on the conjugate X† of X. They proved that
the twistor space TW(M(X)) can be obtained as the gluing of the two families

∐
λMλ(X)

and
∐
µMµ

(
X†
)

by the natural identification of Mλ(X) =Mµ
(
X†
)

for λµ = 1.

These correspondences are not only really interesting, but also provide a starting point of the
further investigations. Simpson pursued the comparison of flat bundles, Higgs bundles and
more generally λ-flat bundles in deeper levels [64, 66], and developed the non-abelian Hodge
theory [65]. In particular, he explained that the Kobayashi–Hitchin correspondences for λ-flat
bundles can be studied in a unified way [64]. For more recent study on the moduli spaces
of λ-connections, see [10, 26, 27, 67], for example.

1.1.3 Filtered case

It is interesting to generalize such correspondences for objects on complex quasi-projective
manĩfolds. We need to impose a kind of boundary condition, that is parabolic structure.

Mehta and Seshadri [45] introduced the concept of parabolic structure of vector bundles
on compact Riemann surfaces. Let C be a compact Riemann surface with a finite subset D ⊂ C.
Let E be a holomorphic vector bundle on C. A parabolic structure of E at D is a tuple
of filtrations F•(E|P ) (P ∈ D) indexed by ]−1, 0] satisfying Fa(E|P ) =

⋂
b>a Fb(E|P ). Set

GrFa (E|P ) := Fa(E)/F<a(E), and

deg(E,F ) := deg(E)−
∑
P∈D

∑
−1<a≤0

adim GrFa (E|P ).

We set µ(E,F ) := deg(E,F )/ rank(E). For any subbundle E′ ⊂ E, filtrations F (E′|P ) on E′|P are

induced as Fa(E
′
|P ) := Fa(E|P )∩E′|P . Then, (E,F ) is called stable if µ(E′, F ) < µ(E,F ) for any

subbundle E′ ⊂ E with 0 < rank(E′) < rank(E). Semistability and polystability conditions are
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also defined naturally. Then, Mehta and Seshadri proved an equivalence of irreducible unitary
flat bundles on C \D and stable parabolic vector bundles (E,F ) with µ(E,F ) = 0 on (C,D).

For some purposes, it is more convenient to replace parabolic bundles with filtered bundles
introduced by Simpson [62, 63]. Let OC(∗D) denote the sheaf of meromorphic functions on C
which may have poles along D. Let V be a locally free OC(∗D)-module. A filtered bundle
P∗V over V is a tuple of lattices PaV (a = (aP )P∈D ∈ RD) such that (i) PaV(∗D) = V,
(ii) the restriction of PaV to a neighbourhood of P ∈ D depends only on aP , (iii) Pa+nV =
PaV

(∑
nPP

)
for any a ∈ RD and n ∈ ZD, (iv) for any a ∈ RD, there exists ε ∈ RD>0 such

that PaV = Pa+εV. Let 0 denote (0, . . . , 0) ∈ RD. Then, P0V is equipped with the parabolic
structure F induced by the images of PaV|P −→ P0V|P (P ∈ D). It is easy to observe that
filtered bundles are equivalent to parabolic bundles. We set µ(P∗V) := µ(P0V, F ) for the filtered
bundle P∗V.

Simpson [62, 63] generalized the theorem of Mehta-Seshadri to the correspondences of tame
harmonic bundles and regular filtered λ-flat bundles on compact Riemann surfaces. A harmonic
bundle

(
E, ∂E , θ, h

)
on C \D is called tame on (C,D) if the closure of the spectral curve of θ

in T ∗C(logD) is proper over C. A regular filtered λ-flat bundle consists of a filtered bundle P∗V
equipped with a flat λ-connection Dλ : V −→ V ⊗ Ω1

C such that Dλ · PaV ⊂ PaV ⊗ Ω1
C(logD)

for any a ∈ RD. Stability, semistable and polystable conditions are naturally defined in terms
of the slope. Then, Simpson established the equivalence of tame harmonic bundles on (C,D)
and polystable regular filtered λ-flat bundles

(
P∗V,Dλ

)
satisfying µ(P∗V) = 0. Note that

filtered bundles express the growth order of the norms of holomorphic sections with respect to
the metrics. We should mention that the study of the asymptotic behaviour of tame harmonic
bundles is much harder than that of the asymptotic behaviour of unitary flat bundles. Hence,
it is already hard to prove that tame harmonic bundles induce regular filtered λ-flat bundles.

There are several directions to generalize. One is a generalization in the context of tame har-
monic bundles on higher dimensional varieties. Let X be a smooth connected projective variety
with a simple normal crossing hypersurface H and an ample line bundle L. Then, there should be
equivalences of tame harmonic bundles on (X,H) and µL-polystable regular filtered λ-flat bun-
dles (P∗V, θ) on (X,H) satisfying

∫
X c1(P∗V)c1(L)dimX−1 = 0 and

∫
X ch2(P∗V)c1(L)dimX−2 = 0

for each λ ∈ C. In [2], Biquard studied the case where H is smooth. In [37, 38, 70], Li,
Narasimhan, Steer and Wren studied the correspondence for parabolic bundles without flat λ-
connections. In [30], Jost and Zuo studied the correspondence between semisimple flat bundles
and tame harmonic bundles. In [46, 47, 48, 49], the author obtained the satisfactory equiva-
lences for tame harmonic bundles. Note that Donagi and Pantev recently proposed an attractive
application of the Kobayashi–Hitchin correspondence for tame harmonic bundles to the study
of geometric Langlands theory [13].

In another natural direction of generalization, we should consider more singular objects than
regular filtered Higgs or flat bundles. A harmonic bundle

(
E, ∂E , θ, h

)
on X \H is called wild if

the closure of the spectral variety of θ in the projective completion of T ∗X is complex analytic.
For the analysis, we should impose that the spectral variety of the harmonic bundle satisfies
some non-degeneracy condition along H. (See Section 2.7.1.) This is not essential because the
condition is always satisfied once we replace X by its appropriate blow up. The notion of regular
filtered λ-flat bundle is appropriately generalized to the notion of good filtered λ-flat bundle.
The results of Simpson should be generalized to equivalences of good wild harmonic bundles
and µL-polystable good filtered λ-flat bundles

(
P∗V,Dλ

)
satisfying

∫
X c1(P∗V)c1(L)dimX−1 = 0

and
∫
X ch2(P∗V)c2(L)dimX−2 = 0. Sabbah [59] studied the correspondence between semisimple

meromorphic flat bundles and wild harmonic bundles in the one dimensional case. Biquard
and Boalch [3] obtained generalization for wild harmonic bundles in the one dimensional case.
Boalch informed the author that wild generalization in the context of the Higgs case was not
expected in those days.



6 T. Mochizuki

As mentioned, the author studied the wild harmonic bundles on any dimensional varieties
in [51]. We obtained that good wild harmonic bundles induce µL-polystable good filtered λ-
flat bundles satisfying the vanishing conditions. Moreover, we proved that the construction
induces an equivalence of good wild harmonic bundles and slope polystable good filtered flat
bundles satisfying the vanishing condition. Such an equivalence for meromorphic flat bundles
is particularly interesting because we may apply it to prove a conjecture of Kashiwara [31]
on semisimple algebraic holonomic D-modules. See a survey paper [54] for more details on this
application.

In [51], we did not give a proof of the equivalence for wild harmonic bundles in the case λ 6= 1
because it is rather obvious that a similar argument can work after [46, 47, 48, 49, 51] on the
basis of [62, 63]. But, because the Higgs case is also important, it would be better to have
a reference in which a rather detailed proof is explained. It is one reason why the author writes
this manuscript. As another reason, in the next subsection, we shall explain an application
to the correspondence for good wild harmonic bundles with homogeneity, which is expected to
be useful in the generalized Hodge theory.

1.2 Homogeneity with respect to group actions

1.2.1 Variation of Hodge structure

As mentioned, Simpson [62] was motivated by the construction of polarized variation of Hodge
structure. Let us recall the definition of polarized complex variation of Hodge structure given
in [62], instead of the original definition of polarized variation of Hodge structure due to Grif-
fiths. A complex variation of Hodge structure of weight w is a graded C∞-vector bundle
V =

⊕
p+q=w V

p,q equipped with a flat connection ∇ satisfying the Griffiths transversality

condition, i.e., ∇0,1(V p,q) ⊂ Ω0,1⊗
(
V p+1,q−1⊕V p,q

)
and ∇1,0(V p,q) ⊂ Ω1,0⊗

(
V p−1,q+1⊕V p,q

)
,

where ∇p,q denote the (p, q)-part of ∇. A polarization of a complex variation of Hodge struc-
ture is a flat Hermitian pairing 〈·, ·〉 satisfying the following conditions: (i) the decomposition

V =
⊕
V p,q is orthogonal with respect to 〈·, ·〉, (ii)

(√
−1
)p−q〈·, ·〉 is positive definite on V p,q.

A polarization of pure Hodge structure typically appears when we consider the Gauss–Manin
connection associated with a smooth projective morphism f : X −→ Y. Namely, the family
of vector spaces Hw

(
f−1(y)

)
(y ∈ Y) naturally induces a flat bundle on Y. With the Hodge

decomposition, it is a variation of Hodge structure of weight w. A relatively ample line bundle
induces a polarization on the variation of Hodge structure.

Simpson discovered a completely different way to construct a polarized variation of Hodge
structure. Let (V =

⊕
V p,q,∇) be a complex variation of Hodge structure. Note that ∇0,1

induces holomorphic structures ∂V p,q : V p,q −→ V p,q ⊗ Ω0,1 of V p,q. We set ∂V :=
⊕
∂V p,q .

Then,
(
V =

⊕
V p,q, ∂V

)
is a graded holomorphic vector bundle. We also note that ∇1,0 induces

linear maps V p,q −→ V p−1,q+1 ⊗ Ω1,0, and hence θ : V −→ V ⊗ Ω1,0. It is easy to check that θ
is a Higgs field of

(
V, ∂V

)
. Such a graded holomorphic bundle V =

⊕
p+q=w V

p,q with a Higgs

field θ such that θ(V p,q) ⊂ V p−1,q+1 ⊗ Ω1,0 is called a Hodge bundle of weight w. In general,
we cannot construct a complex variation of Hodge structure from a Hodge bundle. However,
Simpson discovered that if a Hodge bundle (V =

⊕
V p,q, θ) on a compact Kähler manifold

satisfies the stability condition and the vanishing condition, then there exists a flat connection ∇
and a flat Hermitian pairing 〈·, ·〉 such that (i) (V =

⊕
V p,q,∇) is a complex variation of Hodge

structure which induces the Hodge bundle, (ii) 〈·, ·〉 is a polarization of (V =
⊕
V p,q,∇). Indeed,

according to the equivalence of Simpson between Higgs bundles and harmonic bundles, there
exists a pluri-harmonic metric h of (V, θ). It turns out that the flat connection∇h+θ+θ†h satisfies
the Griffiths transversality. Moreover, the decomposition V =

⊕
V p,q is orthogonal with respect

to h, and flat Hermitian paring 〈·, ·〉 is constructed by the relation
(√
−1
)p−q〈·, ·〉V p,q = h|V p,q .
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Note that a Hodge bundle is regarded as a Higgs bundle
(
V, ∂V , θ

)
with an S1-homogeneity,

i.e.,
(
V, ∂V

)
is equipped with an S1-action such that t ◦ θ ◦ t−1 = t · θ for any t ∈ S1. It roug-

hly means that semistable Hodge bundles correspond to the fixed points in the moduli space
of semistable Higgs bundles with respect to the natural S1-action induced by t

(
E, ∂E , θ

)
=(

E, ∂E , tθ
)
.

By the deformation
(
E, ∂E , αθ

)
(α ∈ C∗), any semistable Higgs bundles is deformed to an S1-

fixed point in the moduli space, i.e., a semistable Hodge bundle as α→ 0. Note that the Higgs
field of the limit is not necessarily 0. Hence, by the equivalence between Higgs bundles and flat
bundles, it turns out that any flat bundle is deformed to a flat bundle underlying a polarized
variation of Hodge structure.

In particular, Simpson [62] applied these ideas to construct uniformizations of some types
of project̄ive manifolds. He also applied it to prove that some type of discrete groups cannot be
the fundamental group of any projective manifolds in [64].

1.2.2 TE-structure

We recall that a complex variation of Hodge structure on X induces a TE-structure in the sense
of Hertling [21], i.e., a holomorphic vector bundle V on X := Cλ ×X with a meromorphic flat
connection

∇̃ : V −→ V ⊗OX
(
X 0
)
⊗ Ω1

X
(

logX 0
)
,

where X 0 := {0} × X. Indeed, for a complex variation of Hodge structure (V =
⊕
V p,q,∇),

F p(V ) :=
⊕

p1≥p V
p1,q1 are holomorphic subbundles with respect to ∇0,1. Thus, we obtain a de-

creasing filtration of holomorphic subbundles F p(V ) (p ∈ Z) satisfying the Griffiths transver-
sality ∇1,0F p(V ) ⊂ F p−1(V ) ⊗ Ω1,0. Let p : C∗λ × X −→ X denote the projection. We obtain
the induced flat bundle (p∗V, p∗∇). By the Rees construction, p∗V extends to a locally free
OX -module V, on which ∇̃ := p∗∇ is a meromorphic flat connection satisfying the condition
∇̃V ⊂ V ⊗OX

(
X 0
)
⊗ Ω1

X
(

logX 0
)
.

It is recognized that a TE-structure appears as a fundamental piece of interesting structures
in various fields of mathematics. For instance, TE-structure is an ingredient of Frobenius mani-
fold, which is important in the theory of primitive forms and flat structures due to K. Saito [61],
the topological field theory of Dubrovin [18], the tt∗-geometry of Cecotti–Vafa [7, 8], the Gromov–
Witten theory, the theory of Landau–Ginzburg models, etc. For the construction of Frobenius
manifolds, it is an important step to obtain TE-structures. Abstractly, TE-structure is also
an important ingredient of semi-infinite variation of Hodge structure [1, 9, 28], TERP struc-
ture [21, 22, 23], integrable variation of twistor structure [60], etc. (See also [50, 53].)

1.2.3 Homogeneous harmonic bundles

As Simpson applied his Kobayashi–Hitchin correspondence to construct complex variations
of Hodge structure, we may apply Theorem 1.1 to construct TE-structures with some addi-
tional structure. It is done through harmonic bundles with homogeneity as in the Hodge case.

Let X be a complex manifold equipped with an S1-action. Let
(
E, ∂E

)
be an S1-equivariant

holomorphic vector bundle. Let θ be a Higgs field of
(
E, ∂E

)
, which is homogeneous with respect

to the S1-action, i.e., t∗θ = tmθ for some m 6= 0. Let h be an S1-invariant pluri-harmonic metric
of
(
E, ∂E , θ

)
. Then, as studied in [53, Section 3], we naturally obtain a TE-structure. More

strongly, it is equipped with a grading in the sense of [9, 28], and it also underlies a polarized
integrable variation of pure twistor structure of weight 0 [60]. Moreover, if there exists an S1-
equivariant isomorphism between

(
E, ∂E , θ, h

)
and its dual, the TE-structure is enhanced to

a semi-infinite variation of Hodge structure with a grading [1, 9, 28]. If the S1-action on X
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is trivial, this is the same as the construction of a variation of Hodge structure from a Hodge
bundle with a pluri-harmonic metric for which the Hodge decomposition is orthogonal.

Let H be a simple normal crossing hypersurface of X. From an S1-homogeneous good wild
harmonic bundle

(
E, ∂E , θ, h

)
on (X,H), as mentioned above, we obtain a TE-structure with

a grading on X \H. Moreover, it extends to a meromorphic TE-structure on (X,H) as studied
in [53, Section 3]. We obtain the mixed Hodge structure as the limit objects at the boundary,
which is useful for the study of more detailed properties of the TE-structure.

1.2.4 An equivalence

Let X be a complex projective manifold with a simple normal crossing hypersurface H and
an ample line bundle L, equipped with a C∗-action. A good filtered Higgs bundle (P∗V, θ) is
called C∗-homogeneous if P∗V is C∗-equivariant and t∗θ = tm ·θ for some m 6= 0. Then, we obtain
the following theorem by using Theorem 1.1. (See Section 8.1.2 for the precise definition of the
stability condition in this context.)

Theorem 1.2 (Corollary 8.11). There exists an equivalence between the following objects:

� µL-polystable C∗-homogeneous good filtered Higgs bundles (P∗V, θ) on (X,H) satisfying∫
X
c1(P∗V)c1(L)dimX−1 =

∫
X

ch2(P∗V)c1(L)dimX−2 = 0.

� S1-homogeneous good wild harmonic bundles on (X,H).

As mentioned in Section 1.2.3, Theorem 1.2 allows us to obtain a meromorphic TE-structure
on (X,H) with a grading from a µL-polystable C∗-equivariant good filtered Higgs bundle satis-
fying the vanishing condition. We already applied it to a classification of solutions of the Toda
equations on C∗ [52]. It seems natural to expect that this construction would be another way
to obtain Frobenius manifolds.

Although we explained the homogeneity with respect to an S1-action, Theorem 1.2 is gene-
ralized for K-homogeneous good wild harmonic bundles as explained in Section 8, where K is
any compact Lie group.

2 Good filtered λ-flat bundles and wild harmonic bundles

2.1 Filtered sheaves and filtered λ-flat sheaves

2.1.1 Filtered sheaves

Let X denote a complex manifold with a simple normal crossing hypersurface H. Let H =⋃
i∈ΛHi denote a decomposition such that each Hi is smooth. Note that Hi are not necessarily

connected. For any P ∈ H, a holomorphic coordinate neighbourhood (XP , z1, . . . , zn) around P

is called admissible if HP := H ∩ XP =
⋃`(P )
i=1 {zi = 0}. For such an admissible coordinate

neighbourhood, there exists the map ρP : {1, . . . , `(P )} −→ Λ determined by HρP (i) ∩ XP =

{zi = 0}. We obtain the map κP : RΛ −→ R`(P ) by κP (a) =
(
aρ(1), . . . , aρ(`(P ))

)
.

Let OX(∗H) denote the sheaf of meromorphic functions which may have poles along H. Let E
be any coherent torsion free OX(∗H)-module. A filtered sheaf over E is defined to be a tuple
of coherent OX -submodules PaE ⊂ E (a ∈ RΛ) satisfying the following conditions:

� PaE ⊂ PbE if a ≤ b, i.e., ai ≤ bi for any i ∈ Λ.

� PaE(∗H) = E for any a ∈ RΛ.
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� Pa+nE = PaE
(∑

i∈Λ niHi

)
for any a ∈ RΛ and n ∈ ZΛ.

� For any a ∈ RΛ there exists ε ∈ RΛ
>0 such that Pa+εE = PaE .

� For any P ∈ H, we take an admissible coordinate neighbourhood (XP , z1, . . . , zn) around P .
Then, for any a ∈ RΛ, PaE|XP depends only on κP (a).

For any coherent OX(∗H)-submodule E ′ ⊂ E , we obtain a filtered sheaf P∗E ′ over E ′ by PaE ′ :=
PaE ∩ E ′. If E ′ is saturated, i.e., E ′′ := E/E ′ is torsion-free, we obtain a filtered sheaf P∗E ′′ over
E ′′ by PaE ′′ := Im

(
PaE −→ E ′′

)
.

A morphism of filtered sheaves f : P∗E1 −→ P∗E2 is defined to be a morphism f : E1 −→ E2

of OX(∗H)-modules such that f(PaE1) ⊂ PaE2 for any a ∈ RΛ.

Remark 2.1. The concept of filtered bundles on curves was introduced by Mehta and Sesha-
dri [45] and Simpson [62, 63]. A higher dimensional version was first studied by Maruyama
and Yokogawa [42] for the purpose of the construction of the moduli spaces.

2.1.2 Restriction and gluing

Let U ⊂ X be any open subset. We set HU = H ∩ U . Let HU =
⋃
j∈ΛU

HU,j be the irreducible
decomposition. For any j ∈ ΛU , we have i(j) ∈ Λ such that HU,j is a connected component
of Hi(j) ∩ U . For any P ∈ HU , we set ΛU (P ) := {j ∈ ΛU | P ∈ HU,j}.

Let P∗E be a filtered sheaf over E . We shall define a filtered sheaf over the OU (∗HU )-
module E|U . Let b ∈ RΛU . For any P ∈ HU , we choose a(P, b) ∈ RΛ such that a(P, b)i(j) = bj
for any j ∈ ΛU (P ), and we obtain the following OU,P -submodule of the stalk (E|U )P :

Pb(E|U )P := Pa(P,b)(E)P .

It is independent of the choice of a(P, b) as above. There uniquely exists a coherent OU -
submodule Pb(E|U ) of E|U such that (i) Pb(E|U )(∗HU ) = E|U , and (ii) for any P ∈ HU , the stalk
of Pb(E|U ) at P is equal to Pb(E|U )P . Thus, we obtain a filtered sheaf P∗(E|U ) over E|U , which
is denoted as P∗E|U .

Let X =
⋃
k∈ΓX

(k) be an open covering. We set H(k) = H ∩X(k). For any filtered sheaf P∗E
over E , we obtain filtered sheaves P∗E|X(k) over E|X(k) as the restriction. Conversely, let P∗

(
E|X(k)

)
(k ∈ Γ) be filtered sheaves over E|X(k) such that P∗

(
E|X(k)

)
|X(k)∩X(`) = P∗

(
E|X(`)

)
|X(k)∩X(`) for

any k, ` ∈ Γ.

Lemma 2.2. There uniquely exists a filtered sheaf P∗E over E such that P∗E|X(k) = P∗
(
E|X(k)

)
for any k ∈ Γ.

Proof. Let a ∈ Λ. For any P ∈ H, there exists k ∈ Γ such that P ∈ X(k). Let H(k) =⋃
j∈Λ(k) H

(k)
j be the irreducible decomposition. For any j ∈ Λ(k), we have i(k, j) ∈ Λ such

that H
(k)
j is a connected component of Hi(k,j) ∩X(k). Thus, we obtain a map Λ(k) −→ Λ. For

any a ∈ RΛ, let a(k) be the image of a by the induced map RΛ −→ RΛ(k)
, and we obtain the

following OX,P -submodule of EP :

Pa(E)P := Pa(k)

(
E|X(k)

)
P
.

There uniquely exists a coherentOX -submodule PaE of E such that (i) PaE(∗H) = E , and (ii) for
any P ∈ H, the stalk of Pa(E) at P is equal to Pa(E)P . Thus, we obtain a filtered sheaf P∗E
over E with the desired property. The uniqueness is also clear. �
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2.1.3 Reflexive filtered sheaves

A filtered sheaf P∗E on (X,H) is called reflexive if each PaE is a reflexive OX -module. Note
that it is equivalent to the “reflexive and saturated” condition in [46, Definition 3.17] by the
following lemma.

Lemma 2.3. Suppose that P∗E is reflexive. Let a ∈ RΛ. We take ai − 1 < b ≤ ai, and let
a′ ∈ RΛ be determined by a′j = aj (j 6= i) and a′i = b. Then, PaE/Pa′E is a torsion-free
OHi-module.

Proof. Let s be a section of PaE/Pa′E on an open set U ⊂ Di. There exists an open subset
Ũ ⊂ X and a section s̃ of PaE on Ũ such that Ũ ∩ Di = U and that s̃ induces s. Note that
there exists Z ⊂ Ũ of codimension 2 such that s̃|Ũ\Z is a section of Pa′E|Ũ\Z . Because Pa′E
is reflexive, there exists a section s̃′ of Pa′E on Ũ such that s̃′

|Ũ\Z
= s̃|Ũ\Z . Hence, we obtain

that s̃ is a section of Pa′E , i.e., s = 0. �

The following lemma is clear.

Lemma 2.4. Let P∗E be a reflexive filtered sheaf on (X,H). Then a coherent OX(∗H)-
submodule E ′ ⊂ E is saturated if and only if the induced filtered sheaf P∗E ′ is reflexive.

2.1.4 Filtered λ-flat sheaves

Let λ be any complex number. Let E be a coherent torsion-freeOX(∗H)-module. A λ-connection
Dλ : E −→ Ω1

X ⊗ E is a C-linear morphism of sheaves such that Dλ(fs) = fDλ(s) + λdf ⊗ s for
any local sections f and s of OX and E , respectively. Note that an OX -morphism Dλ◦Dλ : E −→
Ω2
X ⊗ E is induced. If Dλ ◦ Dλ = 0, it is called a flat λ-connection. When E is equipped with

a flat λ-connection, a λ-flat subsheaf of E means a coherent OX -submodule E ′ ⊂ E such that
Dλ(E ′) ⊂ Ω1

X ⊗E ′. A pair of a filtered sheaf P∗E over E and a flat λ-connection Dλ of E is called
a filtered λ-flat connection. It is called reflexive if P∗E is reflexive.

2.2 µL-stability condition for filtered λ-flat sheaves

Let X be a connected projective manifold with a simple normal crossing hypersurface H =⋃
i∈ΛHi. Let L be an ample line bundle.

2.2.1 Slope of filtered sheaves

Let P∗E be a filtered sheaf on (X,H). Recall the definition of the parabolic first Chern
class c1(P∗E). Let ηi be the generic point of Hi. Note that OX,ηi-modules (PaE)ηi depends only
on ai, which is denoted by Pai(Eηi). We obtain OHi,ηi-modules GrPa (Eηi) := Pa(Eηi)

/
P<a(Eηi).

Then, we set

c1(P∗E) := c1(PaE)−
∑
i∈Λ

∑
ai−1<a≤ai

a rank GrPa (Eηi)[Hi] ∈ H2(X,R). (2.1)

Here, [Hi] denote the cohomology class induced by Hi. It is easy to see that c1(P∗V) is inde-
pendent of the choice of a ∈ RΛ. We set

µL(P∗E) :=
1

rank E

∫
X
c1(P∗E) · c1(L)n−1.

It is called the slope of P∗E with respect to L. The following is proved in [46, Lemma 3.7].
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Lemma 2.5. Let f : P∗E(1) −→ P∗E(2) be a morphism of filtered sheaves which is generically

an isomorphism, i.e., the induced morphism E(1)
η(X) −→ E

(2)
η(X) at the generic point of X is an iso-

morphism. Then, µL
(
P∗E(1)

)
≤ µL

(
P∗E(2)

)
holds. If the equality holds, f is an isomorphism

in codimension one, i.e., there exists an algebraic subset Z ⊂ X such that (i) the codimension

of Z is larger than 2, (ii) f|X\Z : P∗E(1)
|X\Z −→ P∗E

(2)
|X\Z is an isomorphism.

2.2.2 µL-stability condition

A filtered λ-flat sheaf (P∗E ,Dλ) on (X,H) is called µL-stable (resp. µL-semistable) if the fol-
lowing holds:

� Let E ′ ⊂ E be any λ-flat OX(∗H)-submodule such that 0 < rank(E ′) < rank(E). Then,
µL(P∗E ′) < µL(P∗E) (resp. µL(P∗E ′) ≤ µL(P∗E)) holds.

A filtered λ-flat sheaf
(
P∗E ,Dλ

)
is called µL-polystable if the following holds:

�

(
P∗E ,Dλ

)
is µL-semistable.

�

(
P∗E ,Dλ

)
=
⊕(
P∗Ei,Dλi

)
, where each

(
P∗Ei,Dλi

)
is µL-stable.

The following is standard. (See [46, Section 3.1.3] and [49, Section 2.1.4].)

Lemma 2.6. Suppose that (P∗E ,Dλ) is a µL-polystable reflexive filtered λ-flat sheaf. Then, there
exists a unique decomposition

(
P∗E ,Dλ

)
=
⊕N

i=1

(
P∗Ei,Dλi

)
⊗Cm(i) such that (i)

(
P∗Ei,Dλi

)
are

µL-stable, (ii) µL(P∗Ei) = µL(P∗E), (iii)
(
P∗Ei,Dλi

)
6'
(
P∗Ej ,Dλj

)
(i 6= j).

Remark 2.7. In [46, Section 3.1.3], “the inequality par-degL(E ′∗) < par-degL(E∗)” should be
corrected to “the inequality µL(E ′∗) < µL(E∗)”.

2.3 Filtered bundles

2.3.1 Filtered bundles in the local case

We recall the notion of filtered bundle in the local case. We shall explain it in the global case
in Section 2.3.3. Let U be a neighbourhood of (0, . . . , 0) in Cn. We set HU,i := U ∩ {zi = 0},
and HU :=

⋃`
i=1HU,i for some 0 ≤ ` ≤ n. Let V be a locally free OU (∗HU )-module. A filtered

bundle P∗V over V is a tuple of locally free OU -submodules PaV (a ∈ R`) such that the following
holds:

� PaV ⊂ PbV if a ≤ b, i.e., ai ≤ bi for any i = 1, . . . , `.

� There exists a frame v = (v1, . . . , vr) of V and tuples a(vj) ∈ R` (j = 1, . . . , r) such that

PbV =

r⊕
j=1

OU
(∑

i

[
bi − ai(vj)

]
HU,i

)
· vj , (2.2)

where we set [c] := max{p ∈ Z | p ≤ c} for any c ∈ R.

Clearly, a filtered bundle over V is a filtered sheaf over V.

Remark 2.8. We set R := C[[z1, . . . , zn]] and R̃ := R
[
z−1

1 , . . . , z−1
`

]
. For a free R̃-module V̂,

a filtered bundle over V̂ is defined to be a tuple P∗V̂ :=
(
PaV̂ | a ∈ R`(P )

)
of free R-submodules

satisfying similar conditions as above.
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2.3.2 Pull back, push-forward and descent with respect to ramified coverings
in the local case

Let ϕ : Cn −→ Cn be given by ϕ(ζ1, . . . , ζn) =
(
ζm1

1 , . . . , ζm`` , ζ`+1, . . . , ζn
)
. We set U ′ := ϕ−1(U),

HU ′,i := ϕ−1(HU,i) and HU ′ := ϕ−1(HU ). The induced ramified covering U ′ −→ U is also
denoted by ϕ.

For any b ∈ R`, we set ϕ∗(b) = (mibi) ∈ R`. For any filtered bundle P∗V1 on (U,HU ),
we define a filtered bundle P∗V ′1 on (U ′, HU ′) as follows:

PaV ′1 =
∑

ϕ∗(b)+n≤a

ϕ∗
(
PbV1

)(∑
niHU ′,i

)
.

We set ϕ∗(P∗V1) := P∗V ′1. Thus, we obtain the pull back functor ϕ∗ from the category of filtered
bundles on (U,HU ) to the category of filtered bundles on (U ′, HU ′).

For any b ∈ R`, we set ϕ∗(b) = (m−1
i bi). For any filtered bundle P∗V2 on (U ′, HU ′), we obtain

the following filtered bundle

Pbϕ∗(V2) := ϕ∗Pϕ∗(b)V2.

In this way, we obtain a functor ϕ∗ from the category of filtered bundles on (U ′, HU ′) to the
category of filtered bundles on (U,HU ).

We set G :=
∏`
i=1

{
µi ∈ C∗ | µmii = 1

}
. We define the action of G on U ′ by

(µ1, . . . , µ`)(ζ1, . . . , ζn) = (µ1ζ1, . . . , µ`ζ`, ζ`+1, . . . , ζn).

We identifyG as the Galois group of the ramified covering U ′ −→ U . Let P∗V3 be aG-equivariant
filtered bundles on (U ′, HU ′). Then, P∗ϕ∗V3 is equipped with an induced G-action. We obtain
a filtered bundle (P∗ϕ∗V3)G on (U,HU ) as the G-invariant part of P∗ϕ∗V3, which is called the
descent of P∗V3 with respect to the G-action. In this way, we obtain a functor from the category
of G-equivariant filtered bundles on (U ′, HU ′) to the category of filtered bundles on (U,HU ).

For a filtered bundle P∗V1 on (U,HU ), the pull back ϕ∗(P∗V1) is a G-equivariant filtered
bundle on (U ′, HU ′), and its descent is naturally isomorphic to P∗V1.

2.3.3 Filtered bundles in the global case

We use the notation in Section 2.1.1. Let V be a locally free OX(∗H)-module. A filtered bundle
P∗V =

(
PaV | a ∈ RΛ

)
over V be a sequence of locally free OX -submodules PaV of V such that

the following holds:

� For any P ∈ H, we take an admissible coordinate neighbourhood (XP , z1, . . . , zn) around P .

Then, for any a ∈ RΛ, PaV|XP depends only on κP (a), denoted as P(P )
κP (a)(V|XP ).

� The sequence
(
P(P )
b (V|XP ) | b ∈ R`(P )

)
is a filtered bundle over V|XP in the sense of Sec-

tion 2.3.1.

In other words, a filtered bundle is a filtered sheaf (see Section 2.1.1) satisfying the condition
in Section 2.3.1 locally around any point of H.

Remark 2.9. The higher dimensional version of filtered bundles was introduced in [47, 48] with
a different formulation. See also [5, 6]. In this paper, we essentially follow Iyer and Simpson [29].
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2.3.4 The induced bundles and filtrations

For any I ⊂ Λ, let δI ∈ RΛ be the element whose j-th component is 0 (j ∈ Λ \ I) or 1 (j ∈ I).
We also set HI :=

⋂
i∈I Hi and ∂HI := HI ∩

(⋃
j∈Λ\I Hj

)
.

Let P∗V be a filtered bundle on (X,H). Take i ∈ Λ. Let a ∈ RΛ. For any ai − 1 ≤ b ≤ ai,
we set a(b, i) := a+ (b− ai)δi. We set

iFb
(
Pa(V)|Hi

)
:= Pa(b,i)V/Pa(ai−1,i)V.

It is naturally regarded as a locally free OHi-module. Moreover, it is a subbundle of Pa(V)|Hi .
In this way, we obtain a filtration iF of Pa(V)|Hi indexed by ]ai − 1, ai]. We shall also denote
it as just F if there is no risk of confusion.

We obtain the induced filtrations iF of PaV|HI if i ∈ I. Let aI ∈ RI denote the image of a by

the projection RΛ −→ RI . Set ]aI − δI ,aI ] :=
∏
i∈I ]ai − 1, ai]. For any b ∈]aI − δI ,aI ], we set

IFb
(
PaV|HI

)
:=
⋂
i∈I

iFbi
(
PaV|HI

)
.

By the condition of filtered bundles, the following compatibility condition holds.

� Let P be any point of HI . There exist a neighbourhood XP of P in X and a non-canonical
decomposition

PaV|XP∩HI =
⊕

b∈]aI−δI ,aI ]

GP,b

such that the following holds for any c ∈]aI − δI ,aI ]:

IFc(PaV|HI∩XP ) =
⊕
b≤c
GP,b. (2.3)

Indeed, there exists a frame v = (v1, . . . , vr) of PaV around P with tuples a(vi) ∈ R`(P )

of real numbers satisfying (2.2), where b is replaced with a. There exists the bijection
κ : I ' {1, . . . , `(P )} determined by Hi ∩XP = {zκ(i) = 0}, by which we identify I with
{1, . . . , `(P )}. Let GP,b be the subbundle of PaV|XP∩HI generated by vj|XP∩HI satisfying
a(vj) = b. Then, we obtain the decomposition (2.3).

For any c ∈]aI − δI ,aI ], we obtain the following locally free OHI -modules:

IGrFc (PaV) :=
IFc
(
PaV|HI

)∑
b�c

IFb
(
PaV|HI

) .
Here, b = (bi) � c = (ci) means that bi ≤ ci for any i and that b 6= c. Clearly, if c ∈]a′I −δI ,a′I ]
and a′Λ\I = aΛ\I , we obtain IGrFc (PaV) = IGrFc (Pa′V).

2.3.5 The induced filtered bundles

For c ∈ RI , we choose a ∈ RΛ such that c ∈]aI−δI ,aI ], and we obtain the following OHI (∗∂HI)-
module:

IGrFc (V) := IGrFc (PaV)(∗∂HI).

It is independent of the choice of a as above. We obtain the irreducible decomposition ∂HI =⋃
i∈Λ(I)HI,i. For any i ∈ Λ(I), there exists j(i) ∈ Λ \ I such that HI,i is a connected component
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ofHI∩Hj(i). Let d ∈ RΛ(I). For P ∈ ∂HI , there exists a(c,d, P ) ∈ RΛ such that (i) a(c,d, P )j =
cj (j ∈ I), (ii) a(c,d, P )j(i) = di (i ∈ Λ(I), P ∈ HI,i). We obtain an OX,P -submodule

Pd
(
IGrFc (V)

)
P

:= IGrFc
(
Pa(c,d,P )V

)
P
⊂ IGrFc (V)P .

Note that Pd
(
IGrFc (V)

)
P

is independent of the choice of a(P ). There uniquely exists an OHI -
submodule Pd

(
IGrFc (V)

)
⊂ IGrFc (V) whose stalk at P (P ∈ ∂HI) are equal to Pd

(
IGrFc (V)

)
P

.

Thus, we obtain the following filtered bundle over IGrFc (V) on (HI , ∂HI):

IGrFc (P∗V) :=
(
Pd
(
IGrFc (V)

)
| d ∈ RΛ(I)

)
.

2.3.6 First and second Chern characters for filtered bundles

Let P∗V be a filtered bundle over (X,H). Take any a ∈ RΛ. As recalled in Section 2.2.1,
we obtain the parabolic first Chern class:

c1(P∗V) = c1(PaV)−
∑
i∈Λ

∑
ai−1<b≤ai

ai rank iGrFb (PaE|Hi) · [Hi] ∈ H2(X,R).

To explain the second parabolic Chern character in H4(X,R), let us introduce some notation.
Let Irr(Hi ∩ Hj) be the set of the irreducible components of Hi ∩ Hj . For C ∈ Irr(HI), let
[C] ∈ H4(X,R) denotes the induced cohomology class, and let CGrFc (PaV) denote the restriction
of IGrFc (PaV) to C. Moreover, ιi∗ : H2(Hi,R) −→ H4(X,R) denotes the Gysin map induced
by ιi : Hi −→ X. Then, the second parabolic Chern character is given as follows.

ch2(P∗V) := ch2(PaV)−
∑
i∈Λ

∑
ai−1<b≤ai

b · ιi∗
(
c1

(
iGrFb

(
PaV|Hi

)))
+

1

2

∑
i∈Λ

∑
ai−1<b≤ai

b2 rank
(
iGrFb (PaV)

)
· [Hi]

2

+
1

2

∑
(i,j)∈Λ2

i 6=j

∑
C∈Irr(Hi∩Hj)

∑
ai−1<ci≤ai
aj−1<cj≤aj

ci · cj rank CGrF(ci,cj)(PaV) · [C].

Remark 2.10. The higher Chern character for filtered sheaves was defined by Iyer and Simp-
son [29] in a systematic way. In this paper, we adopt the definition of ch2(P∗V) in [46].

2.4 Good filtered λ-flat bundles

Let X be a complex manifold with a simple normal crossing hypersurface H =
⋃
i∈ΛHi.

2.4.1 Good set of irregular values at P

Let P be any point of H. We take an admissible holomorphic coordinate neighbourhood
(XP , z1, . . . , zn) around P . Let f ∈ OX(∗H)P . If f ∈ OX,P , we set ord(f) := (0, . . . , 0) ∈ R`(P ).

If there exists n ∈ Z`(P )
≤0 \ {(0, . . . , 0)} such that (i) g := f

∏
z−nii ∈ OX,P , (ii) g(P ) 6= 0, then

we set ord(f) := n. Otherwise, ord(f) is not defined.

For any a ∈ OX(∗H)P /OX,P , we take a lift ã ∈ OX(∗H)P . If ord(ã) is defined, we set
ord(a) := ord(ã). Otherwise, ord(a) is not defined. Note that it is independent of the choice of
a lift ã.

Let IP ⊂ OX(∗H)P /OX,P be a finite subset. We say that IP is a good set of irregular values
if the following conditions are satisfied:
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� ord(a) is defined for any a ∈ IP .

� ord(a− b) is defined for any a, b ∈ IP .

� {ord(a−b) | a, b ∈ IP } is totally ordered with respect to the order ≤Z`(P ) . Here, we define
n ≤Z`(P ) n′ if ni ≤ n′i for any i.

2.4.2 Good filtered λ-flat bundles

Let V be a locally free OX(∗H)-module with a flat λ-connection. Let P∗V be a filtered bundle
over V. For any P ∈ X, let O

X,P̂
denote the completion of the local ring OX,P with respect to

the maximal ideal. Note that Remark 2.8 has a natural generalization to filtered λ-flat bundles.
We say that

(
P∗V,Dλ

)
is unramifiedly good at P if the following holds:

� There exist a good set of irregular values IP ⊂ OX(∗H)P /OX,P and a decomposition
of filtered λ-flat bundles(

P∗V,Dλ
)
⊗O

X,P̂
=
⊕
a∈IP

(
P∗Va,Dλa

)
(2.4)

such that Dλa − dã idVa are logarithmic with respect to the lattices PaVa for any a ∈ R`(P )

and a ∈ IP , i.e.,(
Dλa − dã idVa

)
PaVa ⊂ PaVa ⊗ Ω1

X(logH). (2.5)

Here, ã denote lifts of a to OX(∗H)P .

We say that
(
P∗V,Dλ

)
is good at P if the following holds:

� There exist a neighbourhood XP of P in X and a covering map ϕP : X ′P −→ XP rami-
fied over HP = H ∩ XP such that ϕ∗P

(
P∗V,Dλ

)
is unramifiedly good at ϕ−1

P (P ). (See
Section 2.3.2 for the pull back of filtered bundles.)

We say that
(
P∗V,Dλ

)
is good (resp. unramifiedly good) if it is good (resp. unramifiedly good)

at any point of H.

2.5 Prolongation of holomorphic vector bundles with a Hermitian metric

Let X be any complex manifold with a simple normal crossing hypersurface H =
⋃
i∈ΛHi.

Let
(
E, ∂E

)
be a holomorphic vector bundle on X \H with a Hermitian metric h. Let us recall

the construction of OX(∗H)-module PhE and OX -modules PhaE (a ∈ RΛ).
Let a ∈ RΛ. For any open subset U ⊂ X, let PhaE(U) be the space of holomorphic sections s

of E|U\H satisfying the following condition:

� For any point P of U ∩ H, let (XP , z1, . . . , zn) be an admissible holomorphic coordinate
neighbourhood around P such that XP is relatively compact in U . Set c = κP (a). (See
Section 2.1.1.) Then,

∣∣s∣∣
h

= O

(
`(P )∏
i=1

|zi|−ci−ε
)

holds on XP \H for any ε > 0.

We obtain an OX -module PhaE. We set PhE :=
⋃
a∈RΛ PhaE which is an OX(∗H)-module. Note

that in general, PhaE are not necessarily coherent OX -modules.

Definition 2.11. Let P∗V be a filtered bundle over (X,H). Let
(
E, ∂E

)
be the holomorphic

vector bundle obtained as the restriction of V to X \H. A Hermitian metric h is called adapted
to P∗V if Ph∗E = P∗V in ι∗(E) = ι∗

(
V|X\H

)
, where ι : X \H −→ X denotes the inclusion.
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2.5.1 A sufficient condition

We mention a useful sufficient condition for Ph∗E to be a filtered bundle, although we do not
use it in this paper. Let gX\H be a Kähler metric satisfying the following condition [12]:

� For any P ∈ H, take an admissible holomorphic coordinate neighbourhood (XP , z1, . . . , zn)
around P such that XP is isomorphic to

∏n
i=1{|zi| < 1} by the coordinate system. Set

X ′P :=
∏n
i=1{|zi| < 1/2}. Then, g|X′P \H is mutually bounded with the restriction of the

Poincaré metric

`(P )∑
i=1

dzi dzi
|zi|2(log |zi|2)2

+

n∑
i=`(P )+1

dzi dzi.

A Hermitian metric h of
(
E, ∂E

)
is called acceptable if the curvature of the Chern connection is

bounded with respect to h and gX\H . The following theorem is proved in [51, Theorem 21.3.1].

Theorem 2.12. If h is acceptable, then Ph∗E is a filtered bundle, and PhE is a locally free
OX(∗H)-module.

2.6 Harmonic bundles

2.6.1 Pluri-harmonic metrics for λ-flat bundles

Let Y be any complex manifold. Let E be a C∞-vector bundle on Y . Let Ap,q(E) denote the
space of C∞-sections of Ωp,q ⊗ E. We set A`(E) :=

⊕
p+q=`A

p,q(E). In this context, a λ-

connection of E is a differential operator Dλ : A0(E) −→ A1(E) such that Dλ(fs) = fDλ(s) +(
λ∂Y +∂Y

)
f⊗s for any f ∈ C∞(Y ) and s ∈ A0(E). We obtain a section Dλ◦Dλ ∈ A2(End(E)).

A λ-connection is called flat if Dλ ◦ Dλ = 0.
Let

(
E,Dλ

)
be a λ-flat bundle on Y . We decompose Dλ = d′′E + d′E into the (0, 1)-part and

the (1, 0)-part. Then,
(
E,d′′E

)
is a holomorphic vector bundle. Let h be a Hermitian metric

of E. From h and d′′E , we obtain the differential operator δ′E,h such that d′′E + δ′E,h is a Chern
connection. From d′E and h, we obtain the (0, 1)-operator δ′′E,h determined by λ∂h(u, v) =
h(d′Eu, v) + h(u, δ′′E,hv). As in [49, Section 2.2.1], we obtain the operators

∂E,h :=
1

1 + |λ|2
(
d′′E + λδ′E,h

)
, ∂E,h :=

1

1 + |λ|2
(
λd′E + δ′E,h

)
,

θ†E,h :=
1

1 + |λ|2
(
λd′′E − δ′′E,h

)
, θE,h :=

1

1 + |λ|2
(
d′E − λ∂′E,h

)
.

Note that Dλ = ∂E,h + θE,h + λ
(
∂E,h + θ†E,h

)
. We set Dλ?E,h := δ′E,h − δ′′E,h = ∂E,h + θ†E,h

− λ
(
∂E,h + θE,h

)
, and G(h) :=

[
Dλ,Dλ?E,h

]
.

Definition 2.13. h is called a pluri-harmonic metric of
(
E,Dλ

)
if G(h) = 0. Such a tuple(

E,Dλ, h
)

is called a harmonic bundle.

If λ 6= 0, because
(
1 + |λ|2

)(
∂E,h + θE,h

)
= Dλ−λDλ?E,h, and

(
Dλ
)2

=
(
Dλ?E,h

)2
= 0, we obtain

G(h) = −(1 + |λ|2)2

λ

(
∂E,h + θE,h

)2
= −(1 + |λ|2)2

λ

(
∂

2
E,h + ∂E,hθE,h + θ2

E,h

)
.

Hence, G(h) = 0 implies that
(
E, ∂E,h, θE,h

)
is a Higgs bundle. The metric h is a pluri-

harmonic metric for
(
E, ∂E,h, θE,h

)
. Conversely, if h is a pluri-harmonic metric for a Higgs

bundle
(
E, ∂E , θ

)
, we obtain the Chern connection ∂E +∂E,h associated with ∂E and h, and the

adjoint θ†h of θ with respect to h. We obtain a flat λ-connection Dλh = ∂E + λθh + λ∂E,h + θ.
The metric h is a pluri-harmonic metric for (E,Dλh).
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Remark 2.14. If λ = 0, a flat 0-connection is equivalent to a Higgs bundle
(
E, ∂E , θ

)
by the

relation D1 = ∂E + θ. In this case, we obtain G(h) =
[
∂E + θ, ∂E,h + θ†h

]
, and hence 2G(h) is

equal to the curvature F (h) of the connection D1
h = ∂E + θ†h + ∂E,h + θ.

2.6.2 The case λ 6= 0

Let G(h) = G(h)2,0 +G(h)1,1 +G(h)0,2 denote the decomposition into (p, q)-parts. If G(h) = 0,
we clearly obtain G(h)1,1 = 0. If λ 6= 0, we obtain the converse.

Proposition 2.15. Suppose λ 6= 0. If G(h)1,1 = 0, we obtain G(h) = 0, i.e., h is a pluri-
harmonic metric of

(
E,Dλ

)
.

Proof. As in [49, Lemma 2.28], the following holds:

λ
−1
∂2
E,h + λ−1θ2

E,h = 0, λ−1∂
2
E,h + λ

−1(
θ†E,h

)2
= 0. (2.6)

It is easy to check that ∂
2
E,h = −(∂2

E,h)†,
(
θ†E,h

)2
= −(θ2

E,h)† and
(
∂E,hθE,h

)†
= ∂E,hθ

†
E,h.

From the flatness Dλ ◦ Dλ = 0, we obtain

(λ∂E,h + θE,h)2 = λ2∂2
E,h + λ∂E,hθE,h + θ2

E,h = 0, (2.7)[
∂E,h + λθ†E,h, λ∂E,h + θE,h

]
= λ

([
∂E,h, ∂E,h

]
+
[
θE,hθ

†
E,h

])
+ ∂E,hθE,h + λ2∂E,hθ

†
E,h = 0. (2.8)

From (2.6) and (2.7), we obtain

∂E,hθE,h = −λ−1
(
1− |λ|2

)
θ2
E,h.

Because (∂E,hθ
†
E,h)† = ∂E,hθE,h, we obtain

∂E,hθ
†
E,h = λ

−1(
1− |λ|2

)(
θ†E,h

)2
. (2.9)

Note that G(h)1,1 = 0 is equivalent to ∂E,hθE,h = 0 and ∂E,hθ
†
E,h = 0. To obtain G(h) = 0,

it is enough to prove Tr
(
θ2
E,h

(
θ†E,h

)2)
= 0. Indeed, there exists C 6= 0 depending on dimY such

that for any Kähler form ω of Y we obtain Tr
(
θ2
E,h

(
θ†E,h

)2)
ωdimY−2 = C

∣∣θ2
E,h

∣∣2
h,ω
ωdimY . Hence,

the vanishing Tr
(
θ2
E,h

(
θ†E,h

)2)
= 0 implies θ2

E,h =
(
θ†E,h

)2
= 0 and ∂2

E,h = ∂
2
E,h = 0.

From (2.9) and ∂E,hθ
†
E,h = 0, we obtain ∂E,h∂E,hθ

†
E,h = λ

−1(
1 − |λ|2

)
∂E,h

(
(θ†E,h)2

)
= 0.

We also have ∂E,h∂E,hθ
†
E,h = 0. Hence, we obtain the following equality:

0 = Tr
(
θE,h∂E,h∂E,hθ

†
E,h

)
= Tr

(
θE,h ·

[
∂E,h∂E,h + ∂E,h∂E,h, θ

†
E,h

])
. (2.10)

From (2.8), ∂E,hθE,h = 0 and ∂E,hθ
†
E,h = 0, we obtain[

∂E,h, ∂E,h
]

+
[
θE,h, θ

†
E,h

]
= 0.

Hence, we obtain the following:

Tr
(
θE,h ·

[
∂E,h∂E,h + ∂E,h∂E,h, θ

†
E,h

])
= Tr

(
θE,h ·

[
−
[
θE,h, θ

†
E,h

]
, θ†E,h

])
= −2 Tr

(
θ2
E,h

(
θ†E,h

)2)
. (2.11)

We obtain the claim of the proposition from (2.10) and (2.11). �
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By using Proposition 2.15 we can improve [49, Corollary 2.30] as follows.

Corollary 2.16. If λ 6= 0, the pluri-harmonicity of the metric h is equivalent to the vanishing
G(h)1,1 = 0, i.e., ∂E,hθE,h = 0.

Remark 2.17. In [49, Lemma 2.29], the claim
[
∂V,h, ∂V,h

]
+
[
θV,h, θ

†
V,h

]
= 0 is incorrect, in gene-

ral. The author thanks Pengfei Huang for pointing out it.

Remark 2.18. If λ = 1, the claim of Proposition 2.15 also follows from a Bochner type for-
mula [48, Proposition 21.39], which originally goes back to the study of Simpson [64] in the
context of harmonic bundles, the study of Corlette [11] in the context of harmonic metrics for
flat bundles on Riemannian manifolds, and the study of Siu [69] in the context of harmonic
maps.

2.7 Wild harmonic bundles

2.7.1 Higgs case

Let X be a complex manifold with a simple normal crossing hypersurface H =
⋃
i∈ΛHi. Let(

E, ∂E , θ, h
)

be a harmonic bundle on X \H. It is called wild on (X,H) if the following holds:

� Let Σθ ⊂ T ∗(X \ H) denote the spectral cover of θ, i.e., Σθ denotes the support of the
coherent OT ∗(X\H)-module induced by

(
E, ∂E , θ

)
. Then, the closure of Σθ in the relatively

projective completion of T ∗X with respect to X is complex analytic.

A wild harmonic bundle
(
E, ∂E , θ, h

)
is called unramifiedly good at P ∈ H if the following holds:

� There exists a good set of irregular values IP ⊂ OX(∗H)P /OX,P , a neighbourhood XP ,
and a decomposition(

E, ∂E , θ
)
|XP \H

=
⊕
a∈IP

(
Ea, ∂Ea , θa

)
such that the closure of the spectral cover Σa of θa − dã idEa in T ∗XP (log(XP ∩ H)) is
proper over XP , where ã denote lifts of a to OX(∗H)P .

A wild harmonic bundle
(
E, ∂E , θ, h

)
is called good at P ∈ H if the following holds:

� There exist a neighbourhood XP and a covering ϕP : X ′P −→ XP ramified along H ′P such
that the pull back ϕ−1

P

(
E, ∂E , θ, h

)
|XP

is unramifiedly good wild at any point of ϕ−1
P (H).

We say that
(
E, ∂E , θ, h

)
is good wild (resp. unramifiedly good wild) on (X,H) if it is good wild

(resp. unramifiedly good wild) at any point of H.
Note that not every wild harmonic bundle on (X,H) is necessarily good on (X,H). But, the

following is known [55, Corollary 15.2.8].

Theorem 2.19. Let
(
E, ∂E , θ, h

)
be a wild harmonic bundle on (X,H). Then, there exists

a proper birational morphism ϕ : X ′ −→ X of complex manifolds such that (i) H ′ := ϕ−1(H) is
simple normal crossing, (ii) X ′ \H ′ ' X \H, (iii) ϕ−1

(
E, ∂E , θ, h

)
is good wild on (X ′, H ′).

2.7.2 The case of λ-flat bundles

A λ-flat bundle
(
E,Dλ

)
with a pluri-harmonic metric h on X \H is called (good, unramifiedly

good) wild if the associated Higgs bundle with a pluri-harmonic metric
(
E, ∂E,h, θE,h, h

)
is

a (good, unramifiedly good) wild harmonic bundle.
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2.7.3 Prolongation of good wild harmonic bundles to good filtered λ-flat bundles

The following is one of the fundamental theorems in the study of wild harmonic bundles [51,
Theorem 7.4.3].

Theorem 2.20. If
(
E,Dλ, h

)
is a good wild harmonic bundle on (X,H), then

(
Ph∗E,Dλ

)
is

a good filtered λ-flat bundle on (X,H).

The following is a consequence of the norm estimate for good wild harmonic bundles [51,
Theorem 11.7.2].

Theorem 2.21. Let
(
E,Dλ, hi

)
(i = 1, 2) be good wild harmonic bundles on X \ H such that

Ph1
∗ E = Ph2

∗ E. Then, hi are mutually bounded around any point of H.

2.7.4 Prolongation of good wild harmonic bundles in the projective case

Suppose that X is projective and connected. Let L be any ample line bundle on X. The following
is proved in [51, Propositions 13.6.1 and 13.6.4].

Proposition 2.22. Let
(
E,Dλ, h

)
be a good wild harmonic bundle on (X,H).

�

(
Ph∗E,Dλ

)
is µL-polystable with µL

(
Ph∗E

)
= 0.

� We obtain c1(P∗E) = 0 and
∫
X ch2(P∗E)c1(L)dimX−2 = 0.

� Let h′ be another pluri-harmonic metric of
(
E,Dλ, h

)
such that Ph′∗ E = Ph∗E. Then,

there exists a decomposition of the λ-flat bundle
(
E,Dλ

)
=
⊕(

Ej ,Dλj
)

such that (i) the
decomposition is orthogonal with respect to both h and h′, (ii) h|Ei = ai · h′|Ei for some
ai > 0.

� Let
(
P∗V1,Dλ1

)
be any direct summand of

(
Ph∗E,Dλ

)
. Let

(
E1,Dλ1

)
be the λ-flat bundle

on X \H obtained as the restriction of
(
V1,Dλ1

)
, and let h1 be the metric of E1 induced

by h. Then,
(
E1,Dλ1 , h1

)
is a harmonic bundle. In particular, we obtain c1(P∗V1) = 0 and∫

X ch2(P∗V1)c1(L)dimX−2 = 0.

2.8 Main existence theorem in this paper

Let X be a smooth connected projective complex manifold with a simple normal crossing hy-
persurface H. Let L be any ample line bundle on X. Let

(
P∗V,Dλ

)
be a good filtered λ-flat

bundle on (X,H). Let
(
E, ∂E ,Dλ

)
be the λ-flat bundle obtained as the restriction of

(
P∗V,Dλ

)
to X \H.

Theorem 2.23. Suppose that
(
P∗V,Dλ

)
is µL-polystable, and that the following vanishing holds:

µL(P∗V) = 0,

∫
X

ch2(P∗V)c1(L)dimX−2 = 0. (2.12)

Then, there exists a pluri-harmonic metric h of
(
E, ∂E ,Dλ

)
such that

(
V,Dλ

)
|X\H '

(
E,Dλ

)
extends to

(
P∗V,Dλ

)
'
(
Ph∗E,Dλ

)
.

We proved the claim of the theorem in the case λ = 1 in [51, Theorem 16.1.1]. We shall explain
the proof in Sections 3–7. Note that the one dimensional case is due to Biquard–Boalch [3].

Corollary 2.24. There exists the equivalence of the following objects for each λ:

� Good wild harmonic bundles on (X,H).

� µL-polystable good filtered λ-flat bundles
(
P∗V,Dλ

)
satisfying the condition (2.12).
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Remark 2.25. One of the referees raised the following interesting question. Let L be a big
and nef line bundle on X such that there exists a positive current T representing c1(L) whose
restriction to X \ H is a smooth Kähler form with at most Poincaré growth near H. We do
not assume that L is ample. We can define the slope µL(P∗V) for a filtered sheaves, by using
which we can introduce a stability condition for good filtered λ-flat bundles. Then, we may ask
whether a statement similar to Theorem 2.23 holds. This question might also be related with
a generalization of Kobayashi–Hitchin correspondence to the context of D-modules.

2.8.1 Outline of the proof Theorem 2.23

Let us explain a rough outline of the proof. We shall omit some technical details. Let
(
P∗V,Dλ

)
be a µL-stable good filtered λ-flat bundle on (X,H) such that chi(P∗V) = 0 (i = 1, 2).
Let

(
V,Dλ

)
be the λ-flat bundle on X \H obtained as the restriction of

(
P∗V,Dλ

)
to X \H.

In the case dimX = 1, we shall apply the argument in [63] as follows. For each P ∈ H, we take
a holomorphic coordinate neighbourhood

(
XP , zP

)
around P . We take a Kähler metric gX\H

such that gX\H|XP \{P} (P ∈ H) are mutually bounded with |zP |2η−2dzP dzP for some η > 0.

If η is sufficiently small, there exists a Hermitian metric hin of V such that (i) Phin
∗ V = P∗V, and

(ii) G(hin) is bounded with respect to hin and gX\H , (iii) det(hin) is flat. (See Corollary 3.28.
Though we state it as a corollary of Proposition 3.27, which also deals with a perturbation, it is
easy to deduce it directly from the estimate in the tame case [63].) Moreover for any filtered λ-
flat subsheaf P∗V ′ ⊂ P∗V, deg(P∗V ′) is equal to the analytic degree of

(
V ′,Dλ

)
|X\H with respect

to hin and gX\H . Then, by [62, Theorem 1], if
(
P∗V,Dλ

)
is stable of degree 0, there exists a

harmonic metric h of
(
P∗V,Dλ

)
such that h and hin are mutually bounded (Theorem 4.1).

Let us note that the proof allows us to obtain the inequality for the Donaldson functional
M(hin, h) ≤ 0 (Proposition 4.4). This inequality is useful for the study of the continuity of the
family of harmonic metrics of some family of good filtered λ-flat bundles (Proposition 4.5).

For the higher dimensional case, we use the same strategy in [46, 49] and [51]. It is a key step
to study the case dimX = 2. There are two naive ideas which are not available as they are.

One is to apply [62, Theorem 1] by constructing a Hermitian metric hin of V such that
(i) Phin

∗ V = P∗V, (ii) G(hin) is dominated in an appropriate way, (iii) det(hin) is flat. For the
construction of such a Hermitian metric hin, a compatibility condition seems necessary between
the nilpotent parts of the induced endomorphisms Resi(Dλ) and Resj(Dλ) on i,jGrF (PaV).
(See Section 3.5.3 for the endomorphisms Resi

(
Dλ
)
.) Once we prove the existence of a pluri-

harmonic, it turns out that such a compatibility condition is satisfied. However, before proving
the existence, it is not clear whether such a compatibility condition is satisfied. As a result,
it is difficult to construct a Hermitian metric hin with the desired property, in general.

The other is to use Mehta–Ramanathan type theorem (Proposition 3.8), according to which
there exists m > 0 such that for the 0-set Y ⊂ X of a generic section of H0

(
X,L⊗m

)
, the

restriction
(
P∗V,Dλ

)
|Y is also stable. Hence, if we fix a flat metric hdet(V) of det(V)|X\H adapted

to det(P∗V), there exists a harmonic metric hY of
(
V,Dλ

)
|Y \H adapted to P∗V|Y such that

det(hY ) = hdet(V)|Y \H . If we can prove that there exists a Hermitian metric h of V such
that h|Y = hY for such generic hypersurfaces Y , then h should be the desired pluri-harmonic

metric for
(
P∗V,Dλ

)
. But, the existence of such h is not clear.

Roughly speaking, we combine these two ideas as follows. For any small ε > 0, there exists

a filtered bundle P(ε)
∗ V over V such that (i)

(
P(ε)
∗ V,Dλ

)
is a µL-stable good filtered λ-flat

bundle, (ii) Resi
(
Dλ
)

are semisimple for P(ε)
∗ V, (iii) det

(
P(ε)
∗ V

)
= det(P∗V), (iv) the difference

of P(ε)
∗ V and P∗V are dominated by ε. (See Section 3.7.2 for more precise conditions.) The last

condition implies that lim
ε→0

∫
ch2

(
P(ε)
∗
)

= 0. For
(
P(ε)
∗ V,Dλ

)
, we can construct h

(ε)
in such that
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(i) Ph
(ε)
in
∗ V = P∗V, (ii) G

(
h

(ε)
in

)
is dominated in an appropriate way, (iii) det

(
h

(ε)
in

)
= hdet(V).

By [62, Theorem 1], there exists a Hermitian–Einstein metric h
(ε)
HE of

(
V,Dλ

)
such that h

(ε)
HE

and h
(ε)
in are mutually bounded, and that det

(
h

(ε)
HE

)
= hdet(V). (See Section 3.1 for Hermitian–

Einstein metrics of Higgs bundles.) Moreover, G
(
h

(ε)
HE

)
→ 0 in L2 as ε→ 0. Hence, we would like

to construct the desired pluri-harmonic metric as lim
ε→0

h
(ε)
HE. If ε is sufficiently small,

(
P(ε)
∗ V,Dλ

)
|Y

is also stable for the 0-set Y of a generic section of H0
(
X,L⊗m

)
, and hence

(
P(ε)
∗ V,Dλ

)
|Y has a

harmonic metric h
(ε)
Y such that det

(
h

(ε)
Y

)
= hdet(V)|Y \H . By the continuity of a family of harmonic

metrics mentioned above, the sequence h
(ε)
Y is convergent to hY as ε → 0 (Proposition 4.5).

Because h
(ε)
HE |Y is not necessarily a harmonic metric of

(
P(ε)
∗ V,Dλ

)
|Y , it is not necessarily equal

to h
(ε)
Y . But, because the L2-norm of G

(
h

(ε)
HE |Y

)
is dominated by ε, we can deduce the convergence

of the sequence h
(ε)
HE |Y to hY as ε → 0 (Proposition 4.8). Hence, we obtain the convergence of

h
(ε)
HE almost everywhere, and the limit satisfies h|Y = hY for the 0-set of generic section s of
H0
(
X,L⊗m

)
. Thus, we can prove the theorem in the case dimX = 2. (See Section 7.2 for

a more precise argument.)

In the case dimX ≥ 3, we use an induction on dimX. By the Mehta–Ramanathan type the-
orem, there exists m > 0 such that for the 0-sets Yi (i = 1, 2) of generic sections of H0

(
X,L⊗m

)
,(

P∗V,Dλ
)
|Yi

and
(
P∗V,Dλ

)
|Y1∩Y2

are µL-stable. By fixing a flat metric hdet(V) for det
(
P∗V,Dλ

)
,

there exist pluri-harmonic metric hYi of
(
P∗V,Dλ

)
|Yi

such that det(hYi) = hdet(V)|Yi\H . Because(
P∗V,Dλ

)
|Y1∩Y2

is also µL-stable, we obtain that hY1|(Y1∩Y2)\H = hY2|(Y1∩Y2)\H . Hence, there

exists a Hermitian metric h of V|X\(H∪W ) for a finite subset W , such that h|Y \H = hY for the
0-set Y of a generic section of H0

(
X,L⊗m

)
. It is easy to see that h is the desired pluri-harmonic

metric. (See Section 7.3 for a more precise argument.)

3 Preliminaries

3.1 Hermitian–Einstein metrics of λ-flat bundles

Let Y be a Kähler manifold with a Kähler form ω. Let
(
E,Dλ

)
be a λ-flat bundle on Y with

a Hermitian metric. Recall that h is called a Hermitian–Einstein metric of the λ-flat bundle
if ΛωG(h)⊥ = 0, where G(h)⊥ denote the trace-free part of G(h), and Λω denote the adjoint of
the multiplication by ω (see [35, Section 3.2]). The following is a generalization of Kobayashi–
Lübke inequality to the context of λ-flat bundles due to Simpson [62, Proposition 3.4].

Proposition 3.1 (Simpson). If h is a Hermitian–Einstein metric, there exists C > 0 depending
only on n = dimY such that the following holds:

Tr
((
G(h)⊥

)2)
ωn−2 = C

∣∣G(h)⊥
∣∣2
h,ω
ωn.

As a result, if Tr
((
G(h)⊥

)2)
ωn−2 = 0, then we obtain G(h)⊥ = 0.

3.2 Rank one case

Let X be an n dimensional smooth connected projective variety with a simple normal crossing
hypersurface H. Let ω be a Kähler form. Let H =

⋃
i∈ΛHi be the irreducible decomposition.

Let gi be a C∞-Hermitian metric of the line bundle O(Hi). Let σi denote the section of OX(Hi)
induced by the inclusion OX −→ OX(Hi).
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Let
(
P∗V,Dλ

)
be a good filtered λ-flat bundle on (X,H) of rank one. For each i ∈ Λ, there

uniquely exists ai ∈]−1, 0] such that iGrFai(P∗V) 6= 0. Let A be the constant determined by

A

∫
X
ωn = 2πn

(
1 + |λ|2

) ∫
X
c1(P∗V)ωn−1.

The following proposition is standard.

Proposition 3.2. There exists a Hermitian metric h of the line bundle E := V|X\D such that

(i)
√
−1ΛωG(h) = A, (ii) h

∏
i∈Λ |σi|2aigi is a Hermitian metric of Pa(V) of C∞-class. Such

a metric is unique up to the multiplication by a positive constant. Moreover, if c1(P∗V) = 0,
then R(h) = 0 holds, and hence h is a pluri-harmonic metric of

(
E,Dλ

)
.

Proof. Note that G(h) =
(
1 + |λ|2

)
R(h) holds in the rank one case. (See [49, Lemma 2.31].)

Let h′0 be a C∞-metric of PaE. We obtain the metric h0 := h′0 ·
∏
i∈Λ |σi|−2ai

gi of E on X \H.

It is well known that
√
−1

2π R(h0) naturally extends to a closed (1, 1)-form on X of C∞-class which

represents c1(P∗E). By the condition of A, we obtain
∫
X

(√
−1ΛωR(h0)−

(
1+ |λ|2

)−1
A
)
ωn = 0.

Note that
√
−1ΛωR(h0eϕ) =

√
−1ΛωR(h0) +

√
−1Λω∂∂ϕ. Hence, there exists an R-valued C∞-

function ϕ0 such that
√
−1ΛωR(h0eϕ0) −

(
1 + |λ|2

)−1
A = 0. The metric h = h0eϕ0 has the

desired property. The uniqueness is clear.
Suppose that c1(P∗E) = 0. In the rank one case, a Hermitian metric of E is a pluri-harmonic

metric of
(
E,Dλ

)
, if and only if R(h) = 0. Because the cohomology class of R(h0) is 0, there

exists an R-valued C∞-function ϕ0 such that R(h0eϕ0) = 0 by the standard ∂∂-lemma. By the
uniqueness, we obtain the second claim of the lemma. �

For the metric h in Proposition 3.2,
√
−1

2π R(h) induces a closed (1, 1)-form on X of C∞-class
which represents c1(P∗E).

3.3 β-subobject and socle for reflexive filtered λ-flat sheaves

Let X and H be as in Section 3.2. Let L be an ample line bundle L on X. For any coherent
OX -module M, we set degL(M) :=

∫
X c1(M)c1(L)dimX−1.

3.3.1 β-subobjects

Let
(
P∗V,Dλ

)
be a reflexive filtered λ-flat sheaf on (X,H). For any A ∈ R, let S(P0V, A) denote

the family of saturated coherent subsheaves F of P0V such that degL(F) ≥ −A and that F(∗H)
is a λ-flat subsheaf of V. Any F ∈ S(P0V, A) induces a reflexive filtered sheaf P∗(F(∗H)) by
Pc(F(∗H)) := PcV∩F(∗H) for any c ∈ RΛ. We set fA(F) := µL(P∗(F(∗H))). Thus, we obtain
a function fA on S(P0V, A).

Lemma 3.3. The image fA
(
S(P0V, A)

)
is a finite subset of R. In particular, fA has the

maximum.

Proof. According to [20, Lemma 2.5], the family S(P0V, A) is bounded. Hence, by using the
flattening stratifications [57, Section 8], it is easy to see that there exists a finite decomposition
S(P0V, A) =

∐N
i=1 Si(P0V, A) such that fA is constant on each Si(P0V, A). �

It is standard that any reflexive filtered λ-flat sheaf has a β-subobject, i.e., the following
holds.

Proposition 3.4. For any reflexive filtered λ-flat sheaf
(
P∗V,Dλ

)
, there uniquely exists a non-

zero λ-flat subsheaf V0 ⊂ V such that the following holds for any non-zero reflexive λ-flat sub-
sheaf V ′ ⊂ V:
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� µL(P∗V ′) ≤ µL(P∗V0) holds.

� If µL(P∗V ′) = µL(P∗V0) holds, then we obtain V ′ ⊂ V0.

Proof. By the formula (2.1), there exists N > 0 such that the following holds for any saturated
subsheaf F ⊂ P0V:

|degL(F)− rank(F)µL(P∗F(∗H))| < N.

We set A0 := | degL(P0V)|+ 10N . Let B0 denote the maximum of fA0 . Then, it is easy to see
that µL(P∗V ′) ≤ B0 for any saturated λ-flat subsheaf V ′ ⊂ V. Moreover, if µL(P∗V ′) = B0, then(
P∗V ′,DλV ′

)
is µL-semistable, where DλV ′ denote the flat λ-connection induced by Dλ.

Suppose that the λ-flat subsheaves Vi ⊂ V (i = 1, 2) satisfy µL(P∗Vi) = B0. We obtain
the subsheaf V1 + V2 ⊂ V. Because V1 + V2 is a quotient of V1 ⊕ V2, we obtain a filtered
sheaf P∗(V1 + V2) over V1 + V2. induced by P∗V1 ⊕ P∗V2. Then, by the µL-semistability of(
P∗Vi,Dλi

)
, we obtain that B0 = µL(P∗V1 ⊕ P∗V2) ≤ µL(P∗(V1 + V2)). Let V3 denote the

saturated subsheaf of V generated by V1 + V2. We obtain a filtered sheaf P∗V3 by PaV3 =
Pa(V)∩V3. Because the natural morphism P∗(V1 +V2) −→ P∗V3 is generically an isomorphism,
we obtain µL(P∗(V1 + V2)) ≤ µL(P∗V3) ≤ B0 by Lemma 2.5. Hence, we obtain µL(P∗V3) = B0.
Then, the claim of the lemma is clear. �

3.3.2 Socle

Let
(
P∗V,Dλ

)
be a µL-semistable reflexive filtered λ-flat sheaf on (X,H). Let T denote the fa-

mily of saturated λ-flat subsheaves V ′ ⊂ V such that the induced filtered λ-flat sheaf
(
P∗V ′,DλV ′

)
is µL-stable with µL(P∗V ′) = µL(P∗V). Let V1 be the saturated OX(∗H)-submodule of V
generated by

∑
V ′∈T V ′. It is a λ-flat subsheaf of V.

Proposition 3.5.
(
P∗V1,DλV1

)
is equal to the direct sum

⊕`
k=1

(
P∗V(k),DλV(k)

)
of a tuple of µL-

stable filtered λ-flat subsheaves of
(
P∗V,Dλ

)
. In particular,

(
P∗V1,Dλ1

)
is µL-polystable. The

filtered λ-flat subsheaf
(
P∗V1,DλV1

)
is called the socle of

(
P∗V,Dλ

)
.

Proof. Let V(i) (i = 1, 2) be saturated λ-flat subsheaves of V such that (i) µL
(
P∗V(i)

)
=

µL(P∗V), (ii)
(
P∗V(1),DλV(1)

)
is µL-semistable, (iii)

(
P∗V(2),DλV(2)

)
is µL-stable.

Lemma 3.6. Either V(2) ⊂ V(1) or V(1) ∩ V(2) = 0 holds.

Proof. Let us consider the morphism ι1 − ι2 : V(1) ⊕ V(2) −→ V, where ιi : V(i) −→ V de-
note the inclusions. Let K denote the kernel. We obtain a filtered sheaf P∗K over K by
PaK := K ∩ Pa(V1 ⊕ V2). The projection V(1) ⊕ V(2) −→ V(2) induces K ' V(1) ∩ V(2) =: I.
It induces a morphism of filtered λ-flat sheaves g :

(
P∗K,DλK

)
−→

(
P∗V(2),DλV(2)

)
. We set

µ0 := µL(P∗V). Because
⊕

i=1,2

(
P∗V(i),DλV(i)

)
and

(
P∗V,Dλ

)
are µL-semistable with the same

slope µ0, we obtain that
(
P∗K,DλK

)
is also µL-semistable with µL(P∗K) = µ0.

Suppose that K 6= 0, i.e., I 6= 0. Because I is a subsheaf of V(2), we also obtain a filtered
sheaf P∗I induced by P∗V(2). Because I ' K, we obtain a filtered sheaf P ′∗I over I induced
by P∗K. Then, we obtain

µ0 = µL(P∗K) = µL(P ′∗I) ≤ µL(P∗I) ≤ µL
(
P∗V(2)

)
= µ0.

Because
(
P∗V(2),DλV(2)

)
is µL-stable and because I 6= 0, we obtain that rank(I) = rankV(2),

i.e., I and V(2) are generically isomorphic. Because µL(P∗I) = µL
(
P∗V(2)

)
, Lemma 2.5 implies

that P∗I −→ P∗V(2) is an isomorphism in codimension 1. Hence, there exists a closed alge-

braic subset Z ⊂ X such that (i) the codimension of Z is larger than 2, (ii) V(2)
|X\Z ⊂ V

(1)
|X\Z .

Because V(1) is reflexive we obtain that V(2) ⊂ V(1). �
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Let us study the case where V(1) ∩ V(2) = 0. Let V(3) denote the saturated λ-flat subsheaf
of V generated by V(1) + V(2). Let P∗V(3) denote the filtered sheaf over V(3) induced by P∗V.

Lemma 3.7.
(
P∗V(3),DλV(3)

)
is µL-semistable, and the induced morphism g : P∗V(1)⊕P∗V(2) −→

P∗V(3) is an isomorphism in codimension one.

Proof. We obtain µ0 = µL
(
P∗
(
V(1)⊕V(2)

))
≤ µL

(
P∗V(3)

)
≤ µL(P∗V) = µ0. Hence, we obtain

that µL
(
P∗V(3)

)
= µ0 and that

(
P∗V(3),DλV(3)

)
is µL-semistable. Because g : P∗V(1)⊕P∗V(2) −→

P∗V(3) is generically an isomorphism, and because they have the same slope, g is an isomorphism
in codimension one by Lemma 2.5. �

By Lemma 3.7, it is easy to observe that there exists a finite sequence of reflexive λ-flat sub-
sheaves V ′j (j = 1, . . . ,m) such that (i) the induced filtered λ-flat sheaves

(
P∗V ′j ,DλV ′j

)
are µL-

stable, (ii) the image of the induced morphism g : Ṽ :=
⊕
V ′j −→ V1 is generically an isomor-

phism. Because µ0 = µL
(
P∗Ṽ

)
≤ µL(P∗V1) ≤ µL(P∗V) = µ0, we obtain that µL

(
P∗Ṽ

)
=

µL(P∗V1) = µL(P∗V). Hence, g is an isomorphism in codimension one by Lemma 2.5. Because
both P∗Ṽ and P∗V1 are reflexive, we obtain that P∗Ṽ ' P∗V1. Thus, we obtain Proposi-
tion 3.5. �

3.4 Mehta–Ramanathan type theorems

Let X be a smooth connected n-dimensional projective variety with a simple normal crossing
hypersurface H. Let H =

⋃
i∈ΛHi be the irreducible decomposition. Let L be an ample line

bundle on X.

3.4.1 Restriction to general curves

Let
(
P∗V,Dλ

)
be a reflexive filtered λ-flat sheaf on (X,H). There exists a Zariski closed sub-

set W ⊂ X with dimW < dimH such that (i) the singular locus of H is contained in W ,
(ii) P∗V|X\W is a filtered bundle on (X \W,H \W ).

Let Y be a smooth curve in X such that (i) Y ∩W = ∅, (ii) Y intersects with the smooth
part of H transversally. Set HY := H ∩ Y . We obtain a locally free OY (∗HY )-module V|Y .

It is equipped with the induced flat λ-connection Dλ|Y . Let b ∈ RHY . For any P ∈ HY , there

exists i ∈ Λ such that P ∈ Hi. We choose a(P, b) ∈ RΛ such that a(P, b)i = b(P ), and we
obtain an OY,P -submodule Pb

(
V|Y
)
P

:= Pa(P,b)(V)P of
(
V|Y
)
P

, which is independent of the

choice of a(P, b) as above. There exists a locally free OY -module Pb
(
V|Y
)
⊂ V|Y whose stalk

at P is Pb
(
V|Y
)
P

. Thus, we obtain a filtered λ-flat bundle
(
P∗
(
V|Y
)
,Dλ|Y

)
which is denoted

by
(
P∗V,Dλ

)
|Y .

3.4.2 The stability condition

Proposition 3.8. A reflexive filtered λ-flat sheaf
(
P∗V,Dλ

)
on (X,H) is µL-stable (resp. µL-

semistable) if and only if the following holds:

� For any m1 > 0, there exists m > m1 such that
(
P∗V,Dλ

)
|Y is µL-stable (resp. µL-

semistable), where Y denotes a generic 1-dimensional complete intersection of hypersur-
faces of L⊗m.

Proof. The case λ = 1 is already studied in [51, Section 13.2]. The case λ 6= 0 is reduced to the
case λ = 1. As for the case λ = 0, we can prove the claim of the proposition by the argument
in [46, Section 3.4], which closely follows the arguments of Mehta–Ramanathan [43, 44] and
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Simpson [64]. We use W = Ω1(ND) for a large N instead of Ω1(logD) in [46, Section 3.4].
(See also [51, Section 13.2].) �

3.4.3 Restrictions of morphisms and the polystability condition

Let us give a complement on the restriction of morphisms of reflexive filtered λ-flat sheaves
to generic complete intersection curves, which is a variant of [64, Lemma 3.9]. Let

(
P∗Vi,Dλ

)
(i = 1, 2) be reflexive filtered λ-flat sheaves on (X,H). Let Hom

((
P∗V1,Dλ1

)
,
(
P∗V2,Dλ2

))
denote

the vector space of morphisms of filtered λ-flat sheaves
(
P∗V1,Dλ1

)
−→

(
P∗V2,Dλ2

)
. We shall

prove a refined claim (Proposition 3.16) of the following proposition in Sections 3.4.4–3.4.6.

Proposition 3.9. There exists a positive integer m0 > 0 such that the restriction

Hom
((
P∗V1,Dλ1

)
,
(
P∗V2,Dλ2

))
−→ Hom

((
P∗V1,Dλ1

)
|Y ,
(
P∗V2,Dλ2

)
|Y
)

is an isomorphism for a generic 1-dimensional complete intersection Y of hypersurfaces of L⊗m

(m ≥ m0).

Before going to the proof of Proposition 3.9, we state a variant of Proposition 3.8 on the
µL-polystability condition.

Corollary 3.10. A reflexive filtered λ-flat sheaf
(
P∗V,Dλ

)
on (X,H) is µL-polystable if and

only if the following holds:

� For any m1 > 0, there exists m > m1 such that
(
P∗V,Dλ

)
|Y is µL-polystable, where Y

denotes the 1-dimensional complete intersection of generic hypersurfaces of L⊗m.

Proof. If
(
P∗V,Dλ

)
is µL-polystable, we obtain a decomposition

(
P∗V,Dλ

)
=
⊕(
P∗Vi,Dλi

)
into µL-stable filtered λ-flat sheaves. Applying Proposition 3.8 to each stable component, we
obtain the “only if” claim.

Let m1 be an integer larger than m0 in Proposition 3.9 for Hom
((
P∗V,Dλ

)
,
(
P∗V,Dλ

))
.

Suppose that there exists m > m1 such that
(
P∗V,Dλ

)
|Y is µL-polystable for a generic 1-

dimensional complete intersection Y of hypersurfaces of L⊗m. We obtain the decomposition

(
P∗V,Dλ

)
|Y =

⊕̀
i=1

(
P∗VY,i,DλY,i

)
(3.1)

into stable filtered Higgs bundles. Let πY,i denote the endomorphisms of
(
P∗V,Dλ

)
|Y obtained

by composing the projection
(
P∗V,Dλ

)
|Y −→

(
P∗VY,i,DλY,i

)
with respect to the decomposi-

tion (3.1), with the inclusion
(
P∗VY,i,DλY,i

)
−→

(
P∗V,Dλ

)
|Y . Note that they satisfy πY,i ◦πY,i =

πY,i, πY,i◦πY,j = 0 (i 6= j) and
∑
πY,i = id. By Proposition 3.9, there uniquely exist the endomor-

phisms πi of
(
P∗V,Dλ

)
such that πi|Y = πY,i. By Proposition 3.9 again, they satisfy πi ◦πi = πi,

πi◦πj = 0 (i 6= j) and
∑
πi = id. Let Vi ⊂ V denote the image of πi. We define PaVi = Vi∩PaV

for any a ∈ RΛ. Because πi are compatible with Dλ and the filtration P∗V, we obtain the de-
composition

(
P∗V,Dλ

)
=
⊕(
P∗Vi,Dλi

)
. By the construction,

(
P∗Vi,Dλi

)
|Y =

(
P∗VY,i,DλY,i

)
are stable. Hence,

(
P∗Vi,Dλi

)
are µL-stable with µL

(
P∗Vi,Dλi

)
= µL

(
P∗Vj ,Dλj

)
(i 6= j), i.e.,(

P∗V,Dλ
)

is µL-polystable. �
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3.4.4 General Enriques–Severi lemma due to Mehta–Ramanathan

To prove Proposition 3.9, we recall the general Enriques–Severi lemma in [43]. Recall n = dimX.
For a positive integer m, let Sm denote the projective space of lines in H0

(
X,L⊗m

)
. For sequ-

ences m = (m1, . . . ,mt) ∈ Zt>0 with t ≤ n − 1, we set Sm :=
∏
Smi . There exists the corres-

pondence variety Zm ⊂ X × Sm, i.e., Zm =
{

(x, s1, . . . , st) ∈ X × Sm | si(x) = 0, 1 ≤ i ≤ t
}

.
For any s ∈ Sm, we set Xs := Zm ×Sm ×{s}.

Let F be a coherent reflexive OX -module on X. For any m = (m1, . . . ,mt) ∈ Zt>0 with
t ≤ n − 1, and for any s ∈ Sm, we set Fs := F ⊗OX OXs . For any integer m, let Fs(m) =
Fs ⊗OX L⊗m.

According to [43, Proposition 1.5], there exists a non-empty Zariski open subset S̃m ⊂ Sm
such that the following holds.

� S̃m ×Sm Zm −→ S̃m is smooth.

� For any s ∈ Sm, Fs is a reflexive OXs-module.

In the proof of [43, Proposition 3.2], the following proposition is proved.

Proposition 3.11. Let t ≤ n− 2. There exists a positive integer m0 depending only on F such
that the following holds:

� For any m = (m1, . . . ,mt) ∈ Zt>0 with mi ≥ m0, there exists a non-empty Zariski open

subset U ⊂ S̃m such that H1(Xs, Fs(−`)) = 0 for any s ∈ U and any ` ≥ m0.

Corollary 3.12. Let t ≤ n − 1. There exists a positive integer m0 depending only on F such
that the following holds:

� For any m = (m1, . . . ,mt) ∈ Zt>0 with mi ≥ m0, there exists a non-empty Zariski open

subset U ⊂ S̃m such that H0(Xs, Fs(−`)) = 0 for any s ∈ U and any ` ≥ m0.

Proof. Let m0 be a positive integer as in Proposition 3.11. We also assume H0(X,F (−`)) = 0
for any ` ≥ m0. We use an induction on t. For m = (m1, . . . ,mt) with mi ≥ m0, we set
m′ = (m1, . . . ,mt−1). By the assumption of the induction and Proposition 3.11, there exists
a non-empty Zariski open subset U ′1 ⊂ S̃m′ such that H i(Xs′ , Fs′(−`)) = 0 (i = 0, 1) for
any s′ ∈ U ′1 and any ` ≥ m0.

For any s ∈ Sm, let s′ denote the image s in Sm′ by the projection Sm −→ Sm′ . There exists
the exact sequence

0 −→ OXs′ (−mt) −→ OXs′ −→ OXs −→ 0. (3.2)

By [43, Proposition 1.5], there exists a Zariski open subset U1 ⊂ S̃m such that if s ∈ U1 then
we obtain the following exact sequence from (3.2) by taking the tensor product with F :

0 −→ Fs′(−mt) −→ Fs′ −→ Fs −→ 0.

We shrink U1 so that U ′1 contains the image of U1 by the projection Sm −→ Sm′ . Let ` ≥ m0.
For any s ∈ U1, we obtain H0(Xs′ , Fs′(−`)) = 0 and H1(Xs′ , Fs′(−`−mt)) = 0 because s′ ∈ U ′1.
Hence, we obtain H0(Xs, Fs(−`)) = 0. �

Corollary 3.13. Let t ≤ n − 1. There exists m0 depending only on F such that the following
holds:

� For any m = (m1, . . . ,mt) ∈ Zt>0 with mi ≥ m0, there exists a non-empty Zariski open

subset U ⊂ S̃m such that the natural morphism H0(X,F ) −→ H0(Xs, Fs) is an isomor-
phism for any s ∈ U .
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Proof. It is enough to apply the argument in the first paragraph of the proof of [43, Propo-
sition 3.2] with Proposition 3.11 and Corollary 3.12. (This is essentially pointed out in [64,
Lemma 3.9].) �

Let T ∗XsX denote the conormal bundle of Xs in X for any s ∈ S̃m.

Corollary 3.14. Let t ≤ n − 1. There exists m0 depending only on F such that the following
holds:

� For any m = (m1, . . . ,mt) ∈ Zt>0 with mi ≥ m0, there exists a non-empty Zariski open

subset U ⊂ S̃m such that H0
(
Xs, T

∗
Xs
X ⊗ Fs

)
= 0 for any s ∈ U .

Proof. Because T ∗XsX '
⊕t

j=1OXs(−mj), the claim follows from Corollary 3.12. �

3.4.5 Flat sections of reflexive filtered λ-flat sheaves

Let H be a simple normal crossing hypersurface of X with the irreducible decomposition H =⋃
i∈ΛHi. Let

(
P∗V,Dλ

)
be a reflexive filtered λ-flat sheaf on (X,H). Note that there exists

a Zariski closed subset W ⊂ X with dimW < dimH such that (i) W contains the singular
locus of H, (ii) P∗V|X\W is a filtered bundle on (X \W,H \W ). For any m ∈ Zn−1 and for any
s ∈ Sm, we set Hs := Xs ×X H.

According to [43, Proposition 1.5], there exists a non-empty Zariski open subset S◦m ⊂ Sm
such that the following holds:

� Zm ×Sm S◦m −→ S◦m is smooth.

� For any s ∈ S◦m, Xs ∩W = ∅ holds, and Xs intersects with H in H \W transversally.
Moreover, PaVs := PaV|Xs (a ∈ RΛ) are locally free OXs-modules.

There exists a non-negative integer N such that Dλ induces a morphism of sheaves Dλ:
PaV −→ PaV ⊗ Ω1

X(logH)⊗OX(NH). For j = 0, 1, . . . , n, we set

CjN (PaV) = PaV ⊗ Ωj
X(logH)⊗OX(jNH).

The flat λ-connection Dλ induces Dλ : CjN (PaV) −→ Cj+1
N (PaV) such that Dλ ∧ Dλ = 0. Thus,

we obtain a complex of sheaves C•N
(
PaV,Dλ

)
on X. Clearly, the following holds:

H0
(
X, C•N

(
PaV,Dλ

))
= Ker

(
H0(X,PaV)

Dλ−→ H0
(
X,PaV ⊗ Ω1

X(logH)⊗OX(NH)
))
.

For any s ∈ S◦m, we obtain the filtered λ-flat bundle
(
P∗Vs,Dλs

)
:=
(
P∗V,Dλ

)
|Xs . Let a(s)

denote the image of RΛ −→ RHs induced by the natural map Hs −→ Λ. Let ιs : Xs −→ X
denote the inclusion. We obtain the natural morphism of complexes of sheaves C•N

(
PaV,Dλ

)
−→

ιs∗C•N
(
Pa(s)Vs,Dλs

)
, which induces

H0
(
X, C•N

(
PaV,Dλ

))
−→ H0

(
Xs, C•N

(
Pa(s)Vs,Dλs

))
. (3.3)

The following proposition is essentially [64, Lemma 3.9].

Proposition 3.15. There exists a positive integer m0 > 0 such that the following claim holds
for any m = (m1, . . . ,mn−1) with mi ≥ m0 and a non-empty Zariski open subset U ⊂ S◦m.

� For any s ∈ U , the natural morphism (3.3) is an isomorphism.
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Proof. According to Corollary 3.13, if m0 is sufficiently large, there exists a non-empty Zariski
open subset U1 ⊂ S◦m such that the following natural morphisms are isomorphisms for any s ∈ U :

H0(X,PaV) −→ H0(Xs,Pa(s)Vs),
H0
(
X,PaV ⊗OX Ω1

X(logH)⊗OX(NH)
)

−→ H0
(
Xs,Pa(s)Vs ⊗OXs

(
Ω1
X(logH)⊗OXs(NHs)

))
.

There exists the following exact sequence:

0 −→ T ∗XsX ⊗ Pa(s)Vs ⊗OXs(NHs) −→
(
Ω1
X(logH)⊗OX OXs(NHs)

)
⊗ Pa(s)Vs

−→ Ω1
Xs(logHs)⊗ Pa(s)Vs ⊗OXs(NHs) −→ 0.

According to Corollary 3.14, if m0 is sufficiently large, there exists a non-empty Zariski open
subset U2 ⊂ U1 such that the following holds for any s ∈ U2:

H0
(
Xs, T

∗
XsX ⊗ Pa(s)Vs ⊗OXs(NHs)

)
= 0.

Hence, the natural morphism

H0
(
Xs, (Ω

1
X(logH)⊗OX OXs(NHs))⊗ Pa(s)Vs

)
−→ H0

(
Xs,Ω

1
Xs(logHs)⊗ Pa(s)Vs ⊗OXs(NHs)

)
is injective for any s ∈ U2. We obtain the injectivity of the following natural morphism for
any s ∈ U2:

H0
(
X,Ω1

X(logH)⊗ PaV ⊗OX(NH)
)
−→ H0

(
Xs,Ω

1
Xs(logHs)⊗ Pa(s)Vs ⊗OXs(NHs)

)
.

Then, we obtain the claim of the proposition. �

3.4.6 Morphisms of reflexive filtered λ-flat sheaves

Let P∗Vi (i = 1, 2) be reflexive filtered sheaves with meromorphic flat λ-connection Dλi on (X,H).
Let Hom

((
P∗V1,Dλ1

)
,
(
P∗V2,Dλ2

))
denote the vector space of morphisms of filtered λ-flat sheaves(

P∗V1,Dλ1
)
−→

(
P∗V2,Dλ2

)
.

Proposition 3.16. There exists a positive integer m0 > 0 such that the following claim holds
for any m = (m1, . . . ,mn−1) with mi ≥ m0 and for a non-empty Zariski open subset U ⊂ Sm.

� For any s ∈ U , let
(
P∗Vi,s,Dλi,s

)
denote the induced filtered λ-flat bundles on (Xs, Hs).

Then, the natural morphism

Hom
((
P∗V1,Dλ1

)
,
(
P∗V2,Dλ2

))
−→ Hom

((
P∗V1,s,Dλ1,s

)
,
(
P∗V2,s,Dλ2,s

))
is an isomorphism.

Proof. For any a ∈ RΛ, let PaHom(V1,V2) denote the subsheaf of the OX(∗H)-module
HomOX(∗H)(V1,V2) determined as follows for any open subset U ⊂ X:

H0
(
U,Pa(Hom(V1,V2))

)
=
{
f ∈H0(U,Hom(V1,V2)) | f

(
PbV1|U

)
⊂ Pa+b

(
V2|U

)
∀b ∈ RΛ

}
.

It is easy to see that PaHom(V1,V2) are reflexive OX -modules. Thus, we obtain a reflexive
filtered sheaf P∗Hom(V1,V2) with the induced flat λ-connection D̃λ. We can easily observe that

Hom
((
P∗V1,Dλ1

)
,
(
P∗V2,Dλ2

))
= H0

(
X, C•N

(
P0Hom(V1,V2), D̃λ

))
for any large N , where 0 = (0, . . . , 0) ∈ RΛ. Then, the claim follows from Proposition 3.15. �
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3.5 Good filtered λ-flat bundles and ramified coverings

3.5.1 Pull back

Let X be any complex manifold with a simple normal crossing hypersurface H. Let
(
P∗V,Dλ

)
be a good filtered λ-flat bundle. We set e := rank(V)!.

For any point P ∈ X, let (XP , z1, . . . , zn) denote an admissible holomorphic coordinate
neighbourhood around P . We set HP := XP ∩ H and HP,i := HP ∩ {zi = 0}. We set(
P∗VP ,DλP

)
:=
(
P∗V,Dλ

)
|XP

.

By using the coordinate system, we may regard XP as an open subset of Cn. Let ϕP :
Cn −→ Cn be given by ϕP (ζ1, . . . , ζn) =

(
ζe1 , . . . , ζ

e
`(P ), ζ`(P )+1, . . . , ζn

)
. We set X̃P := ϕ−1

P (XP ),

H̃P := ϕ−1
P (HP ) and H̃P,i := ϕ−1

P (HP,i). We set GP :=
∏`(P )
i=1 {αi ∈ C | αei = 1}. It is identified

with the Galois group of the ramified covering ϕP by the action as in Section 2.3.2.
We obtain the GP -equivariant good filtered λ-flat bundle

(
P∗ṼP , D̃λP

)
:= ϕ∗P

(
P∗VP ,DλP

)
on
(
X̃P , H̃P

)
.

Lemma 3.17.
(
P∗ṼP , D̃λP

)
is unramifiedly good.

Proof. See [51, Lemma 2.2.7]. �

3.5.2 The associated graded bundles

We obtain the GP -equivariant filtered bundles 1GrFc
(
P∗ṼP

)
(c ∈ R) on

(
H̃P,1, ∂H̃P,1

)
. There

exists the GP -equivariant decomposition

1GrFc
(
P∗ṼP

)
=

e−1⊕
`=0

G`1GrFc
(
P∗ṼP

)
,

where (α, 1, . . . , 1) acts on G`1GrFc
(
P∗ṼP

)
as the multiplication by α`.

Lemma 3.18. The pull back naturally induces the isomorphism (ϕ|H̃P,1)∗
(

1GrFc/e(P∗VP )
)
'

G0
1GrFc

(
P∗ṼP

)
. As a result, 1GrFc/e(P∗VP ) is the descent of G0

1GrFc
(
P∗ṼP

)
. More generally,

the pull back and the multiplication by ζ`1 induces an isomorphism (ϕ|H̃P,1)∗
(

1GrF(c+`)/e(P∗VP )
)
'

G`1GrFc
(
P∗ṼP

)
.

Clearly, there exist a similar decomposition iGrFc
(
P∗ṼP

)
=
⊕e−1

`=0 G`iGrFc
(
P∗ṼP

)
and iso-

morphisms for any i = 1, . . . , `(P ).

3.5.3 Residues

Let us recall that we obtain the endomorphisms Resj
(
Dλ
)

(j ∈ Λ) on jGrFc (P∗V) by using
Lemma 3.18. (See [51, Section 2.5.2] for more detailed explanations.)

Let P be any point of H. First, let us construct the residues Res1

(
DλP
)

on 1GrF (P∗VP ).

At any Q ∈ H̃P,1, we obtain the formal decomposition
(
PaṼP ,DλP

)
⊗O

X̃P ,Q̂
=
⊕(
PaṼa, D̃λa

)
as

in (2.4). For a1−1 < c ≤ a1, we obtain the endomorphisms Res1

(
D̃λP
)
Q

of 1GrFc
(
PaṼ

)
|Q as the

residue of
⊕(

D̃λa−dã idṼa

)
at Q. According to [51, Lemma 2.5.2], by varying Q ∈ H̃P,1, we obtain

the endomorphism Res1

(
D̃λP
)

of the filtered bundle 1GrFc
(
P∗ṼP

)
. It is GP -equivariant. Hence,

we obtain Res1

(
DλP
)

on 1GrFc (P∗VP ) as the descent of 1
e Res1(D̃λP ) on G0

1GrFec
(
P∗ṼP

)
. The

factor 1
e comes from the relation edζ1/ζ1 = dz1/z1. Similarly, we obtain Resi

(
DλP
)
iGrFc (P∗VP )

for i = 1, . . . , `(P ).
It is easy to see that there exists a globally defined endomorphism Resj

(
Dλ
)

on jGrFc (P∗V)
which is equal to the endomorphisms constructed locally around P ∈ Hj as above.
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3.5.4 Parabolic weights

We introduce some notation. We set Par(P∗V, j) :=
{
b ∈ R | jGrFb (P∗V) 6= 0

}
for j ∈ Λ.

Because we shall often use the pull back by a ramified covering as in Section 3.5.1, for a fixed e,
it is convenient to consider

P̃ar(P∗V, j) :=
{
c+m/e | c ∈ Par(P∗V, j), m ∈ Z

}
.

Note that Par
(
P∗ṼP , j

)
=
{
eb | b ∈ P̃ar(P∗VP , j)

}
for P ∈ H. (See Lemma 3.18.) We define

g̃ap(P∗V, j) := min
{
|b1 − b2| | b1, b2 ∈ P̃ar(P∗V, j), b1 6= b2

}
.

If Λ is finite, we also set g̃ap(P∗V) := min
j∈Λ

g̃ap(P∗V, j).

For each a ∈ RΛ, we set

Par(P∗V,a, i) := Par(P∗V, i)∩]ai − 1, ai], P̃ar(P∗V,a, i) := P̃ar(P∗V, i)∩]ai − 1, ai].

We remark the following obvious lemma.

Lemma 3.19. For each j, there exists aj ∈ R such that |aj − b| > (4e rankV)−1 for any

b ∈ P̃ar(P∗V, j).

3.6 Approximation by model filtered λ-flat bundles

3.6.1 Model filtered λ-flat bundles

Let Z be a complex manifold. Let Y be a neighbourhood of {0} × Z in C × Z. We set
HY := {0} × Z. Let e be a positive integer. Let ζ be the standard complex coordinate of C.
Consider ϕ : C × Z −→ C × Z induced by ζ 7−→ ζe. We set Ỹ := ϕ−1(Y ) and H̃ := ϕ−1(H).
The induced morphism Ỹ −→ Y is also denoted by ϕ. Let G denote the group of the e-th roots
of 1, which is naturally identified with the Galois group of the ramified covering ϕ.

Let I be a finite subset of H0
(
Ỹ ,O

Ỹ

(
∗H̃
))

which is preserved by the G-action. Let S1

and S2 be finite subsets of ]−1, 0] and C, respectively. Let Va,a,α ((a, a, α) ∈ I × S1 × S2)
be finite dimensional C-vector spaces equipped with a nilpotent endomorphism fa,a,α. Note
that Va,a,α may be 0. We suppose that

⊕
a,a,α Va,a,α is a G-representation such that (i) it is

G-equivariant as a vector bundle over I, (ii)
⊕
fa,a,α commutes with the G-action.

We set Ṽa,a,α := O
Ỹ

(
∗H̃
)
⊗Va,a,α. We define the filtered bundle P∗Ṽa,a,α over Ṽa,a,α by setting

PbṼa,a,α := O
Ỹ

(
[b− a]H̃

)
⊗ Va,a,α

for any b ∈ R, where [b− a] := max{n ∈ Z | n ≤ b− a}. We define the flat λ-connection D̃λa,a,α
on Ṽa,a,α by setting

D̃λa,a,α(v) = da · v + (αv + fa,a,α(v)) dζ/ζ

for any v ∈ Va,a,α, which we regard as a section of Ṽa,a,α in a natural way. Thus, we obtain

a G-equivariant filtered λ-flat bundle
⊕

a,a,α

(
P∗Ṽa,a,α, D̃λa,a,α

)
, called a model filtered λ-flat

bundle. If I induces a good set of irregular values in O
Ỹ

(
∗H̃
)
Q
/O

Ỹ ,Q
at each Q ∈ H̃, then⊕

a,a,α

(
P∗Ṽa,a,α, D̃λa,a,α

)
is an unramifiedly good filtered λ-flat bundle. It induces a filtered λ-flat

bundle on (Y,H) as the descent, which is also called a model filtered λ-flat bundle.
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3.6.2 Approximation of good filtered λ-flat bundles

Let
(
P∗V,Dλ

)
be any good filtered λ-flat bundle on (Y,H). Assume the following condition:

Condition 3.20. For each a ∈ Par(P∗V), the conjugacy classes of Res
(
Dλ
)

on GrFa (P∗V)|P
are independent of P ∈ H. Note that this condition is trivially satisfied if λ 6= 0.

We set e := rank(V)!. Let ϕ and
(
Ỹ , H̃

)
be as in Section 3.6.1. We set

(
P∗Ṽ, D̃λ

)
:=

ϕ∗
(
P∗V,Dλ

)
. For each Q ∈ H̃, there exists a decomposition(

P∗Ṽ, D̃λ
)
⊗O

Ỹ ,Q̂
=

⊕
a∈I(Q)

(
P∗Ṽa, D̃λa

)
as in (2.5). We obtain the vector spaces GrFa

(
P0Ṽa

)
|Q (−1 < a ≤ 0) equipped with the endo-

morphisms Res
(
D̃λ
)
. Condition 3.20 is equivalent to the following.

� The conjugacy classes of Res
(
D̃λ
)

on GrFa
(
P0Ṽa

)
|Q are independent of Q ∈ H̃ for any

−1 < a ≤ 0.

In particular, the condition implies that there exists a decomposition

GrFa
(
P0Ṽa

)
=
⊕
α∈C

Eα GrFa
(
P0Ṽa

)
on H̃, where Res

(
D̃λ
)
− α id are nilpotent on Eα GrFa

(
P0Ṽa

)
.

Fix P ∈ H. Let P̃ ∈ H̃ be determined by ϕ
(
P̃
)

= P . We set Va,a,α := Eα GrFa
(
P0Ṽa

)
|P̃ .

Let fa,a,α be the nilpotent part of Res
(
D̃λ
)

on Va,a,α. For a neighbourhood YP of P in Y , we

set HP := YP ∩H, ỸP := ϕ−1(YP ) and H̃P := ϕ−1(HP ). We may assume that any a ∈ I
(
P̃
)

has a lift ã in H0
(
ỸP ,OỸP

(
∗H̃P

))
. From the set {(a, a, α)} ⊂ I

(
P̃
)
×]−1, 0]×C and the tuples

(Va,a,α, fa,a,α), we obtain a model filtered λ-flat bundle(
P∗Ṽ0, D̃λ0

)
:=
⊕
a,a,α

(
P∗Ṽa,a,α, D̃λa,a,α

)
on
(
ỸP , H̃P

)
. It is unramifiedly good and naturally G-equivariant. As the descent, we obtain

a good filtered λ-flat bundle
(
P∗V0,Dλ0

)
on (YP , HP ).

Lemma 3.21 (assume Condition 3.20). For any positive integer m, there exist a neighbour-
hood YP of P in Y and an isomorphism of filtered bundles Φm : P∗V0 ' P∗V|YP such that the
following holds:

� We set Φ̃m := ϕ∗(Φm) and A :=
(
Φ̃m

)∗(D̃λ)− D̃λ0 on ỸP . Let A =
∑
A(b,b,β),(a,a,α) be the

decomposition such that

A(b,b,β),(a,a,α) ∈ Hom
(
Ṽa,a,α, Ṽb,b,β

)
⊗ Ω1

ỸP
.

Then, we obtain the following for any c ∈ R:

A(b,b,β),(a,a,α) · PcṼa,a,α ⊂ Pc−10mṼb,b,β ⊗ Ω1
ỸP

(a 6= b),

A(a,b,β),(a,a,α) · PcṼa,a,α ⊂ PcṼa,b,β ⊗ Ω1
ỸP

(
log H̃P

)
, (a, α) 6= (b, β),

ResA(a,a,α),(a,a,α)

(
PcṼa,a,α

)
⊂ P<cṼa,a,α.

Here, P<cṼb,b,β =
⋃
d<c PdṼb,b,β.
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Proof. By [51, Proposition 2.4.4], for any large inter N , there exists a G-equivariant decompo-
sition of filtered bundles

P∗Ṽ|ỸP =
⊕

a∈I(P̃ )

P∗Ṽ(N)
a

on
(
ỸP , H̃P

)
such that the following holds.

� Let π
(N)
a denote the projection of P∗Ṽ|ỸP onto P∗Ṽ(N)

a , and let ι
(N)
a denote the inclusion

of P∗Ṽ(N)
a into P∗Ṽ|ỸP . Then, for any a 6= b and for any c ∈ R, we obtain

π
(N)
b ◦ D̃λ ◦ ι(N)

a

(
PcṼ(N)

a

)
⊂ Pc−2N Ṽ(N)

b ⊗ Ω1
ỸP
.

� For a, we set D̃λ(N)
a := π

(N)
a ◦ D̃λ ◦ ι(N)

a − da idṼ(N)
a

. Then, for any c ∈ R, we obtain

D̃λ (N)
(
PcṼ(N)

a

)
⊂ PcṼ(N)

a ⊗ Ω1
ỸP

(
log H̃P

)
,

D̃λ (N) ◦ D̃λ (N)
(
PcṼ(N)

a

)
⊂ Pc−N Ṽ(N)

a ⊗ Ω2
ỸP

(
log H̃P

)
.

Then, the claim of the lemma is clear. �

3.7 Perturbation of good filtered λ-flat bundles

3.7.1 Curve case

Let C be a Riemann surface with a finite subset D ⊂ C. Let
(
P∗V,Dλ

)
be a good filtered λ-flat

bundle on (C,D). We set e := rank(V)!. We choose η > 0 such that 10eη < g̃ap(P∗V).

For any 0 < 10 rank(V)ε ≤ η, and for any P ∈ D, let ψε,P be a map P̃ar(P∗V, P ) −→ R such
that (i) |ψε,P (b) − b| < 2ε, (ii) if e(b1 − b2) ∈ Z then ψε,P (b1) − b1 = ψε,P (b2) − b2. We define

ϕε,P : Z× P̃ar(P∗V, P ) −→ R by

ϕε,P (k, b) := ψε,P (b) + εk.

We take a ∈ RD as in Lemma 3.19. For each P ∈ D and b ∈ Par(P∗V,a, P ), we obtain
the endomorphism ResP

(
Dλ
)

of GrFb
(
PaV|P

)
. Let W•GrFb

(
PaV|P

)
denote the weight filtra-

tion associated with the nilpotent part of ResP (Dλ). For any (k, b) ∈ Z × Par(P∗V,a, P ),
we obtain the subspace Wk

(
Fb
(
PaV|P

))
as the pull back of Wk GrFb

(
PaV|P

)
by the projection

Fb
(
PaV|P

)
−→ GrFb

(
PaV|P

)
. We define the filtration F (ε) on PaV|P indexed by ]a(P )−1, a(P )]

as follows:

F (ε)
c

(
PaV|P

)
:=

∑
(k,b)∈Z×Par(P∗V,a,P )

ϕε,P (k,b)≤c

WkFb
(
PaV|P

)
.

We obtain the corresponding filtered bundle P(ε)
∗ V. Note the following lemma.

Lemma 3.22.
(
P(ε)
∗ V,Dλ

)
is a good filtered λ-flat bundle.

Proof. It is enough to consider the case where C is a neighbourhood of D = {P} = {0} in C.
We obtain ϕ : C̃ −→ C, D̃, G, and

(
P∗Ṽ, D̃λ

)
as in Section 3.5.1. We set ã := ea(P ) and

P̃ := ϕ−1(P ). For (k, b) ∈ Z× Par(P∗Ṽ, ã), we construct WkFb
(
PãṼ|P̃

)
as above.
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For b ∈ Par
(
P∗Ṽ, ã

)
, note that b/e ∈ P̃ar(P∗V), and we set

ϕ̃ε,P (k, b) := eψε,P (k, b/e) + keε.

We set

F
(ε)
d

(
PãṼ|P̃

)
:=

∑
ϕ̃ε,P (k,b)≤d

WkFb
(
PãṼ|P̃

)
.

We obtain the corresponding G-equivariant filtered bundle P(ε)
∗ Ṽ. We can easily observe that

ϕ∗P(ε)
∗ V ' P(ε)

∗ Ṽ by using 102e rank(V)ε < g̃ap(P∗V).

There exists the decomposition(
P∗Ṽ, D̃λ

)
⊗ C[[ζ]] =

⊕
a∈I

(
P∗Ṽa, D̃λa

)
,

as in (2.4). We apply the same procedure to each P∗Ṽa by using ϕ̃ε,P , and we obtain filtered

bundles P(ε)
∗ Ṽa for which D̃λa − da id are logarithmic. Because P(ε)

∗ Ṽ ⊗ C[[ζ]] =
⊕
P(ε)
∗ Ṽa, we

obtain that
(
P(ε)
∗ Ṽ, D̃λ

)
is unramifiedly good. Hence, we obtain that

(
P(ε)
∗ V,Dλ

)
is good. �

Suppose that C is compact and connected. We clearly obtain lim
ε→0

c1

(
P(ε)
∗ V

)
= c1(P∗V). The

following is also standard.

Lemma 3.23. Suppose that
(
P∗V,Dλ

)
is stable. Then, if ε > 0 is sufficiently small,

(
P(ε)
∗ V,Dλ

)
is also stable.

Proof. For any positive integer s ≤ rank(V), and for any P ∈ D, let T (s, P ) be the set of real
numbers expressed as∑

b∈Par(P∗V,a,P )

b sb,

where sb are non-negative integers such that
∑
sb = s. Let S(s) denote the set of real numbers

expressed as 1
s

(
m +

∑
P∈D cP

)
, where m ∈ Z and cP ∈ T (s, P ). Then,

⋃
0<s≤rankV S(s) is

discrete in R. Hence, there exists δ > 0 such that if t ∈
⋃

0<s≤rankV S(s) satisfies t < µ(P∗V),
we obtain t < µ(P∗V)− δ. Then, the claim of the lemma is clear. �

3.7.2 Surface case

Let X be a complex projective surface with a simple normal crossing hypersurface H =
⋃
i∈ΛHi.

Let
(
P∗V,Dλ

)
be a good filtered λ-flat bundle on (X,H). We shall explain a similar perturbation

of good filtered λ-flat bundles. Set e := rank(V)!. We choose η > 0 such that 0 < 10eη <
g̃ap(P∗V).

For any 0 < 10 rank(V)ε ≤ η, let ψε,i be a map P̃ar(P∗V, i) −→ R such that (i) |ψε,i(b) − b|
< 2ε, (ii) if e(b1−b2) ∈ Z then ψε,i(b1)−b1 = ψε,i(b2)−b2. We define ϕε,i : Z×Par(P∗V, i) −→ R
by ϕε,i(k, b) := ψε,i(b) + εk.

We take a ∈ RΛ for P̃ar(P∗V, i) (i ∈ Λ) as in Lemma 3.19. The eigenvalues of the endomor-
phism Resi

(
Dλ
)

on GrFb
(
PaV|Hi

)
are constant on Hi because Hi are compact. We obtain the

well defined nilpotent part Ni,b of Resi
(
Dλ
)
. There exists a finite subset Zi ⊂ Hi such that the

conjugacy classes of the nilpotent part of Ni,b|Q (Q ∈ Hi\Zi) are constant. We obtain the weight

filtration W of GrFb
(
PaV|Hi\Zi

)
by algebraic vector subbundles whose restriction to Q ∈ Hi \Zi
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are the weight filtration of Ni,b|Q. It uniquely extends to a filtration of GrFb
(
PaV|Hi

)
by algebraic

subbundles, which is also denoted by W .
For any (k, b) ∈ Z×Par(P∗V,a, i), let WkFb

(
PaV|Hi

)
denote the subbundle of PaV|Hi obtai-

ned as the pull back of Wk GrFb
(
PaV|Hi

)
by the projection Fb

(
PaV|Hi

)
−→ GrFb

(
PaV|Hi

)
.

We define the filtration F (ε) on PaV|Hi indexed by ]ai − 1, ai] as follows:

F (ε)
c PaV|Hi :=

∑
(k,b)∈Z×Par(P∗V,a,i)

ϕε,i(k,b)≤c

WkFbPaV|Hi .

We obtain the corresponding filtered bundle P(ε)
∗ V over V. As in the curve case (see Lemma 3.22),

we obtain the following.

Lemma 3.24.
(
P(ε)
∗ V,Dλ

)
is a good filtered λ-flat bundle.

We clearly have lim
ε→0

c1

(
P(ε)
∗ V

)
= c1(P∗V) and lim

ε→0
ch2

(
P(ε)
∗ V

)
= ch2(P∗V). The following is

standard, and similar to Lemma 3.23. (See also [46, Proposition 3.28].)

Lemma 3.25. Let L be an ample line bundle on X. Suppose that
(
P∗V,Dλ

)
is µL-stable. Then,

if ε is sufficiently small,
(
P(ε)
∗ V,Dλ

)
is also µL-stable.

3.8 Some families of auxiliary metrics on a punctured disc

3.8.1 Regular model case

Let V be a finite dimensional vector space over C with a nilpotent endomorphism f . Let
(a, α) ∈ R×C. Let X be a neighbourhood of 0 in C. We set H := {0}. We set V = OX(∗H)⊗V .
From (a, α) and (V, f), we obtain a model filtered λ-flat bundle

(
P∗V,Dλ

)
by applying the

construction in Section 3.6.1 in the case a = 0 and e = 1.
Fix 0 < η < 1. For any 0 ≤ 10 rank(V)ε ≤ η, we take a(ε) such that |a − a(ε)| < 2ε, and

we obtain the regular filtered λ-flat bundle
(
P(ε)
∗ V,Dλ

)
as in Section 3.7.1. We set E := V|X\H .

We consider the Kähler metric gε :=
(
η2|z|2η−2 + ε2|z|2ε−2

)
dz dz of X \H.

Proposition 3.26. There exist Hermitian metrics h(ε) of E for 0 ≤ 10 rank(V)ε ≤ η such that
the following holds:

� Ph(ε)

∗ E = P(ε)
∗ V.

� h(0) is a Hermitian metric of
(
E,Dλ

)
, and h(ε) → h(0) in the C∞-sense locally on X \H.

� There exist Ci > 0 (i = 0, 1, 2) such that the following conditions are satisfied for any ε:∣∣G(h(ε)
)∣∣
gε,h(ε) ≤ C0, C−1

1 |z|
2 rank(V)εh(0) ≤ h(ε) ≤ C1|z|−2 rank(V)εh(0),

C−1
2 det(h0) ≤ det

(
h(ε)
)
≤ C2 det

(
h(0)

)
.

� Let B
(ε)
i (i = 1, 2) be the C∞-endomorphisms of E determined by the condition Dλ?

h(ε)(v) =

B
(ε)
1 (v) dz/z +B

(ε)
2 (v) dz/z for v ∈ V . Then, there exists C3 > 0 such that

∣∣B(ε)
i

∣∣
h(ε) ≤ C3

holds for any ε.

Moreover, for any v1, v2 ∈ V , h(ε)(v1, v2) depends only on |z|, where vj are naturally regarded
as holomorphic sections of V.

In the case λ 6= 0, such a family of Hermitian metrics h(ε) is constructed in [49, Sections 4.3
and 4.4.1]. We shall explain the case λ = 0 in Section 3.8.4.
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3.8.2 General case

Let S0 be a finite set. Let S1 be a finite subset of ]0, 1]. Let S2 be a finite subset of C. Let
Vi,a,α ((i, a, α) ∈ S0 × S1 × S2) be finite dimensional C-vector spaces equipped with a nilpotent
endomorphism fi,a,α. Set r :=

∑
dimVi,a,α and e := r!. Take η > 0 such that

10eη < min
{
|a− b| | a, b ∈ S1 ∪ {0, 1}, a 6= b

}
.

As in Section 3.8.1, we obtain the regular filtered λ-flat bundles
(
P∗Vi,a,α,Dλi,a,α

)
from

(Vi,a,α, fi,a,α). For 0 ≤ ε < η/10r, we take a(ε) such that |a − a(ε)| < 2ε, and we obtain(
P(ε)
∗ Vi,a,α,Dλi,a,α

)
. We set Ei,a,α := Vi,a,α|X\H . We obtain the metrics h

(ε)
i,a,α of Ei,a,α as in Pro-

position 3.26. We set P(ε)
∗ V :=

⊕
P(ε)
∗ Vi,a,α and h(ε) :=

⊕
h

(ε)
i,a,α.

Fix a positive integer m and a positive number C. We consider the following data:

� For each i ∈ S0, let a(i) denote a polynomial
∑m

j=1 a(i)jz
−j ∈ z−1C

[
z−1
]

such that
|a(i)j | ≤ C.

� Let A be a holomorphic section of End(V) with the decomposition A =
∑
A(j,b,β),(i,a,α),

where

A(j,b,β),(i,a,α) ∈ Hom(Vi,a,α,Vj,b,β)

If i 6= j, we obtain |A(j,b,β),(i,a,α)|h(0) ≤ C|z|10m, and if i = j, we obtain |A(i,b,β),(i,a,α)|h(0)

≤ C|z|4η.

We define the flat λ-connection Dλ on V as follows:

Dλ =
⊕
i,a,α

(
da(i) idVi,a,α +Dλi,a,α

)
+A

dz

z
.

Let gε be the Kähler metrics of X \H as in Section 3.8.1.

Proposition 3.27. There exists a constant C ′ depending only on m and C such that∣∣G(h(ε)
)∣∣
gε,h(ε) ≤ C ′.

3.8.3 A consequence

Let Y be a neighbourhood of 0 in C. We set H := {0}. Let
(
P∗V,Dλ

)
be any good filtered λ-

flat bundle on (Y,H). Let
(
E,Dλ

)
be the λ-flat bundle obtained as the restriction of

(
P∗V,Dλ

)
to Y \H. We set e := rank(V)!. Let ϕ be as in Section 3.6, and we set

(
P∗Ṽ, D̃λ

)
:= ϕ∗

(
P∗V,Dλ

)
.

We take η > 0 such that 10eη < g̃ap(P∗V). Let g be the Kähler metric η2|z|2η−2 dz dz of Y \H.
By using a special case of Proposition 3.27, we obtain the following corollary.

Corollary 3.28. There exists a Hermitian metric h of
(
E,Dλ

)
such that (i) Ph∗E = P∗V,

(ii) |G(h)|h,g is bounded on Y \H.

Proof. Let
(
P∗V0,Dλ0

)
be a model filtered λ-flat bundle with an isomorphism Φm : P∗V0 '

P∗V as in Lemma 3.21, where m is a sufficiently large integer. We recall that
(
P∗V0,Dλ0

)
is obtained as the descent of the G-equivariant model filtered λ-flat bundle

(
P∗Ṽ0, D̃λ0

)
=⊕

a,a,α

(
P∗Va,a,α,Dλa,a,α

)
, and Φm is induced by a G-equivariant isomorphism P∗Ṽ0 ' P∗Ṽ.

Let h̃
(0)
0 be the Hermitian metric of Ṽ

0|Ỹ \H̃ as in Proposition 3.26 with ε = 0. By the isomor-

phism Φ̃m, it induces a G-equivariant Hermitian metric h̃ of Ṽ|Ỹ \H̃ . Applying Proposition 3.27

to
(
P∗Ṽ, D̃λ

)
with h̃, we obtain the boundedness of G

(
h̃
)

with respect to ϕ∗g and h̃. Because h̃
is G-equivariant, we obtain the Hermitian metric h of E which has the desired property. �
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3.8.4 Proof of Proposition 3.26

Let V2 := C v1 ⊕ Cv2 with the nilpotent map determined by f2(v1) = v2 and f2(v2) = 0.
We obtain V2 = V2 ⊗ OX(∗H) and the Higgs field θ2 determined by θ2(v) = f2(v) dz/z. Let(
E2, ∂E2 , θ2

)
be the Higgs bundle on X \H obtained as the restriction of (V2, θ2). For any ε > 0,

we set Lε(z) := ε−1(|z|−ε − |z|ε). We also set L0 := − log |z|2.

Lemma 3.29. We obtain L0(z) ≤ Lε(z) ≤ |z|−εL0(z). There exists C > 0 such that∣∣∂z logLε(z)
∣∣ ≤ C|z|−1

on {|z| ≤ 1/2} for any 0 ≤ ε ≤ 1/2.

Proof. As proved in [49, Section 4.2], L0(z) ≤ Lε(z) holds. We set g1(ε) := −ε log |z|2 −
(
1 −

|z|2ε
)

for any z ∈ ∆∗ and for ε > 0. It is easy to check that ∂εg1(ε) ≥ 0 and lim
ε→0

g1(ε) = 0. Hence,

we obtain Lε(z) ≤ |z|−εL0(z). For 0 < a < 1 and 0 < ε, we set g2(ε, a) := ε
2(a−ε−aε)−1(a−ε+aε).

Then, ∂ logLε(z) = −g2(ε, |z|)dz
z . Then, we can check that ∂ag2(ε, a) ≥ 0 and ∂εg2(ε, a) ≥ 0.

Then, we obtain the second claim of the lemma. �

Let h
(ε)
2 be the C∞-metric of E2 given by

h
(ε)
2 (v1, v1) = Lε, h

(ε)
2 (v2, v2) = L−1

ε , h
(ε)
2 (v1, v2) = 0.

Lemma 3.30.
(
E2, ∂E2 , θ2, h

(ε)
2

)
are harmonic bundles. Moreover, the family of metrics h

(ε)
2

satisfies the condition in Proposition 3.26 for (P∗V2, θ2).

Proof. Let Hε be the matrix valued function on X \ D determined by (Hε)i,j := h
(ε)
2 (vi, vj).

Then, the following holds:

∂
(
H−1
ε ∂Hε

)
=

(
∂∂ logLε 0

0 −∂∂ logLε

)
=

(
−1 0
0 1

)
ε2|z|−2 dz dz(
|z|−ε − |z|ε

)2
= −

(
−1 0
0 1

)
L−2
ε

dz dz

|z|2
.

Let Θ be the matrix valued function representing θ2 with respect to the frame (v1, v2), i.e.,

θ2(v1, v2) = (v1, v2)Θ. Let θ†
2,h(ε) denote the adjoint of θ2 with respect to h

(ε)
2 . Let Θ†ε denote

the matrix valued function representing θ†
2,h(ε) . The following holds:

Θ =

(
0 0
1 0

)
dz

z
, Θ†ε =

(
0 1
0 0

)
L−2
ε

dz

z
.

Hence, we obtain

[
Θ,Θ†ε

]
=

(
−1 0
0 1

)
· L−2

ε ·
dz dz

|z|2
.

It implies that

∂
(
H−1
ε ∂Hε

)
+
[
Θ,Θ†ε

]
= 0.

It is exactly the Hitchin equation for
(
E2, ∂E2 , θ2, h2,ε

)
. The other claim is easy to see. �
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For each ` ∈ Z>0, we set (V`, f`) := Sym`−1(V2, f2). We set V` := V` ⊗ OX(∗H) and

θ` := f` dz/z. We obtain the regular filtered Higgs bundles
(
P(ε)
∗ V`, θ`

)
. Note that

(
P(ε)
∗ V`, θ`

)
is naturally isomorphic to the (`− 1)-th symmetric product of

(
P(ε)
∗ V2, θ2

)
. Hence, h

(ε)
2 induce

harmonic metrics h
(ε)
` of

(
E`, ∂E` , θ`

)
:= (V`, θ`)|X\H satisfying the conditions in Proposition 3.26

for
(
P(ε)
∗ V`, θ`

)
.

Let (V, f), (a, α) and (V, θ) be as in Section 3.8.1. There exist integers `1, . . . , `n such that

(V, f) '
n⊕
j=1

(
V`j , f`j

)
.

We obtain P(ε)
∗ V '

⊕
P(ε)
∗ V`j . We obtain the harmonic metrics

⊕n
j=1 |z|−2a(ε)h

(ε)
`j

for
(
E, ∂E , θ

)
.

We can easily check that they satisfy the conditions in Proposition 3.26 for (P∗V, θ). �

3.8.5 Proof of Proposition 3.27

We set Φ :=
⊕

i,a,α da(i) idVi,a,α and Dλ reg :=
⊕
Dλi,a,α. Let Φ†

h(ε) and A†
h(ε) denote the adjoint

of Φ and A with respect to h(ε), respectively. We obtain the decompositions Dλ = Dλ reg +
Φ + Adz/z and Dλ?

h(ε) = Dλ reg ?

h(ε) − Φ†
h(ε) − A

†
h(ε) dz/z. Note that

[
Dλ reg,Φ†

h(ε)

]
=
[
Dλ reg ?

h(ε) ,Φ
]

=[
Φ,Φ†

h(ε)

]
= 0. By the assumption, we obtain∣∣[Φ, A†
h(ε)

]∣∣
gε,h(ε) =

∣∣[Φ†
h(ε) , A

]∣∣
gε,h(ε) ≤ 2η−2C2C2

1 |z|5m−4 rank(V)ε−2η.

We also obtain
∣∣[A,A†

h(ε)

]∣∣
h(ε) ≤ 2C2C2

1 |z|4η−4 rank(V)ε. Because[
Dλ reg ?

h(ε) , Adz/z
]

=
[
B

(ε)
2 , A

]
|z|−2dz dz,

we obtain∣∣[Dλ reg ?

h(ε) , Adz/z
]∣∣
gε,h(ε) =

∣∣∣[Dλ reg, A†
h(ε) dz/z

]∣∣
gε,h(ε) ≤ C3C|z|2η.

Hence, we obtain the desired estimate for G
(
h(ε)
)

=
[
Dλ,Dλ?

h(ε)

]
. �

3.9 Estimate of the curvature for Hermitian–Einstein metrics
of a Higgs bundle

Let X be a complex surface. Let
(
E, ∂E , θ

)
be a Higgs bundle on X. Let gi be a sequence

of Kähler metric on X which is convergent to a Kähler metric g∞ in the C∞-sense locally
on X. Let hi (i = 1, 2, . . .) be Hermitian–Einstein metrics of the Higgs bundle. We assume the
following:

�

∫
X |G(hi)|2hi,gi → 0.

Let ∇hi be the Chern connection of
(
E, ∂E , hi

)
. Let R(hi) denote the curvature of ∇hi .

The following proposition is a refinement contained in the argument in [46, Section 9.1.1].

Proposition 3.31. For any relatively compact open subset U ⊂ X, and for any p ≥ 1, the
Lp2-norms of R(hi)|U with respect to hi and g∞ are bounded.

Proof. Let P be any point of X. Let (XP , z1, z2) be a holomorphic coordinate neighbourhood
of X around P . Let us describe θ as θ =

∑
j=1,2 fj dzj . Let XP,0 be a relatively compact
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neighbourhood of P in XP . According to [46, Lemma 2.13], there exist Ck > 0 (k = 1, 2), which
are independent of hi, such that the following inequalities hold on XP,0:

|fj |2hi ≤ C1 · exp

(
C2

∫
X
|G(hi)|2hi

)
.

(Note that G(hi) is denoted as F (hi) in [46].) Let ε denote a positive number. After rescaling
the coordinate system, we may assume the following on XP,0:∑

|fj |2hi ≤ ε/100.

There exists i0 such that for i ≥ i0 we obtain
∫
|G(hi)|2hi,gi ≤ ε/100. Because the L2-norms are

scale invariant, we obtain∫
XP,0

∣∣R(hi)
∣∣2
hi,gi,P

≤ ε/10.

Let XP,1 be a relatively compact neighbourhood of P in XP,0. If ε is sufficiently small, by the
theorem of Uhlenbeck [74, Corollary 2.2], there exists an orthonormal frame vi of (E, hi)|XP,1
for each i such that the connection form Ai of ∇hi with respect to vi satisfies (i) Ai is L2

1,
(ii) ‖Ai‖L2

1
≤ C3‖R(hi)‖L2 on XP,1 for a positive constant C3 independently from i, (iii) Ai

satisfies d∗gi,PAi = 0, where d∗gi,P denotes the adjoint of d with respect to the metric gi,P . Let Θi

and Θ†i represent θ and θ†hi with respect to the frame vi. Then, Ai satisfies

ΛgP,i(dAi +Ai ∧Ai) + ΛgP,i
[
Θi,Θ

†
i

]
= 0.

Let XP,2 be a relatively compact neighbourhood of P in XP,1. By the argument of Donaldson
in the proof of [15, Corollary 23], we obtain that Ai are Lp1 for any p ≥ 2 on XP,2, and that there
exists C4,p > 0 such that ‖Ai‖Lp1 ≤ C4,p on XP,2, where C4,p are independent of i. In particular,

there exists C5,p > 0 independently from i such that
∥∥R(hi)|XP,2

∥∥
Lp
≤ C5,p.

Let Ai = A0,1
i + A1,0

i be the decomposition into the (0, 1)-part and the (1, 0)-part. Because

∂θ = 0, we obtain ∂Θi +
[
A0,1
i ,Θi

]
= 0. Hence, there exist C6,p > 0 independently from i such

that
∥∥Θi|XP,2

∥∥
Lp2
≤ C6,p.

Note that ∂ER(hi) = 0 and ∂E,hiR(hi) = 0. Let ∂
∗
E,hi,gi,P

denote the formal adjoint of ∂E

with respect to hi and gi,P . Because Λgi,PR(hi) + Λgi,P
[
θi, θ

†
i

]
= 0, there exists C7,p > 0 such

that
∥∥∂∗E,hi,gi,PR(hi)|XP,2

∥∥
Lp1

< C7,p. Let XP,3 be a relatively compact neighbourhood of P

in XP,2. There exists C8,p > 0 independently from i such that
∥∥R(hi)|XP,3

∥∥
Lp2
< C8,p. It implies

the claim of the proposition. �

4 Existence and continuity of harmonic metrics
in the curve case

4.1 Existence of Hermitian–Einstein metric

Let X be a compact Riemann surface. Let D ⊂ X be a finite subset. Let
(
P∗V,Dλ

)
be a stable

good filtered λ-flat bundle on (X,D). Let
(
E,Dλ

)
be the λ-flat bundle on X \ D obtained

as the restriction of
(
V,Dλ

)
. Let ω be any Kähler form of X. Let hdet(E) be a Hermitian

metric of det(E) such that (i) ΛωR(hdet(E)) = 2π deg(P∗V)
( ∫

X ω
)−1

, (ii) hdet(E) is adapted

to P∗ det(V), i.e., Phdet(E)
∗ det(E) ' P∗ det(V). (See Proposition 3.2.)
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Theorem 4.1 (Biquard–Boalch). There exists a unique Hermitian–Einstein metric h of
(
E,Dλ

)
adapted to P∗V such that det(h) = hdet(E). If deg(P∗V) = 0, h is a harmonic metric.

Proof. It is enough to prove the case deg(P∗V) = 0. We explain an outline of the proof based
on the fundamental theorem of Simpson [62, Theorem 1] (and its variant [49, Proposition 2.49])
because we obtain a consequence on the Donaldson functional from the proof, which will be
useful in the proof of Proposition 4.5 below. Set e := rank(V)!. Take η > 0 such that 10eη <
g̃ap(P∗V,a). (See Section 3.5.4 for g̃ap.)

Let
(
XP , zP

)
be an admissible coordinate neighbourhood around P . Set X∗P := XP \ {P}.

We take a Kähler metric gX\D of X \D satisfying the following condition:

� gX\D|X∗P is mutually bounded with |zP |−2+ηdzP dzP on X∗P for each P ∈ D.

Recall that the Kähler manifold (X \D, gX\D) satisfies the assumptions given in [62, Section 2],
according to [62, Proposition 2.4].

Lemma 4.2. There exists a Hermitian metric h0 of E such that the following holds:

(a)
(
E,d′′E , h0

)
is acceptable, and Ph0

∗ E = P∗V.

(b) G(h0) is bounded with respect to h0 and gX\D.

(c) det(h0) = hdet(E).

Proof. By Corollary 3.28, we obtain a Hermitian metric h′0 of E satisfying (a) and (b). We define
the function ϕ : X \ D −→ R by hdet(E) = det(h′0)eϕ. Then, ϕ induces a C∞-function on X.

We set h0 := h′0eϕ/ rank(E). Then, the metric h0 has the desired property. �

For any λ-flat subbundle E′ ⊂ E, let h′0 denote the Hermitian metric of E′ induced by h0.
Let DλE′ denote the Higgs field of E′ obtained as the restriction of Dλ. We obtain the Chern
connection ∇h′0 from the (0, 1)-part of DλE′ and h′0. Let R(h′0) denote the curvature of ∇h′0 .
We set

deg(E′, h0) :=

√
−1

2π

1

1 + |λ|2

∫
X\D

TrG
(
E′,DλE′ , h

′
0

)
=

√
−1

2π

∫
X\D

TrR(h′0).

Let ΛgX\D,η denote the adjoint of the multiplication by the Kähler form associated with gX\D,η.
Because G(h0) is bounded with respect to h0 and gX\D,η, deg(E′, h0) is well defined in R∪{−∞}
by the Chern–Weil formula [62, Lemma 3.2] (see also [49, Lemma 2.34]):

deg(E′, h0) =

√
−1

2π

1

1 + |λ|2

∫
Tr
(
ΛgX\D,ηG(h0)πE′

)
− 1

2π

1

1 + |λ|2

∫ ∣∣DλπE′∣∣2.
Here, πE′ denotes the orthogonal projection E −→ E′ with respect to h0.

Lemma 4.3. deg(E′, h0)/ rank(E′) < deg(E, h0)/ rank(E) holds. Namely, (E,Dλ, h0) is ana-
lytically stable in the sense of [63, Section 6] (see also [49, Section 2.3]).

Proof. By [63, Lemma 6.1], we have deg(E, h0) = deg
(
Ph0
∗ E

)
= 0. Let 0 6= E′ ( E be a λ-

flat subbundle on X \ D. By [63, Lemma 6.2], if deg(E′, h0) 6= −∞, E′ extends to a filtered

subbundle Ph
′
0
∗ E

′ ⊂ Ph0
∗ E, and deg(E′, h0) = deg

(
Ph
′
0
∗ E

′) holds. Because (Ph0
∗ E,Dλ) is assumed

to be stable, we obtain deg(E′, h0)/ rankE′ < deg
(
Ph0
∗ E

)
/ rankE = 0. Hence,

(
E, ∂E , θ, h0

)
is

analytically stable. �

According to the existence theorem of Simpson [62, Theorem 1] (see also [49, Proposi-
tion 2.49]), there exists a Hermitian–Einstein metric h of

(
E,Dλ

)
such that det(h) = det(h0) and

that h and h0 are mutually bounded. We already know the uniqueness as in Proposition 2.22.
Thus, we obtain Theorem 4.1. �
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4.1.1 Complement on the Donaldson functional

Let h0 and gX\D be as in the proof of Theorem 4.1. Let H(h0) be the space of C∞-Hermitian
metrics h1 of E satisfying the following condition:

� Let u1 be the endomorphism of E such that (i) h1 = h0eu1 , (ii) u1 is self-adjoint with
respect to both h0 and h1. Then, supQ∈X\D |u1|h0(Q) + ‖Dλu1‖L2 +

∥∥DλDλ?h0
u1

∥∥
L1 < ∞.

Here, we use the Lp-norms induced by h0 and gX\D.

The Donaldson functional M(h0, •) : H(h0) −→ R is defined as in [62, Section 5] and [49,
Section 2.4].

Proposition 4.4. Let h be the Hermitian–Einstein metric in Theorem 4.1. Then, h is contained
in H(h0), and M(h0, h) ≤ 0 holds.

Proof. Let b be the automorphism of E which is self-adjoint with respect to both h and h0,
and determined by h = h0 · b. The theorem of Simpson [62, Theorem 1] (see also [49, Pro-
position 2.49]) implies that b and b−1 are bounded, and that Dλb is L2 with respect to h0

and gX\D. By [62, Lemma 3.1] (see also [49, Section 2.2.5]), we also obtain DλDλ?h0
b is L1.

Hence, h is contained in H(h0). In the proof of [62, Theorem 1] and [49, Proposition 2.39],
the metric h is constructed as the limit of a subsequence of the heat flow ht (t ≥ 0) for which
∂tM(h0, ht) ≤ 0 holds. Because M(h0, h0) = 0 by the construction, we obtain M(h0, ht) ≤ 0,
and hence M(h0, h) ≤ 0. �

4.2 Continuities of some families of Hermitian metrics

4.2.1 Setting

Family of curves. Let Σ be a compact connected oriented real 2-dimensional C∞-manifold
with a finite subset D ⊂ Σ. Let Ji (i = 1, 2, . . .) be a sequence of complex structures on Σ such
that the sequence Ji is convergent to J in the C∞-sense. Assume that there exists a neigh-
bourhood N(D) of D in Σ such that Ji|N(D) are independent of i. Let Xi denote the compact
Riemann surfaces (Σi, Ji). Similarly, let X denote the compact Riemann surface (Σ, J). Let
κi : (TΣ, J) ' (TΣ, Ji) be isomorphisms of complex vector bundles on Σ such that (i) κi → id,
(ii) κi|N(D) = id. We regard κi as isomorphisms of complex vector bundles TX ' TXi.

For P ∈ D, let (XP , zP ) denote an admissible coordinate neighbourhood of P in X such
that XP ⊂ N(D). We may regard

(
XP , zP

)
as a holomorphic coordinate neighbourhood of P

in Xi. Let r be a positive integer, and set e := r!. As in Section 3.5.1, let ϕP : X̃P −→ XP be
the ramified covering given by ϕP (ζP ) = ζeP . Let GP denote the Galois group of the ramified
covering ϕP .

Family of good filtered λ-flat bundles. Let
(
P∗V,Dλ

)
be a stable good filtered λ-flat

bundle of rank r on (X,D) with deg(P∗V) = 0. Let
(
P∗Vi,Dλi

)
be stable good filtered λ-flat

bundles of rank r on (Xi, D) with deg(P∗Vi) = 0. For each P ∈ D, we set
(
P∗VP ,DλP

)
:=(

P∗V,Dλ
)
|XP

and
(
P∗Vi,P ,Dλi,P

)
:=

(
P∗Vi,Dλ

)
|XP

. Set
(
P∗ṼP , D̃λP

)
:= ϕ∗P

(
P∗VP ,DλP

)
and(

P∗Ṽi,P , D̃λi,P
)

:= ϕ∗P
(
P∗Vi,P ,Dλi,P

)
. There exist GP -invariant subsets I(P ), I(i, P ) ⊂ ζ−1

P C[ζ−1
P ]

and the formal decompositions(
P∗ṼP , D̃λP

)
⊗ C[[ζ]] =

⊕
a∈I(P )

(
P∗ṼP,a, D̃λP,a

)
,

(
P∗Ṽi,P , D̃λi,P

)
⊗ C[[ζ]] =

⊕
a∈I(i,P )

(
P∗Ṽi,P,a, D̃λi,P,a

)
,
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for each P ∈ D. Suppose moreover that there exist GP -invariant bijections ρi,P : I(P ) ' I(i, P )
such that the following holds:

� rank ṼP,a = rank Ṽi,P,ρi,P (a).

� ord a = ord ρi,P (a) and ord(a− b) = ord
(
ρi,P (a)− ρi,P (b)

)
.

� lim
i→∞

ρi,P (a) = a in ζ−1C
[
ζ−1
]
.

We fix such bijections ρi,P . Let πP,a denote the projection P∗ṼP⊗C[[ζ]] −→ P∗ṼP,a. Similarly,

let πi,P,a denote the projection P∗Ṽi,P ⊗ C[[ζ]] −→ P∗Ṽi,P,a.

C∞-isomorphisms. We set
(
E,Dλ

)
:=
(
V,Dλ

)
|X\D and

(
Ei,Dλi

)
:=
(
Vi,Dλi

)
|Xi\D

. Let h0

denote C∞-metrics of E adapted to P∗V such that R(det(h0)) = 0. Let h0,i denote C∞-
metrics of Ei adapted to P∗Vi such that R(det(h0,i)) = 0. Let d′′ and d′′i denote the (0, 1)-parts
of Dλ and Dλi . Suppose that there exist C∞-isomorphisms fi : E ' Ei satisfying the following
conditions:

� f∗i (h0,i)→ h0 in the C∞-sense locally on Σ \D.

� On N(D)\D, fi are holomorphic with respect to d′′ and d′′i , and fi extend to isomorphisms
of filtered bundles P∗V|N(D) ' P∗Vi|N(D).

� For each P ∈ D, we obtain GrFc
(
fi|XP

)
◦ResP (Dλ) = ResP

(
Dλi
)
◦GrFc

(
fi|XP

)
on GrFc (VP )

for any c ∈ R. Moreover, there exists N(P ) ≥ 10 rank(V)| ord a| for any a ∈ I(P ) such
that for the induced isomorphisms ϕ∗P

(
fi|XP

)
: P∗ṼP ⊗ C[[ζ]] ' P∗Ṽi,P ⊗ C[[ζ]], we obtain(

πP,a − ϕ∗P
(
fi|XP

)−1 ◦ πi,P,ρi,P (a) ◦ ϕ∗P
(
fi|XP

))
P∗ṼP ⊗ C[[ζ]]

⊂ P∗−N(P )Ṽi,P ⊗ C[[ζ]], (4.1)

and the sequences (4.1) are convergent to 0 as i→∞.

� Dλ − (fi ⊗ κi)−1 ◦ Dλi ◦ fi → 0 in the C∞-sense with respect to h0 locally on Σ \D.

Perturbation. We take ηi (i = 1, 2) satisfying 10eη1 < g̃ap(P∗V) and 10rη2 < η1. We take

a ∈ RD for P̃ar(P∗V, P ) (P ∈ D) as in Lemma 3.19. For any 0 < ε < η2, by taking ψP,ε

(P ∈ D) as in Section 3.7.1, we obtain families of good filtered λ-flat bundles
(
P(ε)
∗ V,Dλ

)
and(

P(ε)
∗ Vi,Dλi

)
. We assume the following for each P ∈ D:∑

a(P )−1<c≤a(P )

ψP,ε(c) rank GrFc
(
PaV|P

)
=

∑
a(P )−1<c≤a(P )

c rank GrFc
(
PaV|P

)
.

In particular, deg(P∗V) = deg
(
P(ε)
∗ V

)
and deg(P∗Vi) = deg

(
P(ε)
∗ Vi

)
hold. By making η2

smaller, we may assume that
(
P(ε)
∗ V,Dλ

)
are stable for any 0 ≤ ε ≤ η2.

4.2.2 Continuity of the family of harmonic metrics

According to Theorem 4.1, there exists a harmonic metric h
(ε)
i of

(
Ei,Dλ

)
adapted to P(ε)

∗ Vi
such that deth

(ε)
i = deth0,i. Similarly, there exists a harmonic metric h(0) of

(
E,Dλ

)
adapted

to P∗V such that deth(0) = deth0. The following proposition is a variant of [49, Propositions 4.1
and 4.2].

Proposition 4.5. For any sequence εi → 0, the sequence h
(εi)
i is convergent to h(0) locally

on X \D in the C∞-sense.
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Proof. For 0 ≤ ε ≤ η2, let gX\D,ε be the Kähler metric on X \D such that the following holds
on X∗P for any P ∈ D:

gX\D,ε|X∗P =
(
ε2|zP |2ε + η2

1|zP |2η1
)
|zP |−2dzP dzP .

Let Λε denote the adjoint of the multiplication by the Kähler form ωX\D,ε associated with gX\D,ε.

By the isomorphisms κi : (TΣ, J) ' (TΣ, Ji) and the metrics gX\D,ε, we obtain the Kähler
metrics gXi\D,ε of Xi \ D. Let Λi,ε denote the adjoint of the multiplication by the Kähler
form ωXi\D,ε associated with gXi\D,ε.

There exists an approximation of
(
P∗V,Dλ

)
|XP

by a model filtered λ-flat bundle as in Sec-

tion 3.6. By using a family of Hermitian metrics for the model λ-flat bundle as in Proposi-

tion 3.26, and by using Proposition 3.27, we construct a family of metrics h
(ε)
in (0 ≤ ε ≤ η2) of E

such that the following holds:

� h
(ε)
in is adapted to P(ε)

∗ V.

� deth
(ε)
in = deth0.

� h
(ε)
in −→ h

(0)
in locally on X \D in the C∞-sense as ε −→ 0.

� There exists C1 > 0 such that
∣∣G(h(ε)

in

)∣∣
gX\D,ε,h

(ε)
in

< C1 for any ε.

Let νi be the function on Xi \D determined by
(
f−1
i

)∗
(deth0) = eνi dethi,0. We obtain the

Hermitian metrics h
(ε)
i,in := eνi/ rankV(f−1

i

)∗(
h

(ε)
in

)
(0 ≤ ε ≤ η2) of Ei. Then, by Proposition 3.27,

we obtain the following:

� h
(ε)
i,in is adapted to P(ε)

∗ Vi.

� deth
(ε)
i,in = dethi,0.

� h
(ε)
i,in −→ h

(0)
i,in locally on X \D in the C∞-sense as ε −→ 0.

� By replacing C1 with a larger constant, we may assume
∣∣G(h(ε)

i,in

)∣∣
gXi\D,ε,h

(ε)
i,in

< C1 for any

ε and any i.

Lemma 4.6. Let u(i) (εi → 0) be automorphisms of Ei which are self-adjoint with respect to h
(εi)
i,in

such that the following holds:

� Tr
(
u(i)
)

= 0.

� h
(εi)
i,in eu

(i) ∈ H
(
h

(εi)
in

)
, i.e., sup

∥∥u(i)
∥∥
h

(εi)
i,in

+
∥∥Dλi u(i)

∥∥
L2 +

∥∥Dλi Dλ?i,h(εi)
i,in

u(i)
∥∥
L1 < ∞, where

the Lp-norms are taken with respect to h
(εi)
i,in and gXi\D,εi. We do not assume that the

estimate is uniform in i.

� There exists C2 > 0 such that
∣∣Λi,εiG(h(εi)

i,in eu
(i))∣∣

h
(εi)
i,in

< C2 for any i.

Then, there exists C3, C4 > 0 such that the following holds for any εi

sup
∣∣u(i)

∣∣
h

(εi)
i,in

< C3 + C4M
(
h

(εi)
i,in , h

(εi)
i,in eu

(i))
.

Proof. By identifying the vector bundles Ei and E by fi, we apply the same argument as in
the proof of [49, Lemma 2.45]. �



Good Wild Harmonic Bundles and Good Filtered Higgs Bundles 43

Let b
(ε)
i,1 be the automorphism of Ei which is self-adjoint with respect to h

(ε)
i,in and h

(ε)
i and

determined by h
(ε)
i = h

(ε)
i,inb

(ε)
i,1 . Note that det(b

(ε)
i,1) = 1. Take any sequence εi → 0. By Propo-

sition 4.4 and Lemma 4.6, there exists a constant C10 > 0 such that the following holds for
any i:

sup
Q∈Xi\D

∣∣b(εi)i,1|Q
∣∣
h

(εi)
i,in

< C10, sup
Q∈Xi\D

∣∣(b(εi)i,1|Q
)−1∣∣

h
(εi)
i,in

< C10.

Lemma 4.7.
∫

Λi,εi
(
∂Xi∂Xi Tr

(
b
(εi)
i,1

))
ωXi\D,εi = 0 holds.

Proof. We use Proposition 4.4. Because Dλi Dλ?i b
(εi)
i,1 is L1 with respect to h

(εi)
i,in and gXi\D,εi ,

we obtain that Λi,εi∂Xi∂Xi Tr
(
b
(εi)
i,1

)
is L1 with respect to gXi\D,εi . Because Dλi b

(εi)
i,1 is L2 with

respect to gXi\D,εi and h
(εi)
i,in , we obtain that ∂Xi Tr

(
b
(εi)
i,1

)
is L2 with respect to gXi\D,εi . Therefore,

we obtain the claim of the lemma by using [62, Lemma 5.2]. �

By [62, Lemma 3.1], the following holds:

√
−1Λi,εi∂Xi∂Xi Tr

(
b
(εi)
i,1

)
= −Tr

(
b
(εi)
i,1 Λi,εiG

(
h

(εi)
i,in

))
−
∣∣Dλi (b(εi)i,1

)
·
(
b
(εi)
i,1

)−1/2∣∣2
h

(εi)
i,in ,gXi\D,εi

.

Therefore, there exists C12 > 0 such that the following holds for any i:∫ ∣∣Dλi b(εi)i,1

∣∣2
h

(εi)
i,in ,gXi\D,εi

ωXi\D,εi < C12.

We also obtain∫ ∣∣Dλ?i b(εi)i,1

∣∣2
h

(εi)
i,in ,gXi\D,εi

ωXi\D,εi < C12. (4.2)

Let
(
Ei, ∂

(εi)
Ei , θ

(εi)
i

)
be the Higgs bundles underlying

(
Ei,Dλ, h

(εi)
i

)
. Then, there exists C13 > 0

such that the following holds for any i:∫ ∣∣θ(εi)
i

∣∣2
h

(εi)
i,in ,gXi\D,εi

ωXi\D,εi < C13.

Then, by applying the argument in [49, Section 4.5.3], we obtain the desired convergence of the

sequence h
(εi)
i . �

4.2.3 Continuity of some families of Hermitian metrics

For P ∈ D, we set X∗P := XP \ {P}. We may naturally regard X∗P as a subset of Xi \ D.
Fix N > 10. Let gi,ε be a sequence of Kähler metrics of Xi \ D, such that gi,ε → gε (i → ∞)
and that

gi,ε|X∗P =
(
εN+2|zP |2ε + |zP |2

)dzP dzP
|zP |2

.

Let εi (i = 1, 2, . . .) be a sequence such that εi → 0. The following proposition is a variant and
a refinement of [49, Proposition 5.1].

Proposition 4.8. Let h
(εi)
i,1 (i = 1, 2, . . .) be Hermitian metrics of Ei satisfying the following

conditions:

� deth
(εi)
i,1 = dethi,0.
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�

∥∥G(h(εi)
i,1

)∥∥
L2,gi,ε,h

(εi)
i,1

→ 0 as i→∞.

� Let s(i) be the automorphism of Ei which is self-adjoint with respect to h
(εi)
i and determined

by h
(εi)
i,1 = h

(εi)
i s(i). Then, s(i) and

(
s(i)
)−1

are bounded with respect to h
(εi)
i on X \ D,

and Dλi s(i) are L2 with respect to h
(εi)
i and gi,εi. The estimates may depend on i.

Then, the sequence
{
f∗i
(
s(i)
)}

is weakly convergent to idE in L2
1 locally on X \ D. Moreover,

there exists A > 0 such that
∣∣s(i)

∣∣
h

(εi)
i

< A and
∣∣(s(i)

)−1∣∣
h

(εi)
i

< A for any i.

Proof. This is essentially the same as [49, Proposition 5.1]. We explain an outline of the proof.
We identify Ei with E by fi. We set

ci := sup
Σ\D

∣∣s(i)
∣∣
h

(εi)
i

.

We set s̃(i) := c−1
i s(i). We set h̃

(εi)
i,1 := c−1

i h
(εi)
i,1 = h

(εi)
i s̃(i). The following holds.

(1 + |λ|2)∆gi,0 Tr s̃(i) = Tr
(
s̃(i)
√
−1Λgi,0G

(
h̃

(εi)
i,1

))
+
√
−1Λgi,0 Tr

(
Dλi s̃(i)

(
s̃(i)
)−1Dλ?

i,h
(εi)
i

s̃(i)
)
.

From the boundedness of s̃(i) and the L2-property of Dλs̃(i), we obtain
∫

∆gi,0 Tr
(
s̃(i)
)

dvolgi,0 = 0
as in Lemma 4.7. We obtain the following for some A > 0 and A′ > 0:∫ ∣∣Dλ(s̃(i)

)(
s̃(i)
)−1/2∣∣

gi,0,h
(εi)
i

dvolgi,0 ≤ A ·
∫ ∣∣Tr Λgi,0G

(
h̃

(εi)
i,1

)∣∣ · dvolgi,0

= A ·
∫ ∣∣Tr Λgi,εG

(
h̃

(εi)
i,1

)∣∣ · dvolgi,ε

≤ A′
∥∥G(h̃(εi)

i,1

)∥∥
L2,h

(εi)
i ,gi,ε

.

Hence, the sequence s̃(i) is L2
1-bounded on any compact subset of X\D. By taking an appropriate

subsequence, it is weakly convergent in L2
1 locally on X \ D. Let s̃(∞) denote the weak limit

of the sequence. We obtain Dλs̃(∞) = 0. Because s̃(i) are self-adjoint and uniformly bounded

with respect to h
(εi)
i , s̃(∞) is self-adjoint and bounded with respect to h(0). We can prove that

s̃(∞) 6= 0 by the same argument as in the proof of [49, Lemma 5.2]. Hence, s̃(∞) is a non-zero
endomorphism of

(
P∗V,Dλ

)
. It implies that s̃(∞) is a multiplication by a positive constant u∞.

Note that the sequence s̃(i) is convergent in Lp for any p locally on X \D, and hence det
(
s̃(i)
)

is convergent to det
(
s̃(∞)

)
in Lp for any p locally on X \D. Because det

(
s(i)
)

= 1, we obtain

that the sequence c
− rank(V)
i is convergent to u

rank(V)
∞ . In particular, it implies that the sequence ci

is bounded. Then, we obtain the claim of the proposition. �

4.3 Tensor product of stable filtered λ-flat sheaves

Let us state a consequence of Theorem 4.1 on the tensor product of reflexive filtered λ-flat
sheaves on arbitrary dimensional projective varieties.

Let X be an n-dimensional non-singular projective variety equipped with a very ample line
bundle L. Let H be a simple normal crossing hypersurface of X with the irreducible decom-
position H =

⋃
i∈ΛHi. Let

(
P∗Vi,Dλi

)
(i = 1, 2) be reflexive filtered λ-flat sheaves on (X,H).

We assume the following condition:

Condition 4.9. There exists a Zariski closed subset Z ⊂ H with dimZ < n − 1 such that(
P∗Vi,Dλi

)
|X\Z (i = 1, 2) are good filtered λ-flat bundles on (X \ Z,H \ Z).
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For example, if Dλ is logarithmic and if λ 6= 0, Condition 4.9 is satisfied.
We set Ṽ := V1 ⊗OX(∗H) V2 which is equipped with the induced flat λ-connection D̃λ. Note

that Z ⊂ H and that Ṽ|X\Z is a locally free OX\Z(∗(H \ Z))-module. There exists the natural
morphism

ϕ : Ṽ −→ Ṽ∨∨ := HomOX(∗H)

(
HomOX(∗H)

(
Ṽ,OX(∗H)

)
,OX(∗H)

)
.

The OX(∗H)-modules Kerϕ and Cokϕ are coherent, and their supports are contained in Z ⊂ H.
Hence, we obtain that Kerϕ = Cokϕ = 0. It implies that Ṽ ' Ṽ∨∨, i.e., Ṽ is a reflexive OX(∗H)-
module. For a ∈ RΛ, we set

P ′aṼ :=
∑

b1+b2=a

Im
(
Pb1V1 ⊗OX Pb2V2 −→ Ṽ

)
.

Let PaṼ denote the coherent reflexive subsheaf of Ṽ generated by P ′aṼ. Thus, we obtain a re-
flexive filtered λ-flat sheaf

(
P∗Ṽ, D̃λ

)
on (X,H).

Proposition 4.10. If
(
P∗Vi,Dλi

)
are µL-stable, then

(
P∗Ṽ, D̃λ

)
is µL-polystable.

Proof. According to Propositions 3.8, 3.9 and Condition 4.9, there exists a positive integer m
such that the following holds for any general complete intersection curve Y of L⊗m.

�

(
P∗Vi,Dλi

)
|Y are stable good filtered λ-flat bundles.

� The natural morphism

Hom
((
P∗Ṽ, D̃λ

)
,
(
P∗Ṽ, D̃λ

))
−→ Hom

((
P∗Ṽ, D̃λ

)
|Y ,
(
P∗Ṽ, D̃λ

)
|Y
)

is an isomorphism.

Because
(
P∗Vi,Dλi

)
|Y are stable good filtered λ-flat bundles, each λ-flat bundle (Vi,Dλi )|Y \H

are equipped with a Hermitian–Einstein metric hi adapted to the filtered bundle P∗Vi by Theo-
rem 4.1. Because h1⊗h2 is a Hermitian–Einstein metric of the λ-flat bundle

(
Ṽ, D̃λ

)
|Y \H adapted

to the filtered bundle P∗Ṽ, we obtain that
(
P∗Ṽ, D̃λ

)
|Y is polystable. By Corollary 3.10, we ob-

tain that
(
P∗Ṽ, D̃λ

)
is µL-polystable. �

5 Preliminary existence theorem for Hermitian–Einstein
metrics

5.1 Statements

5.1.1 Kähler metrics

Let X be a smooth projective surface with a simple normal crossing hypersurface H =
⋃
i∈ΛHi.

Let L be an ample line bundle on X. Let gX be the Kähler metric of X such that the associated
Kähler form ωX represents c1(L).

We take Hermitian metrics gi ofO(Hi). Let σi : OX −→ OX(Hi) denote the canonical section.
Take N > 10. There exists C > 0 such that the following form defines a Kähler form on X \H
for any 0 ≤ ε < 1/10:

ωε := ωX +
∑
i∈Λ

C · εN+2 ·
√
−1∂∂|σi|2εgi .

It is easy to observe that
∫
X ω

2
ε =

∫
X ω

2
X and that

∫
X ωετ =

∫
X ωXτ for any closed C∞-(1, 1)-

form τ on X.
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5.1.2 Condition for good filtered λ-flat bundles and initial metrics

Let
(
P∗V,Dλ

)
be a good filtered λ-flat bundle on (X,H) satisfying the following condition:

We set e := rank(V)!.

Condition 5.1.

� There exists c ∈ RΛ and m ∈ eZ>0 such that Par(P∗V, i) = {ci + n/m | n ∈ Z} for
each i ∈ Λ.

� The nilpotent part of Resi
(
Dλ
)

on iGrFb (P∗V) are 0 for any i ∈ Λ, a ∈ RΛ and b ∈
]ai − 1, ai[.

Let
(
E,Dλ

)
denote the λ-flat bundle on X \H obtained as the restriction of

(
P∗V,Dλ

)
.

Let P be any point of Hi \
⋃
j 6=iHj . Let (XP , z1, z2) be an admissible coordinate neigh-

bourhood around P . There exists an open subset X ′P in C2 = {(ζ1, ζ2)} such that the map
ϕP : X ′P −→ XP given by ϕP (ζ1, ζ2) = (ζm1 , ζ2) is a ramified covering. We set H ′P := {ζ1 = 0}
∩ X ′P . We obtain the induced good filtered λ-flat bundle

(
P∗ϕ∗PV, ϕ∗PDλ

)
on (X ′P , H

′
P ) such

that Par
(
P∗ϕ∗PV

)
= {m · ci}+ Z.

Definition 5.2. A Hermitian metric hP of E|XP \H is called strongly adapted to P∗V|XP if there
exists a C∞ Hermitian metric h′P of Pmci

(
ϕ∗PV

)
on X ′P such that ϕ−1(hP ) = |ζ1|−2mcih′P .

Let P be any point of Hi∩Hj (i 6= j). Let (XP , z1, z2) be a admissible coordinate neighbour-
hood around P such that XP ∩Hi = {z1 = 0} and XP ∩Hj = {z2 = 0}. There exists an open
subset X ′P in C2 = {(ζ1, ζ2)} such that the map ϕP : X ′P −→ XP given by ϕP (ζ1, ζ2) = (ζm1 , ζ

m
2 )

is a ramified covering. We set H ′P := {ζ1ζ2 = 0} ∩ X ′P . We obtain the induced good fil-
tered λ-flat bundle

(
P∗ϕ∗PV, ϕ∗Dλ

)
on (X ′P , H

′
P ) such that Par

(
P∗ϕ∗PV, 1

)
= {m · ci} + Z and

Par
(
P∗ϕ∗PV, 2

)
= {m · cj}+ Z.

Definition 5.3. A Hermitian metric hP of E|XP \H is called strongly adapted to P∗V|XP if there
exists a C∞-Hermitian metric h′P of P(mci,mcj)ϕ

∗
P (V) such that ϕ∗(hP ) = |ζ1|−mci |ζ2|−mcjh′P .

Definition 5.4. A Hermitian metric h of E is called strongly adapted to P∗V if the following
holds:

� For any P ∈ H, there exists a neighbourhood XP of P such that h|XP \H is strongly
adapted to P∗V|XP in the sense of Definitions 5.2 and 5.3.

Lemma 5.5. Let h be a Hermitian metric of E strongly adapted to P∗V. Then, the following
holds:(√

−1

2π

)2 ∫
X\H

Tr
(
R(h)2

)
= 2

∫
X

ch2(P∗V).

Proof. It is the equality (36) in the proof of [46, Proposition 4.18]. �

For each i ∈ Λ, we choose bi ∈ Par(P∗ detV, i). Set b = (bi) ∈ RΛ. We take a Hermitian
metric hdet(E) of det(E) such that hdet(E)

∏
i∈Λ |σi|2bigi induces a Hermitian metric of Pb detV

of C∞-class.

Proposition 5.6. There exists a Hermitian metric hin of E such that the following holds:

� hin is strongly adapted to P∗V.

� G(hin) is bounded with respect to hin and ωε, where ε := m−1.
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� The following holds:∫
X\H

Tr
(
R(hin)2

)
=

1

(1 + |λ|2)2

∫
X\H

Tr
(
G(hin)2

)
. (5.1)

� det(hin) = hdet(E).

Such a Hermitian metric hin is called an initial metric of
(
P∗V,Dλ

)
.

The case λ = 1 was studied in [51, Sections 14.1, 14.2 and Lemma 14.4.2]. The case λ 6= 1
can be argued in the essentially same way. We shall explain the construction in the case λ = 0
in Section 5.4 after preliminaries in Sections 5.2–5.3.

5.1.3 Preliminary existence theorem for Hermitian–Einstein metrics

Let
(
P∗V,Dλ

)
be a good filtered λ-flat bundle satisfying Condition 5.1. Let hin be an initial

metric for
(
P∗V,Dλ

)
as in Proposition 5.6. We shall prove the following theorem in Section 5.5.

Theorem 5.7. Suppose that
(
P∗V,Dλ

)
is µL-stable. Then, there exists a Hermitian–Einstein

metric hHE of
(
E,Dλ

)
with respect to the Kähler form ωε

(
ε := m−1

)
satisfying the following

conditions:

(i) hHE and hin are mutually bounded.

(ii) Dλ
(
hHE · h−1

in

)
is L2 with respect to hin and ωε.

(iii) det(hHE) = det(hin) holds. In particular, the following holds:

1

1 + |λ|2
Tr
(
G(hHE)

)
=

1

1 + |λ|2
Tr
(
G(hin)

)
= Tr

(
R(hin)

)
.

(iv) The following equality holds:(√
−1

2π

)2 1

(1 + |λ|2)2

∫
X\H

Tr
(
G(hHE)2

)
= 2

∫
X

ch2(P∗V). (5.2)

5.2 Around cross points

Let X0 :=
{

(z1, z2) ∈ C2 | |zi| < 1
}

. We set Hi := X0∩{zi = 0} and H := H1∪H2. Let (P∗V, θ)
be a good filtered Higgs bundle on (X0, H). We choose bi ∈ Par(P∗V, i) (i = 1, 2), and set
b = (b1, b2). We also choose any Hermitian metric hdet(E) of det(E) such that hdet(E)|z1|2b1 |z2|2b2
is a Hermitian metric of Pb(detV) of C∞-class.

5.2.1 Unramified case

Suppose that (P∗V, θ) satisfies the following condition:

Condition 5.8.

� There exists c = (c1, c2) ∈ R2 such that (i) −1 < ci ≤ 0, (ii) Par(P∗V, i) = {ci+n | n ∈ Z}.
� There exists a decomposition of good filtered Higgs bundles

(P∗V, θ) =
⊕
a∈I

⊕
α∈C2

(P∗Va,α, θa,α) (5.3)

such that θa,α −
(
da +

∑
αidzi/zi

)
idVa,α induce holomorphic Higgs fields of PcVa,α.
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We take any holomorphic frame v = (vj) of PcV compatible with the decomposition (5.3).
For j = 1, . . . , r, we obtain (aj ,αj) determined by vj ∈ PcVaj ,αj . Let h0 be the metric of
V|X0\H determined by h0(vi, vi) = |z1|−2c1 |z2|−2c2 and h0(vi, vj) = 0 (i 6= j). Note that

∂h0v = v
(
−
∑

k=1,2 ckdzk/zk
)
I, where I denotes the identity matrix. Hence,

[
∂h0 , ∂

]
= 0

holds. We obtain the description θv = v
(
Λ0 + Λ1

)
such that the following holds:

� (Λ0)ii = (dai +
∑

k=1,2 αikdzk/zk) and (Λ0)ij = 0 (i 6= j).

� (Λ1)ij are holomorphic 1-forms for any i and j. Moreover, (Λ1)ij = 0 holds unless (ai,αi) =
(aj ,αj).

We obtain θ†h0
v = v

(
Λ0 + tΛ1

)
and

[
θ, θ†h0

]
v = v

[
Λ1,

tΛ1

]
, where the entries of

[
Λ1,

tΛ1

]
are

C∞ on X0. We have (∂h0θ)v = v(∂Λ1), where any entries of ∂Λ1 are holomorphic 2-forms, and
(∂Λ1)ij = 0 unless (ai,αi) = (aj ,αj).

Note that there exists a C∞-function u on X0 such that det(h0) = euhdet(E). We set hin :=

h0e−u/ rankE .

Lemma 5.9.
[
θ, θ†hin

]
, ∂hin

θ and ∂θ†hin
are bounded with respect to hin and

∑
k=1,2 dzk dzk.

5.2.2 Ramified case

Let ϕ : C2 −→ C2 be given by ϕ(ζ1, ζ2) = (ζm1 , ζ
m
2 ). We set X ′0 := ϕ−1(X0), H ′i := X ′0∩ϕ−1(Hi)

and H ′ := H ′1 ∪ H ′2. We set Gal(ϕ) := {(κ1, κ2) ∈ C2 | κmi = 1}, which acts on X ′0 by
(κ1, κ2)(ζ1, ζ2) = (κ1ζ1, κ2ζ2).

Suppose that ϕ∗(P∗V, θ) satisfies Condition 5.8 on (X ′, H ′). We construct a C∞-metric h′0
of ϕ∗(E)|X′0\H′0 as in the previous subsection. We may assume that h′0 is Gal(ϕ)-invariant. Note

that there exists a Gal(ϕ)-invariant C∞-function u on X ′0 such that det(h′0) = euϕ−1(hdet(E)).

We set h′in := h′0e−u/ rank(E). Because it is Gal(ϕ)-invariant, we obtain the induced metric hin

of E.

Let gX′0 denote the Kähler metric
∑

k=1,2 dζk dζk on X ′0. Because ϕ : X ′0 \H ′ −→ X0 \H is
a covering map, it induces a Kähler metric ϕ∗(gX′0) of X0 \H.

Lemma 5.10.
[
θ, θ†hin

]
, ∂hin

θ and ∂θ†hin
are bounded with respect to

(
hin, ϕ∗gX′0

)
.

5.2.3 An estimate

We set Y (ε) :=
{

(z1, z2) ∈ X0 | min(|zi|) = ε
}

.

Lemma 5.11. We obtain lim
ε→0

∫
Y (ε) Tr

(
θ∂θ†

)
= 0 and lim

ε→0

∫
Y (ε) Tr

(
θ†∂θ

)
= 0.

Proof. It is enough to consider the case where Condition 5.8 is satisfied for (P∗V, θ). Let f be
any anti-holomorphic function on X0. Let us consider

∫
Y (ε) da f dz1dz2. We set Y1(ε) := {|z1| =

ε, |z2| ≥ ε} and Y2(ε) := {|z2| = ε, |z1| ≥ ε}. We have∫
Y1(ε)

daf dz1dz2 =

∫
Y1(ε)

∂2adz2fdz1dz2.

It is of the form∫
Y1(ε)

b(z1, z2)

z`11 z
`2
2

f(z1, z2)dz1dz2. (5.4)
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Here, b is a holomorphic function. We consider the Taylor expansion of b and f . Then, the
contributions of the terms

zk1
1 zm1

1

z`11

dz1
zk2

2

z`22

zm2
2 dz2 dz2

to (5.4) is 0 unless k1 − `1 − m1 = 1 and k2 − `2 − m2 = 0. If the equalities hold, we have
k1− `1 +m1 = 2m1 + 1 ≥ 1 and k2− `2 +m2 = 2m2 ≥ 0. Hence, we obtain lim

ε→0

∫
Y1(ε) daf dz1dz2

= 0. Similarly, we obtain lim
ε→0

∫
Y2(ε) daf dz1dz2 = 0. Similarly and more easily, we obtain

lim
ε→0

∫
Y (ε)(αidzi/zi)fdz1dz2 = 0. Then, the claim of the lemma follows. �

5.3 Around smooth points

We set X0 :=
{

(z1, z2) ∈ C2 | |zi| < 1
}

and H := {z1 = 0}. Let ν : X0 \ H −→ R>0 be
a C∞-function such that ν|z1|−1 induces a nowhere vanishing C∞-function on X0. Let (P∗V, θ)
be a good filtered Higgs bundle on (X0, H). Let

(
E, ∂E , θ

)
be the Higgs bundle obtained as the

restriction of (P∗V, θ) to X0 \H. We choose b ∈ Par(P∗ detV) and a Hermitian metric hdet(E)

of det(E) such that hdet(E)ν
2b induces a C∞ metric of Pb(detV).

5.3.1 Unramified case

Suppose that (P∗V, θ) satisfies Condition 5.12.

Condition 5.12.

� There exists −1 < c ≤ 0 such that Par(P∗V) = {c+ n | n ∈ Z}.

� There exists a decomposition of good filtered Higgs bundles

(P∗V, θ) =
⊕
a∈I

⊕
α∈C

(P∗Va,α, θa,α).

� θa,α − (da + αdz1/z1) idVa,α are holomorphic Higgs fields of PcVa,α.

We take C∞-metrics ha,α of PcVa,α, and we set h0 :=
⊕
ν−2cha,α. We may assume that

det(h0) = hdet(E).

Let v = (v1, . . . , vr) be any holomorphic frame of PcV compatible with the decomposition.
For each i, ai and αi are determined by the condition that vi is a section of PcVai,αi . There exist
matrix valued C∞-(1, 0)-forms Aa,α such that

∂h0v = v
(

(−c · ∂ log ν2)I +
∑

Aa,α

)
,

where I denotes the identity matrix, and (Aa,α)i,j = 0 unless (ai, αi) = (aj , αj) = (a, α).
Let Λ denote the matrix valued holomorphic 1-form determined by θv = vΛ. There exists the
decomposition Λ = Λ0 + Λ1 such that the following holds:

� (Λ0)ij = (dai + αidz1/z1) if i = j, and (Λ0)ij = 0 if i 6= j.

� (Λ1)ij are holomorphic 1-forms, and (Λ1)ij = 0 unless (ai, αi) = (aj , αj).

There exists a matrix valued C∞ (0, 1)-form Λ2 such that θ†h0
v = v

(
Λ0 + Λ2

)
. Moreover,

(Λ2)ij = 0 holds unless (ai, αi) = (aj , αj).
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We have R(h0) =
(
−c∂∂ log σ2

)
I +

⊕
R(ha,α), where R(ha,α) are C∞. Note that dΛ0 = 0

and [Λ0,Λi] =
[
Λ0,Λi

]
= 0. Hence, [θ, θ†h0

], ∂h0θ and ∂θ†h0
are C∞. We also have(

∂h0θ
)
v = v

(
∂Λ1 +

[⊕
Aa,α,Λ1

])
,

(
∂θ†h0

)
v = v

(
∂Λ2

)
.

We set w1 = z1|z1|−1ν and w2 = z2. Then, it is easy to check that (w1, w2) is a C∞ complex
coordinate system. Clearly, dz2 = dw2. There exists a C∞-function γ and a C∞ (0, 1)-form κ
such that dz1 = γdw1 + w1κ1. We set Y (ε) = {ν = ε} = {|w1| = ε}.

Lemma 5.13. lim
ε→0

∫
Y (ε) Tr

(
θ∂θ†

)
= 0 and lim

ε→0

∫
Y (ε) Tr

(
θ†∂θ

)
= 0 hold.

Proof. It is enough to prove lim
ε→0

∫
Y (ε) Tr

(
θ∂θ†

)
= 0. It is easy to see that

lim
ε→0

∫
Y (ε)

Tr
(
Λ1∂Λ2

)
= 0.

Let us study
∫
Y (ε) Tr

(
Λ0∂Λ2

)
. For any C∞-function g, we consider the following integral:∫

Y (ε)
g(da · dz1 dz2) =

∫
Y (ε)

(gγ) · dadw1 dw2 +

∫
Y (ε)

gw1 · daκdw2. (5.5)

We can rewrite the first term in the right hand side of (5.5) as follows, for some non-negative
integer ` and for a C∞-function b:∫

Y (ε)
(gγ) dadw1 dw2 =

∫
Y (ε)

(gγb)w−`1 dw1 dw2 dw2

Take N > `. We consider the expansion

gγb =
∑
k,m≥0
k+m≤N

(gγb)k,m(w2)wk1w
m
1 +O

(
|w1|N

)
.

Here, (gγb)k,m(w2) are C∞-functions of w2. The contributions∫
Y (ε)

(gγb)k,m(w2)
wk1w

m
1

w`1
dw1 dw2 dw2

are 0 unless k − ` −m = 1. If k − ` −m = 1, then k − ` + m = 2m + 1 ≥ 1 holds. Hence, we
obtain

lim
ε→0

∫
Y (ε)

(gγ) dadw1dw2 = 0.

We rewrite the second term in the right hand side of (5.5) as follows, for some C∞-functions fi
(i = 1, 2) and a non-negative integer `:∫

Y (ε)
gw1 · daκdw2 =

∫
Y (ε)

f1w
−`−1
1 w1 dw1 dw2 dw2 +

∫
Y (ε)

f2w
−`
1 w1 dw1 dw2 dw2.

Take N > `+ 1. Consider the expansions fi =
∑

(fi)k,m(w2)wk1w
m
1 +O

(
|w1|N

)
. The contribu-

tions ∫
Y (ε)

(f1)k,m(w2)
wk1w

m+1
1

w`+1
1

dw1 dw2 dw2
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are 0 unless k − (` + 1) − (m + 1) = −1. If k − (` + 1) − (m + 1) = −1 holds, then we have
k − (`+ 1) + (m+ 1) = 2m+ 1 ≥ 1. The contributions∫

Y (ε)
(f2)k,m(w2)

wk1w
m+1
1

w`1
dw1 dw2 dw2

are 0 unless k − `− (m+ 1) = 1. If k − `− (m+ 1) = 1 holds, then we have k − `+ (m+ 1) =
2(m+ 1) + 1 ≥ 3. Hence, we obtain

lim
ε→0

∫
Y (ε)

gw1 · daκdw2 = 0.

Similarly and more easily, we obtain lim
ε→0

∫
Y (ε) g(αdz1/z1) dz1dz2 = 0 for any α ∈ C and for

any C∞-function g. Thus, we obtain the claim of the lemma. �

5.3.2 Ramified case

Let ϕ : C2 −→ C2 be given by ϕ(ζ1, ζ2) =
(
ζm1 , ζ2

)
. We set X ′0 := ϕ−1(X0) and H ′ := ϕ−1(H).

Let Gal(ϕ) := {µ ∈ C | µm = 1}, which acts on X ′0 by µ · (ζ1, ζ2) = (µζ1, ζ2).

Suppose that ϕ∗(P∗V, θ) satisfies Condition 5.12. We construct a Hermitian metric h′0
for ϕ∗(P∗V, θ) as in the previous subsection. We may assume that h′0 is Gal(ϕ)-invariant.
There exists a C∞-function f on X ′0 determined by det(h′0) = efϕ−1(hdet(E)). We set h′in :=

h′0e
−f/ rank(E). Because hin′ is Gal(ϕ)-invariant, we obtain a Hermitian metric hin of E induced

by h′in. Let ϕ∗(gX′0) denote the Kähler metric of X0 \H0 induced by
∑

k=1,2 dζk dζk.

Lemma 5.14. R(hin),
[
θ, θ†hin

]
, ∂hin

θ and ∂θ†hin
are bounded with respect to ϕ∗gX′0 and h0.

We also have

lim
ε→0

∫
Y (ε)

Tr
(
θ∂θ†hin

)
= 0, lim

ε→0

∫
Y (ε)

Tr
(
θ†∂hin

θ
)

= 0.

5.4 Proof of Proposition 5.6

Let X, H and L be as in Section 5.1.1. Let (P∗V, θ) be a good filtered Higgs bundle on (X,H)
satisfying Condition 5.1. Note that (P∗V, θ) is as in Section 5.2.2 around any cross point of H,
and (P∗V, θ) is as in Section 5.3.2 around any smooth points of H. There exists a Hermitian
metric hin of E such that (i) det(hin) = hdet(E), (ii) the restriction of hin around any points
of H are as in Section 5.2.2 or Section 5.3.2. By the construction, hin is strongly adapted to
P∗V. By Lemmas 5.10 and 5.14, we obtain that R(hin),

[
θ, θ†hin

]
, ∂hin

θ and ∂θ†hin
are bounded

with respect to hin and ωε. As in the proof of [46, Proposition 4.18], we have

Tr
(
G(hin)2

)
= Tr

(
R(hin)2

)
+ d
(
Tr
(
θ∂θ†hin

)
+ Tr

(
θ†hin

∂hin
θ
))
.

Then, we obtain (5.1) from Lemmas 5.11 and 5.14. Thus, we obtain Proposition 5.6. �

5.5 Proof of Theorem 5.7

Let E′ ⊂ E be any coherent λ-flat OX\H -subsheaf. We assume that E′ is saturated, i.e., E/E′

is torsion-free. Let
(
E′,DλE′

)
be the induced λ-flat sheaf on X \ H. There exists a discrete

subset Z ⊂ X \ H such that E′|X\(H∪Z) is a subbundle of E|X\(H∪Z). Let h′ denote the met-

ric of E′|X\(H∪Z) induced by hin. We obtain the Chern connection ∇h′ of
(
E′, d′′E′ , h

′) and
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the operator Dλ?E′,h′ from DλE′ and h′. Let R(E′, h′) denote the curvature of ∇h′ . We obtain

G(E′, h′) :=
[
DλE′ ,D

λ?
E′,h′

]
. Following [62], we define

degωε(E
′, hin) :=

√
−1

2π

1

1 + |λ|2

∫
X\H

Tr
(
ΛωεG(E′, θ′, h′)

)
dvolωε .

It is well defined in R ∪ {−∞} by the Chern–Weil formula [62, Lemma 3.2]:

degωε(E
′, hin) =

√
−1

2π

1

1 + |λ|2

∫
X\H

Tr
(
πE′ΛωεG(hin)

)
− 1

2π

1

1 + |λ|2

∫
X\H

∣∣DλπE′∣∣2hin,ωε
.

Here, πE′ denotes the orthogonal projection of E|X\(H∪Z) onto E′|X\(H∪Z).

Lemma 5.15. If degωε(E
′, θ) 6= −∞, then E′ extends to a filtered subsheaf Ph′∗ E′ of P∗V and

degωε(E
′, hin) =

∫
X
c1

(
Ph′∗ E′

)
ωX

holds. As a result,
(
E, ∂E , θ, hin

)
is analytically stable in the sense of [62] (see also [49, Sec-

tion 2.3]).

Proof. If degωε(E
′, hin) 6= −∞, we obtain

∫
|d′′πE′ |2 < ∞. As studied in [37, 38] on the basis

of [68], we obtain a coherent OX(∗H)-submodule Ph′(E′) ⊂ V as an extension of E′. Moreover,
as proved in [46, Lemma 4.20], we obtain the equality degωε(E

′, hin) =
∫
X c1

(
Ph′∗ E′

)
ωX . �

According to the fundamental theorem of Simpson [62, Theorem 1] and its variant [49, Propo-
sition 2.49], there exists a Hermitian–Einstein metric hHE of

(
E,Dλ

)
satisfying the conditions

(i), (ii) and (iii). By [62, Proposition 3.5] and [62, Lemma 7.4] (see also [49, Proposition 2.49]),
we obtain(√

−1

2π

)2 1

(1 + |λ|2)2

∫
X\H

Tr
(
G(hHE)2

)
=

(√
−1

2π

)2 1

(1 + |λ|2)2

∫
X\H

Tr
(
G(hin)2

)
.

It is equal to 2
∫
X ch2(P∗V) by Lemma 5.5 and Proposition 5.6. Thus, Theorem 5.7 is proved.

�

6 Bogomolov–Gieseker inequality

Let X be any dimensional smooth connected projective variety with a simple normal crossing
hypersurface H =

⋃
i∈ΛHi. Let L be any ample line bundle on X.

Theorem 6.1. Let
(
P∗V,Dλ

)
be a µL-polystable good filtered λ-flat bundle on (X,H). Then,

the Bogomolov–Gieseker inequality holds:∫
X

ch2(P∗V)c1(L)dimX−2 ≤
∫
X c1(P∗V)2c1(L)dimX−2

2 rankV
.

Proof. By the Mehta–Ramanathan type theorem (Proposition 3.8), it is enough to study the
case dimX = 2, which we shall assume in the rest of the proof. We use the notation in Sec-
tion 3.7.2. Let

(
P∗V,Dλ

)
=
⊕(
P∗Vj ,Dλj

)
be the decomposition into the stable components.

We set e := rank(V)!. We choose η > 0 such that 0 < 10eη < g̃ap(P∗V). We take a ∈ RΛ

for P̃ar(P∗V, i) (i ∈ Λ) as in Lemma 3.19.
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Let m ∈ eZ>0 such that ε := m−1 < η/10 rank(V). For any b ∈ P̃ar(P∗V, i), we set b(ε) :=
max

{
d ∈ εZ | d < b

}
. We set

ci,j :=
1

rankVj

∑
b∈Par(P∗Vj ,a,i)

(b− b(ε)) rank iGrFb (PaVj).

We have 0 ≤ ci,j ≤ ε. For any b ∈ P̃ar(P∗Vj , i), we set ψε,i,j(b) := b(ε) + ci,j . Then, we obtain
|ψε,i,j(b)− b| < 2ε and the following equalities:∑

b∈Par(P∗Vj ,a,i)

ψε,i,j(b) rank iGrFb (PaVj) =
∑

b∈Par(P∗Vj ,a,i)

b rank iGrFb (PaVj).

Moreover, we have ψε,i,j(b)− ci,j ∈ εZ.

Applying the construction in Section 3.7.2, we obtain good filtered λ-flat bundles
(
P(ε)
∗ Vj ,Dλj

)
on (X,H). By the construction, they satisfy Condition 5.1. By Lemma 3.25, there exists m0

such that
(
P(ε)
∗ Vj ,Dλj

)
are µL-stable if m ≥ m0. Let

(
Ej ,Dλj

)
be the λ-flat bundle obtained as

the restriction of
(
P∗Vj ,Dλj

)
to X \H. We use the Kähler metric gε of X \H as in Section 5.1.1.

There exist Hermitian–Einstein metrics h
(ε)
j,HE of the λ-flat bundles

(
Ej ,Dλj

)
as in Theorem 5.7

for the good filtered λ-flat bundles
(
P(ε)
∗ Vj ,Dλj

)
. Note that

⊕
h

(ε)
j,HE is a Hermitian–Einstein

metric of
⊕(

Ej ,Dλj
)
.

By Proposition 3.1, the equality (5.2), and the equality
√
−1

2π
1

1+|λ|2 TrG
(
h

(ε)
HE

)
=
√
−1

2π R(hdetE),

we obtain∫
X

ch2

(
P(ε)
∗ V

)
≤
∫
X c1

(
P(ε)
∗ V

)2
2 rankV

.

By taking the limit as m→∞, i.e., ε→ 0, we obtain the desired inequality. �

Corollary 6.2. Let
(
P∗V,Dλ

)
be a µL-polystable good filtered λ-flat bundle on (X,H). Suppose

that ∫
X
c1(P∗V)c1(L)dimX−1 = 0,

∫
X

ch2(P∗V)c1(L)dimX−2 = 0.

Then, c1(P∗V) = 0 holds.

Moreover, for any decomposition
(
P∗V,Dλ

)
=
⊕(
P∗Vj ,Dλj

)
into µL-stable good filtered λ-flat

bundles, we obtain c1(P∗Vj) = 0 and
∫
X ch2(P∗Vj)c1(L)dimX−2 = 0.

Proof. On one hand, because of the Hodge index theorem and
∫
X c1(P∗V)c1(L)dimX−1 = 0,

we obtain∫
X
c1(P∗V)2c1(L)dimX−2 ≤ 0,

and the equality holds if and only if c1(P∗V) = 0. On the other hand, by the Bogomolov–Gieseker
inequality and

∫
X ch2(P∗V)c1(L)dimX−2 = 0, we obtain∫

X
c1(P∗V)2c1(L)dimX−2 ≥ 0.

Hence, we obtain c1(P∗V) = 0.
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Let
(
P∗V,Dλ

)
=
⊕(
P∗Vj ,Dλj

)
be a decomposition into µL-stable good filtered λ-flat bundles.

We have
∫
X c1(P∗Vj)c1(L)dimX−1 = 0. Hence, by the Hodge index theorem, we obtain∫

X
c1(P∗Vj)2c1(L)dimX−2 ≤ 0.

By the Bogomolov–Gieseker type inequality, we obtain∫
X

ch2(P∗Vj)c1(L)dimX−2 ≤ 0.

Because
∑

j

∫
X ch2(P∗Vj)c1(L)dimX−2 =

∫
X ch2(P∗V) = 0, we obtain∫

X
ch2(P∗Vj)c1(L)dimX−2 = 0.

Thus, we obtain the claim of the corollary. �

Remark 6.3. Although H was assumed to be ample in [51, Section 14.4, Corollary 14.5.1],
it is not essential. Indeed, for any simple normal crossing hypersurface H, there exists an ample
simple normal crossing hypersurface H ′ such that H ⊂ H ′. Let

(
P ′∗V,Dλ

)
be the filtered λ-flat

bundle on (X,H ′) naturally induced by
(
P∗V,Dλ

)
. The Chern characters of P∗V and P ′∗V are

equal, and hence the Bogomolov–Gieseker inequalities for P∗V and P ′∗V are equivalent.

7 Existence theorem of pluri-harmonic metrics

7.1 Statement

Let us prove Theorem 2.23. According to Corollary 6.2, it is enough to study the case where(
P∗V,Dλ

)
is a µL-stable good filtered λ-flat bundle on (X,H) such that

c1(P∗V) = 0,

∫
X

ch2(P∗V)c1(L)dimX−2 = 0.

Let
(
E,Dλ

)
be the λ-flat bundle obtained as the restriction

(
P∗V,Dλ

)
|X\H . Let hdet(E) denote

the pluri-harmonic metric of
(

det(E),Dλdet(E)

)
strongly adapted to P∗(det(E)). For the proof

of Theorem 2.23, it is enough to prove the following theorem.

Theorem 7.1. There exists a unique pluri-harmonic metric h of the λ-flat bundle
(
E,Dλ

)
such

that Ph∗E = P∗V and det(h) = hdet(E).

The proof is given in the rest of this section.

7.2 Surface case

Let us study the case dimX = 2. The following argument is essentially the same as the proof
of [49, Theorem 5.5]. Let

(
P∗V,Dλ

)
be as in Section 7.1. We use the notation in the proof

of Theorem 6.1. For large m ∈ eZ>0, we set ε := m−1. We have the perturbations
(
P(ε)
∗ V,Dλ

)
.

We use the Kähler metrics gε of X \H as in Section 5.1.1. There exist the Hermitian–Einstein

metrics h
(ε)
HE of

(
E,Dλ

)
adapted to

(
P(ε)
∗ V,Dλ

)
such that det

(
h

(ε)
HE

)
= hdet(E).

Proposition 7.2. For any sequence mi → ∞, we set εi := m−1
i . Then, after going to a sub-

sequence, h
(εi)
HE is convergent almost everywhere on X \H, and the limit h is a pluri-harmonic

metric of the λ-flat bundle
(
E,Dλ

)
adapted to P∗V such that det(h) = hdetE.
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7.2.1 Family of ample hypersurfaces

There exists a 0-dimensional closed subset Z ⊂ H such that (i) Z contains the singular points
of H, (ii) any P ∈ H \ Z has a neighbourhood HP in H on which the conjugacy classes
of Res(Dλ)|Q (Q ∈ HP ) are constant.

Take a sufficiently large integer M . We set ZM := H0
(
X,L⊗M

)
\ {0}. It is equipped with

a natural C∗-action. Let pi denote the projection of X × ZM onto the i-th component. There
exists the universal section s of p∗1

(
L⊗M

)
. Let XM denote the scheme obtained as s−1(0).

Let P1 : XM −→ X and P2 : XM −→ ZM denote the morphism induced by pi. For each s ∈ ZM ,
let Xs denote the fiber product of P2 and the inclusion {s} −→ ZM .

There exists the C∗-invariant maximal Zariski open subset Z◦M ⊂ ZM such that (i) the
induced morphism P◦2 : X◦M := XM ×ZM Z◦M −→ Z◦M is smooth, (ii) Xs ∪H is normal crossing
for any s ∈ Z◦M , (iii) (Xs ∩ H) ∩ Z = ∅. Let P◦1 denote the restriction of P1 to X◦M . For
any Q ∈ X◦M , we obtain the subspace TP1(Q)XP2(Q) ⊂ TP1(Q)X of codimension 1. It determines

a point in P
(
T ∗
P1(Q)X

)
. Hence, we obtain the natural morphism P̃

◦
1 : X◦M −→ P(T ∗X). If M is

sufficiently large, P◦1 and P̃
◦
1 are surjective.

By the Mehta–Ramanathan type theorem (Proposition 3.8), there exists a non-empty C∗-
invariant Zariski open subset Z4M of Z◦M such that the following holds:

� For each s ∈ Z4M ,
(
P∗V,Dλ

)
|Xs is stable.

We set X4M := X◦M ×Z◦M
Z4M . Note that WM := X \ P◦1

(
X4M

)
is a finite set. For each

P ∈ X \ (H ∪WM ), the intersection P̃
◦
1

(
X4M

)
∩ P(T ∗PX) in P(T ∗X) is Zariski dense in P(T ∗PX).

We set Hs := Xs ∩ H. Let (Es,Dλs ) denote the λ-flat bundle on Xs \ Hs obtained as the

restriction of
(
E,Dλ

)
. For each s ∈ Z4M , there exists a pluri-harmonic metric hs of

(
Es,Dλs

)
such that (i) hs is adapted to P∗V|Xs , (ii) det(hs) = hdet(E)|Xs\Hs .

Let P
4
1 : X4M −→ X be the induced map. Let H4M :=

(
P
4
1

)−1
(H). We set

(
E4,Dλ

E4

)
:=(

P
4
1

)−1(
E,Dλ

)
on X4M \H

4
M . By Lemma 3.21 and Proposition 4.5, the family of pluri harmonic

metrics hs (s ∈ Z4M ) induces a continuous Hermitian metric h4 of E4. We also obtain Hermitian

metrics h4(εi) :=
(
P
4
1

)−1(
h

(εi)
HE

)
.

7.2.2 Local holomorphic coordinate systems

Let P ∈ X \ WM . We take s∞ ∈ Z4M such that P 6∈ Xs∞ . The following is clear because

P̃1

(
X4M

)
∩ P(T ∗PX) is dense in P(T ∗PX).

Lemma 7.3. There exist si ∈ Z4M (i = 1, 2) and δ > 0 such that the following holds:

� P ∈ Xsi (i = 1, 2).

� Xs1 and Xs2 are transversal at P .

� {s1+as∞ | |a| < δ}, {s2+as∞ | |a| < δ},
{
s1+s2+as∞ | |a| < δ

}
and

{
s1+
√
−1s2+as∞ |

|a| < δ
}

are contained in Z4M .

We set xi := si/s∞ (i = 1, 2). There exists a neighbourhood UP of P in X \ H such that
(x1, x2) is a holomorphic coordinate system on UP . Note that

{∑
bixi = c

}
∩ UP is equal

to UP ∩Xb1s1+b2s2−cs∞ .
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7.2.3 Proof of Proposition 7.2

Take a sequence mi →∞ in Z. We set εi := m−1
i . By Proposition 3.1, we obtain the following

convergence:

lim
i→∞

∫
X\H

∣∣G(h(εi)
HE

)∣∣2
h

(εi)
HE ,ωεi

= 0.

Let h
(εi)
in be a Hermitian metric for

(
P(εi)
∗ V,Dλ

)
as in Proposition 5.6. Let bi be the automorphism

of E determined by h
(εi)
HE = h

(εi)
in · bi. Then, for each i, Dλ(bi) is L2 with respect to h

(εi)
HE and ωεi .

Let ωεi,s denote the Kähler form of Xs \Hs induced by ωεi . Let h
(εi)
s denote the restriction

of h
(εi)
HE to Xs \Hs.

By Fubini’s theorem, after going to a subsequence, there exists a C∗-invariant subset Z]M ⊂Z4M
with the following property:

(a1) lim
i→∞

∫
Xs\Hs

∣∣G(h(εi)
s

)∣∣2
h

(εi)
s ,ωεi,s

= 0 holds for each s ∈ Z]M .

(a2) For each s ∈ Z]M , Dλs
(
bi|Xs\Hs

)
is L2 with respect to h

(εi)
s and ωεi,s.

(a3) The Lebesgue measure of Z4M \ Z
]
M is 0.

Note that the condition (a2) implies the following.

Lemma 7.4. Let s ∈ Z]M . Let h̃
(εi)
s be a harmonic metric of (Es,Dλs ) adapted to

(
P(εi)
∗ V,Dλ

)
|Xs

such that det
(
h̃

(εi)
s

)
= hdet(E)|Xs\Hs. Let b̃i,s be the automorphism of E|Xs\Hs determined by

h
(εi)
s = h̃

(εi)
s b̃i,s. Then, b̃i,s and b̃−1

i,s are bounded with respect to h̃
(εi)
s , and Dλ

(
b̃i,s
)

is L2 with

respect to h̃
(εi)
s and ωεi,s

Proof. Let b′i,s be the automorphism of Es determined by h̃
(εi)
s = h

(εi)
in |Xs\Hs . Then, b′i,s and

(b′i,s)
−1 are bounded with respect to h

(εi)
in |Xs\Hs , and Dλ(b′i,s) is L2 with respect to h

(εi)
in |Xs\Hs

and ωεi,s, according to Proposition 4.4. Then, we obtain the claim of the lemma. �

Lemma 7.5. There exists a C∗-invariant subset X]M ⊂ X4M ×Z4M
Z]M such that the following

holds:

� The measure of X4M \ X
]
M is 0.

� A subsequence of h
4(εi)

|X]M
is convergent to h4

|X]M
at any point of X]M .

Proof. By Proposition 4.8, for any s ∈ Z]M , the sequence h
(εi)
s is weakly convergent to hs in L2

1

locally on Xs \Hs. We set b
(εi)
s := h

(εi)
s h−1

s . We obtain det
(
b
(εi)
s

)
= 1, and b

(εi)
s converges to the

identity locally on Xs\Hs in Lp for any p ≥ 1. We set g
(εi)
s :=

∣∣b(εi)s

∣∣
hs

on Xs\Hs. We obtain the

function g(εi) on X4M ×Z4M
Z]M from g

(εi)
s (s ∈ Z]M ). By Lemma 3.21 and Proposition 4.8, for any

compact subsetK ⊂ X4M\H
4
M , the restriction of g(εi) toK∩

(
X4M×Z4M

Z]M
)

are uniformly bounded.

Note that the sequence
(
h4(εi)

(
h4
)−1)

|K∩Xs = b
(εi)
s|K∩Xs is convergent in Lp for any p ≥ 1.

By Fubini’s theorem and Lebesgue theorem, we obtain the Lp-convergence of h4(εi)
(
h4
)−1

to

the identity for any p on K ∩
(
X4M ×Z4M

Z]M
)
. Then, after going to a subsequence, we obtain the

desired convergence. �
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Remark 7.6. If λ = 0, the argument can be simplified. Indeed, by Proposition 3.31, the

curvature R
(
h

(εi)
s

)
of h

(εi)
s are bounded locally on Xs \H. Hence, we obtain that h

(εi)
s is weakly

convergent to hs in L2
2. In particular, h

(εi)
s is convergent to hs in the C0-sense locally on Xs \Hs.

There exists a subset X] ⊂ P
4
1

(
X]M

)
such that for any P ∈ X], the measure of

(
P
4
1

)−1
(P ) \(

X]M
)

is 0 in
(
P
4
1

)−1
(P ), and that the measure of X \ X] is 0 in X. We obtain that the

sequence h
(εi)

HE |X] is convergent to a Hermitian metric h∞ of E|X] .

Lemma 7.7. For any P ∈ X] and s ∈ P2

((
P
4
1

)−1
(P )
)
, we obtain (hs)|P = h∞|P .

Proof. For any s ∈ P2

((
P
4
1

)−1
(P )
)
∩ Z]M , we obtain (hs)|P = h∞|P . Then, by using the

continuity of hs on s, we obtain (hs)|P = h∞|P for any s ∈ P2

((
P
4
1

)−1
(P )
)
. �

Lemma 7.8. Let P ∈ X \ (WM ∪ H). Then, for any s1, s2 ∈ P2

((
P
4
1

)−1
(P )
)
, we obtain

hs1|P = hs2|P .

Proof. For any P ∈ X] and for any s1, s2 ∈ P2

((
P
4
1

)−1
(P )
)
, we obtain hs1|P = h∞|P = hs2|P .

By the continuity of hs on s, we obtain the claim of the lemma. �

Then, h∞ extends to a Hermitian metric of E|X\(H∪WM ) by setting h∞|P := (hs)|P for

s ∈ P2

((
P
4
1

)−1
(P )
)
.

Lemma 7.9. h∞ induces a Hermitian metric of E|X\(H∪WM ) of C1-class. The C1-Hermitian
metric is also denoted by h∞.

Proof. Let P be any point of X \WM . Let (UP , x1, x2) be a holomorphic coordinate neighbour-

hood as in Section 7.2.2. By using Proposition 4.5, we define the continuous Hermitian metric h
(i)
P

of E|UP by the condition that hP |{xi=a} is equal to the restriction of hs1+as∞ . By the construc-

tion of h∞, we obtain h∞|UP = h
(i)
P . Hence, we obtain that h∞|UP∩X] induces a continuous

Hermitian metric hP,∞ of E|UP , and h
(1)
P = hP,∞ = h

(2)
P hold. Moreover, by Proposition 4.5, any

derivative of h
(j)
P with respect to ∂zi and ∂zi (i 6= j) are continuous. We obtain that hP,∞ is C1.

Thus, we obtain the claim of the lemma. �

We obtain the operator Dλ?h∞ from Dλ and h∞. We define G(h∞) :=
[
Dλ,Dλ?h∞

]
as a current.

Lemma 7.10. G(h∞)(1,1) = 0 on X \ (H ∪WM ).

Proof. Let P ∈ X \ (H ∪WM ). Let (UP , x1, x2) be a holomorphic coordinate neighbourhood
as in Section 7.2.2. We have the expression

G(h∞)(1,1) = G(h∞)11dx1 dx1 +G(h∞)12dx1 dx2 +G(h∞)21dx2 dx1 +G(h∞)22dx2 dx2.

Because h∞|{xi=a} is equal to hsi+as∞ , we obtain G(h∞)ii = 0 for i = 1, 2.

By considering the holomorphic coordinate system (w1, w2) = (x1 + x2, x1 − x2) and the
coefficient of dw1 dw1 in G(h∞)(1,1), we obtain G(h∞)12 + G(h∞)21 = 0. By considering the
holomorphic coordinate system (z1, z2) =

(
x1+
√
−1x2, x1−

√
−1x2

)
and the coefficient of dz1 dz1

in G(h∞)(1,1), we obtain G(h∞)12 −G(h∞)21 = 0. Therefore, we obtain that G(h∞)ij = 0. �

Lemma 7.11. We obtain ΛG(h∞) = 0 on X\(H∪WM ). As a result, h∞ is C∞ on X\(H∪WM ).
If moreover λ 6= 0, then h∞ is a pluri-harmonic metric of

(
E,Dλ

)
|X\H∪WM

.
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Proof. The first claim immediately follows from Lemma 7.10. We obtain the second claim
by the elliptic regularity and a standard bootstrapping argument. The last claim follows from
Corollary 2.16. �

Lemma 7.12. In the case λ = 0, we obtain ∂h∞θ = 0, i.e., h∞ is a pluri-harmonic metric of
the Higgs bundle

(
E, ∂E , θ

)
|X\(H∪WM )

.

Proof. Let us observe that the sequence ∂
h

(εi)
HE

− ∂h∞ is convergent to 0 almost everywhere

on X \ H. It is enough to prove that ∂
h

(εi)

HE |Xs
− ∂hs is convergent to 0 for s ∈ Z]M . Let b

(εi)
s

be the automorphism of E|Xs\H which is self-adjoint with respect to hs and h
(εi)
HE |Xs determined

by h
(εi)
HE |Xs = hsb

(εi)
s . By Proposition 4.8, the sequence

(
b
(εi)
s

)−1
∂hs
(
b
(εi)
s

)
is convergent to 0

weakly in L2 locally on Xs \H. By Proposition 3.31, the sequence
(
b
(εi)
s

)−1
∂hs
(
b
(εi)
s

)
is bounded

in Lp2 locally on Xs \H for any p ≥ 1.

Lemma 7.13.
(
b
(εi)
s

)−1
∂hs
(
b
(εi)
s

)
is convergent to 0 in Lp1 locally on Xs \H.

Proof. Let
(
b
′(εi)
s

)−1
∂hs
(
b
′(εi)
s

)
be any subsequence of

(
b
(εi)
s

)−1
∂hs
(
b
(εi)
s

)
. Because it is bounded

in Lp2 locally on Xs \H, it contains a subsequence
(
b
′′(εi)
s

)−1
∂hs
(
b
′′(εi)
s

)
which is weakly conver-

gent in Lp2 locally on Xs \H for any p ≥ 2. By the Sobolev embedding theorem, the sequence(
b
′′(εi)
s

)−1
∂hs
(
b
′′(εi)
s

)
is convergent in Lp1 locally on Xs \H. Because

(
b
(εi)
s

)−1
∂hs
(
b
(εi)
s

)
is conver-

gent to 0 weakly in L2 locally on Xs \H, the limit should be 0. Therefore, we obtain the claim
of Lemma 7.13. �

As a result, ∂
h

(εi)
HE

θ is convergent to ∂h∞θ almost everywhere. Note that

0 ≤
∫
X\H

∣∣∂
h

(εi)
HE

θ
∣∣2
h

(εi)
HE ,ωεi

≤
∫
X\H

∣∣G(h(εi)
HE

)∣∣2
h

(εi)
HE ,ωεi

= −8π2

∫
X

ch2

(
P(εi)
∗ V

)
.

We also have lim
i→∞

∫
X ch2

(
P(εi)
∗ V

)
= 0. We have the following convergence almost everywhere

on X \H:

lim
i→∞

∣∣∂
h

(εi)
HE

θ
∣∣2
h

(εi)
HE ,ωεi

=
∣∣∂h∞θ∣∣2h∞,ωX .

Therefore, we obtain
∫ ∣∣∂h∞θ∣∣2h∞,ωX = 0 by Fatou’s lemma. �

Lemma 7.14. h∞ induces a C∞-metric of E on X \H, and hence it is a pluri-harmonic metric
of
(
E,Dλ

)
.

Proof. It is enough to prove that h∞ is a C∞-metric around any point of WM \H. We have
only to apply the argument in [49, Lemma 5.15]. �

If λ = 0, we obtain that
(
E, ∂E , θ, h∞

)
is a good wild harmonic bundle on (X,H), because

(P∗V, θ) is a good filtered Higgs bundle. If λ 6= 0, the associated Higgs bundle
(
E, ∂E , θ

)
with the pluri-harmonic metric h∞ is a good wild harmonic bundle by [51, Proposition 13.5.1].
We obtain a good filtered λ-flat bundle

(
Ph∞∗ E,Dλ

)
on (X,H). We put H [2] =

⋃
i 6=j(Hi ∩Hj).

For any P ∈ H \
(
WM ∪ H [2]

)
, there exists s ∈ Z4M such that P ∈ Xs. By the construction,

h∞|Xs\Hs = hs. Hence, we obtain Ph∞∗ (E)|Xs = P∗(V)|Xs . Let Y := (H ∩WM ) ∪H [2], which is

a finite subset of H. We obtain that Ph∞∗ (E)|X\Y ' P∗V|X\Y . By Hartogs theorem, we obtain

that Ph∞∗ (E) ' P∗V. Thus, the proof of Proposition 7.2 is completed. �
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7.3 Higher dimensional case

Let us prove Theorem 7.1 in the case dimX ≥ 3 by an induction on dimX. Take a sufficiently
large integer M . We set ZM := H0

(
X,L⊗M

)
\ {0}, and let XM ⊂ X × ZM be defined as s−1(0)

as in Section 7.2.1. For any s ∈ ZM , set Xs := s−1(0). Let P(T ∗X) denote the projectivization
of the cotangent bundle of X. If M is sufficiently large, there exists a Zariski dense open subset
Z◦M ⊂ ZM such that the following holds:

� P◦2 : X◦M := XM ×ZM Z◦M −→ Z◦M is smooth.

� X◦M ∪
(
H×Z◦M

)
is simply normal crossing. Moreover the intersections of any tuple of irre-

ducible components are smooth over Z◦M .

� The induced map P1 : X◦M −→ X is surjective. Moreover, the induced morphism P̃1:
X◦M −→ P(T ∗X) is surjective.

Let pi,j denote the projection of X × Z◦M × Z◦M onto the product of the i-th component and

the j-th component. For j = 2, 3, let
(
X◦M

)(j)
denote the pull back of X◦M by p1,j . There exists

a Zariski dense open subset UM ⊂ Z◦M × Z◦M such that the following holds:

� Let
(
X◦M

)(j)
UM

denote the fiber product of
(
X◦M

)(j)
and UM over Z◦M×Z◦M . Then,

(
X◦M

)(2)

UM
∪(

X◦M
)(3)

UM
∪ (H × UM ) is simply normal crossing. Moreover, the intersection of any tuple

of irreducible components are smooth over U.

By the Mehta–Ramanathan type theorem (Proposition 3.8), there exists a Zariski dense open

subset U4M ⊂ UM such that the following holds:

� For s = (s1, s2) ∈ U4M , we set Xs := Xs1 ∩ Xs2 . Then, the restriction
(
P∗V,Dλ

)
|Xs is

a µL-stable good filtered λ-flat bundle on (Xs, H ∩Xs).

Hence, there exists a Zariski dense open subset Z4M ⊂ Z◦M such that the following holds:

� For any s ∈ Z4M ,
(
P∗V,Dλ

)
|Xs is a µL-stable good filtered λ-flat bundle on (Xs, H ∩Xs).

� For any s1, s2 ∈ Z4M , there exists a Zariski open subset V(s1, s2) ⊂ Z4M such that the
restrictions

(
P∗V,Dλ

)
|X(si,s3)

(i = 1, 2) are µL-stable for any s3 ∈ V(s1, s2).

We set X4M := XM ×ZM Z4M . Let P
4
2 : X4M −→ X denote the naturally induced morphism.

Then, WM := X \ P42
(
X4M

)
is a finite subset.

For any P ∈ X \ (H ∪WM ), there exists s ∈ Z4M such that P ∈ Xs. Then,
(
P∗Vs,Dλs

)
:=(

P∗V,Dλ
)
|Xs is µL-stable, and the following holds:∫

Xs

c1(P∗Vs)c1

(
L|Xs

)dimXs−1
= 0,

∫
Xs

ch2(P∗Vs)c1

(
L|Xs

)dimXs−2
= 0.

There exists a pluri-harmonic metric hs of
(
Es, ∂Es ,Dλs

)
:=
(
E, ∂E ,Dλ

)
|Xs\H adapted to P∗Vs

such that det(hs) = hdet(E)|Xs\H . Take another s′ ∈ Z4M such that P ∈ Xs′ . There exists a pluri-

harmonic metric hs′ of
(
Es′ , ∂Es′ ,D

λ
s′
)

adapted to P∗Vs′ such that det(hs′) = hdet(E)|Xs′\H .

Lemma 7.15. hs|P = hs′|P .

Proof. Suppose that Xs ∪Xs′ ∪H is simply normal crossing. We set Xs,s′ := Xs ∩Xs′ . It is
smooth and connected. We obtain a good filtered λ-flat bundle

(
P∗V,Dλ

)
|Xs,s′

, and hs|Xs,s′
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and hs′|Xs,s′ are adapted to P∗V|Xs,s′ . Let bs,s′ be the automorphism of E|Xs,s′ which is self-
adjoint with respect to both hs|Xs,s′ and hs′|Xs,s′ , and determined by hs′|Xs,s′ = hs|Xs,s′ · bs,s′ .
There exists a decomposition(

P∗V,Dλ
)
|Xs,s′

=
⊕(

P∗Vi,Dλi
)
,

which is orthogonal with respect to both hs|Xs,s′ and hs′|Xs,s′ , and bs,s′ =
⊕
ai idVi for some

positive constants ai.

There exists s1 ∈ V(s, s′). Then, (P∗V, θ)|Xs1,s and (P∗V, θ)|Xs1,s′ are µL-stable. There-

fore, we have hs|Xs1,s = hs1|Xs1,s and hs′|Xs1,s′
= hs1|Xs1,s′

. We obtain that hs|Xs1∩Xs∩Xs′ =

hs′|Xs1∩Xs∩Xs′ . It implies that ai are 1, and hence hs|P = hs′|P .

In general, there exists s2 ∈ Z4M such that (i) P ∈ Xs2 , (ii) Xs ∪Xs2 ∪H and Xs′ ∪Xs2 ∪H
are simply normal crossing. By the above consideration, we obtain hs|P = hs2|P = hs′|P . �

Therefore, we obtain Hermitian metrics hP of E|P (P ∈ X \ (H ∪ WM )). By using the
argument in Lemma 7.9, we can prove that they induce a Hermitian metric h of E|X\(H∪WM )

of C1-class. We obtain G(h) from Dλ and h as a current. Because h|Xs
(
s ∈ U4M

)
are pluri-

harmonic metrics of
(
E,Dλ

)
|Xs\H , we obtain that G(h) = 0. It also implies that h is C∞

on X \ (H ∪WM ). By using the argument in [49, Lemma 5.15], we obtain that h induces a
pluri-harmonic metric of

(
E,Dλ

)
on X \ H. Then, as in the proof of Proposition 7.2, we can

conclude that
(
E,Dλ, h

)
is a good wild harmonic bundle, and that Ph∗ (E) = P∗V. Thus, we

obtain Theorem 7.1. �

8 Homogeneity with respect to group actions

8.1 Preliminary

8.1.1 Homogeneous harmonic bundles

Let Y be a complex manifold. Let K be a compact Lie group. Let ρ : K × Y −→ Y be
a K-action on Y such that ρk : Y −→ Y is holomorphic for any k ∈ K. Let κ : K −→ S1 be
a homomorphism of Lie groups.

Let
(
E, ∂E , θ, h

)
be a harmonic bundle on Y . It is called (K, ρ, κ)-homogeneous if

(
E, ∂E , h

)
is K-equivariant and k∗θ = κ(k)θ.

Remark 8.1. According to s3, harmonic bundles are equivalent to polarized variation of pure
twistor structure of weight w, for any given integer w. If κ is non-trivial, as studied in [53,
Section 3], by choosing a vector v in the Lie algebra of K such that dκ(v) 6= 0, we obtain
the integrability of the variation of pure twistor structure from the homogeneity of harmonic
bundles.

8.1.2 Homogeneous filtered Higgs sheaves and the stability condition
with respect to the action

Let X be a connected complex projective manifold with a simple normal crossing hypersur-
face H. Let G be a complex reductive algebraic group. Let ρ : G × Y −→ Y be an algebraic
G-action on Y which preserves H. Let κ : G −→ C∗ be a homomorphism of complex algebraic
groups.

Let (P∗V, θ) be a filtered Higgs sheaf on (Y,H). It is called (G, ρ, κ)-homogeneous if P∗V
is G-equivariant and g∗θ = κ(g)θ for any g ∈ G.
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Let L be a G-equivariant ample line bundle on X. A (G, ρ, κ)-homogeneous filtered Higgs
sheaf (P∗V, θ) on (X,H) is called µL-stable (resp. µL-semistable) with respect to the G-action
if the following holds:

� Let V ′ be a G-invariant saturated Higgs subsheaf of V such that 0 < rankV ′ < rankV.
Then, µL(P∗V ′) < µL(P∗V) (resp. µL(P∗V ′) ≤ µL(P∗V)) holds.

A (G, ρ, κ)-homogeneous filtered Higgs sheaf (P∗V, θ) on (X,H) is called µL-polystable with
respect to the G-action if it is µL-semistable with respect to the G-action and isomorphic to
a direct sum of (G, ρ, κ)-homogeneous filtered sheaves

⊕
(P∗Vi, θi), where each (P∗Vi, θi) is µL-

stable with respect to the G-action.

Lemma 8.2. (P∗V, θ) is µL-semistable if and only if (P∗V, θ) is µL-semistable with respect to
the G-action.

Proof. The “only if” part is clear. Let us prove that the “if” part. Let V0 ⊂ V be the β-
subobject as in Proposition 3.4. Because g∗V0 also has the same property, we obtain that V0

is G-invariant. Then, the claim of the proposition is clear. �

The following lemma is clear.

Lemma 8.3. If (P∗V, θ) is µL-stable, then (P∗V, θ) is µL-stable with respect to the G-action.

Lemma 8.4. If (P∗V, θ) is µL-stable with respect to the G-action, then (P∗V, θ) is µL-polystable.

Proof. According to Lemma 8.2, (P∗V, θ) is µL-semistable. Let V1 be the socle of (P∗V, θ)
as in Proposition 3.5. Because g∗V1 also has the same property, V1 is G-invariant. Moreover,
µL(P∗V1) = µL(P∗V) holds. Hence, we obtain V1 = V. According to Proposition 3.5, (P∗V, θ)
is µL-polystable. �

Remark 8.5. In general, even if (P∗V, θ) is µL-stable with respect to the G-action, (P∗V, θ) is
not necessarily µL-stable.

8.1.3 Actions of a complex reductive group and its compact real form

Let X be a complex projective manifold equipped with an algebraic action of a complex reductive
group G. Let L be a G-equivariant ample line bundle on X. Let K be a compact real form of G.

Let
(
E, ∂E

)
be a G-equivariant holomorphic vector bundle on X. Then, as the restriction,

we may naturally regard
(
E, ∂E

)
as a K-equivariant holomorphic vector bundle on X.

Lemma 8.6. The above procedure induces an equivalence between G-equivariant holomorphic
vector bundles and K-equivariant holomorphic vector bundles on X.

Proof. Let
(
E, ∂E

)
be a K-equivariant holomorphic vector bundle on X. There exists m0 > 0

such that E⊗L⊗m0 is globally generating. We set G0 := H0
(
X,E⊗L⊗m0

)
⊗
(
L⊗m0

)−1
. There

exists a naturally induced epimorphism of OX -modules G0 −→ E. Let K denote the kernel.
There exists m1 > 0 such that K ⊗ L⊗m1 is globally generating. We set G1 := H0

(
X,K ⊗

L⊗m1
)
⊗
(
L⊗m1

)−1
. There exists a naturally induced epimorphism G1 −→ K. Thus, we obtain

a resolution G1 −→ G0 of E. Because E is K-equivariant, H0
(
X,E ⊗ L⊗m0

)
is naturally

a K-representation, G0 is a K-equivariant holomorphic vector bundle on X, and G0 −→ E is K-
equivariant. Hence, K is aK-equivariant holomorphic vector bundle. SimilarlyH0

(
X,K⊗L⊗m2

)
is a K-representation, and G1 is K-equivariant holomorphic vector bundle, and G1 −→ K2 is
K-equivariant.

The K-representations on H0
(
X,E ⊗ L⊗m1

)
and H0

(
X,K ⊗ L⊗m2

)
naturally induce G-

representations on H0
(
X,E ⊗L⊗m1

)
and H0

(
X,K⊗L⊗m2

)
. Hence, Gi are naturally algebraic

G-equivariant vector bundles on X. Moreover, the morphism G1 −→ G0 is G-equivariant and
algebraic. Hence, E is a G-equivariant algebraic vector bundle on X. �
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8.2 An equivalence

8.2.1 Good filtered Higgs bundles associated with homogeneous good wild Higgs
bundles

LetX be a connected complex projective manifold with a simple normal crossing hypersurfaceH.
Let G be a complex reductive group acting on (X,H). Let K be a compact real form of G.
The actions of G and K on X are denoted by ρ. Let κ : G −→ C∗ be a character. The induced
homomorphism K −→ S1 is also denoted by κ.

Let
(
E, ∂E , θ, h

)
be a (K, ρ, κ)-homogeneous harmonic bundle on X \H which is good wild

on (X,H). We obtain a good filtered Higgs bundle
(
Ph∗E, θ

)
on (X,H). Because each PhaE

is naturally a K-equivariant holomorphic vector bundle on X, Ph∗E is naturally G-equivariant
by Lemma 8.6. Because k∗θ = κ(k)θ for any k ∈ K, we obtain g∗θ = κ(g)θ for any g ∈ G.
Therefore,

(
Ph∗E, θ

)
is a (G, ρ, κ)-homogeneous good filtered Higgs bundle on (X,H).

Let L be a G-equivariant ample line bundle on X.

Proposition 8.7.
(
Ph∗E, θ

)
is µL-polystable with respect to the G-action, i.e., there exists a de-

composition
(
E, ∂E , θ, h

)
=
⊕

(Ei, ∂Ei , θi, hi) of (G, ρ, κ)-homogeneous harmonic bundles such

that each
(
Phi∗ Ei, θi

)
is µL-stable with respect to the G-action.

Proof. Because
(
Ph∗E, θ

)
is µL-polystable, we obtain that

(
Ph∗E, θ

)
is µL-semistable with res-

pect to the G-action. Let V1 ⊂ PhE be a G-invariant saturated Higgs OX(∗H)-submodule such
that µL(P∗V1) = µL

(
Ph∗E

)
= 0. Let E1 be the Higgs subsheaf of E obtained as the restriction

of V1 to X \H. Then, by the argument in the proof of [51, Proposition 13.6.1], we obtain that E1

is a subbundle, and the orthogonal complement E2 := E⊥1 is also a holomorphic subbundle.
Moreover, θ(E2) ⊂ E2 ⊗ Ω1

X\H , and E2 is K-equivariant. Hence, we obtain a decomposition(
E, ∂E , θ, h

)
=
(
E1, ∂E1 , θ1, h1

)
⊕
(
E2∂E2 , θ2, h2

)
of (K, ρ, κ)-homogeneous harmonic bundles.

Then, the claim of the proposition is clear. �

8.2.2 Uniqueness

Let
(
E, ∂E , θ, h

)
be a (K, ρ, κ)-homogeneous harmonic bundle on X \H which is good wild on

(X,H). Let h′ be another pluri-harmonic metric of
(
E, ∂E , θ

)
such that (i) h′ is K-invariant,

(ii) Ph′∗ E = Ph∗E. The following is clear from Proposition 2.22.

Proposition 8.8. There exists a decomposition
(
E, ∂E , θ

)
=
⊕m

i=1

(
Ei, ∂Ei , θi

)
such that (i) the

decomposition is orthogonal with respect to both h and h′, (ii) there exist ai > 0 (i = 1, . . . ,m)
such that h′|Ei = aihEi, (iii) the decomposition E =

⊕
Ei is preserved by the K-action.

8.2.3 Existence theorem

Let (P∗V, θ) be a (G, ρ, κ)-homogeneous good filtered Higgs bundle on (X,H) such that∫
X
c1(P∗V)c1(L)dimX−1 = 0,

∫
X

ch2(P∗V)c1(L)dimX−2 = 0.

Let
(
E, ∂E , θ

)
be the Higgs bundle on X \H obtained as the restriction of (P∗V, θ).

Theorem 8.9. Suppose that (P∗V, θ) is µL-stable with respect to the G-action. Then, there
exists a K-invariant pluri-harmonic metric h of

(
E, ∂E , θ

)
such that Ph∗E = P∗V. If h′ is

another K-invariant pluri-harmonic metric of
(
E, ∂E , θ

)
, there exists a positive constant a such

that h′ = ah.
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Proof. By Lemma 8.4, (P∗V, θ) is µL-polystable. There exists the canonical decomposition

(P∗V, θ) =
m⊕
i=1

(P∗Vi, θi)⊗ Ui,

where (P∗Vi, θi) are µL-stable good filtered Higgs bundles such that (P∗Vi, θi) 6' (P∗Vj , θj)
(i 6= j), and Ui are finite dimensional complex vector spaces. Let

(
Ei, ∂Ei , θi

)
denote the

Higgs bundle obtained as the restriction of (Vi, θi) to X \H. There exist pluri-harmonic met-

rics hi of
(
Ei, ∂Ei , θi

)
adapted to the filtered bundles P∗Vi. Let h

(0)
Ui

be Hermitian metrics

of Ui. We obtain a pluri-harmonic metric h(0) =
⊕(

hi ⊗ h(0)
Ui

)
of
(
E, ∂E , θ

)
adapted to P∗V.

By Proposition 2.22 and the uniqueness of the canonical decomposition, we obtain the following
lemma.

Lemma 8.10. For any pluri-harmonic metric h(1) of
(
E, ∂E , θ

)
adapted to P∗V, there uniquely

exist Hermitian metrics h
(1)
Ui

of Ui such that h(1) =
⊕(

hi ⊗ h(1)
Ui

)
.

For any k ∈ K, we obtain a pluri-harmonic metric k∗h(0) of
(
E, ∂E , κ(k)θ

)
adapted to P∗V.

Because |κ(k)| = 1, k∗
(
h(0)

)
is also a pluri-harmonic metric of

(
E, ∂E , θ

)
adapted to P∗V.

Hence, there uniquely exist Hermitian metrics hUi(k) of Ui such that k∗(h) =
⊕m

i=1(hi⊗hUi(k)).
By using the Haar measure dk on K with

∫
K dk = 1, we define the Hermitian metric h of E as

follows:

h :=

∫
K
k∗
(
h(0)

)
dk =

m⊕
i=1

(
hi ⊗

∫
K
hUi(k)dk

)
.

Then, h is also a pluri-harmonic metric. By the construction, h is K-invariant.

Let h′ be another K-invariant pluri-harmonic metric of
(
E, ∂E , θ

)
adapted to P∗V. We obtain

the decomposition
(
E, ∂E , θ

)
=
⊕(

Ei, ∂Ei , θi
)

as in Proposition 2.22, which induces a decom-
position of good filtered Higgs bundles (P∗V) =

⊕
(P∗Vi, θi). Because both h and h′ are

K-invariant, the decompositions are also K-invariant. Hence, the decomposition (P∗V) =⊕
(P∗Vi, θi) is G-invariant. By the µL-stability of (P∗V), we obtain m = 1, i.e., h′ = ah

for a > 0. �

Corollary 8.11. We obtain the equivalence between the isomorphism classes of the following
objects:

� (K, ρ, κ)-homogeneous good wild harmonic bundles on (X,H).

� (G, ρ, κ)-homogeneous good filtered Higgs bundles (P∗V, θ) such that (i) it is µL-polystable
with respect to the G-action, (ii) µL(P∗V) = 0,

∫
X ch2(P∗V)c1(L)dimX−2 = 0.
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[40] Lübke M., Stability of Einstein–Hermitian vector bundles, Manuscripta Math. 42 (1983), 245–257.
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309 (2006), viii+117 pages.

[47] Mochizuki T., Asymptotic behaviour of tame harmonic bundles and an application to pure twistor D-
modules. I, Mem. Amer. Math. Soc. 185 (2007), xii+324 pages.

[48] Mochizuki T., Asymptotic behaviour of tame harmonic bundles and an application to pure twistor D-
modules. II, Mem. Amer. Math. Soc. 185 (2007), xii+565 pages.

https://doi.org/10.1515/crll.2003.015
https://arxiv.org/abs/math.AG/0203054
https://doi.org/10.1515/CRELLE.2007.060
https://arxiv.org/abs/math.AG/0603564
https://doi.org/10.1016/j.aim.2009.09.012
https://doi.org/10.1016/j.aim.2009.09.012
https://arxiv.org/abs/0805.4777
https://doi.org/10.1112/plms/s3-55.1.59
https://doi.org/10.1007/978-3-319-11523-8_14
https://arxiv.org/abs/1905.10765
https://doi.org/10.3842/SIGMA.2020.029
https://arxiv.org/abs/1908.08348
https://arxiv.org/abs/0906.1307
https://doi.org/10.1007/s00208-006-0078-7
https://arxiv.org/abs/math.AG/0603677
https://doi.org/10.4310/jdg/1214460547
https://doi.org/10.1007/978-1-4612-0705-4_9
https://doi.org/10.1017/S0027763000018602
https://doi.org/10.3792/pjaa.58.158
https://doi.org/10.1515/9781400858682
https://doi.org/10.4310/CAG.2000.v8.n3.a1
https://doi.org/10.1007/s10114-999-0062-8
https://doi.org/10.1007/s10114-999-0062-8
https://doi.org/10.1007/BF01475761
https://doi.org/10.1007/BF01169586
https://doi.org/10.1090/memo/0863
https://doi.org/10.1090/memo/0863
https://arxiv.org/abs/math.DG/0402341
https://doi.org/10.1007/BF01444704
https://doi.org/10.1007/BF01450677
https://doi.org/10.1007/BF01389140
https://doi.org/10.1007/BF01420526
https://doi.org/10.1090/memo/0869
https://doi.org/10.1090/memo/0870


66 T. Mochizuki

[49] Mochizuki T., Kobayashi–Hitchin correspondence for tame harmonic bundles. II, Geom. Topol. 13 (2009),
359–455, arXiv:math.DG/0602266.

[50] Mochizuki T., Asymptotic behavior of variation of pure polarized TERP structure, Publ. Res. Inst. Math.
Sci. 47 (2011), 419–534, arXiv:0811.1384.

[51] Mochizuki T., Wild harmonic bundles and wild pure twistor D-modules, Astérisque 340 (2011), x+607.
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[60] Sabbah C., Polarizable twistor D-modules, Astérisque 300 (2005), vi+208 pages, arXiv:math.AG/0503038.

[61] Saito K., Takahashi A., From primitive forms to Frobenius manifolds, in From Hodge Theory to Integrability
and TQFT tt∗-Geometry, Proc. Sympos. Pure Math., Vol. 78, Amer. Math. Soc., Providence, RI, 2008, 31–
48.

[62] Simpson C.T., Constructing variations of Hodge structure using Yang–Mills theory and applications to
uniformization, J. Amer. Math. Soc. 1 (1988), 867–918.

[63] Simpson C.T., Harmonic bundles on noncompact curves, J. Amer. Math. Soc. 3 (1990), 713–770.

[64] Simpson C.T., Higgs bundles and local systems, Inst. Hautes Études Sci. Publ. Math. 75 (1992), 5–95.

[65] Simpson C.T., The Hodge filtration on nonabelian cohomology, in Algebraic Geometry – Santa Cruz
1995, Proc. Sympos. Pure Math., Vol. 62, Amer. Math. Soc., Providence, RI, 1997, 217–281, arXiv:alg-
geom/9604005.

[66] Simpson C.T., Mixed twistor structures, arXiv:alg-geom/9705006.

[67] Simpson C.T., Iterated destabilizing modifications for vector bundles with connection, in Vector Bundles
and Complex Geometry, Contemp. Math., Vol. 522, Amer. Math. Soc., Providence, RI, 2010, 183–206,
arXiv:0812.3472.

[68] Siu Y.T., Techniques of extension of analytic objects, Lecture Notes in Pure and Applied Mathematics,
Vol. 8, Marcel Dekker, Inc., New York, 1974.

[69] Siu Y.T., The complex-analyticity of harmonic maps and the strong rigidity of compact Kähler manifolds,
Ann. of Math. 112 (1980), 73–111.

[70] Steer B., Wren A., The Donaldson–Hitchin–Kobayashi correspondence for parabolic bundles over orbifold
surfaces, Canad. J. Math. 53 (2001), 1309–1339.

[71] Takemoto F., Stable vector bundles on algebraic surfaces, Nagoya Math. J. 47 (1972), 29–48.

[72] Takemoto F., Stable vector bundles on algebraic surfaces. II, Nagoya Math. J. 52 (1973), 173–195.

[73] Uhlenbeck K., Yau S.-T., On the existence of Hermitian–Yang–Mills connections in stable vector bundles,
Comm. Pure Appl. Math. 39 (1986), S257–S293.

[74] Uhlenbeck K.K., Connections with Lp bounds on curvature, Comm. Math. Phys. 83 (1982), 31–42.

https://doi.org/10.2140/gt.2009.13.359
https://arxiv.org/abs/math.DG/0602266
https://doi.org/10.2977/PRIMS/41
https://doi.org/10.2977/PRIMS/41
https://arxiv.org/abs/0811.1384
https://arxiv.org/abs/1301.1718
https://doi.org/10.1007/s00220-014-1994-0
https://arxiv.org/abs/1301.1718
https://doi.org/10.1007/978-3-319-10088-3
https://doi.org/10.2307/1970710
https://doi.org/10.2307/1970710
https://doi.org/10.5802/aif.1717
https://arxiv.org/abs/math.AG/9905039
https://arxiv.org/abs/math.AG/0503038
https://doi.org/10.1090/pspum/078/2483747
https://doi.org/10.2307/1990994
https://doi.org/10.2307/1990935
https://doi.org/10.1007/BF02699491
https://doi.org/10.1090/pspum/062.2/1492538
https://arxiv.org/abs/alg-geom/9604005
https://arxiv.org/abs/alg-geom/9604005
https://arxiv.org/abs/alg-geom/9705006
https://doi.org/10.1090/conm/522/10300
https://arxiv.org/abs/0812.3472
https://doi.org/10.2307/1971321
https://doi.org/10.4153/CJM-2001-047-x
https://doi.org/10.1017/S0027763000014896
https://doi.org/10.1017/S0027763000015968
https://doi.org/10.1002/cpa.3160390714
https://doi.org/10.1007/BF01947069

	1 Introduction
	1.1 Kobayashi–Hitchin correspondences
	1.1.1 Kobayashi–Hitchin correspondence for vector bundles
	1.1.2 Higgs bundles and lambda-flat bundles
	1.1.3 Filtered case

	1.2 Homogeneity with respect to group actions
	1.2.1 Variation of Hodge structure
	1.2.2 TE-structure
	1.2.3 Homogeneous harmonic bundles
	1.2.4 An equivalence


	2 Good filtered lambda-flat bundles and wild harmonic bundles
	2.1 Filtered sheaves and filtered lambda-flat sheaves
	2.1.1 Filtered sheaves
	2.1.2 Restriction and gluing
	2.1.3 Reflexive filtered sheaves
	2.1.4 Filtered lambda-flat sheaves

	2.2 mu L-stability condition for filtered lambda-flat sheaves
	2.2.1 Slope of filtered sheaves
	2.2.2 mu L-stability condition

	2.3 Filtered bundles
	2.3.1 Filtered bundles in the local case
	2.3.2 Pull back, push-forward and descent with respect to ramified coverings in the local case
	2.3.3 Filtered bundles in the global case
	2.3.4 The induced bundles and filtrations
	2.3.5 The induced filtered bundles
	2.3.6 First and second Chern characters for filtered bundles

	2.4 Good filtered lambda-flat bundles
	2.4.1 Good set of irregular values at P
	2.4.2 Good filtered lambda-flat bundles

	2.5 Prolongation of holomorphic vector bundles with a Hermitian metric
	2.5.1 A sufficient condition

	2.6 Harmonic bundles
	2.6.1 Pluri-harmonic metrics for lambda-flat bundles
	2.6.2 The case lambda neq 0

	2.7 Wild harmonic bundles
	2.7.1 Higgs case
	2.7.2 The case of lambda-flat bundles
	2.7.3 Prolongation of good wild harmonic bundles to good filtered lambda-flat bundles
	2.7.4 Prolongation of good wild harmonic bundles in the projective case

	2.8 Main existence theorem in this paper
	2.8.1 Outline of the proof Theorem 2.23


	3 Preliminaries
	3.1 Hermitian–Einstein metrics of lambda-flat bundles
	3.2 Rank one case
	3.3 beta-subobject and socle for reflexive filtered lambda-flat sheaves
	3.3.1 beta-subobjects
	3.3.2 Socle

	3.4 Mehta–Ramanathan type theorems
	3.4.1 Restriction to general curves
	3.4.2 The stability condition
	3.4.3 Restrictions of morphisms and the polystability condition
	3.4.4 General Enriques–Severi lemma due to Mehta–Ramanathan
	3.4.5 Flat sections of reflexive filtered lambda-flat sheaves
	3.4.6 Morphisms of reflexive filtered lambda-flat sheaves

	3.5 Good filtered lambda-flat bundles and ramified coverings
	3.5.1 Pull back
	3.5.2 The associated graded bundles
	3.5.3 Residues
	3.5.4 Parabolic weights

	3.6 Approximation by model filteredlambda-flat bundles
	3.6.1 Model filtered lambda-flat bundles
	3.6.2 Approximation of good filtered lambda-flat bundles

	3.7 Perturbation of good filtered lambda-flat bundles
	3.7.1 Curve case
	3.7.2 Surface case

	3.8 Some families of auxiliary metrics on a punctured disc
	3.8.1 Regular model case
	3.8.2 General case
	3.8.3 A consequence
	3.8.4 Proof of Proposition 3.26
	3.8.5 Proof of Proposition 3.27

	3.9 Estimate of the curvature for Hermitian–Einstein metrics of a Higgs bundle

	4 Existence and continuity of harmonic metrics in the curve case
	4.1 Existence of Hermitian–Einstein metric
	4.1.1 Complement on the Donaldson functional

	4.2 Continuities of some families of Hermitian metrics
	4.2.1 Setting
	4.2.2 Continuity of the family of harmonic metrics
	4.2.3 Continuity of some families of Hermitian metrics

	4.3 Tensor product of stable filtered lambda-flat sheaves

	5 Preliminary existence theorem for Hermitian–Einstein metrics
	5.1 Statements
	5.1.1 Kähler metrics
	5.1.2 Condition for good filtered lambda-flat bundles and initial metrics
	5.1.3 Preliminary existence theorem for Hermitian–Einstein metrics

	5.2 Around cross points
	5.2.1 Unramified case
	5.2.2 Ramified case
	5.2.3 An estimate

	5.3 Around smooth points
	5.3.1 Unramified case
	5.3.2 Ramified case

	5.4 Proof of Proposition 5.6
	5.5 Proof of Theorem 5.7

	6 Bogomolov–Gieseker inequality
	7 Existence theorem of pluri-harmonic metrics
	7.1 Statement
	7.2 Surface case
	7.2.1 Family of ample hypersurfaces
	7.2.2 Local holomorphic coordinate systems
	7.2.3 Proof of Proposition 7.2

	7.3 Higher dimensional case

	8 Homogeneity with respect to group actions
	8.1 Preliminary
	8.1.1 Homogeneous harmonic bundles
	8.1.2 Homogeneous filtered Higgs sheaves and the stability condition with respect to the action
	8.1.3 Actions of a complex reductive group and its compact real form

	8.2 An equivalence
	8.2.1 Good filtered Higgs bundles associated with homogeneous good wild Higgs bundles
	8.2.2 Uniqueness
	8.2.3 Existence theorem


	References

