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Abstract. An enumerative invariant theory in algebraic geometry, differential geometry,
or representation theory, is the study of invariants which ‘count’ 7-(semi)stable objects E
with fixed topological invariants [E] = « in some geometric problem, by means of a virtual
class [M(7)]virt in some homology theory for the moduli spaces M3 (1) C M(7) of 7-
(semi)stable objects. Examples include Mochizuki’s invariants counting coherent sheaves on
surfaces, Donaldson-Thomas type invariants counting coherent sheaves on Calabi-Yau 3-
and 4-folds and Fano 3-folds, and Donaldson invariants of 4-manifolds. We make conjectures
on new universal structures common to many enumerative invariant theories. Any such
theory has two moduli spaces M, MP' where the second author (see https://people.
maths.ox.ac.uk/~joyce/hall.pdf) gives H,(M) the structure of a graded vertex algebra,
and H,.(MP™) a graded Lie algebra, closely related to H,(M). The virtual classes [M(7)]virt
take values in H, (MP'). In most such theories, defining [M®(7)]yire when MS (1) £ ME(7)
(in gauge theory, when the moduli space contains reducibles) is a difficult problem. We
conjecture that there is a natural way to define invariants M3 (7)]iny in homology over Q,
with [MZ(7)]iny = M (7)]viee when M (1) = MP(7), and that these invariants satisfy
a universal wall-crossing formula under change of stability condition 7, written using the
Lie bracket on H, (Mpl). We prove our conjectures for moduli spaces of representations
of quivers without oriented cycles. Versions of our conjectures in algebraic geometry using
Behrend-Fantechi virtual classes are proved in the sequel [arXiv:2111.04694].
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1 Introduction

For us, an enumerative invariant theory in algebraic or differential geometry or representation
theory is the study of invariants I,(7) which ‘count’ 7-semistable objects E with fixed topo-
logical invariants [E] = « in some geometric problem, usually by means of a virtual class
[MZ(7)]virt in some homology theory for the moduli space M3 (7) of T-semistable objects, with
I,(1) = f[ ME (7)ot oo for some natural cohomology class ,. Often the invariants I,(7) have
a deformation-invariance property.

We say the enumerative invariant theory is C-linear if the objects E to be counted live in
a C-linear additive category A. (The algebro-geometric version of our theory should extend to
K-linear additive categories, for K an algebraically closed field.) Here are some examples of such
C-linear theories:
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Invariants counting Gieseker semistable coherent sheaves on complex projective surfaces,
as in Mochizuki [79].

Donaldson-Thomas invariants counting semistable coherent sheaves on Calabi—Yau or
Fano 3-folds, as in Thomas [100] and Joyce—-Song [60].

Donaldson—-Thomas type invariants counting semistable coherent sheaves on Calabi—Yau
4-folds, as in Borisov—Joyce [11] and Oh—Thomas [87].

Donaldson invariants counting anti-self-dual U(n)- or SU(n)-connections on compact ori-
ented 4-manifolds, as in Donaldson-Kronheimer [22, 23, 69].

Invariants counting semistable representations of quivers, or quivers with relations, and
similar representation-theoretic problems.

A non-example is Gromov—Witten invariants counting Deligne-Mumford stable J-holomorphic
curves j: X — X, since these do not form a C-linear category.

We discuss some new universal mathematical structures that we expect to underlie most of
the C-linear enumerative invariant theories above. We explain our conjectural picture in detail
in Section 4. Here is a brief partial sketch, for simplicity in the algebraic geometry case with
A = coh(X) for a smooth projective C-scheme X, as in (i), (ii) above.

(a)

There are two ways to form a moduli stack of objects in A: the usual moduli stack
M, in which a C-point [E] € M corresponding to an object E € A has isotropy group
Isor([E]) = Aut(E), and the ‘projective linear’ moduli stack MP!, in which Iso Aol ([B]) =
Aut(E)/(G,, - idg). There is a morphism M — MP! which is a [x/G,,]-fibration over
nonzero objects.

The second author [58] explains how to give H.(M,Q) the structure of a graded vertex
algebra, and H, (MPI,Q) a graded Lie algebra (both with nonstandard gradings). Here
by a well-known construction in vertex algebra theory H,(M,Q)/D(H.(M,Q)) is a Lie
algebra, and H, (/\/lpl, Q) = H,(M,Q)/D(H,(M,Q)), giving the Lie algebra structure.

Note that H,(M,Q) and H. (Mpl,(@), with their vertex algebra/Lie algebra structures,
can often be written down quite explicitly (see [42]).

Let 7 be a suitable stability condition on A, and write M5 (1) C M(7) for the moduli
schemes of T-stable and 7-semistable objects in A with Chern class «. Then the coarse
moduli scheme MS5(7) is proper. In the cases we are interested in, either M5(7) is smooth,
or has a natural perfect obstruction theory in the sense of [6]. Also MS'(7) € MPis an
open substack.

Hence if M3 (1) = M(7) (that is, if there are no strictly 7-semistable objects in class «)
we have a virtual class [M(7)]yirt in the homology H. (M (7),Z) or H (M (7),Q), and
we may regard [M(7)]yit as lying in the Lie algebra H,(MP', Q) from (a). We consider
[ME(T)]virt for all a to be the family of invariants we want to study.

If M3Y(7) # M(7), the question of defining virtual classes [M5Y(7)]virs or [MP(7)]virt is
a well known, mostly unsolved problem. In algebraic geometry, the issue is that M5 (7)
is not proper, and M2 (7) does not have an obstruction theory, so we cannot use [6]. In
differential geometry, the problem is reducible connections giving singularities in mod-
uli spaces.

We conjecture that there are natural invariants [M2(7)]iny € H. (./\/lpl, Q) for all o, with
M (D)iny = [MZ(7)]vint in (b) when M (1) = M(7), which satisfy a package of
properties including (d), (e) below. Here we must work in homology over Q, not Z,

if MSE(7) #£ M (7).
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(d) Let 7, 7 be two suitable stability conditions on A, for instance, Gieseker stability on
coh(X) with respect to two polarizations L, L — X.

We conjecture that the invariants [M(7)]iny, [MZ(7)]inv are related by the universal
wall-crossing formula taken from the second author [53]:

ME@w = > Ulon,.oomm7) - [0 [IME ()i

a1+t oapn=«o

[fosz (T)]inv] ) ] ’ [Mzsn (T)]inv] 3 (11>

where the U (a1,...,an;7,7) € Q are a combinatorial coefficient system with only finitely
many non-zero terms (see [53, Definition 4.4], [60, Section 3.3]), and (1.1) uses the Lie
bracket [, | on H,(MP', Q) from (a).

(e) We do not currently have a direct definition of [M(7)]iny in (¢) when MSH(7) #£ M3 (7).
However, as for Donaldson-Thomas invariants in [60, Section 5.4] and Mochizuki’s use of
‘L-Bradlow pairs’ in [79, Section 7.3], there is an indirect way to define [M% (7)]iny using
the wall-crossing formula (1.1) in an auxiliary category B of ‘pairs’ V@ O(—N) — F in A.

Our theory is inspired by two main sources. The second author has a general theory of motivic
invariants in algebraic geometry [48, 49, 50, 51, 52, 53], including a wall crossing formula [53,
Theorems 5.2 and 5.4] of the form (1.1) in a Lie algebra of ‘stack functions’, which was applied
to Donaldson—Thomas theory in [60]. This does not apply to the enumerative invariants above,
which are not motivic. But his recent work on vertex algebra and Lie algebra structures on
homology of moduli spaces [58] provides the tools we need to extend it to enumerative invariants.

We hope that in the future our theory will lead to a better understanding of deep properties
of enumerative invariants. In particular, the connection between vertex algebras and invariants
is relatively unexplored. For example, can we explain modular properties and other structural
features of generating functions of invariants in terms of the vertex algebras appearing in (a)?

So far we have described only conjectures. The main results of this paper, stated in Section 5
and proved in Section 6, are to prove our conjectures in (c)—(e) above when A = mod-CQ is the
abelian category of C-representations of a quiver () without oriented cycles. In a sequel [59], the
second author will prove the conjectures in other cases in algebraic geometry using Behrend—
Fantechi virtual classes [6], including A = mod-CQ/I for (Q,I) a quiver with relations, and
A = coh(X) for X a smooth projective complex curve, surface, or Fano 3-fold.

We define our invariants in ordinary homology H, (./\/lpl, Q). To form virtual classes in or-
dinary homology, one needs proper moduli schemes, as in (b) above. One might hope that
there should be a version of our theory in Borel-Moore homology HEM (./\/lpl, Q), that would not
require properness.

However, this does not work, as pushforwards are only defined in Borel-Moore homology for
proper morphisms, but we need pushforwards along non-proper morphisms at several crucial
points, in particular to define the vertex algebra on H,(M,Q) and Lie algebra on H, (./\/lpl, Q)
in (a). Also if M5(7) = M (7) we need to push [M>(7)]yir¢ forward along the not necessarily
proper inclusion M(7) < MP! to regard [M(7)]yir as an element of H,(MP').

2 Background on vertex algebras and Lie algebras

In this section, we review some material from the second author [58]. Throughout this section R
is a commutative (Q-algebra, for instance R = Q, R or C.
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2.1 Vertex algebras and Lie algebras

For background on vertex algebras, we recommend Frenkel-Ben-Zvi [28], Kac [62], Lepowsky—
Li [73], and the second author [58]. As we work over a Q-algebra R, there are a few simplifications
to the general theory. Here is one of several equivalent definitions of vertex algebra.

Definition 2.1. Let Vi = @, .5V be a graded R-module. Write V,((z)) := Vi[[z]][z7!] for
the R-module of Laurent series in a formal variable z. The R-modules V[[z]], Vi((2)) are made
Z-graded by declaring deg z = —2.

A field on V, is an R-module homomorphism V., — V,((2)). The set of all fields on V is
denoted F(V;) and is considered as a graded R-module by declaring F(Vy), to be the set of
degree n fields V. — V((z)) for n € Z.

A graded vertex algebra (V*, Il,eZD,Y) over R is a Z-graded R-module V, with an identity
clement 1 € Vp, a grading-preserving operator ¢*?: V — V[[2]] with e*Pv =37 LD (v) 2"
for D: V., — Viio the translation operator, and a grading-preserving state-field correspondence
Y: Vi = F(Vi)s written Y(u,2)v = > s un(v)27""1, where u,, maps Vi, — Viiq o, o for
u € V,, satisfying:

(i) Y(I,z)v=wvforallveV.
(ii) Y(v,2)1 =e*Pv for all v € V.
(iii) For all uw € V,, and v € V},, there exists N > 0 such for all w € V,
(z1 — ZQ)N(Y(’LL, 21)Y (v, z0)w — (—1)abY(v, 29)Y (u, zl)w) =0 in V. [[zlﬂ,z;l“.
Part (iii) is called the weak commutativity property.
Let (Vi,1,e*PY) and (V/, ]l’,eZD/,Y’) be graded vertex algebras over R. A morphism
¢: (Vi,1,e*P)Y) — (V[ 1, eV’ Y’) is an R-module morphism ¢: V, — V/ which preserves all

the structures. That is, ¢ maps V,, — V!, and ¢(1) = 1', and o D = D' o ¢, and ¢ oY =
Y’ o (¢ ® ¢). Such morphisms make graded vertex algebras over R into a category VertAlg%r.

Vertex algebras are very complicated objects, and the above brief definition probably com-
municates little real understanding of them — we refer readers to [28, 58, 62, 73| for more. In
this paper, the main property of (graded) vertex algebras we use is that they have a functor to
(graded) Lie algebras.

Definition 2.2. A graded Lie algebra over R is a pair (V, [, ), where Vi, = @, Vo is a graded
R-module, and [, |: Vi x Vi — Vi is an R-bilinear map called the Lie bracket, which is graded
(that is, [, ] maps V, x V, = V4 for all a,b € Z), such that for all a,b,c € Z and u € V,, v € V}
and w € V. we have

[Ua u} = (_1>ab+1[u7v]’ (_l)ca[[uv U]7w] + (_1)ab[[1)7 w]7u] + (_1)bc[[w,u]7v] =0.

Let (Vi,[,]), (V/,[,]) be graded Lie algebras over R. A morphism ¢: (Vi,[,]) = (V/,[,])
is an R-module morphism ¢: Vi, — V/ which preserves all the structures. That is, ¢ maps
Vo =V and ¢([u,v]) = [¢(u), ¢(v)]. Such morphisms make graded Lie algebras over R into
a category LieAlg%r.

The next proposition is due to Borcherds [10, Section 4].

Proposition 2.3. Let (V;,]l,eZD,Y) be a graded vertex algebra over R. We may construct
a graded Lie algebra (V*, [ ]) over R as follows. Noting the shift in grading, define a Z-graded
R-module V, by

Vo, = Voo /D(Vi) forn € Z,
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so that V, = Viga/D(Vy). If u € Vyyo and v € Viyo, the Lie bracket on V. is
[u+ D(V,),v+ D(V)] = up(v) + D(Vatp) € Vit

A morphism ¢: (Vi,1,e*PY) — (V] 1, e??, Y’) induces a morphism o: Vi, [, D= VL[, D
by $(u + D(V.)) = o(u) + D/(V!). Mapping (Ve LeP,Y) s (Ve[ ]) and 6 o> b defines
a functor VertAlg% — LieAlg%' .

2.2 Stacks, and their homology groups

In Section 2.3 we will explain that if A is a suitable C-linear abelian category, or 7 is a suitable
C-linear triangulated category, and M is the moduli stack of objects in A or 7, and we choose
a little extra data, then [58] makes the homology H,.(M) into a graded vertex algebra. First we
give some brief background on stacks M and their homology groups H,(M).

Stacks are a class of spaces in algebraic geometry. In this paper, two types of algebro-
geometric stacks are relevant: Artin C-stacks, as in Gémez [33], Laumon and Moret-Bailly [72]
and Olsson [89], which form a 2-category Artc, and higher C-stacks, as in Toén and Vezzosi
[102, 103, 105, 106], which form an oco-category HStac containing Arte C HStac as a full
discrete 2-subcategory.

The general rule is that for any algebro-geometric C-linear abelian or exact category A
appearing in this paper, such as A = coh(X) or A = vect(X) for X a smooth projective C-
scheme, the moduli stack M of objects in A is an Artin C-stack, and for any algebro-geometric
C-linear triangulated category 7, such as 7 = D’coh(X), the moduli stack M is a higher
C-stack.

If S is an Artin or higher C-stack, we write S(C) for the set of 2-isomorphism classes [z] of
1-morphisms z: SpecC — S. Elements of S(C) are called C-points, or geometric points, of S.
If ¢: S — T is a 1-morphism then composition with ¢ induces a map of sets ¢.: S(C) — T'(C).

If S is an Artin C-stack, each C-point x € S(C) has an isotropy group Isog(x), an algebraic
C-group. We say that S has affine geometric stabilizers if Isog(x) is an affine algebraic C-group
for all z € S(C).

An important class of Artin C-stacks are quotient stacks [S/G], where S is a C-scheme and
G is an algebraic C-group acting on S. When M = [S/G], the C-points are G(C)-orbits G (C)
for C-points z € S(C), and the isotropy groups are Isojg/g)(zG(C)) = Stabg(c)(z).

As in Simpson [95] and Blanc [8, Section 3.1], any Artin C-stack or higher C-stack M has
a topological realization M™P, which is a topological space (in fact, a CW-complex) natural up
to homotopy equivalence. Topological realization gives a functor (—)'*P: Ho(HStac) — Top"°
from the homotopy category Ho(HStac) to the category Top"® of topological spaces with
morphisms homotopy classes of continuous maps.

Let M be an Artin C-stack, or higher C-stack, and R be a commutative Q-algebra, such as
R =Q,R or C. We define the homology H.(M) = H.(M, R) of M with coefficients in R to be
H.(M) = H,(M"™P R), the usual homology of the topological space M™P. Similarly we define
the cohomology H*(M) = H*(M,R) = H*(M"P R). These are sometimes called the Betti
(co)homology, to distinguish them from other (co)homology theories of stacks. We usually omit
the coefficient Q-algebra R from our notation H,(M), H*(M).

The following properties of H,(M), H*(M) will be important later:

(a) Let S be a C-scheme, and S*" the underlying complex analytic space. Then H,(S) =
H,(S*") and H*(S) = H*(S*").

(b) If M is a quotient stack [S/G], we have a homotopy equivalence

Mtop ~ (San % EuG«am)/C;am7
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where FG*" — BG?" is a classifying space for the complex analytic topological group
G*" = G(C). If S is contractible (e.g., if S is a point * or an affine space A™) this implies
that M'"P ~ BGa",

(c) For a disjoint union M = [],.; M; we have H,(M) = @,.; Hi(M;) and H*(M) =
Hie[ H* (Mz)

(d) H.(—) is covariantly functorial, and H*(—) is contravariantly functorial, under morphisms
of stacks, in the obvious way.

(e) Cap and cup products N, U are defined and have the usual properties, e.g., if f: S — T is
a morphism of stacks and o € H,(S), € H*(T) then

Ho(f)(an H*(f)(B)) = He(f)(a) N .

(f) The Kiinneth theorem gives isomorphisms H, (S xT) = H,(S)®r H.(T) and H*(S xT) =
H*(S)®r H*(T), as R is a Q-algebra.

(g) Let £* — M be a perfect complex (e.g., a vector bundle). Then £° corresponds to a mor-
phism ¢ge: M — Perfc, where Perfc is a higher stack which classifies perfect complexes,
as in Toén and Vezzosi [106, Definition 1.3.7.5]. The topological realization of Perfc is
BU x Z, where BU = @n—)oo BU(n) is the stable unitary classifying space, so that
BU x 7Z is the classifying space for topological complex K-theory K%(—), as in May [76,
Sections 23-24]. Thus d)go.p: M'"P — BU x Z defines a K-theory class [£°] € K°(M®™P).
Hence we may define the Chern classes c;(£®) = ¢;([£°]) in H*(M) = H?*(M?™P). These
have the usual properties of Chern classes, e.g., cx(€* & F*) =32, ci(E%) U (F*).

As BG,, ~ CP*, using (b) above and CP" — CP> we have an isomorphism

H*([*/Gy]) = R[[z]] as R-algebras, with degz = 2, so that

H?"([%/Gp)) = (z")g, mnormalized so that / 2" =1. (2.1)
CIP)/VL

Our conjectures in Section 4 involve fairly general Artin and higher stacks. However, our
main results in Sections 5—6 involve only moduli stacks M of abelian categories of quiver repre-
sentations mod-C@Q). These are of a very simple kind: we have M = [];.yeo Ma, where Mg is
a quotient stack [Vg/Il,cq, GL(d(v), C)] for V4 a C-vector space. Then we can compute H, (M),
H*(M) using (b), (c) above. So Sections 5-6 do not need a detailed knowledge of stacks.

There is also a theory of topological stacks due to Metzler [77] and Noohi [85, 86], which we
can use to write the differential-geometric version of our conjectural picture in Section 4. In this
paper, by ‘topological stacks’ we mean hoparacompact topological stacks in the sense of Noohi
[86, Section 8.3], which form a 2-category TopSta. These are a generalization of topological
spaces, which as in [86] have a well-behaved homotopy theory. As for the algebraic case, there
is a topological realization functor (—)*P: Ho(TopSta) — Top®®. If B is a topological stack
we define H,(B) = H,(B*P, R) and H*(B) = H*(B'*P, R), as above.

We will be primarily interested in the following case (see [61] for more details). Let X be
a compact manifold, P — X a principal U(n)-bundle, Ap the infinite-dimensional affine space
of all connections Vp on P, and Gp = Aut(P) the infinite-dimensional Lie group of gauge
transformations of P. Then Gp acts continuously on Ap, and we define Bp = Ap/Gp to be the
quotient topological stack. Since Ap is contractible, we have

H.(Bp) := H.(BE", R) = H.((Ap x EGp)/Gp, R) = H.(BGp, R).
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2.3 A geometric construction of vertex algebras

In [58], amongst other things, the second author defines new graded vertex algebra structures
on the homology H,.(M) of moduli stacks M of objects in suitable abelian categories A or
triangulated categories 7. We explain the construction in a special case. The next assumption
sets out the data we need. As in Section 2.2, throughout R is a fixed Q-algebra, and H,(—) =
H.(—,R) and H*(—) = H*(—, R) denote (co)homology over R.

Assumption 2.4. Let A be a C-linear abelian or exact category coming from algebraic geometry
or representation theory, e.g., we could take A = coh(X) or vect(X) for X a smooth projective
C-scheme, or A = mod-CQ the category of C-representations of a quiver (). Assume:

(a) We can form a natural moduli stack M of objects in A, an Artin C-stack, locally of finite
type. Then C-points of M are isomorphism classes [FE] of objects E € A, and the isotropy
groups are Isop([E]) = Aut(E).

(b) There is a natural morphism of Artin stacks ®: M x M — M which on C-points acts
by ®.: ([E],[F]) — [E @ F], for all objects E,F € A, and on isotropy groups acts
by ®.: Isopmxm([E], [F]) = Aut(E) x Aut(F) — Isopm([E & F]) =2 Aut(E & F) by
(A p) — (6‘2) for A € Aut(E) and p € Aut(F), using the obvious matrix notation
for Aut(E @ F'). That is, ® is the morphism of moduli stacks induced by direct sum in
the abelian category A. It is associative and commutative in Ho(Artc).

(c) There is a natural morphism of Artin stacks ¥: [x/G,,] x M — M which on C-points
acts by W.: (x,[F]) — [E], for all objects E in A, and on isotropy groups acts by
Voo 1804 G, xm (%, [E]) = G x Aut(E) — Isom([E]) = Aut(E) by (A, p) — A =
(A-idg) o p for A € Gy, and p € Aut(E). Note that ¥ is not the same as the projection
m: [%/Gp] X M — M from the product [x/G,,] x M, which acts on isotropy groups as
(mam)s: (A, p) — p. We have identities in Ho(Artc):

Vo (idp g, X @) =P o (¥ollp, Wolliz): [/Gp] x M*> — M,

Vo (idpg,, x ¥) =Po (2 xidy): [*/Gm]* x M — M,
where II;; projects to the i'h and j*! factors, and Q: [*/G,]? — [¥/G,y] is induced by the
morphism G, x G,, = G,,, mapping (\, u) — Ap.

(d) We are given a surjective quotient of abelian groups Ky(.A) — K(.A) of the Grothendieck
group Ko(A) of A. We write [E] € K(A) for the class of E € A. We suppose that if
E € A with [E] = 0 in K(A) then E = 0.
We require that the map M(C) — K(A) mapping E +— [E] should be locally constant.
This gives a decomposition M =[] K(A) M, of M into open and closed C-substacks
M, C M of objects in class «, where Mg = {[0]}. We write Mo = M\ My. We write
Pap = Plmaxmy s Ma X Mg = Masg and Vo = U6, cm, t [+/Gm] X Ma = Ma.

(e) We are given a symmetric biadditive form x: K(A) x K(A) — Z.
(f) We are given signs e, 3 € {£1} for all o, € K(A), such that for all o,,v7 € K(A)

we have
€0 B = (—1)X(@B)+x(xa)x(B,6) (2.2)
EQMB : 6a+577 = 6a>:8+7 : 66”\/’ 2'3
€a,0 = €00 = 1. (2.

(g) We are given a perfect complex ©°® on M x M, such that the restriction @;,B = 0% M, x Mg
to My x Mg has rank x(«, 3) for all o, f € K(A), and there are isomorphisms of perfect
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complexes

(
3(0%) ® I153(0°), (
2(0%) @ IT33(0°), (
(Lis/G,)) @ T23(0°), (
Iy, W oIli3)*(0%) = TIi (Lf, /g,,) ® 123(0°). (

NN N NN
© 00 3 O Ut

)
)
)
)
)

Here (2.5) is on M x M, where op(: M x M — M x M exchanges the factors, and n € Z.
Equations (2.6)—(2.7) are on M x M x M, and (2.8)—(2.9) on [*/Gy,] x M x M. We write
II; for the projection to the i*! factor, and IL;; for the projection to the product of the
™™ and j™ factors. We write Ly, /g,,] = [#/Gm] for the line bundle corresponding to the
weight 1 representation of G,, = C\ {0} on C.

Although Assumption 2.4(a)—(g) look like a lot of rather arbitrary data, as explained in
[58, 59] and Section 4, there are natural choices for all this data in many large classes of interesting
examples.

Definition 2.5. Suppose Assumption 2.4 holds. Given all this data, we define a graded vertex
algebra structure on the homology H,(M) from Section 2.2. The inclusion of the zero object
0 € A gives a morphism [0]: * < M inducing R = H,(x) — H,(M), and we define 1 € H,(M)
to be the image of 1 € R under this map. Taking homology of ¥ gives a map

Ho([#/Con]) @ 1 Ho (M) — 2 H, ([#/Co] x M) 2L 1, (M),

As H*([*x/Gy,]) = Hompg(H.([*/Gp]), R), this is equivalent to a map

Ho(M) —= Ho((M)@RH*([%/Grn]) 2 HL(M)[[2],

using equation (2.1), and we denote the composition e*D,

The decomposition M =[], K (4) Ma induces an identification

H(M)= @ H.(M.). (2.10)
acK(A)

For u € Hy(My) C Hy(M) and v € Hy(Mpg) C H.(M), define

_ — _1)2x(8,8) x(a,8)—i
Y (0,20 = V() @) = co(-)N Y 2
x Ho(®) o (e*P ®id)((uKv) N¢;(0%)). (2.11)
Using (2.10), for n € Z and a € K(A) we write

ﬁn(Mtx) = Hn—x(a,a)(Ma)a ﬁn(M) = @ ﬁn(Ma)~ (2.12)
acK(A)

That is, H.(M) is H,(M), but with grading shifted by —x(, @) in the component H,(My) C
H,(M). The second author [58] proves:

Theorem 2.6. In Definition (2.5), (ff*(/\/l), 1,e*P.Y) is a graded vertex algebra over R.
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Many examples of vertex algebras can be found in Frenkel-Ben-Zvi [28], Kac [62], and
Lepowsky-Li [73]. They are generally complicated to write down, as all nontrivial (i.e., non-
holomorphic) vertex algebras are infinite-dimensional. When we can compute the vertex algebras
arising from Theorem 2.6 explicitly, they are usually minor modifications of (super-)lattice vertex
algebras [28, Section 5.4], [62, Section 5.4]. See Theorem 4.8 below for a class of examples for
A = DPcoh(X) in which we can describe H «(M) and its vertex algebra structure explicitly.

Vertex algebras from quiver categories A = mod-CQ or A = D? mod-CQ can also be written
down explicitly [58]. That for A = D’ mod-CQ is the lattice vertex algebra used to construct
the Kac-Moody Lie algebra g associated to the underlying Dynkin diagram (undirected graph)
of @, as in Kac [63, Sections 1 and 5], and A = mod-CQ gives the vertex subalgebra yielding
the positive part ny of g.

2.4 Lie algebras from the vertex algebras of Section 2.3

In the situation of Section 2.3, Proposition 2.3 makes H*+2(M)/D(ﬁ*(/\/l)) into a graded Lie
algebra. We can interpret this as the shifted homology H, (Mpl) of a modification MP' of M,
which we now describe.

Definition 2.7. Continue in the situation of Assumption 2.4 and Definition 2.5. Then [*/G,]
is a group stack, and ¥: [x/G,,] x M — M is an action of [x/G,,] on M = Mg I Mg, which
is trivial on Mo = {[0]}, and free on M. As explained in [58], we may take the quotient
of M by ¥ to get a stack MP!, which we call the projective linear moduli stack, with projection
P M — MP! in a 2-co-Cartesian square in Artc:

[*/Gpm) x M 7 M

o ﬂ )
11°!

M MPL,

The construction of MP! as M/[*/G,,] is known in the literature as rigidification, as in
Abramovich-Olsson-Vistoli [1] and Romagny [92], and is written MP! = M J G,, in [1, 92].
It is used, for example, to rigidify the Picard stack Pic(X) of line bundles on a projective
scheme X to get the Picard scheme Pic(X) J G,,. A typical example is that M contains
a component [/ GL(n, C)], and MP! contains a corresponding component [*/ PGL(n, C)], where
PGL(n,C) = GL(n,C)/(G,, - Id,). That is, the passage M — MP' converts general linear
isotropy groups GL(n,C) to projective linear isotropy groups PGL(n,C), which is why we call
MP! “projective linear’.

We regard MP! as the moduli stack of all objects in A ‘up to projective linear isomorphisms’.
Since II?': M — MP!is a [*/G,,]-bundle it is an isomorphism on C-points. Thus, C-points
z € MPY(C) correspond naturally to isomorphism classes [E] of objects E € A, as for M(C),
and we will write points of MP!(C) as [F], and then II?Y(C) maps [E] — [E].

The isotropy groups of MP! satisfy Iso,m([E]) = Isom([E))/Gr for E # 0, where the
Gp-subgroup of Isor([E]) is determined by the action of ¥ on isotropy groups. Thus by
Assumption 2.4(c) we see that

Iso o1 ([E]) = Aut(E) /(G - idE). (2.13)

The action of ITP! on isotropy groups is given by the commutative diagram

IjOM([E]) — ISOMpl([Ei)
~ * (2.13) | =
Aut(E) o Gm Aut(E) /(G - idp).
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The splitting M = [[,¢x(4) Ma descends to MPL = Hoera MPL with MP' = M, /] G,,
for a # 0 and MP' = Mg = . Thus as for (2.10) we have

H (M) = @ H.(MY). (2.14)

aEK(A)

In a similar way to (2.12), using (2.14), for n € Z and o € K(A) we write

Hu(ME) = By (M), (M) = @) (M2, 219
acK(A)

That is, H, (Mpl) is H, (Mpl), but with grading shifted by 2 — x(«,«) in the component
H,(MBY ¢ H (MP).

Remark 2.8. We now have two different versions M and MP! of the moduli stack of ob-
jects in A. Most of the literature on moduli stacks focusses on M. However, for enumerative
invariants, MP' is often more useful.

To see why, observe that one often forms enumerative invariants by forming moduli schemes
M (1) C M3(7) of 7-(semi)stable objects in A in class a in K(A), for 7 a suitable stabil-
ity condition. In good cases M5'(7) has a perfect obstruction theory, and M(r) is proper.
If M3 (1) = M3(7), then by Behrend and Fantechi [6] we have a virtual class [M3(7)]virt
in H (M$(1)).

If E € Ais 7-stable then Aut(E) = G,,, and thus Isor([E]) = G, and Iso e ([E]) = {1}.
Now C-schemes may be regarded as examples of Artin C-stacks with trivial isotropy groups.
Then MS'(r) € MP! is an open substack, so we can regard [M(7)]virt as lying in H,(MP').
But in general there is no natural morphism M:3'(7) — M, so we cannot map [M>(7)]vir

to Hy(M).

The next theorem, proved in [58], gives a geometric interpretation of the graded Lie alge-

bra H,2(M)/D(H.(M)).

Theorem 2.9. Work in the situation of Assumption 2.4 and Definitions 2.5 and 2.7, and
consider the graded Lie algebra ﬁ*+2(M)/D(ﬁ*(M)) constructed by combining Proposition 2.3
and Theorem 2.6. Then IIP': M — MP! gives a morphism H, (le) : Hi(M) — H, (Mpl). It is
surjective, with kernel D(H.(M)). This induces an isomorphism

H, (") : H.(M)/D(H.(M)) — H,(MP).
Comparing (2.12) and (2.15), we see this is an isomorphism for all n € Z:
Hyi2(M)/D(Hy(M)) — Hy(MP). (2.16)

Thus there is a unique Lie bracket [, ] on H, (Mpl) making it into a graded Lie algebra, such
that (2.16) is a Lie algebra isomorphism. Hence Hy (./\/lpl) s a Lie algebra.

Remark 2.10.

(a) The fact that (2.16) is an isomorphism depends on the assumptions that R is a Q-algebra,
that we are working with an abelian or exact category A rather than a triangulated
category T, and on another assumption we have suppressed that holds in all the cases we
will discuss, which imply that the [*/G,,]-fibration TIP': M — MP! is ‘rationally trivial’
in the sense of [58].
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In the more general cases discussed in [58] — in particular, if either R is not a Q-algebra,
or we work with triangulated categories 7 such as D® coh(X) — then equation (2.16) need
not be an isomorphism, although under mild conditions it is an isomorphism when n = 0,
which is what matters in this paper.

Proving a conjecture in [58], Upmeier [107] gives a direct construction of the graded Lie
bracket [, ] on H, (./\/lpl), using a new notion of characteristic class of perfect complexes
over [*/Gy,]-fibrations II: S — T of stacks S, T, called the projective Euler class, such
that (2.16) is a morphism of graded Lie algebras in every case, whether or not (2.16) is an
isomorphism.

(b) Asin [58], in cases in which we can compute H, (MP') explicitly, Ho(MP!) is often (a minor
modification of) a Kac-Moody Lie algebra g as in Kac [63, Sections 1 and 5] (when A is
a derived category D coh(X) or D mod-CQ), or its positive part ny (when A = mod-CQ).
For example, if ) is a quiver whose underlying graph is an ADE Dynkin diagram and
A = D’mod-CQ then H (./\/lpl) = g is the corresponding finite-dimensional ADE Lie
algebra sl(n + 1,C), so(2n,C), ¢g, ¢7, ¢g, and A = mod-CQ gives its positive part n.
Vertex algebras were originally introduced in mathematics by Borcherds [10] to better
understand the construction of Kac-Moody-type Lie algebras.

2.5 Morphisms of the vertex and Lie algebras of Sections 2.3—2.4

We now construct morphisms between the graded vertex algebras and Lie algebras of Sec-
tions 2.3-2.4, that will be used in the proofs of our main results in Section 6.

Definition 2.11. Let A, M, ®, ¥, K(A), X, €a,5, ©® and A', M', &', ¥, K(A'), X/, €, 5, ©" be
two sets of data satisfying Assumption 2.4. Write (ﬁ*(/\/l), 1,e*PY) and (ﬁ*(/\/l’), 1/, e*, Y')

for the corresponding graded vertex algebras from Theorem 2.6. Suppose:

(a) We are given a C-linear exact functor ¥: A — A’. This should induce a morphism
o: M — M’ of moduli stacks, which acts on C-points as o([E]) = [X(E)]. The induced
morphism ¥, : Ko(A) — Ko(A") descends to X,: K(A) — K(A), with 3. ([E]) = [Z(F)].
In Ho(Artc) we have

®'o(0cxo)=009, ¥’ o (idp g, X 0) =00 W,

(b) We are given a biadditive morphism &: K(A) x K(A) — Z.

(c) We are given a vector bundle F' — M x M of mixed rank, such that Fy, g := F|r,xnm, has
rank £(a, B) for all o, 8 € K(A). We also write G — M for the vector bundle A% (F™*),
where Ap: M — M x M is the diagonal morphism. Then G, := G|, has rank {(«, a).

All this data should satisfy:

(i) X' (Bx(a), 24(B) = x(@, B) + §(a, B) + £(B, ) for all a, B € K(A).
(i) €5, ()5 (5 = (~D5@Peq g for all a, 5 € K(A).
(iii) As for (2.6)—(2.9), there are isomorphisms of vector bundles

o(F) @ Hi3(F),
(Lieje) © Tig(F),
Iy, ¥ o Ili3)"(F) = 11} (L, /g,,) © Ha3(F).
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(iv) In Ko(Perf(M x M)) we have
(0 x 0)*([0°]) = [©°] + [F] + [o (F)],

where op: M X M — M x M exchanges the factors. (This implies (i).)
(v) There is a vector bundle GP' — MP! with G = (le)*(Gpl).

Write ciop(G) € H*(M) for the top Chern class ¢ank ¢ (G) of G. Note that as rank G depends
on the component M, C M as in (c), we have cop(G)| M, = C¢(a,0)(Ga). Define an R-module
morphism

Q: H (M) — H, (M) by Q(u) = Hi(0)(uN crop(G)). (2.21)

Here if u € Ha(Ma) then Q(u) € Hy_g¢(aa) (M'E*(a)). Combining this with (2.12) and (i), we
see that Q: H,(M) — H,(M') is grading-preserving. The next theorem is proved in [58]:

Theorem 2.12. In Definition 2.11, Q: (fl*(M), 1,ePY) — (ﬂ*(M'), Il’,eZD/,Y’) is a mor-
phism of graded vertex algebras.

Remark 2.13. To prove Theorem 2.12, it is essential that G — M should be a vector bundle,
not just a perfect complex. This ensures that (o, ) = rankG, > 0 and ¢;(Gy) = 0 for
i > &(a, a), which are used in the proof.

One consequence is that we cannot make the analogues of Definition 2.11 and Theorem 2.12
work when we replace A, A’ by triangulated categories T, T', such as T = DPcoh(X), as
allowed in [58], because we cannot satisfy the conditions of Definition 2.11 with nonzero vector
bundles F', G in the triangulated case — for example, unless £ = 0 we would have &(«, 5) < 0 for
some «, f with M, Mg # @, and then Definition 2.11(c) gives rank F,, g3 < 0, a contradiction.

Definition 2.14. Work in the situation of Definition 2.11. Then o: M — M’ descends to
a morphism oP': MP! — M’P! with oP! o TIP! = I’ 0 ¢ in Ho(Artc). As for (2.21), define an
R-module morphism

QP H, (Mpl) — H, (M/pl) by QP'(u) = H, (opl) (uN cop (Gpl)). (2.22)

By (2.15) we see that QP!: H, (Mpl) — H, (./\/l'pl) is grading preserving. From oP! o ITP! =
IPloo, G= (le)* (GP), and (2.21)-(2.22) we see that the following diagram commutes:

|, (M) )
\LH*(HPI) 1 H. (le)i
H. (M) L H. (M),

Hence Theorems 2.6, 2.9, and 2.12 imply:

Corollary 2.15. In Definition 2.14, QP': H, (Mpl) — H, (M’pl) is a morphism of the graded
Lie algebras in Theorem 2.9.

3 Background on stability conditions, wall-crossing formulae,
and pair invariants

Next we explain parts of the second author’s series [48, 49, 50, 51, 52, 53], focussing in particular
on Ringel-Hall algebras and Lie algebras, motivic invariants, and their wall-crossing formulae.
Almost all of this section will not be used later, but appears only for motivation, because of the
comparison between Theorem 3.15 and Conjecture 4.2. So we omit details in places.



14 J. Gross, D. Joyce and Y. Tanaka

3.1 Constructible functions and stack functions

The theory of constructible functions on Artin stacks was developed by the second author [49].
We use the notation on stacks from Section 2.2. All stacks in Section 3 are assumed to have
affine geometric stabilizers.

Definition 3.1. Let X, Y be Artin C-stacks. We call C C X (C) constructibleif C = |J;c; Xi(C),
where {X;: i € I} is a finite collection of finite type Artin C-substacks X; of X. Let R be
a commutative Q-algebra. A function f: X(C) — R is called constructible if f(X(C)) is finite
and f~!(c) is a constructible set in X (C) for each ¢ € f(X(C)) \ {0}. Write CF(X) for the
R-module of R-valued constructible functions on X. If C C X(C) is constructible we write
dc € CF(X) for its characteristic function. If ¢: X — Y is a representable 1-morphism then [49,
Section 4.3] defines the R-linear pushforward ¢.: CF(X) — CF(Y), using Euler characteristics.
If 9: X — Y is a finite type l-morphism then [49, Section 5.2] defines the R-linear pullback
0*: CF(Y) — CF(X).

Here [49, Theorems 5.4, 5.6 and Definition 5.5] are some properties of these.

Theorem 3.2. Let W, X, Y, Z be Artin C-stacks, and B: X — Y, ~:Y — Z be 1-morphisms.
Then

(yoB)s =7x0ps: CF(X)— CF(Z2), (3.1)
(Yo B)" =p"on": CF(Z) — CF(X),

supposing (3,7 representable in (3.1), and of finite type in (3.2). If

W v s a 2-Cartesian square with CE(W) - CR(Y)
K 1, ¢ representable and
0 0 , Ta* w*T (3.3)
é 0, ¢ of finite type, then b
X Z the following commutes: CF(X) CF(2)

The second author [52] also introduced ‘stack functions’, a universal generalization of con-
structible functions on stacks. To each Artin C-stack X we assign an R-module SF(X) of ‘stack
functions’, which is generated by morphisms f: S — X with S a finite type Artin C-stack and f
a representable 1-morphism, subject to some relations we will not give. They have the same
package of properties as constructible functions above:

(i) A constructible set C C X (C) has a ‘characteristic function’ ¢ € SF(X).

(ii) There are R-linear pushforwards ¢.: SF(X) — SF(Y) by representable 1-morphisms
¢p: X =Y.

(iii) There are R-linear pullbacks 8*: SF(Y) — SF(X) by finite type 1-morphisms : X — Y.

(iv) The analogues of (3.1)—(3.3) hold. There are natural transformations SF(X) — CF(X),
defined using fibrewise Euler characteristics, which commute with pushforwards and pull-
backs, and map ¢ +— d¢ in (i).

As in [48, 49, 50, 51, 52, 53], stack functions are useful for studying motivic invariants.

3.2 Ringel-Hall algebras and Lie algebras

Following [50], we now explain how to define the Ringel-Hall algebra of a C-linear abelian
category, using either constructible functions or stack functions. The next assumption sets out
the data we need. It is similar to Assumption 2.4, and often both hold at once.
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Assumption 3.3. Let A be a C-linear abelian category coming from algebraic geometry or
representation theory, e.g., we could take A = coh(X) for X a smooth projective C-scheme, or
A = mod-CQ the category of C-representations of a quiver (). Assume:

(a) We can form a natural moduli stack M of objects E in A, an Artin C-stack, locally of
finite type. Then C-points of M are isomorphism classes [E] of objects E € A, and the
isotropy groups are Ison([E]) = Aut(E).

(b) We can form a natural moduli stack €ract of short exact sequences Fo = (0 — E; —
E; — FE3 — 0) in A, an Artin C-stack, locally of finite type. There are 1-morphisms
;. Cract — M for ¢ = 1,2, 3 acting by m;: Fe — E; on C-points. Here mo: Eract — M is
representable, and (7, 73): Eract — M x M is finite type.

(c) We are given a surjective quotient Ky(A) — K(A) of the Grothendieck group Ky(.A)
of A. We write [E] € K(A) for the class of E € A. We require that the map M(C) —
K (A) mapping E — [E] should be locally constant. This gives a decomposition M =
HaeK(A) M, of M into open and closed C-substacks M, C M of objects in class a. We
also suppose that My = {[0]}, that is, 0 € A is the only object in class 0 € K(A).
Define the positive cone C(A) C K(A) by C(A) = {[E]: 0 # E € A}.

(d) For all o, 8,7 € K(A) there is a 2-commutative diagram in Artc with all squares 2-

Cartesian:
Mo x Mgx M, (w1,7r3)xidM7€;aCta’5XM7 i Moy x M,
Fidate x (mi,ms) o a4 (m1,m3) |
M x Cracts 2O Nag Skl Cracty i, (3.4)
iidMa X7 4 \LH(Q,BJW) s ’W
Mo X Mgy (m.ms) Cract, gy ik Moy giqy-

Here €ract,, s is the moduli stack of short exact sequences 0 — Ey — Eoip — Eg — 0
in A, where [Es] = 6, and Ny, is the moduli stack of flags E, C Eqyg C Eqypgqy of
subobjects in A. In the language of [48], N, g~ is a moduli stack of configurations in A.

Assumption 3.3 holds in large classes of interesting examples, as in [48, 50, 51, 53].

Definition 3.4. Suppose Assumption 3.3 holds. Following [50, Section 4], define an R-bilinear
product *: CF(M) x CF(M) — CF(M) by

frg=(m2)so(m,m3)"(fKg),

using my: €ract — M, (m,m3): Eract - M X M and the notation of Section 3.1. Considering
the commutative diagram from (3.3) and (3.4)

CF (M x Mg x M) —— CF(€gact, sx M,) ————> CF(Mo 53X M,)
((r1,m5) xid s, )* ’ (m2xidry)s
| Gata x(mam)* |y (moma)” |
I 8. (Mt )=
CF(Mq x €racty ) —————> CF(N 4 3,4) CF(€ract,i5.)
J/(idMa XT2) % J{(H(a,/ﬂv))* (ﬂz)*i
CP(Max M) — o CF(Eract, 5,) —— CF(Mat514),

we find that (fo * fg)* fy = fax(fg* fy) for fa, f3, fy € CF(M). Hence CF(M) is an associative
R-algebra, with product * and identity dj), where djo): M(C) — R is given by djg([E]) = 1 if
E =0 and 0y ([E]) = 0 otherwise.
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The same definition makes the stack functions SF(M) into an associative R-algebra. We call
CF(M), SF(M) Ringel-Hall algebras, as the construction originated with the work of Ringel
on Hall algebras [91]. Observe that as * is associative, CF(M), SF(M) are also Lie algebras
over R, with Lie bracket

[fgl=f*xg—gxf. (3.5)

An object E € A is called indecomposable if we cannot write E = FE1® Fs for F1, E5 22 0in A.
A constructible function f € CF(M) is called supported on indecomposables if f([E]) # 0 for
[E] € M(C) implies that E is indecomposable. Write CF"4(M) c CF(M) for the R-submodule
of f € CF(M) supported on indecomposables. Then [50, Theorem 4.9] says that CF"d(M) is
closed under the Lie bracket (3.5), and so is a Lie subalgebra of CF(M). Note that CF»(AM)
is generally not closed under x.

In [50, Section 5], the second author defines an R-subalgebra SF, (M) C SF(M) of stack
functions with algebra stabilizers, and a Lie subalgebra SF24(M) C SFu(M) of stack functions

al .
supported on virtual indecomposables, which is an analogue of the Lie subalgebra CF"d(M) c

CF(M).

3.3 (Weak) stability conditions on abelian categories
Next we summarize some material from [51]. See also Rudakov [93].

Definition 3.5. Suppose Assumption 3.3 holds. Let (T, <) be a totally ordered set and
7: C(A) — T be amap. We call (1,7, <) a weak stability condition on A if for all «, 5,7 € C(A)
with 8 = a + 7, either 7(a) < 7(8) < 7(7), or 7(a)) > 7(8) > 7(7).
We call (1,7, <) a stability condition if for all such «, 3, v, either () < 7(8) < 7(7), or
r(a) > 7(8) > (), or 7(a) = 7(8) = ().
Let (7,7, <) be a weak stability condition. An object F of A is called
(i) 7-stable if 7([E']) < 7([E/E']) for all subobjects E' C E with E' # 0, E.
(ii) 7-semistable if 7([E']) <7([E/E']) for all E' C E with E' #0, E.
(iii) 7-unstable if it is not T-semistable.
(iv) strictly T-semistable if it is T-semistable but not 7-stable.
If (r,7,<), (%,T, <) are weak stability conditions on A, we say that (%,T, <) dominates

(1,7, <) if 7(a) < 7(B) implies 7(a) < 7(p) for all o, € C(A).
We call a weak stability condition (7,7, <) on A permissible if

(a) Ais T-artinian, that is, there are no infinite chains - -+ C F3 C Fy C E; of subobjects in A
with 7([Ent1]) < 7([En/Ens1]) foralln =1,2,....
(b) For each o € K(A), write M3(7) = {[E] € M(C): E is 7-semistable, [E] = a}. Then
ME(7) is a constructible set, as in Definition 3.1.
We also write M3 (1) = {[E] € M(C): E is 7-stable, [E] = a}.
Remark 3.6.

(a) Asin [51, Section 4.1], there are some theorems which hold for stability conditions but are
false for weak stability conditions. However, we will not use any of these in this paper, so
we will work with weak stability conditions.

(b) In the examples we will be interested in, M5 (1) and M (1) will actually be finite type open
substacks in M, but for the theory of [51, 53] it is sufficient to suppose only that M (7)
is a constructible set.
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Example 3.7. For any A satisfying Assumption 3.3, we may take 7' = * to be the point, < the
unique order on *, and 7y, : C(A) — * to be the projection. Then (7, *, <) is a stability condition
on A, the trivial stability condition. Every E € A is T,-semistable, so M¥ (1) = My (C) for
a € C(A). Thus (74, *, <) is permissible if and only if M,, is of finite type for all a € C(A).
The trivial stability condition dominates all weak stability conditions on A.

The next two examples are taken from [51, Sections 4.3-4.4].

Example 3.8. As explained in more detail in Section 5, let @ = (Qo, Q1,h,t) be a quiver,
and A = mod-C@Q be the abelian category of C-representations of (). Write objects of A as
(V,p) = (Vo)veqos (Pe)ecq, ), where V;, is a finite-dimensional C-vector space and pe: V) —
Vi(e) @ linear map. Define the dimension vector of (V, p) to be d = dim(V, p) € N@o ¢ 70,
where d(v) = dim¢ V,, for v € Qp. Define K(A) = Z9 to be the lattice of dimension vectors,
with [(V, p)] = dim(V, p). Then the positive cone is C(A) = N \ {0}.

Choose real numbers u, € R for all v € Q. Define a map p: C(A) — R by

2 ve@o H0)
Z’UEQO d(v) .

Then [51, Example 4.14] shows that (u, R, <) is a permissible stability condition on mod-CQ),
called slope stability. We call p a slope function.

ud) =

Example 3.9. Let X be a smooth projective C-scheme of dimension m, and A = coh(X)
the abelian category of coherent sheaves on X. Let K(A) = K™ (coh(X)) be the numerical
Grothendieck group. Define G to be the set of monic rational polynomials in ¢ of degree at
most m:

G = {p(t) =tltag 1t +-Hap:d=0,1,...,m, ag, ..., a4-1 € Q}.
Define a total order ‘<’ on G by p < p’ for p,p’ € G if either
(a) degp > degp/, or
(b) degp = degp’ and p(t) < p'(¢) for all ¢ > 0.

We write p < ¢ if p < ¢ and p # q. Note that degp > degp’ in (a) implies that p(t) > p/(¢) for
all ¢ > 0, which is the opposite to p(t) < p/(t) for t > 0 in (b).

Fix a very ample line bundle Ox (1) on X. For E € coh(X), the Hilbert polynomial Pg is
the unique polynomial in Q[t] such that Pg(n) = dim H°(E(n)) for all n > 0. Equivalently,
Pg(n) = x([Ox(—n)], [E]) for all n € Z. Thus, Pg depends only on the class o € K™ (coh(X))
of E, and we may write P, instead of Pg. Define 7: C(coh(X)) — G by 7(«) = Py /7o, where P,
is the Hilbert polynomial of «, and r, is the leading coefficient of P,, which must be positive.
Then as in [51, Example 4.16], (7,G, <) is a permissible stability condition on coh(X), called
Gieseker stability. Gieseker stability is studied in [46, Section 1.2].

3.4 Constructible and stack functions €,(7), €,(7)

Definition 3.10. Suppose Assumption 3.3 holds, and let (7, T, <) be a permissible weak stability
condition on A. Then for each @ € C(A) we have a constructible set M (7) C M(C), so as in
Section 3.1 we have dpgs(r) € CF(M) and s () € SF(M), where in fact dps(r) € SFa(M).
Following [51, Definitions 7.6 and 8.1], define elements €*(7) € CF(M) and €*(7) € SF4(M)
for € C(A) by

. (-1
€ (T) = Z T(SMsaql(f)*dMZSQ(T) **5/\4(5;"(7), (36)
n=l,a,...,an€C(A):
a1+4..+an:a77(o¢i)27(0¢), all 7
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—« (71)’”_1 < < N
e (r) = > O ) * One ) ¥ e () (3.7)
n2l,a,...,an€C(A):
o1+ tan=a, 7(a;)=T(a), all i

where * is the Ringel-Hall multiplication, and there are only finitely many nonzero terms in
(3.6)—(3.7) by [51, Definition 7.6]. Then [51, Theorems 7.7 and 8.2] prove

dps(r) = 2. E(T) # R (T) ke (), (38)

n=l,a,...,an€C(A):
a+-tan=aq, T(Oéi):T(OC), all 4

< 1 et et et
Oppss(r) = Z € Y(T) % €2(T) % - - x € (7), (3.9)

n>1,01,...,an€C(A):
a1 +Fan=a, T(a;)=7(a), all i

with only finitely many nonzero terms in (3.8)—(3.9). Formally, for each ¢ € T we may
rewrite (3.6) and (3.8) as

Z (1) = log

acC(A): T(a)=t

1+ Z Opss(r) = €xp [ Z Ea(T)] .

acC(A): T(a)=t acC(A): T(a)=t

1+ > 5Mi§(7)]v

acC(A): T(a)=t

Then [51, Theorems 7.8 and 8.7] prove:

Theorem 3.11. In Definition 3.10, €*(7) lies in the Lie subalgebra CF™ (M) C CF(M) from
Section 3.2, and €(7) lies in the Lie subalgebra SFNY(M) C SF(M).

al

Here is a way to think about the point of all this:

e Knowing the 6 (7), ) me(ry for a € C(A) is equivalent to knowing the subsets of 7-
semistable objects M3 (1) C M(C).

e By (3.6)-(3.9), knowing the 6= (7), SMS;(T) for all & € C(A) is equivalent to knowing the
€*(1), €*(7) for all & € C(A).

e The 6 s (7), SMZS(T) tend to satisfy identities in the algebras (CF(M), ) and (SF (M), %),
but the €*(7), €(7) satisfy corresponding identities in the Lie algebras (CF™ (M), [, ])
and (SF}4(M), [, ]).

e Thus, working with the €*(7), €*(7) may be useful if we want to use a construction which
works for Lie algebras, but not for associative algebras.

This occurs in Donaldson—Thomas theory of Calabi-Yau 3-folds [60, Section 5.3], where
there is a Lie algebra morphism from SF24(M) which does not extend to SF(M). It
also occurred in Section 2.3, when we had a Lie algebra structure on H, (Mpl), but no
corresponding associative algebra.

3.5 Wall-crossing under change of stability condition

In [53] the second author proved transformation laws for the dass(ry, daqss(ry and €(7), €(7)
under change of stability condition. These involve combinatorial coefficients S(x;7,7) € Z and
U(x;7,7) € Q defined in [53, Section 4.1]. Following [60, Section 3.3], we have changed some
notation from [53].
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Definition 3.12. Suppose Assumption 3.3 holds, and let (7,7, <), (%,T, <) be weak stability
conditions on A.
Let n > 1 and aq,...,a, € C(A). If for all i = 1,...,n — 1 we have either

(a) 7(ag) < 7(viy1) and T(ag + -+ + ;) > T(@ip1 + -+ + ), or
(b) 7(ay) > T(a+1) and T(ag + -+ + ;) < T(ip1 + -+ + an),
then define S(ay,...,an;7,7) = (—1)", where r is the number of i = 1,...,n — 1 satisfying (a).

Otherwise define S(aq,...,an;7,7) = 0. Now define

Ulat,...,an;7,7) = (3.10)

> -
1<i<m<n, 0=ap<a1<:-<am=n,0=bo<b; <---<bj=m
Define f1,...,8m € C(A) by Bi = aaq;_+1 + -+ + Qq,.
Define v1,...,7 € C(A) by vi = Bp,_y+1 + -+ + B,
We require 7(8;) = 7(oj), i =1,...,m, a;—1 < j < a4,
and 7(y;) =7(a1+ -+ an), i =1,...,1

azl

m
i_1+176bi_1+27 o 7/8527 T, 7— H
1:1

Here are some properties of the coefficients U(—). Equations (3.11)—(3.12) come from [53,
Theorem 4.8], and (3.13) follows from (3.10) and [53, equation (60)].

Theorem 3.13. Let Assumption 3.3 hold, and (7,7, <), (?,T, <), (%,T, g) be weak stability
conditions on A. Then for all aq,...,an € C(A) we have

1, n=1

Ular,...,an;7,7) =1 ’ 3.11

(o1 " ) {O, otherwise, ( )

m
Z U(Bla e 76m7 727 71) H U(aak,lJrla Qap 1 425---,0q, 5T, 7A—)
m, aQ,...,am : m=1,....n, k=1 (312)
O=ap<a1<--<am=n, ~
set B = Qaj_y+1 + +* + Qay, ZU(al,...,Ocn;T,T).
k=1,....m
If also (?,T, é) dominates (1,T,<), as in Definition 3.5, then

U(aty...,an;7,7) =U(ag,...,an;7,7) =0 unless T(ay) = -+ = T(ay,). (3.13)

Then in [53, Theorem 5.2] the second author derives wall-crossing formulae under change of
stability condition from (7,7, <) to (7,7, <):

Theorem 3.14. Let Assumption 3.3 hold, and (7,T,<), (?,T, g) be permissible weak stability
conditions on A. Suppose also that there exists a permissible weak stability condition (%,T, g)
on A which dominates both (1,7, <), (%,T, g) in the sense of Definition 3.5. Then for all
a € C(A) we have

5_/\/[2;(7:): Z S(ala"'van;’r?%)'é/\/@i(‘r)*5./\/1352(7')*"'*5/\/(;5”(7)7 (314)
nzl,al,...,an€C(A):
ai+-Fan=a
Oppes(r) = > S(an, o, ans T ) - Oz (r) * Opass, () % % Opa () (3:15)

n=zl,a1,...,an€C(A):
al+-tan=a

(7)) = Z U(ag, ... an;T,7) - €1(7) % €*2(7) % - - - x €7 (1), (3.16)

’I’L;l, Oél,...,OéneC(A)5
a1t-tan=o



20 J. Gross, D. Joyce and Y. Tanaka

€(T) = Z U(ag,...,an;7,7) - €1(1) * €2(1) % - - x € (1), (3.17)

n2l,al,...,an€C(A):
a1+t oapn=uo

where there are only finitely many nonzero terms in (3.14)—(3.17).

Here the third weak stability condition (7, T, <) does not enter (3.14)—(3.17), but is used to
prove that there are only finitely many nonzero terms. For the case of quivers in Sections 5-6,
we may take (%,T, g) to be the trivial stability condition (7i,,*,<) in Example 3.7, which
dominates any (7,7, <), (%,T, g).

Theorem 3.13 implies that using (3.16)—(3.17) to transform from €*(7), €*(7) to €*(7), €"(7),
and then to transform from €*(7), €(7) to €*(7), €(7), is equivalent to transforming from €*(7),
€"(7) to €*(7), €(7), as you would expect.

The next result is proved in [53, Theorem 5.4]. We have no explicit definition for U (ay, . .. , au;
7,7), we only show that (3.17) can be rewritten in the form (3.18).

Theorem 3.15. In Theorem 3.14, equations (3.16)—(3.17) may be rewritten as equations in
the Lie algebras CFMY(M), SFId(M) using the Lie brackets [, |, rather than as equations in
CF(M), SF.(M) using the Ringel-Hall product x. That is, we may rewrite (3.17), and simi-
larly (3.16), in the form

eNT) = Z Ulay,...,on;7,7) - [ [ (1), &2(7)],&3(7)],...], e (1)], (3.18)

nzl,al,...,an€C(A):
ai+-tan=a

for some system of combinatorial coefficients f](al, cean; T, T) € Q, with only finitely many
nonzero terms, such that if we expand [f,g] = f*g — g * f then (3.18) becomes (3.17).

Alternatively, we may interpret (3.16)—(3.17) as holding in the universal enveloping alge-
bras U(CFY(M)), U(SFRd(M)).

It will be very important later that (3.16)—(3.18) are universal wall-crossing formulae in a Lie
algebra. So we can make sense of the same wall-crossing formulae in the Lie algebras Ho(M)
of Section 2.4.

These results are applied in [53, Sections 6.4-6.5] and [60] in the following way. Suppose
we can define a Lie algebra morphism ¥: SFRd(M) — L K(A), Where Lg(4) is an explicit Lie
algebra, often of the form (A\*: a € K(A))r for some commutative ring R, with Lie bracket
AY, NP = ¢4 g AP for coefficients ¢, 5 in R. Then we may define motivic invariants J%(7) € R
by W(e*(r)) = J*(7)A*. Applying ¥ to (3.17), interpreted using Theorem 3.15, then gives
a wall-crossing formula for the invariants J%(7). This is used in [60, Theorem 3.14] to prove
a wall-crossing formula for Donaldson—Thomas invariants of Calabi—Yau 3-folds.

4 A conjectural picture of universal structures
for enumerative invariant theories

4.1 General statement of the conjecture

We first describe our conjectural picture, in a way that tries to unify several rather different
contexts in algebraic geometry and differential geometry. Sections 4.3-4.6 will explain these
contexts. Our initial statement will be imprecise, with details added in Sections 4.3-4.6. We
write it as Assumption 4.1 followed by Conjecture 4.2. The assumption covers material which is
basically already known, and we can provide explicit definitions and proofs for (much of them
in [58]).
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Assumption 4.1. Let A be a C-linear additive category. Some examples we have in mind are,
in algebraic geometry, A = coh(X) or A = D’ coh(X) for X a smooth projective C-scheme; in
representation theory, A = mod-CQ or A = D’ mod-CQ for Q a quiver without oriented cycles;
and in differential geometry, A could be the category of pairs (E,Vg) for E — X a unitary
complex vector bundle on a fixed compact manifold X, and Vg a connection on E. Assume:

(a)

We can form two natural moduli spaces M and MP' of objects E in A, where the usual
moduli space M parametrizes such E up to isomorphism, and the ‘projective linear’ moduli
space MP! parametrizes E up to isomorphisms modulo G,, - idg. There is a morphism

: M — MP.

Here M, MP! may be Artin C-stacks, or higher C-stacks, or derived C-stacks, or topological
stacks, or topological spaces up to homotopy equivalence, depending on the context.

There is a morphism ®: M x M — M mapping ([E], [F]) — [E & F].

We are given a surjective quotient Ko(A) — K(A) of the Grothendieck group Ko(.A)
of A. We write [E] € K(A) for the class of E € A. There should be splittings M =
Haera) Mas MP! = Haera MP! such that M,, MP! parametrize objects in class
a € K(A). We write Dy = (I)|Ma></\/l5: Mg X Mﬁ — MOH—B'

We are given a symmetric biadditive form y: K(A) x K(A) — Z.

We are given some natural additional geometric structures G, G*' on M, MP!. In the case of
abelian categories in algebraic geometry, for G we mean the data ¥, ©° in Assumption 2.4.

Using G, GP!, there are notions of real virtual dimension of M, MP', with vdimp M, =
—x(e, @) and vdimg MP! = 2 — y(a, ) for a € K(A).

There is a notion of orientation on M, MP!, defined using the geometric structures G, GP'.
In some contexts the complex geometry induces a natural orientation, just as a complex
manifold has a natural orientation considered as a real manifold, so issues of orientations
can largely be ignored. In other contexts there is no natural choice. The morphism
II: M — MP! identifies orientations on M and MP.

We suppose that M is orientable (this can often be proved), and that an orientation has
been chosen for M, the natural one if this is defined. We write o, ogl for the orientations

1
on Mg, MEL.

The morphism ®: M x M — M has a natural relative orientation, so orientations on M
pull back under ® to orientations on M x M. Using this, there are signs e, g € {1} for
all a, f € K(A) with My, Mg # @ such that o, M og = €55 P*(04+3). These €, g satisfy
(2.2)—(2.4).

Define H,(M) to be H,(M) with grading shifted as in (2.12). Then, as described in [58],
and in Section 2.3 for abelian categories A in algebraic geometry, using the data G and
signs €, 5 in (d),(f) we can make H,(M) into a graded vertex algebra over R.

Define H, (./\/lpl) to be H, (./\/lpl) with grading shifted as in (2.15). Then, as described
in [58], and in Section 2.4 for abelian categories A in algebraic geometry, using the data GP!
and signs €, in (d), (f) we can make H, (/\/lpl) into a graded Lie algebra over R. Thus
Hy (./\/lpl) is a Lie algebra.

Note that in many situations one can compute H, (M) and H, (./\/lpl) very explicitly (of-
ten H. «(M) is a lattice vertex algebra), and they are not difficult to work with in examples.

There is a notion of stability condition T on A, which induces notions of when objects
E € A are T-stable or T-semistable. For example:
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e When A is an abelian category in algebraic geometry, we take 7 to be a permissible
weak stability condition as in Section 3.3.

e When A is a triangulated category such as D’ coh(X) or D’ mod-CQ, we may take 7
to be a suitable Bridgeland stability condition.

e When X is a compact oriented 4-manifold with 52 (X) = 1, and we wish to study
Donaldson theory on X, and A is the category of unitary complex vector bundles
E — X with connections Vg, a stability condition is a Riemannian metric g on X,
which induces a splitting H3g(X,R) = H3 & H? of the de Rham 2-cohomology
into harmonic self-dual and anti-self-dual forms, with H2 = (w,). Then (E,V) is 7-
semistable if FéE = ic-idg®uwy for c € R. We call (E, V) 7-stable if it is T-semistable
and irreducible.

If 7 is a stability condition on A, we form moduli spaces MS'(1) C M3(1) C M of
7-(semi)stable objects £ € A in each class a € K(A).

Here M3 (7) is compact (or has a compact ‘coarse moduli space’), and M3 (7) has the
structure of a ‘virtual manifold’ (for example, M3'(7) may be a smooth C-scheme, or
a C-scheme with perfect obstruction theory [6], or a smooth manifold, or a derived smooth
manifold [54, 55, 56, 57]). The orientation on MP! in (e) induces an orientation on M5 (7).

Thus, if M3 (1) = M3(7) (that is, if there are no strictly 7-semistables in class «) then
M (7) is a compact, oriented virtual manifold of virtual dimension vdimgp M¥(7) =
2 — x(a, @), so it has wirtual class [My(7)]virt in homology Hy_,(q,a) (Mgl), which is
Ho(MP) by (2.15).

In fact [M(7)]virt may be defined in Z-homology Hy_y(q,q)(Ma,Z).

As in Sections 4.3-4.6 and [58, 59], there are many interesting enumerative invariant theories
in which we can define all the data of Assumption 4.1.

The following conjecture should not be regarded as a precise statement, nor are we claiming
that it should hold in every theory for which some version of Assumption 4.1 holds. It is intended
as an outline of a general structure we expect to see in many enumerative invariant theories,
which may need modification in particular cases. We make some more exact conjectures in
Sections 4.3—4.6.

Conjecture 4.2. Suppose Assumption 4.1 holds. Then:

(i)

For all @ € K(A) we may define invariants [M(7)]imy, € Ho(ME). If MS (1) = ME(7)
then Assumption 4.1(j) gives a virtual class [MS(7)]yir in Ho(ME'), and then [M(7)]iny
= [M(7)]yirs. Tt is crucial that Hy (./\/lgl) = Hy_\(a,a) (./\/lgl) is homology over a Q-algebra
R, as [M(7)]iny may exist in Q-homology but not in Z-homology.

Let 7, 7 be stability conditions on A as in Assumption 4.1(i). It may be necessary to
impose a condition on 7, 7 to ensure that (4.1)—(4.2) below have only finitely many nonzero
terms — see the notion of ‘globally finite change of stability condition’ in [53, Definition 5.1].
Roughly, this says that 7, 7 are sufficiently close in the space of stability conditions on .A.

Then for all @ € K(A) (or in a ‘positive cone’ C(A) C K(A)), the analogue of (3.18) holds
in the Lie algebra Hy (./\/lpl) from Assumption 4.1(h):

M (F)]iny = > U, s an; 7, 7) - [ [IME (T)iny, 1)
net €O M (] -] IME, (7)) |
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(iii)

Equivalently, as in Theorem 3.15, the analogue of (3.17) holds in the universal enveloping

algebra (U(Ho (./\/lpl)), *):

M (F)]iny = Z Ulai,...,an7,7) - MG (T)]inv* (42)
e O (M (i e M (D '

al+-Fan=a

We call (4.1)—(4.2) wall-crossing formulae for the invariants M (7)]iny-

We have only defined the U(aq,...,an;7,7), ﬁ(al,...,an;ﬂ 7) in Section 3.5 in the
abelian category case, in which the ‘positive cone’ C'(A) makes sense. There should be
a way to extend the theory to triangulated categories such as DPcoh(X), D’ mod-CQ.
Then we no longer have a good definition of ‘positive cone’ C(A) C K(A), so it is more
difficult both to define the U(ay,...,a,;7,7), and to ensure that (4.1)—(4.2) have only
finitely many nonzero terms. This extension was discussed in [53, Problem 7.1].

We currently have no direct definition of the invariants [M(7)]iyy in (i) when M3 (1) #
M(7), starting from the moduli space MS(7) € MP! and the geometric structures

51, ooé1 upon it. However, in many cases there is an indirect definition, by making use of
the wall-crossing formulae (4.1)—(4.2) in an auxiliary category B. We call this the method
of pair invariants, and it is used in [60, Sections 5.4 and 13.1] to define Donaldson-Thomas
invariants of Calabi-Yau 3-folds. (These are used by Tanaka—Thomas [97] to study Vafa—
Witten invariants. See also Mochizuki’s use of ‘L-Bradlow pairs’ in [79, Section 7.3].)
When it applies, it shows that classes [M% (7)]inv satisfying (i),(ii) must be unique. We
explain it in the next definition.

Definition 4.3. Let Assumption 4.1 and Conjecture 4.2(i), (ii) hold for A. For clarity, suppose
also that A is a C-linear abelian category in algebraic geometry as in Assumption 3.1, and that
‘stability conditions’ 7 in Assumption 4.1(i) mean permissible weak stability conditions (7, T, <)
in Section 3.3.

To use the method of pair invariants, we should construct a second abelian category B satis-
fying Assumption 4.1 and Conjecture 4.2(i), (ii), such that:

(i)
(i)

There is a C-linear inclusion i: A < B as a full abelian subcategory.

There is a distinguished object I € B, with Homp(I,I) = C. Every object B € B fits into
an exact sequence in B, unique up to isomorphism:

0 i(A) B Vool —0, (4.3)

r "

n copies

where A € A and V is a finite-dimensional C-vector space, so that Vel X1l @ ---d 1
if dim¢ V' =n.

There is an identification K(B) = K(A) & Z with [B] = ([A],dim¢ V) in (4.3). Then
C(B) = ((C(A) I {0}) x N) \ {(0,0)}.

Writing x, x for x in Assumption 4.1(c) for A, B, we have x(«, 8) = x((a,0), (5,0)) for
a,f € K(A) and x((0,m), (0,n)) = 2mn for m,n € Z.

Write M, MP! for the moduli spaces for A, and M MP! for ‘the moduli spaces for B. Then
the inclusion i: A < B in (i) induces morphisms i: M — M, Pl MP! — MPL which are
isomorphisms i: M, — ./\/l (a,0) and Pl MEL ./\/lpl for a € K(A). These isomorphisms
identify the extra data G, Qa and Q(a’o ) g(a 0) in Assumptlon 4.1(d) for A, B, and
the orientations o, of and 0(a,0)5 61([);0
Assumption 4.1(f) satisfy €,5 = €(a,0),(8,0)-

) in Assumption 4.1(e). The signs €, €5 5 in
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(Vi) dy: fI*(M) ~ H, (/\71) and iﬁ:l: H, (Mpl) — H, (/\Zpl) should be morphisms of the graded
vertex and Lie algebras in Assumption 4.1(g), (h).

For example, as in [60, Section 5.4], if A = coh(X) for X a smooth projective C-scheme, we
may define B to be the category of morphisms ¢: V ®c Ox(n) — A for n € Z fixed, and V
a finite-dimensional C-vector space, and A € coh(X).

Now suppose (7,7, <) is a permissible weak stability condition on A. Define permissible weak
stability conditions (74,74}, <) and (7—,7-, <) on B, such that Ty = (T x {0,1}) II {400} and
T_ = (T x {-1,0}) I {—o0}, where:

e The order < on T is given by (¢1,n1) < (t2,n2) for (t1,n1), (t2,n2) in T x {0, 1} if either

t1 <toin T, or t; = tg and ny < ng, and (t,n) < +oo for all (t,n) € T x {0, 1}.

e The order < on 7. is given by (t1,n1) < (t2, n2) for (t1,m1), (t2,n2) in T'x {—1, 0} if either

t1 <ty in T, or t; =t and ny < ng, and —oo < (t,n) for all (t,n) € T x {—1,0}.

o If o € C(A) then 7+ (a,0) = (7(«),0) and 74 (o, n) = (7(r), £1) for n > 0.

e If n > 0 then 74 ((0,n)) = +oo0 € Tx.

We should then be able to easily prove that:
(a) If @ € C(A) then P identifies M3 (1) with /\71?370) (7+). Hence i¥' maps [M®(7)|iny —

(M) (7)o
~S — (Pl — 3 1 NSS —
(b) M((t),l)(T:t) = M?O,l) = {[1]} is a point, and | (071)(7]:)]11“7 = Ho(M(O o) in Hy (./\/l(0 1))
Ho(MP) ) = R.
(0,1)

(c) If « € C(A) then ./\71SS y(m-) = @, as if B € B with [B] = (a,1) then (4.3) gives
a subobject i(A) C B w1th B/i(A) = I, and 7_(i(A)) > —oco = 7_([), so B is 7_-unstable
by Definition 3.5. Hence [MSS ( _)

(d) If o € C(A) then M?a y(T4) = M(a71)(7'+), as if B € B with [B] = (a,1) then there
can exist no subobjects 0 # B' C B with 74(B’) = 74(B/B’). Hence the virtual class
[./\71?2’1)(7+)]Virt is defined in Assumption 4.1(j), without using Conjecture 4.2.

] v1rt

Now consider the wall-crossing formula (4.1) for B with («, 1), 7—, 74 in place of «, 7, 7, for
a € C(A). It turns out that this may be written

M ()] = (4.4)
S e A o R (] ] [, oy ()] -

n=l, ai,...,an€C(A):
a1+-tan=qa,
T(a;)=7(), i=1,...,n

This holds because using [60, Proposition 13.8] one can show that

U((,0),..., (ak-1,0),(0,1), (ak,0),..., (an,0); 7, 74)
(~1)n*

= (k=1Dl(n—-k)V

0 otherwise,

if 7(a;) =7(aw),i=1,...,n,

and then equation (4.4) follows from (4.2) as in [60, Proposition 13.10].
Using (a),(b) above, let us rewrite (4.4) as

[M?Z,l)(TJr)]vu"t [ (M3 (r )]mV)’lH (M5

(0,1)

)] + lower order terms, (4.5)



Universal Structures in C-Linear Enumerative Invariant Theories 25

where the ‘lower order terms’ are those with n > 2 in the sum in (4.4). Our goal is to define
[M(7)]iny uniquely in the case when MS'(7) # M(7). We do this by induction on « in
some order in C'(A) compatible with addition, for instance by induction on ranka = 1,2,...
if this is defined. Then by induction we can suppose the ‘lower order terms’ are uniquely
defined. The left-hand side of (4.5) is determined by (d) above. Hence in the inductive step,

.pl ) _ . . . B
[z* ([MZS(T)]IHV), 1H0(Mfé’1))] is uniquely defined. If we have chosen B such that [ , 1H0(M§’D'71))]

is injective, then as i¥' is an isomorphism, this shows [M(7)]inv is uniquely determined.
There is an alternative version of the method of pair invariants in which we replace (4.3) by

the exact sequence

0— >Vacl B i(A) 0,

and exchange (74,74, <) and (7—,7_, <) in the argument above.

Remark 4.4. In defining enumerative invariants in algebraic or differential geometry, there are
usually three main difficulties:

(a) transversality, whether we can make the moduli spaces smooth.

(b) compactness, whether the moduli spaces are compact, or can be compactified by including
singular solutions.

(c) strictly semistable or reducible points in the moduli spaces, which cause problems with the
definition of virtual classes when M3 (7) # M(7).

An important aspect of Conjecture 4.2 is that it offers a new, universal, systematic approach to
problem (c).

With a proper understanding of obstruction theories [6], derived algebraic geometry [102, 103,
104, 105, 106], and derived differential geometry [54, 55, 56, 57], part (a) is really not a problem
(though people still make a fuss about it): virtual classes are well defined and well behaved even
when moduli spaces are not transverse.

For (b), in algebraic geometry we usually get compactness for free by considering moduli
spaces of the right kind of objects (for example, torsion-free sheaves rather than vector bundles).
In differential geometry, compactifying moduli spaces by singular solutions usually involves
difficult analytic issues. We have nothing new to say about this, we will just assume it works.

A common approach to problem (c) is to avoid it, by only considering classes o € K(.A) for
which M3 (7) = M(7), or by restricting to o for which there are very few strictly 7-semistable
points in M(7), which can be understood and dealt with ‘by hand’. Some examples of this:
Thomas [100] originally defined Donaldson—-Thomas invariants of Calabi—Yau 3-folds only when
M (1) = M3(7). In Donaldson theory of 4-manifolds [23], almost all work focusses on SU(2)-
or SO(3)-instantons, rather than G-instantons for other Lie groups G, and on simply-connected
4-manifolds. This is because reducibles for SU(2)- or SO(3)-instantons come from line bundles,
and are easily understood. Similar comments apply to Casson invariants of 3-manifolds [2, 98],
in which restricting to SU(2) and to homology 3-spheres is used to control reducibles.

However, if we wish to study wall-crossing for enumerative invariants, we cannot restrict to
a with M (1) = M(7), as the wall-crossing may involve other moduli spaces M (7) with
M (1) # M3 (7). Conjecture 4.2 aims to solve problem (c) of defining invariants in the presence
of strictly semistables/reducibles, and understanding their wall-crossing, simultaneously, and
Conjecture 4.2(iii) uses the wall-crossing formula to define the invariants.

Remark 4.5 (on orientations). In contexts in which we are free to choose the orientation ok

on MP!in Assumption 4.1(e), we can change the sign of each invariant [MS(7)]s,, arbitrarily
by changing the sign of of..
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This may seem to contradict the identities (4.1), (4.2), (4.4) which mix [M3(7)]iny for differ-
ent . However, changing the P! changes the €, 3 in Assumption 4.1(f), and the Lie bracket [, |
on H, (Mpl) and product * on U (H, (/\/lpl)) used in (4.1), (4.2), (4.4) depend on the €, 3. The
combined effect of the sign changes on [M¥ (7)]iny and [, |, * cancels out.

As in [58], we can set the theory up in an orientation-independent way, by replacing H, (Mpl)
by homology H, (/\/lpl, Opl) twisted by a principal Zs-bundle OP! — MP! of orientations on MP!,
which is assumed to be trivializable (though not canonically trivial) in Assumption 4.1(e). Then
[ME(T)]iny, [, ], * exist in and on H, (MP!, OP!) canonically, without having to choose orienta-
tions.

4.2 Rewriting the wall-crossing formula in the style of Kontsevich—Soibelman

The second author developed the wall-crossing story for motivic invariants in Section 3 and
[48, 49, 50, 51, 52, 53] in 2003—2005, and applied it to Donaldson-Thomas invariants of Calabi—
Yau 3-folds in 2008 [60]. Independently, Kontsevich and Soibelman [66, Section 1.4] in 2008
wrote down their own wall-crossing formula for motivic Donaldson—Thomas invariants, which
is equivalent to a special case of (3.14)—(3.15) in a suitable associative algebra. Kontsevich and
Soibelman’s version has proved more popular with subsequent authors, possibly because the
coefficients S(—), U(—) in (3.14)—(3.17) are not easy to understand and compute.

We now explain how to rewrite our conjectured wall-crossing formulae (4.1)—(4.2) in the
style of Kontsevich—Soibelman [66, Section 1.4]. We work in the universal enveloping algebra
U(HO(MPI)), an associative R-algebra with product *. As Hg(Mpl) C U(HO(MPI)), the
invariants [M (1) in Conjecture 4.2(i) lie in U (Hy(MP')), as we used in equation (4.2).

In the situation of Assumption 4.1 and Conjecture 4.2(i), in an analogue of (3.8)—(3.9), define
elements §5(7) € U (Hy (./\/lpl)) for a € C(A) by

ss 1 ss ss
() = > LM (e -8 (M (7 (1.6
n>1, a1,...,an€C(A): )
a1+t ap=a,7(a;)=7(a), all ¢

As for (3.6)—(3.7), this equation can be inverted to give

M (i = > D () 03, 7).
o nv n aq Qn
n>1,a1,...an€C(A):
ar+-+an=a, 7(a;)=7(a), all ¢

Let (1,R,<) and (7,R, <) be permissible slope stability conditions on 4 in the sense of
Section 3.3. (See Example 3.8 and Section 5.2 on slope stability.) Suppose that a < b in R
are such that the quasi-abelian subcategories A, p), A[a,4) C A generated by 7- and 7-semistable
objects E, E € Awith 7(E), 7(E) € [a, b] satisfy Apap) = A[a@. Then the Kontsevich-Soibelman
style analogue of (4.2) is

1+ Z Oan (1) - % 05 (7)

n=2l, a1,...,an€C(A):
a<t(a1)<t(a2) < <7(an)<b

=1+ > T8 (7) % - % 02 (7),
n>1,a1,...,an€C(A):
a<T(a1)<T(a2)<<F(an)<b

when this makes sense (we do not claim that it always does). As the sums in (4.2) are infinite,
they should be interpreted as lying in a completion U(Hg (Mpl)) of U (Ho (Mpl)) with respect
to a suitable ideal. Morally speaking, both sides of (4.2) count all objects in A[, 5 = /i[a’b}.
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Remark 4.6. As in Zhu [109], the graded vertex algebra H, (M) has a Zhu algebra A(fI )
H.(M)/I, an associative R-algebra, with a natural morphism U (Ho(MPY)) — (fI ))-
It might be interesting to interpret (4.2) and (4.6)—(4.2) as equations in A(H, : M)) or its
completion fl(ﬁ* (M)).

4.3 The conjecture in algebraic geometry and representation theory

We now give more details on the ideas of Section 4.1 for C-linear enumerative invariant theories
coming from algebraic geometry and representation theory. But we exclude Donaldson—Thomas
type invariants of Calabi—Yau 4-folds [11, 19, 87], which will be discussed in Section 4.4. In the
sequel [59, Sections 6-8] we prove Conjecture 4.2 for most of the situations discussed in this
section.

4.3.1 General discussion for abelian categories

We first discuss the case of C-linear abelian categories A, such as coh(X) for X a smooth
projective C-scheme, or compactly-supported coherent sheaves coh.s(X ) for X smooth and quasi-
projective, or mod-CQ for @ a quiver, or mod-CQ/I for (Q,I) a quiver with relations.

Then we have Ezt groups Ext®(E,F) for E,F € A and k = 0,1,..., with Ext®(E, F) =
Homy(FE, F), which are finite-dimensional C-vector spaces. We say that the category .4 has
dimension dim A = m if Ext¥(E,F) = 0 for all E, F and k > m, and Ext™(E,F) # 0 for
some E, F. For example, if X is a smooth (quasi-)projective m-fold then coh(X) (or cohes(X))
has dimension m, and if @ is a quiver then mod-CQ has dimension 1 (or 0 if @ has no edges).

The Euler form of A is the biadditive map x4: Ko(A) x Ko(A) — Z with

dim A

XA([E]7 [F]) = Z (_1)k dim¢ Eth(E’ F)
k=0

It need not be symmetric. The numerical Grothendieck group is K™™(A) = Ko(A)/ Ker x 4. It
is usually a good choice for K(A) in Assumption 4.1(b).

In all these cases Assumption 2.4 applies, and the vertex algebra H*(./\/l) and Lie algebra
H,(MP") in Assumption 4.1(g), (h) are constructed as in Sections 2.3-2.4. There is a nat-
ural perfect complex Ext®* on M x M called the Exzt complex, whose cohomology at a C-
point ([E], [F]) € (M x M)(C) is H*(Ext® |((p),m)) = ExtF(E, F), with rank(Ext® | s, xat,) =
xAa(a, B) for a, B € K(A).

As in [58], in Assumption 2.4(g) we define ©° = (Ext*)Y @ o},(Ext®)[2n] for some n € Z,
where o M x M — M x M swaps the factors. Then (2.5)-(2.9) hold. We set x(«,3) =
xA(a, B)+xa(B,a), so that x is symmetric with rank(@']MaxMﬁ) = x(a, B). In all these cases,
there are canonical orientations on M, MP' in Assumption 4.1(e) coming from the complex
geometry. For these orientations, the signs in Assumption 4.1(f) are e, 5 = (—1)Xa(@5),

All the material of Assumption 4.1(a)—(i) works for abelian categories A of any dimension
m > 0, e.g., when A = coh(X) for X a smooth projective m-fold. However, in Assumption 4.1(j),
the formation of virtual classes M (7)]virt depends critically on dim .A:

(i) If dim A = 1 then moduli spaces M3 (7) are smooth C-schemes. If MS'(7) = M (1) then
ME(7) is a compact complex manifold, and thus has a fundamental class [M(7)]gnq in
homology. This case includes A = coh(X) for X a projective curve, and A = mod-CQ
for @) a quiver.

(i) If dim A = 2 then moduli spaces M3 (1) have perfect obstruction theories in the sense of
Behrend-Fantechi [6]. If M5 (1) = M®(7) then M3(7) is proper, and thus has a virtual
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class [M5(7)]virt by [6]. This case includes A = coh(X) for X a projective surface, and
A =mod-CQ/I for (Q,I) a quiver with relations (though see Remark 4.7).

In general if dim.A > 3 there is no way to define virtual classes [MZ(T)]virt, and enumerative
invariants do not exist. However, there are three special cases in which [M(7)]virt can be
defined by a mathematical trick:

(iii) If A = coh(X) for X a Calabi-Yau 3-fold, as in Donaldson-Thomas [24], Thomas [100] and
Joyce—Song [60]. (Essentially the same idea is used for Vafa—Witten invariants of surfaces
in Tanaka—Thomas [96, 97].)

(iv) If A= coh(X) for X a Fano 3-fold, as in Thomas [100].

(v) If A= coh(X) for X a Calabi-Yau 4-fold, as in Borisov—Joyce [11], Oh-Thomas [87] and
Cao-Leung [19].

We will discuss (iii), (iv) in Section 4.3.6, and (v) in Section 4.4.

Remark 4.7. A well behaved abelian category A has an inclusion A < DYA, and then
Ext*(E, F) = Hompp 4(F, F[k]) for E,F € A and k € Z.

For abelian categories mod-CQ/I of representations of a quiver with relations (@, I), this
definition of Ext groups may have Ext® (E, F) # 0 for infinitely many k, and Ext® is not perfect,
so the theory above does not work. However, there is a way to fix this. One can define a trian-
gulated category 7T, similar to DA, with an inclusion A < T as the heart of a t-structure, such
that Ext* (E, F) = Hom,(F, F[k]) has the properties we need, and then we replace Ext*(E, F)
above by Ext® (E, F). See [60, Remark 7.10] for discussion of this.

4.3.2 General discussion for triangulated categories

Next we discuss our programme for triangulated categories, such as derived categories D? coh(X)
and D?mod-CQ. The moduli spaces M, MP! of objects in such categories are higher stacks or
derived stacks in the sense of [102, 103, 104, 105, 106].

One surprising fact is that the homology H,.(M), H, (Mpl) is usually simpler and easier to
compute than for abelian categories. For abelian categories, the direct sum @ makes M into a
commutative monoid in stacks, and M"P into an H-space. In triangulated categories, the shift
operator [1] acts as an inverse for @ up to homotopy, making M into (roughly) an abelian group
in stacks, and M®™P into a grouplike H-space, which are nicer than general H-spaces.

In the triangulated case, as in [58] it is generally no longer true that Hj (MP) = Hyo(M)/
D(f[k(/\/l)), but this still holds under reasonable conditions when k = 0, and the Lie algebra
Hy (Mpl) is what we need for applications to enumerative invariants. Here is the main result of
the first author [42, Theorem 1.1]:

Theorem 4.8. Suppose X is a smooth projective C-scheme which is either a curve, a surface,
a rational 3- or 4-fold, a toric variety, a flag variety, or one of some other classes we will
not give.

Write K{(X®) for i = 0,1 for the topological K-theory groups of the complex analytic topo-
logical space X* of X, and K2 (X) for the 0" semi-topological K-theory group of X, in the
sense of Friedlander and Walker [29].

Let M be the moduli stack of objects in D°coh(X), a higher C-stack, which exists by [104].
Then there is a canonical isomorphism of graded R-modules:

H, (M) = R[K)(X)] ®r Sym* (K°(X™) @z *R[t*]) @& /\ (KNX™) @z tR[t?]). (4.7)
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Here H, (M) is H,(M,R) with grading shifted as in (2.12). The group ring R[K% (X)] =
(e a € K% (X))r is graded by dege® = —x(a,a). In the symmetric and exterior prod-
ucts Sym*(--- ), N"(--+), we take K'(X®) to have degree 0, and t to be a formal variable
with degt = 1.

The vertex algebra structure on H, (M) is also equally explicit. By [58], this gives an explicit
description of the Lie algebra Hy (./\/lpl) = ﬁg(M)/D(ﬁO(M))

Even if we only want to study enumerative invariants for the abelian category coh(X), it may
still be helpful to work with H, (M), Hy (./\/lpl) for M, MP! the moduli of objects in D coh(X),
as these are easy to write down.

It is an important problem to extend Conjecture 4.2 to Bridgeland stability conditions [15] on
triangulated categories such as D’ coh(X) and D?mod-CQ. This raises several difficult issues.
There is already a significant literature for related questions on derived category versions of
Donaldson—Thomas invariants of Calabi—Yau 3-folds. We make some remarks:

(a) The authors expect the issues of defining invariants [M$(7)]iny counting strictly 7-semi-
stables in Conjecture 4.2(i), and their characterization via pair invariants in Conjec-
ture 4.2(iii), to extend to Bridgeland stability conditions 7 = (Z,P) on triangulated cate-
gories T with essentially no changes. This is because both these issues can be written in
the abelian subcategory 74 C T of 7-semistable objects with phase ¢ € R.

(b) The authors only expect (4.1)—(4.2) to make sense in a triangulated category 7, and to
have finitely many nonzero terms, if 7, 7 are sufficiently close in the moduli space of
Bridgeland stability conditions on 7T .

If r=(Z,P)and 7 = (Z , 75) are close, then there should exist a unique third Bridgeland
stability condition 7 = (Z , 75) on T such that:

(i) The central charges Z, Z, Z satisfy ReZ =Re Z and Im Z = Im Z.

(ii) Write Ay g4r)s A[¢7¢+W), A[¢7¢+W) C T for the abelian subcategories generated by 7-,
7- and 7-semistable objects with phases in [¢, ¢ + ), for ¢ € R. Then A[_/ r/2) =
Aln2n/2) and Az = Ajg m)-

Then wall-crossing from 7 to 7 is equivalent to wall-crossing in the abelian category
.fl[,ﬁ /2,7/2), and wall-crossing from 7 to 7 is equivalent to wall-crossing in A[OJ), as ex-
plained in [53, Section 7]. Hence Conjecture 4.2(ii) for triangulated categories reduces to
Conjecture 4.2(ii) for abelian categories.

(c) Bridgeland [16] has some interesting work on encoding Donaldson-Thomas invariants of
a 3-Calabi-Yau triangulated category 7 into geometric structures (attractively called
‘Joyce structures’) on the space of Bridgeland stability conditions Stab(7) on 7. The
Kontsevich-Soibelman wall-crossing formula [66] discussed in Section 4.2 is an ingredient
in [16, Definition 5.3]. By replacing this by (4.2) and basing the definition on U(f[o (Mpl)),
it may be possible to generalize [16] to enumerative invariants in other triangulated cate-
gories, for example 7 = DP coh(X) for X a projective surface.

(d) Work by Halpern-Leistner and coauthors (see [43] and references therein) generalizes the
requirement in Assumption 4.1(j) that M3 (7) should have a compact ‘coarse moduli space’
to triangulated categories.

4.3.3 Representations of quivers, and quivers with relations

We will discuss these at length in Sections 56 and [59], so we say only a few words here.
Sections 5—6 will prove Conjecture 4.2 when A = mod-CQ for ) a quiver without oriented
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cycles (‘without oriented cycles’” makes Mg (7) compact). This will be generalized in [59] to
A = mod-CQ/I for (Q,I) a quiver with relations. There may be other categories of interest in
representation theory that we can study using similar techniques.

4.3.4 Vector bundles and coherent sheaves on curves

Let X be a projective complex curve, that is, a compact Riemann surface. Then we can study
moduli spaces M,.q = M7 ;) (1) of p-semistable vector bundles (for r > 0) or coherent sheaves
(for r = 0) on X with rank r and degree d, where p is slope stability. This was done by
Harder—Narasimhan [44] in algebraic geometry and Atiyah-Bott [5] in differential geometry,
and many subsequent authors. It is common to restrict to 7, d coprime, as in [5, Section 9], as
then M?fn o) = M7 o (u) is nonsingular, and a compact complex manifold.

There is only really one nice stability condition on coh(X), namely slope stability p. So wall-
crossing as in Conjecture 4.2(ii) is not interesting for curves. However, Conjecture 4.2(i), (iii)
may still have something new to say. They predict that there are classes [M,. gliny in H, (/\/lpl7 Q)
for all (r,d), equal to the fundamental class of M, 4 in H, (./\/lpl, Z) when 7, d are coprime, which
could be computed using Definition 4.3. For example, one could ask whether these classes have
any interesting number-theoretic properties, as in [44].

4.3.5 Coherent sheaves on surfaces

Next consider our programme when A = coh(X) for X a projective complex surface. We take
stability conditions on A to be Gieseker stability for an ample line bundle L — X. Invari-
ants counting Gieseker semistable sheaves on X have been studied in depth by Mochizuki [79],
and should be understood as an algebro-geometric analogue of Donaldson invariants of 4-
manifolds [23].

When M3'(7) = M3(7), the virtual classes [M(7)]yiry in Assumption 4.1(i) are defined
using Behrend-Fantechi [6] perfect obstruction theories ¢: F* — L, as in [79, Sections 5
and 6.1]. If the geometric genus p;, = h?%(X) has p, > 0, and rank a > 0, there is a trivial factor
in h=1(F*) which causes [M(7)]virt = 0, see [79, Proposition 6.2.2]. As in [79, Section 6.2], we
can obtain nonzero invariants by fixing determinants, but that takes us outside the framework
of Conjecture 4.2. So here we restrict to the case p, = 0.

Conjecture 4.9. Conjecture 4.2 holds for A = coh(X) with X a projective complex surface
with p, = 0, with ‘stability condition 7" meaning Gieseker stability for an ample line bundle
on X, and other details as in Section 4.3.1.

This is proved in the sequel [59, Section 7.7], which also covers the case p; > 0. It builds on
previous work by Mochizuki [79] and others.

4.3.6 Donaldson—Thomas theory for Calabi—Yau and Fano 3-folds

Donaldson—Thomas invariants counting semistable coherent sheaves on Calabi—Yau 3-folds were
proposed by Donaldson-Thomas [24] and defined by Thomas [100], who also gave a version for
Fano 3-folds. The Calabi-Yau 3-fold version was extended in Joyce-Song [60] and Kontsevich—
Soibelman [66].

Let X be a Calabi-Yau or Fano 3-fold, and 7 be Gieseker stability on A = coh(X), and
a € K(A) with M3 (7) = M3(7). Since dimA = 3 in Section 4.3.1, the natural obstruction
theory 7* — L, p1 on M3 (7) is perfect in [—~2,0], and it is perfect in [~1,0] (which is necessary
for the virtual class [M3(7)]virt from [6] to be defined) if A?((F*)¥) = 0. For a C-point [E]
in M¥(7) we have

W ((F*)"|g)) = Ext’(E, E) = Hom(E, E @ Kx)*.
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(a) If X is a Calabi-Yau 3-fold then Kx = Ox, and as F is stable we have Hom(E, E ®
Kx) = C, so that h*((F*)Y) = Opgss(ry- As in [100] we may modify F* — L, m by
deleting the line bundle h?((F*)"), and then [6] gives a virtual class [M(7)]yir of real
dimension —2x 4 (o, ) = 0.

Donaldson—-Thomas theory of Calabi—Yau 3-folds does not fit into the set-up of Assump-
tion 4.1 and Conjecture 4.2, as deleting h?((F*)") means that [M(7)]yi € H_o(MP!),
which is the wrong dimension.

In the sequel [59, Section 1.5], the second author explains a modification of Conjecture 4.2
adapted to Donaldson—-Thomas theory of Calabi—Yau 3-folds. The graded vertex algebra
structure on H,(M) in Assumption 4.1(g) is replaced by a graded vertex Lie algebra.

(b) If X is a Fano 3-fold and dimsupp E > 0, that is, if dim « > 0, then using 7-semistability
of E and Kx negative one can show that Hom(E, E® Kx) =0, so F* — L, ;1 is perfect
in [—1,0], and [6] gives a virtual class [Mg(7)]virt Of real dimension 2 — 2x4(c, ). If
dima = 0 this argument does not work, and [M$(7)]virs is undefined. The sequel [59,
Section 7.8] proves Conjecture 4.2 for A = coh(X) for classes a € K(A) with dima > 0
only.

Note that Donaldson—-Thomas theory for Calabi-Yau 3-folds, and for Fano 3-folds, are signifi-
cantly different, because of the difference in virtual dimension.

4.3.7 Theories of vector bundles or sheaves with extra data

There are also enumerative invariant theories in the literature, in which the objects to be counted
are one or more vector bundles or coherent sheaves on a smooth projective C-scheme X, together
with some morphisms between these sheaves. Such theories are usually special cases of the
following general definition of Alvarez-Cénsul and Garcia-Prada [3].

Definition 4.10. Let Q = (Qo, @1, h,t) be a quiver, and X be a smooth projective C-scheme.
Assign a vector bundle E, — X to each edge e € Q1. Following [3], define a C-linear abelian
category A whose objects are tuples ((V,)veqo: (¢e)ecq,), where V,, € coh(X) and ¢e: Vi) —
Vi(e) ® Ee is a morphism in coh(X). Objects of A are called twisted quiver sheaves, or twisted
quiver bundles if the V,, are vector bundles. If E, = Ox for all e € @)1 they are called quiver
sheaves, or quiver bundles.

Alvarez-Cénsul and Garcia-Prada [3] prove a Hitchin—-Kobayashi correspondence for twisted
quiver bundles, identifying solutions of a gauge theory equation with 7-polystable objects in A for
a stability condition 7 on .A. This extends previously known Hitchin—Kobayashi correspondences.
For example:

e If X is a Riemann surface, and Q) = S e, and F, = Kx, then twisted quiver bundles are
Higgs bundles, as in Hitchin [45].

o If Q) = e 5 e then semistable pairs as in Bradlow and Daskalopoulos [12, 13, 14], Garcia-
Prada [31, 32], Thaddeus [99] (who studies wall-crossing under change of stability condi-
tion), and others, are examples of 7-semistable quiver bundles with V,, = Ox.

We usually have dim A = dim X + 1 (or dim A = dim X for some moduli spaces, under extra
conditions). To fit such categories A into the enumerative invariant set-up of Section 4.3, we
need dim A < 2 for virtual classes [M(7)]virt to be defined, as in Section 4.3.1, so we take X
to be a curve (or possibly a surface, under extra conditions). We also require the quiver @ to
have no oriented cycles, to ensure that M2 (7) is compact. Under these conditions we expect
Conjecture 4.2 to hold. Note that in contrast to Section 4.3.4, there are usually many suitable
stability conditions on A, so wall-crossing in Conjecture 4.2(ii) is nontrivial.
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4.3.8 Theories using equivariant homology

Several interesting enumerative invariant theories involve moduli spaces M, MP! with the action
of an algebraic torus T = G¥ | and we form virtual classes [M(7)]yir¢ in the equivariant homol-
ogy HI (Mpl). See for example Tanaka—Thomas [96, 97| for the case of Vafa—Witten invariants.
Then an equivariant version of Conjecture 4.2 may apply. This is discussed in the sequel [59].

One useful property of the equivariant setting, as used in [96, 97] for instance, is that to
define virtual classes [M(7)]yi¢ in HI (MP') we do not need M (7) to be compact, but only
that the T-fixed locus M>(7)T should be compact, which is often easier to satisfy.

4.4 The conjecture for Calabi—Yau 4-fold DT4 invariants

We summarize some ideas from derived algebraic geometry [90, 102, 103, 104, 105, 106] and
Donaldson-Thomas type invariants of Calabi—Yau 4-folds [11, 17, 19, 87]:

(a) Let X be a smooth projective C-scheme. Then Toén and Vaquié [104] construct a derived
moduli stack M of objects in coh(X) or in D? coh(X), as a locally finitely presented derived
C-stack in the sense of Toén and Vezzosi [102, 103, 105, 106]. It has a virtual dimension
vdimg M, a locally constant map M — Z. The classical truncation M = tz(M) is the
usual moduli stack, as an Artin C-stack or higher C-stack.

(b) Pantev, Toén, Vaquié and Vezzosi [90] introduced a theory of shifted symplectic derived
algebraic geometry, defining k-shifted symplectic structures w on a derived stack S for
k € Z. If X is a Calabi-Yau m-fold and M is a derived moduli stack of objects in coh(X)
or D’coh(X) then M has a (2 — m)-shifted symplectic structure, [90, Corollary 2.13].

(c) If (S,w) is a k-shifted symplectic derived stack for k even, Borisov—Joyce [11, Section 2.4]
define a notion of orientation on (S,w).

(d) Let (8,w) be a proper, oriented —2-shifted symplectic derived scheme with & = t¢(S).
Then Borisov-Joyce [11, Corollary 1.2] construct a virtual class [S]virt in H(S,Z) using
derived differential geometry [54, 55, 56, 57], of real dimension vdim¢ 8 = % vdimg S. Note
that this is half the expected dimension. Oh—Thomas [87] provide an alternative definition
of [S]virt in the style of Behrend-Fantechi [6].

(e) Let X be a Calabi-Yau 4-fold, and (M, w) the —2-shifted symplectic derived moduli stack
of objects in coh(X) or D’ coh(X) from (a),(b). Then Cao-Gross-Joyce [17, Corollary 1.17]
prove that (M, w) is orientable in the sense of (c¢). By taking a shifted symplectic quotient
by [*/G,], one can show that (Mpl, w) is also —2-shifted symplectic and orientable.
Choose an orientation on (Mpl, w).

(f) Suppose a € K(coh(X)) with M5 (1) = M(7), where 7 is Gieseker stability. Then
M () is a proper, oriented —2-shifted symplectic derived scheme, and has a virtual class
[ME(T)]virt In Hy (/\/lpl). Borisov—Joyce [11] propose to define Donaldson-Thomas type
‘DT4 invariants’ of X using these virtual classes. Cao—Leung [19] make a similar proposal
using gauge theory rather than derived algebraic geometry.

We can now extend Section 4.1 to A = coh(X) for X a Calabi—Yau 4-fold. This works as in
Section 4.3.1, with the following important differences:

(i) In Section 4.3.1 we took ©°* = (Ext*)Y & o} ((Ext*)[2n] in Assumption 2.4(g), where
Ext® is the Ext complex on M x M, and x(«,8) = xa(a,8) + xa(8,«) in Assump-
tion 4.1(c). As in [58], in the Calabi-Yau 2m-fold case we instead set ©° = (Ext®)Y
and x(«, 8) = xa(a,B), and use these to define the vertex and Lie algebra structures
on H,(M), H, (MP!) in Assumption 4.1(g), (h) as in Sections 2.3-2.4. Serre duality for
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Calabi—Yau 4-folds implies that (2.5) holds with n = 2, and x is symmetric. Note that ©°
and x are both (roughly speaking) half of their values in Section 4.3.1. This is parallel to
the virtual class [S]yirt in (d) above having half the expected dimension.

(ii) In contrast to Section 4.3.1, in the Calabi-Yau 4-fold case the complex geometry does not
determine canonical orientations in Assumption 4.1(e), but we must instead use Borisov—
Joyce orientations [11] as in (c) above. As in (e), orientations exist on M, and we must
choose one.

(iii) Asin (d), we use Borisov-Joyce or Oh-Thomas virtual classes [11, 87] instead of Behrend—
Fantechi virtual classes [6] (which are undefined in this case) in Assumption 4.1(j) when

Mi(r) = M3(7).

Conjecture 4.11. Conjecture 4.2 holds for A = coh(X) when X is a Calabi—Yau 4-fold, with
details in Assumption 4.1 as above.

4.5 Donaldson theory for 4-manifolds with b =1

Let (X, g) be a compact, oriented Riemannian 4-manifold, which need not be simply-connected.
Hodge theory gives a natural isomorphism H (%R(X ,R) & H?, where HgR(X ,R) is the second de
Rham cohomology group, and H? = {n eI (AQT*X ) sdnp =d'n = 0} is the harmonic 2-forms
on X. The splitting A?T*X = AiT *X A% T*X into self-dual and anti-self-dual 2-forms induces
a splitting H? = H2 & HZ. Write H2z(X,R) = H2(X,R) ® H2(X,R) for the corresponding
splitting in de Rham cohomology, and b3 (X) = dim H (X, R).

Donaldson theory is the study of enumerative invariants (called Donaldson invariants) that
‘count’ connections with anti-self-dual curvature (called instantons) on vector or principal bun-
dles F — X, as in Donaldson and Kronheimer [23]. They have the amazing property that they
can distinguish different smooth structures on the same topological 4-manifold. Most work on
Donaldson theory takes £ — X to be a principal SU(2)- or SO(3)-bundle, but we will consider
U(m)-bundles for m > 0.

We divide into three cases:

(i) If b2 (X) = 0 then Donaldson invariants cannot be defined.!

(ii) If b2 (X) = 1 then Donaldson invariants can be defined. They depend on the splitting
H gR(X ,R) = H_%(X ,R)® H? (X, R) induced by g, and have wall-crossing behaviour under
changes of this splitting.

(iii) If b2 (X) > 1 then Donaldson invariants can be defined, and are independent of g and the
splitting H3x (X,R) = H2(X,R) @ H2(X,R).

We are interested here in case (ii). We will sketch how Donaldson theory for U(m)-bundles
on X when bﬁ_(X ) = 1 can be made, conjecturally, into a theory with the structure described
in Section 4.1. The sequel [59, Section 7.7] will study case (iii) for coherent sheaves on surfaces.
We have nothing new to say about case (i).

Some papers on Donaldson theory with b% = 1 are Kotschick-Morgan [67, 68], Ellingsrud-—
Gottsche [25], Friedman—Qin [30], Gottsche [34], Gottsche—Zagier [40], Moore-Witten [80], and
Gottsche-Nakajima—Yoshioka [37]. We define the moduli spaces of instantons we are interested
in.

Definition 4.12. Let (X,g) be a compact, connected, oriented Riemannian 4-manifold, and
E — X be a unitary vector bundle, that is, a complex vector bundle £ — X with a Hermitian
metric h on its fibres. A unitary connection Vg is a connection Vg on E preserving h. Write Ag

'But the moduli spaces can be used to restrict the intersection form of X, as in [21].
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for the topological space of unitary connections on E, with the C*°-topology. The group Aut(F)
of unitary automorphisms of F acts on Ag, and its normal subgroup U(1) = U(1)-idg C Aut(E)
acts trivially, so that Aut(E£)/U(1) also acts on Ag. We call a connection Vg irreducible if
Stabau(p)(VE) = U(1), and reducible otherwise. Write A C Ap for the open subset of

irreducible connections. Define topological stacks B C By and Big’pl - B%l as in [77, 85, 86] by
T — A Aut(E), B = Ap/ Aut(E),
BioP' = AW /(Aut(E)/U(1)),  BY = Ap/(Aut(E)/U(1)),

Then B P! is a topological space, as Aut(E)/U(1) acts freely on AW
Let Vg in Ag have curvature FVE, and split FVE = FXE o FYE for FiVE the components
in ad(F) ®g ALT*X. We call Vg an instanton if

FXE =iidg®@w for some w € H3. (4.8)
Define moduli spaces of instantons M5 C M3 by

M ={[Vg] € Big’pl: Vg is an instanton} C Big’pl,

| | (4.9)
% ={[VE] € BY: Vg is an instanton} C BY,.
If g is generic then M is a smooth manifold of dimension
dim M3 = 1+ 2 (X) — X([EL, [E]): (4.10)
where y: K°(X) x K%(X) — Z is the symmetric biadditive map
x(o, 8) = — (1 —=by(X) + bi(X)) rank avrank 5 — 2/ ch; (a) chi(B)
X
+2ranka/ cha(5) +2rankﬁ/ chy(a), (4.11)
X X

with ch;(—) the Chern characters. Here in (4.10), the first term 1 compensates for the quo-
tient by U(1) in (4.9), the second b2 (X) compensates for w € H% in (4.8), and the third
—x([E], [E]) comes from the Atiyah-Singer index theorem as in Kronheimer [69, equation (3),
p. 64]. If g is not generic then M3t is a derived manifold of virtual dimension (4.10), in the sense
of [54, 55, 56, 57].

As in [23], by Uhlenbeck compactification the moduli spaces M5 C M3 have completions
M8, C MBS such that MSS is compact, and if M5 = M55 then M5 should have a virtual class
[M58]yirt, of dimension (4.10). Points of M3 \ M5 are singular instantons with ‘bubbles’ at
finitely many points in X.

Remark 4.13. The usual definition [23] of instantons (generally for SU(2) connections) has
FJYE = 0 rather than (4.8). In fact w in (4.8) is determined by [w] = ﬂHi(X,R)(zﬂcl(E)) in
H?(X,R), so w = 0 if E is an SU(m)-bundle.

We now restrict to the case bi(X ) = 1. We outline the analogue of the data in Assump-

tion 4.1(a)—(j). We can take A to be the category of pairs (E, Vg) of a unitary bundle £ — X
with a unitary connection Vg. Then:

(a) The obvious choices for M, MP! are the topological stacks

B= H Bg, B = H B

iso. classes [E] of iso. classes [E] of
unitary bundles £ — X unitary bundles £ — X
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These are studied in [61], and their topological realizations have homotopy equivalences

B*P ~ Mapo (X, 1T BU(m)>,

m=0

(BPY)*P ~ Map o <X, 1T BU(m)> /BU(1).

m=0

(4.12)

However, there is a problem: it is not clear that the completions M5, M of M5, M
map naturally to B, BP', and the authors expect that they do not. So we should not
define invariants [M$]iny in H, (BP).

Instead, we define topological spaces
M = Mapeo(X,BU x Z),  MP' = Mapeo(X, BU x Z)/BU(1), (4.13)

which are a kind of completion of (4.12) (in fact M is the H-space completion of B%P,
and is studied in [17, 61]). We propose that invariants [M%]iny should lie in H, (MP!).
See Remark 4.14 below on this.

We take K(A) = K%(X), and x as in (4.11).

Orientations on M are explained in Joyce-Tanaka—Upmeier [61, Section 4.2.3] and
constructed in [61, Theorem 4.6], following previous work of Donaldson.

The vertex algebra structure on H,(M) will be constructed in [58]. It is the lattice
vertex algebra on the super-lattice K°(X) @ K'(X) with intersection form x in (4.11),
so in a similar way to (4.7) we have

H,(M) = R[K°(X)] @ Sym* (K°(X) @z £*R[t*]) @r /\ * (K (X) @z tR[t*]).

This gives the Lie algebra Hy(MP') = Hy(M)/D (I:IO(./\/I))

By stability condition we mean either the Riemannian metric g, or the orthogonal split-
ting H3z (X, R) = H? (X,R)® H?2 (X, R) induced by g, depending on your point of view.
Here H? (X,R) = ([w])r as b2 (X) = 1, where w € H2 is a harmonic self-dual 2-form
on X.

For comparison, Gieseker and pu-stability conditions on coh(X) for a projective surface X
with 2 (X) = 1 correspond to Kéhler classes [w] in H2g(X,R), where H? = (w). For
the wall-crossing formula (4.2), the coefficients U(—) should be defined as for p-stability
for projective surfaces.

If « € K(A), by M3(7), M3(7) we mean the disjoint union over isomorphism classes of
unitary bundles E — X with [E] = a of the moduli spaces M5, 7% above, considered
as mapping to MP' as claimed in (a). Although the moduli spaces themselves depend
on g, when M (1) = M () the virtual class [M(7)]yie € H,(MP') depends only
on the splitting H3;(X,R) = H2(X,R) ® H2(X,R), which is why we have these two
choices for stability conditions in (i). Note too that as b2 (X) = 1, equation (4.10) gives
vdim M (1) = 2 — x(«, o), as required.

Remark 4.14. Here is some justification for the choice of M, MP! in (4.13). Let X be a pro-
jective surface. Then we can form moduli stacks Myect C My s C Mpers of vector bundles, and

, D . 1 1
torsion-free sheaves, and perfect complexes on X, and projective linear versions MY . C ME_ ¢ C

vect

Mgirf with Ms‘lect = Myect/[*/Gm], and so on. We have mapping stack presentations

Meect = Map (X, ]_[ [*/ GL(m, (C)]), Mpert = Map (X, P%rf ).

m>=0
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The analogues of M3, M35 in Definition 4.12 are moduli spaces of (semi)stable vector

bundles, and are substacks of /\/lgéct. But the analogues of the Uhlenbeck compactifications

ML M5 are moduli spaces of (semi)stable torsion-free sheaves (thought of as singular vec-

tor bundles), so they are substacks of ./\/lg_lf, and hence of M, but not of ./\/lgéct. We have
topological realizations

top top
< IT [/ GL(m, C)]) ~[[BU(m), Peaf~BUxXZ,  [+/Gy]*"~ BU().
m=0 m=0 C
Hence Myect, Mglect are analogous to BYP, (Bpl)mp in (4.12), and Mperf, M
to M, MPlin (4.13).

Conjecture 4.15. With the set up above, Conjecture 4.2 holds for Donaldson theory of 4-mani-
folds X with b2 (X) = 1, not necessarily simply-connected.

pl
perf A€ analogous

4.6 Other gauge-theoretic enumerative invariant theories

We comment briefly on other gauge-theoretic invariants in the literature.

Casson invariants of 3-manifolds

Casson invariants count flat connections on compact 3-manifolds, as in Akbulut-McCarthy [2],
Taubes [98] and Boden—Herald [9]. They do not fit into the set-up of Section 4.1, because
the virtual dimension is wrong, as for Donaldson—Thomas invariants of Calabi—Yau 3-folds in
Section 4.3.6(a), and for other reasons.

Gs-instantons on Gs-manifolds

Let X be a compact 7-manifold and (¢, g) a torsion-free Ga-structure on X, as in Joyce [47]. The
Go-structure induces a splitting A?7T*X = A% @ A2, into subbundles of ranks 7, 14. A connec-
tion Vg on a vector or principal bundle £ — X is a Go-instanton if w A2 (F VE) = 0. Donaldson
and Segal [20] propose defining enumerative invariants of (X, ¢, g) by counting Ga-instantons.
Again, these do not fit into the set-up of Section 4.1, because the virtual dimension is wrong.

Spin(7)-instantons on Spin(7)-manifolds

Let X be a compact, simply-connected 8-manifold and (£2,g) a torsion-free Spin(7)-structure
on X, as in Joyce [47]. The Spin(7)-structure induces a splitting A?T*X = A2 & A%, into
subbundles of ranks 7, 21. A connection Vg on a vector or principal bundle E — X is a Spin(7)-
instanton if my2 (FVF) = 0. Donaldson and Thomas [24] propose defining enumerative invariants
of (X, €, g) by counting Spin(7)-instantons.

There is a strong analogy between counting Spin(7)-instantons and Donaldson theory of 4-
manifolds. Under this analogy we compare A% «vs Ai and A%, «~ A2. There is a splitting
H3: (X,R) = H3(X,R) ® H3 (X,R), with 2 = dim H?(X,R) the analogue of b%. As in Sec-
tion 4.5, we divide into three cases:

(i) b2 = 0, which happens if g has holonomy group Hol(g) = Spin(7). Then the analogy
with Donaldson theory suggests that enumerative invariants counting Spin(7) instantons
cannot be defined.

(i) b2 = 1, which happens if Hol(g) = SU(4), and X is a Calabi-Yau 4-fold. Then the
set-up of Section 4.1 may work. Note however that this may just be a gauge-theoretic
version of the DT4 invariants of Calabi—Yau 4-folds discussed in Section 4.4, as proposed
in Cao—Leung [19].
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(iii) b2 > 1, which happens if b2 = 2 and Hol(g) = Sp(2) or b2 = 3 and Hol(g) = Sp(1) x Sp(1),
and g is hyperkédhler. Then we might hope that enumerative invariants can be defined,
which are independent of g, but which do not fit into the framework of Section 4.1, though
see Question 4.19.

4.7 Questions for future work
Here are some questions that seem to the authors to be interesting.

Question 4.16. In a C-linear enumerative invariant theory of the kind discussed in Section 4.1,
can we write the family of invariants [M(7)]iny for all a in C(A) in terms of a small amount
of data by a universal formula?

Examples of the kind of formula we have in mind are those writing the generating series
of Donaldson invariants in terms of a finite collection of Kronheimer—-Mrowka basic classes, or
Seiberg—Witten invariants, as in Kronheimer—-Mrowka [70], Fintushel-Stern [27], Witten [108],
Moore-Witten [80], Marino-Moore [74], and Gottsche-Nakajima—Yoshioka [39]. Using the re-
sults of Sections 5-6, we can investigate this question for A = mod-CQ, and the authors hope
to write about this in a future paper in the series.

Question 4.17. Can we extend the set up of Section 4.1 to replace H.(M), H, (Mpl) by
E.(M), E, (Mpl) for E.(—) a complex-oriented generalized homology theory over R, such as
K-homology?

The vertex algebra and Lie algebra parts of Assumption 4.1 will be extended to E.(M),
E, (Mpl) in [58]. It turns out that E,(M) is a ‘vertex F-algebra’, where F(z,y) is the formal
group law associated to the complex-oriented cohomology theory E*(—). There is an interest-
ing literature on K-theoretic versions of enumerative invariants, which often form generating
functions with attractive properties — see for example Gottsche-Nakajima—Yoshioka [38], Ok-
ounkov [88], Gottsche-Kool [36], Thomas [101], Laarakker [71], Arbesfeld [4], and Cao-Kool-
Monavari [18] — and also on cobordism invariants, as in Gottsche-Kool [35] and Shen [94]. In
Question 4.16 over E,(—), should the universal formula depend on the formal group law F?
A good starting point would be to study invariants [M2(7)]iny € Ek (./\/lpl) for A = mod-CQ,
as in Sections 5-6.

Question 4.18. Can we use the theory of vertex algebras to understand more about the struc-
ture of enumerative invariants, given the appearance of vertex algebras in Assumption 4.17 For
example, to explain modular properties of generating functions of enumerative invariants? Re-
mark 4.6 may help.

Connections between vertex algebras and Donaldson theory, Vafa—Witten theory, or Seiberg—
Witten theory of 4-manifolds are suggested by the work of Nakajima [82, 83] and Feigin—
Gukov [26].

As a possible place to start, observe that in Conjecture 4.2, for a« € K(A) and with R = Q
or C, we can consider the graded R-vector space

V= M ()i N H* (MED € Hy (ME)).

This is finite-dimensional over R, and may be considered an approximation to the homol-
ogy H.(MZ (7)), since if M3 (7) is a smooth projective C-scheme and the restriction map
H* (Mgl) — H*(MZ (1)) is surjective (this is called Kirwan surjectivity, and can be proved in
some situations), then V. = H, (M2 (7)). For example, if M¥(7) is a moduli space of rank 1
torsion-free sheaves on a simply-connected projective surface X then M (7) may be identified
with a Hilbert scheme Hilb(™ (X), and V& = H, (Hilb(™ (X)).
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We regard V. as a ‘categorification” of [M3(7)]inv. It would be interesting to use vertex
algebra ideas to produce representations of interesting algebras on @ g V" for subsets S C
K(A), just as Grojnowski [41] and Nakajima [84] find representations of Heisenberg algebras on

D0 Hs (Hilb™ (X)).

Question 4.19. Donaldson theory of compact, oriented 4-manifolds X with bi(X) =1 fits
directly into our theory, as in Section 4.5. Can we produce a variant of our theory which
describes the case b2 (X) > 17

This should also apply to Mochizuki-style [79] counting of coherent sheaves on smooth pro-
jective surfaces X with p, > 0, and other situations. There should no longer be wall-crossing
phenomena under change of stability condition, but counting strictly T-semistables, as in Con-
jecture 4.2(i), and general structures in the invariants, as in Question 4.16, may still apply.

Question 4.19 is answered in the sequel [59, Section 7.6] for invariants counting coherent
sheaves on smooth projective surfaces X with p, > 0.

Question 4.20. Conjecture 4.2 gives invariants [M(T)|inv in Q-homology rather than 7Z-
homology when M5t (1) # M(7). The wall-crossing formulae (4.1), (4.2), (4.4) also involve
coefficients U(—), U(—) in Q rather than Z.

Is there a universal way to produce invariants [M(1)|Z in Z-homology, with an invertible
(modulo torsion) transformation law to the [M(T)|iny similar to (3.6)—(3.9), satisfying a dif-
ferent wall-crossing formula under change of stability condition, with coefficients in 7%

As an example of what we have in mind, note that Joyce-Song [60] define ‘generalized
Donaldson-Thomas invariants’ DT%(7) € Q, the analogue of our [MZ(7)}iny. In [60, Section 6.2]
they also define ‘BPS invariants’ DT*(7) by

Yralt 1 Sa/m
DT(r)= Y WDT/ (1),

m>1, m|a

and they conjecture [60, Conjecture 6.12] that lea(T) € Z when T is ‘generic’. The authors ex-
pect the answer to Question 4.20 will involve linear operations mapping H, (M{,’}) — H, (M%Q)
form=2,3,....

Question 4.21. Do our conjectures have an interpretation in string theory?

5 An example: representations of quivers

We now prove Conjecture 4.2 when A = mod-CQ for Q) a quiver without oriented cycles. The
proofs of Theorems 5.8 and 5.11 are postponed to Section 6.

5.1 Quivers, their moduli stacks, and vertex algebras

Here are the basic definitions in quiver theory, as in Benson [7, Section 4.1].

Definition 5.1. A quiver @ is a finite directed graph. That is, @) is a quadruple (Qq, @1, h, 1),
where Qg is a finite set of vertices, Q1 is a finite set of edges, and h,t: Q1 — Qg are maps giving
the head and tail of each edge.

A closed loop of directed edges 0 Dy e 2 9™ s an oriented cycle in Q. Later
we will restrict to quivers with no oriented cycles.

A representation (V,p) = (Vo)veo, (Pe)ecq.) of Q gives finite-dimensional C-vector spa-
ces V, for v € Qo, and linear maps pe: Vi) = Vi) for e € Q1. A morphism of representations
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® = (Pv)veqo: (V,p) — (W, o) gives linear maps ¢,: Vi, = W, for v € Qo with ¢p(e) 0 pe =
Oc © Gy(e) for € € Q1. Write mod-CQ for the C-linear abelian category of representations of Q.
Write Z20 for the abelian group of maps d: Qp — Z, and N®° ¢ Z% for the subset of
maps d: Qo — N. The dimension vector dim(V,p) € N2 of a representation (V,p) is
dim (V, p): v = dimc V,. This induces a surjective morphism dim : Ko(mod-CQ) — Z<°.

We describe the moduli stacks M, MP! for A = mod-CQ.

Definition 5.2. Let Q = (Qo, Q1,h,t) be a quiver. Write M for the moduli stack of objects
(V, p) in mod-C@Q. Then there is a natural decomposition

M= T] Ma,

deNQo

where My is the moduli stack of (V, p) with dim(V, p) = d. For any such (V, p), by con-
sidering isomorphisms V, 2 C%") for v € Qo we see we may write Mg explicitly as a quotient
stack

Mg = [Ra/ GL4], where Rg = H Hom ((Cd(t(e)), Cd(h(e)))
e€Q
and GLg = H GL(d(v),C), with group action
vEQo
(Av)vGQo : ((Be)e€Q1) — (Ah(e) oBo A;(i))ete-

Write V,, = M for v € Qg for the tautological vector bundle with

Voll(Va)veagspe)eca,)] = Voo

and write V, g = Vy|m, for d € N g0 that rank Vi.d = d(v). As Rq is contractible, we have
A'-homotopy equivalences

Mg~ [/ GLg) = [ [+/ GL(d(v),C)].
vEQo
Thus the topological realization of My is
MgP ~ J] BGL(d(v),C).
v€Qo

Let R be a commutative Q-algebra, such as Q, R or C. As GL(r,C) ~ U(r), the computation
of H*(BU(r)) by Milnor and Stasheff [78, Theorem 14.5] implies that the cohomology of Mg
over R is

H*(Mg) = H* (M3, R) 2 R[c} 4: v € Qo, i =1,2,...,d(v)], (5.1)

where cijd is a formal variable of degree 2i, with Ci,d = ¢i(Vy,4). The homology H.(My) is the
R-linear dual of (5.1), and H.(M) = @ 4oneo He(Ma).
Similarly, the projective linear moduli stack MP' from Definition 2.7 is

MP! = H /\/lpl7 where MP! = [Ra/ PGL4], (5.2)
deN®?o

for PGLg = GLg /Gy, with Gy = {(Xidg(y))veqo: 0 # A € C} C GLg.
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We can describe the Ext groups Ext’(D, E), the Euler form ¢, and the Ext complex Ext®
explicitly for mod-CQ.

Definition 5.3. Let Q = (Qo, Q1, h,t) be a quiver. It is well known that Ext’(D, E) = 0 for all
D, E € mod-C@ and ¢ > 1, and

dim¢ Hom(D, E) — dime Ext' (D, E) = xq(dimD,dimFE),
where xg: ZR0 x 720 — 7 is the Euler form of mod-CQ, given by
vald,e) = 3 dwe(v) = 3 d(t(e))e(h(e)). (5.3)
vEQo e€Q1

The Ext complex Ext®* — M x M may be written explicitly as the two-term complex of vector
bundles in degrees 0, 1:

° * A «
Ext® = |: @UEQO VU X VU @66@1 t(e) X Vh(e) i| s (54)
0 1

where ‘X’ is external tensor product, and the morphism A depends on the point in Rg in Mg =
[Ra/ GL4.

We then make H, (M) into a graded vertex algebra, and H, (./\/lpl) into a graded Lie algebra,
as in Sections 2.3-2.4 with the data in Assumption 2.4 chosen as in Section 4.3.1, so in particular
we take

K(mod-CQ) =Z%,  x(a,f) = xq(a, B) + xo(8, @),
€ap = (—1)X@l@h) 0° = (Ext*)Y @ o (Ext®). (5.5)

5.2 (Weak) stability conditions on quiver categories
Slope stability conditions on quiver categories are an important class.

Definition 5.4. Let Q be a quiver, and in the situation of Section 3.3 with A = mod-CQ, take
K(A) =79, so that C(A) = N¥ \ {0}. Fix p, € R for all v € Qp. Define u: C(A) — R by

2 ve@y Hd(v)
2 veqo Av)

Then (u,R, <) is a stability condition on mod-C@ in the sense of Definition 3.5, called slope
stability, which we often write as u. We call u a slope function.

For an object F of mod-CQ to be pu-stable, or p-semistable, is an open condition on the
point [E] in M or MP. Write M3 (1) € MS(u) C /\/lzl for the open C-substacks of p-
(semi)stable objects. They are quotient stacks

pu(d) =

My () = [Rg(n)/PGLgl, M (n) = [RF(n)/ PGL4],
for PGLg-invariant open subschemes RS (1) C RS (1) C Rg.

Here is a class of slope functions for which the moduli spaces M5 (u), M5 (u) are easy to
understand.

Definition 5.5. Let @) be a quiver, and p a slope function on mod-CQ defined using u, € R
for v € Qp. We call p increasing if for all edges o3 in Q we have My < . Such p exist if
and only if @ has no oriented cycles.
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Proposition 5.6. Let QQ be a quiver with no oriented cycles, and p be an increasing slope
function on Q. Then for each d € N9\ {0}, either:

(a) d = 4, for somev € Qu, that is, d(v) = 1 and d(w) = 0 forw # v. Then M5 (u) = M5 (1)
s a single point *.

(b) d # 9, for any v € Qq, and for some t € R we have d(v) = 0 for all v € Qo with w, # t.
Then M3 (1) = @ and M5 (u) = [x/ PGLg). Also 2 — x(d,d) < 0 in this case.

(c) Neither (a) nor (b) hold. Then M5 (u) = M5 (u) = 2.

Proof. For (a), if d = 6, then as @ has no oriented cycles there are no edges o—sein @, and
in (5.2) we have Rg = 0 and PGLg = {1}, so MY = %. But M5 (1) = M3 (u) = MY as any
(V, p) in class d in mod-C@ has no non-trivial subobjects, and so is automatically u-stable.

For (b), suppose d # ¢, for any v, and for ¢t € R we have d(v) = 0 for all v € Q¢ with u, # t.
Then if v1,v2 € Qo with d(vy),d(v2) > 0 we have p,, = py, = t, so there are no edges o ¢
in Q as y is increasing. Thus in (5.2) we have Rg = 0, so ME 2 [/ PGLg].

Let (V,p) lie in class d in mod-CQ. Then p = 0 as Rg = 0. If 0 # (W,0) C (V,0) is
any subobject then u([W,0]) = u([V,0]) =t as d(v) = 0 unless p, = t. Hence (V,p) is
p-semistable and M (u) = MY = [x/ PGLg]. Also as d # 6, we have > ve, 4(v) > 1. So
there exists a proper subobject 0 # (W,0) C (V,0), and p([W,0]) = u([V,0]) shows that
(V, p) is not p-stable, giving M5 (1) = @. As above, if vi,v9 € Qo with d(v1),d(v2) > 0 there
are no edges ® —» ¢ in Q. Thus from (5.3) and (5.5) we see that x(d,d) =23 d(v)?, so
x(d,d) >4 as d # 6,, and 2 — x(d,d) < 0.

For (c), as neither (a), (b) hold there exist vi,ve € Qo with d(v1),d(ve) > 0 and i, F# fiy,-
Set t = %(le + lby,). Define a subobject (W, o) C (V,p) in mod-CQ by W, = V, if pu, >t
and W, = 0 C V, if yuy, < t, and o = plw. If e Syeis an edge in () then u increasing
implies that either (i) W, = V,,, Wy, = Vi, or (ii) W, = W, = 0, or (iii)) W, = 0, Wy, = Vi,
and in each case p.: V,, = V,, maps W,, — W,,, so (W, o) is well defined. Both (W, o) and
(V,p)/(W, o) are nonzero, as one contains V,, # 0 and the other V,,, # 0. Also u([((W,0)]) > ¢
and p([(V,p)/(W,0)]) <t,so u([(W,o)]) > p((V,p)/(W,o)]). Hence (V, p) is p-unstable
by Definition 3.5, for all (V, p) with dim (V, p) = d. Thus M5 (p) = M5 (u) = @. [ |

vEQRo

Proposition 5.7. Let QQ be a quiver with no oriented cycles, and p a slope function on mod-CQ,
and d € N0\ {0} with M (1) = M (n). Then M5 (1) is a smooth projective C-scheme.

Proof. Suppose first that p, € Z for all v € Q. Then using geometric invariant theory (GIT)
from Mumford-Fogarty—Kirwan [81], King [64, Theorem 4.1] shows that RS (u), RS (u) are
the open subschemes of GIT (semi)stable points for a certain linearization € of the action of
PGLg4 on Rgq determined by the g,. Thus M3 (u) = [R3(u)/ PGLg] is not merely an Artin
C-stack, but a smooth quasi-projective C-scheme. Also there exists a GIT quotient /\7135(“) =
R (11)//o PGLg, which is a coarse moduli scheme for Mg (1). As @ has no oriented cycles, there
is a Gy,-subgroup of PGLq4 acting on the vector space Rq with only positive weights, so M (1)
is a projective C-scheme. If M (u) = M () then M5 (u) = /\7125(/1), so M (p) is a smooth
projective C-scheme.

The condition that u, € Z is unnecessary. As the notions of u-(semi)stability are unchanged
by multiplying all u, by a positive number, the result holds for u, € Q. To allow u, € R,
note that the space R?° of values (fv)veq, 1s divided into chambers by finitely many real
hyperplanes of the form p(e) = u(d — e) for 0 < e < d, such that M3 (1), M5 (1) depend only
on the codimension k stratum S in the induced stratification of R%° containing (Ho)veQ,- As
the hyperplanes p(e) = u(d — e) are rational, S contains a rational point (fi,)ycq,, and then
M (p) = M (1) and M5 (u) = M (ji). The proposition follows. [ ]
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5.3 Defining invariants

The next theorem, Conjecture 4.2(i), (ii) for mod-CQ, is proved in Section 6.

Theorem 5.8. Let QQ be a quiver with no oriented cycles, and use the notation of Section 5.1,
so in particular we have a Lie algebra over the Q-algebra R

Ho(MY) = D Ho(MG) = D Ha-zygtaa(M7),

deN“o deN“?o

for xq as in (5.3). Then for all weak stability conditions (7,1, <) on mod-CQ in the sense of
Section 3.3, and for all d € N9\ {0}, there exist unique classes [MS(T)]inv € Ho (Mgl) with
the properties:

(i) Suppose pi is a slope function on mod-CQ, and d € N9\ {0} with MS(u) = M (u), so
that M () is a smooth projective C-scheme by Proposition 5.7. Then dimc M () =
1 — xo(d,d), so it has a fundamental class [Mff(,u)]fund in Hy oy, (d,d) (M3 (1)), and

(MG ()], is the pushforward v, (M (11)]guna) under the inclusion v: M () < MSI.
This includes the case when M3 (u) = &, with M (1)]iny = 0.

(ii) Let (1,T,<) and (%,T, <) be two weak stability conditions on mod-CQ. Then as for
(4.1)(4.2), for all d € N®° \ {0} we have

M (F)]iny = > U(dy,....dn;7,7) - [[ [[M3 ()]0 (5.6)
n=1, ddll7+7dj_§lji(¢)i\{0} [ f182 (T)] inv] rt e ] ? [ an (T)] inv] )

M (D) ]iny = > U(dy, ... dn;7,7) - [MG(7)], * (5.7)
T ANALLE (M, ()] % MG (D]

which are equivalent equations, (5.6) in the Lie algebra Ho(MP') and (5.7) in its universal
enveloping algebra U(FI@ (MPI)).

(iii) Let p be an increasing slope function on mod-CQ. Then

1€ Hy(MY) =R, d=3d, veQy

. (5.8)
0, otherwise.

[Mils(ﬂ)}inv = {

This follows from (i) and Proposition 5.6, noting that in Proposition 5.6(b), [M3(1)]inv
lies in Hg (Mgl) =0as2—x(d,d) <0.

The sequel [59, Section 6] gives an alternative proof of Theorem 5.8.

5.4 Morphisms of quivers

Here is a new notion of morphisms of quivers, which is designed to be compatible with the
morphisms of vertex and Lie algebras in Section 2.5.

Definition 5.9. Let Q = (Qo, Q1, h,t) and Q' = (Qp, @), k', t') be quivers. A morphism \: QQ —
Q' is a pair A = (A, A1), where A\g: Qo — Q) is a map, and A\; C Q1 x Q] a subset satisfying:
(i) If (e,e’) € A1 then Mg o h(e) = h/(¢') and N\ o t(e) = t'(¢).

(i) Ifv,w € Qo and €’ € Q) with A\g(v) = h/(e) and A\g(w) = ¢/(¢’), there exists unique e € Q1
such that (e,e’) € A\; and h(e) = v, t(e) = w.



Universal Structures in C-Linear Enumerative Invariant Theories 43

(iii) The projection mg, : Ay — Q1 mapping (e, €') — e is injective.
If Q" = (Qp,QF,h",t") is another quiver and p: Q" — Q" is a morphism, the composition
o A= ((po Ao, (no A1) is given by (1o N)o = po o Ag and

(o)1 ={(e,e") € Q1 x Q: 3¢’ € Q' with (e,€') € A\ and (€',€") € 1 }.

It is easy to show this is a morphism, and makes quivers into a category.
For )\ as above, define a C-linear exact functor X : mod-CQ — mod-CQ’ by

Exi (Vo)vueos (Pedecar) = (Vi)weqy, (Pu)ereqy) on objects,

where V,, = @ V, and pl = Z pe and
VEQoD: Ao(v)=0’ e€Q: (e,e!)EN
Ext (v)veqo — (625;')1/6% on morphisms, where ¢/, = Z Oy

VEQQ: Ao(v)=0’

If p: Q@ — Q" is another morphism then ¥,y = X, 0 Xy,
The induced action (X)): Ko(mod-CQ) — Ko(mod-CQ’) descends to

At Z20 7% N\ d—d, where d()= > d(v).
vEQo: Ao (v)=v’

Then ), maps N? — N? and N% \ {0} — N% \ {0}.

If (7/,T',<) is a (weak) stability condition on mod-C@Q’, as in Section 3.3, it is easy to check
that (77 o A\, T',<) is a (weak) stability condition on mod-CQ. If y is a slope function on
mod-CQ’ defined using constants p!, for v/ € @ then p = p' o A, is the slope function defined

using fi, = ,u’)\o(v) for v € Q.

Definition 5.10. Let A\: Q — Q' be a morphism of quivers, as in Definition 5.9. Write M, M’
for the moduli stacks of objects in mod-CQ, mod-CQ’, and MP!, M'P! for the projective linear
moduli stacks, so that Section 5.1 and Sections 2.3-2.4 define graded vertex algebras H, (M),
H, (M) and graded Lie algebras H, (/\/lpl), H, (M’pl). We will use the constructions of Sec-
tion 2.5 to define morphisms Q : H,(M) — H,(M’') and Q': H, (MPY) — H, (M.

In Definition 2.11(a)—(c), let T: A — A’ be ¥): mod-CQ — mod-CQ’, and write oy: M —
M’ and UEIZ MP' — MP! for the induced stack morphisms. Define £: Z9° x Z9 — Z and
vector bundles FF - M x M, G — M by

§(d;e) = > d(v)d(w) + > d(t(e))e(h(e)), (5.9)

vAWEQQ: Ao(v)=Ao(w) e€Qq: e, e’)EN
F= &b VRV, e D Vo RV, (5.10)
VvAWEQ(: Ao(v)=Ao(w) e€Q1: Ae,e’)EN
G= P VieVed P Viy® Ve (5.11)
VEWEQRQ: Ao(v)=Ao(w) e€Qq: Ae,e’)EN

We now claim that the conditions Definition 2.11(i)—(v) hold. From (5.3) and Definition 5.9
(especially (i)—(iii)) we can show that
XQ'()‘*(d)a A«(€)) = XQ(d’ e) +£(d,e),

and then Definition 2.11(i), (ii) follow from the second and third equations of (5.5). For (iii),
equations (2.17)—(2.20) follow from obvious compatibilities between V, and ®, V. For (iv), in
Ko(Perf(M x M)) we have

(ox x o) ([(Ext')V]) = Y (oax on) (M BV = D (oa x 02)* (Ve B Vo))

veQ) =
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=3 3 wey- Y > Vo V]

UIEQ6 V,WEQRQ: e’EQ’l V,WEQRQ:
Ao (v)=Xo(w)=0 Ao(v)=t'(e"), Xo(w)=h’(e")
= ( > VRV + > WV, X v;;])
vEQo vAWEQQ: Ao(v)=Ao(w)
(TroBvel- X DRVl =[] + 7
e€Q1 ecQ1: Ae,e/)EN

using (5.4) in the first step, and Definition 5.9 in the second, and Definition 5.9(i)—(iii) to rewrite
the sum Ze’GQ’l > v in the third, and (5.4) and (5.10) in the fourth. Definition 2.11(iv) then
follows from the fourth equation of (5.5). Part (v) follows as the vector bundles Vi @ V,, — M
descend to MP!| as they have weight 0 for the [*/G,,]-action ¥ on M.

The additional condition in Definition 2.14 that if E # 0 then ¥,(E) # 0 in mod-CQ’ also
holds. Thus Section 2.5 defines morphisms Q, QP in (2.21)-(2.22).

The next theorem relates enumerative invariants of quivers @, @’ linked by a morphism
A: Q — Q. Tt will be proved in Section 6.2.

Theorem 5.11. In the situation of Definitions 5.9 and 5.10, let (7', T',<) be a weak stability
condition on mod-CQ’, so that (1,T,<) = (7' o M\, T",<) is a weak stability condition on
mod-CQ. Suppose that Q,Q’ have no oriented cycles. Then for all d € N0\ {0} with \,(d) =
d € N9 \ {0}, the invariants of Theorem 5.8 for mod-CQ, mod-CQ’ satisfy

H d ' Qpl([MSS lIlV H dl /SS( /)]inv- (512>

vEQD v EQ/
If Xo: Qo— Qj is injective this simplifies to QP (M3 (7)]imv) =M (7')]inv-

We will use Theorem 5.11 in Sections 6.4-6.5 to prove Theorem 5.8(i).

5.5 Pair invariants for quivers

Conjecture 4.2(iii) and Definition 4.3 described the method of pair invariants. We explain how
to use this for quivers, proving a version of Conjecture 4.2(iii).

Definition 5.12. Let Q = (Qo, Q1,h ,t) be a quiver with no oriented cycles. Choose n, € N
for v € Qp. Define a new quiver Q = (QO, Q1, h ﬂ to be Q together with one extra vertex oo,
so that Qo = Qo II {co}, and with n, extra edges ® e for cach v € Qp, so that Q, =
QU] o {v}x{1,...,ny}. Then Q also has no oriented cycles. There is an obvious inclusion
i: mod-CQ < mod-CQ identifying mod-CQ with the full subcategory of ((VU)UGQO, (pe)eeQ1>
in mod-CQ with Vo = 0. In fact ¢ = X in Definition 5.9 for A: @ — @ given by A\g: v — v
and A\; = {(e,e): e € Q1}.

We can now apply Definition 4.3 with A = mod-CQ and B = mod-CQ. For Definition 4.3(i)~
(vi), in (i) we take i: mod-CQ < mod-CQ as above, and in (i) we define an object I =
((WU)UGQO’(UG)GGQ1) in mod-CQ to have Wy, = C, and W, = 0 for all v € Qp, and o, = 0
for all e € Q1. For (iii) we use ZQ0 = 7ot — 700 g 7ich — 700 ¢ 7. Parts (iv)-(vi) are
obvious. The rest of Definition 4.3 then works in a straightforward way. Consider the map

)} . H. (MG, 0)) — H. (M( 1)) (5.13)

[ ,lHO(Mpl (

(0,1)
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Using the explicit formula for [, ] in [58] we can prove that (5.13) is injective for all a € N@0\ 0
if and only if n, > 0 for all v € Q. One way to do this is to consider the line bundle

V;ZvGQO a(v) ® ® detV, — /\7[(0471).

vEQo
This has weight 0 for the [x/G,,]-action on ./\71(0671), and so is the pullback of a line bundle
L — /\71?;71). The map (5.13) increases homological degree by 2d = 2(21)6@0 nya(v) — 1),
where d > 0 as a # 0 and n, > 0 for all v € Q9. We can show that if A € H, (./\/l aO))

d\ - . . 40l Y
then H*([)\, 1H0(/\7(%,1))] Nep (L) ) is a nonzero multiple of A, where II: M?QJ) — M(a,(}) is the

forgetful morphism omitting V4, and its edge maps, so [)\, 1 Ho(A1P! )} #0if A #0.
(0,1)

However, there is a problem: Theorem 5.8(i) only gives an explicit geometric definition of
[MZ(7))iny when MS (1) = M5(7) and 7 is a slope function. As the weak stability conditions
(74, T4, <) on B = mod-CQ in Definition 4.3 are clearly not slope functions, Definition 4.3 as
written does not give an inductive definition of [M3(7)]iny in terms of geometrically defined
classes.

We now explain a way to get round this, by a variation of Definition 4.3 which uses only
slope functions. Instead of a general weak stability condition (7,7,<) on A = mod-CQ, we
choose a slope function p on mod-CQ, defined by constants (fy)veq,- The analogue of the
weak stability conditions (74,74, <) on B = mod-CQ in Definition 4.3 are slope functions k4
on mod-CQ which depend on a choice of d € N?0 \ {0}, defined by constants it ., = po for
v e Qo C Qp, and ﬂioo = pu(d) + € for 0o € Qo, where ¢ > 0 is small.

The important properties of ﬂi we need are:

(a) If e € N0\ {0} then jid(e,0) = u(e).
(b) If e, f € N9\ {0} with d = e + f and u(e) < u(f) then i (e,0) < a(f,1), it (e, 1) <
AL (£.0), i (e,0) < A2 (£.1), id(e,1) < i(£,0).
(c) If e, f € N9\ {0} with d = e + f and pu(e) = u(f) then (e, 0) < ad(f,1) and
it (e, 1) < @ (f,0).
(@) 74(0,1) > p(d) and 74 (0,1) < p(d).
Here € > 0 needs to be small to ensure ¢ (e,1) < id(f,0) and il (e,0) < i (f,1) in (b).

Then u, uﬂlr, u? satisfy all the same inequalities for 7, 7, 7_ used to prove (4.4) with o = d.
So combining (4.4) with Theorem 5.8(i) and Definition 4.3(a), (b) proves that

() (7)) = -
S O ey PR, )] L (M 0],,)]

n>1,dy,...,dn ENQO\{0}:
di+--+dn=d,
u(di)=p(d), i=1,....n

Here [ ( o 1) (ﬂi)} fung 1S the fundamental class of the smooth projective C-scheme /\71?:31 1)([Li)
= MSZ 1 (/Lr) and is geometrically defined. As for (4.5), we can rewrite (5.14) as

Z*([M?il,l) (ﬂi)]fund) = [ZEI([MZS( )]mv)’lHo(./\/lp1

(0,1)

)] + lower order terms, (5.15)

] is injective if n, > 0 for all v in Qq, and i} is an isomorphism.

and

where the operation [ , H (AP
(0,1)

Then we can use (5.15) to determine [Mg(u)]; =~ uniquely in terms of [./\71??1’1)(/1‘1)]

[MZ(1)]iny for |e| < |d|, by induction on increasing |d].

fund
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6 Proofs of Theorems 5.8 and 5.11

We now prove Theorems 5.8 and 5.11. Firstly, in Section 6.1, we prove that there are unique
classes [M¥ (7)]inv satisfying Theorem 5.8(ii), (iii), but without yet showing that they satisfy
Theorem 5.8(i). Then Section 6.2 shows that Theorem 5.11 holds for these classes [M(7)]
Sections 6.3-6.6 prove that Theorem 5.8(i) also holds, using Theorem 5.11 as a tool.

inv’

6.1 Proof of Theorem 5.8(ii), (iii)

Proposition 6.1. In the situation of Theorem 5.8, there exist unique classes [./\/lfis(T)]inV m
Hy (Msl) satisfying Theorem 5.8(ii), (iii).

Proof. Fix an increasing slope function g on mod-C@), which is possible as in Definition 5.5
since @ has no oriented cycles. Then Theorem 5.8(iii) determines the classes [Mff(u)]inv. Let
(1,T,<) be any weak stability condition on mod-CQ. Define classes [MF ()], € Hy (./\/lgl)
for all d € N9\ {0} by the equivalent equations (5.6)—(5.7) with p, 7 in place of 7, 7. Note
that when 7 = y, equation (3.11) implies that this recovers the classes [M3(u)]. in (5.8), so
Theorem 5.8(iii) holds for this fixed increasing slope function .

We claim that these classes [Mils(T)an satisfy Theorem 5.8(ii). To see this, let (7,7, <),
(%, T , <) be weak stability conditions on mod-C@Q. Then

inv

(ME(T)] 1y = > Uler, ..., en;p, ) - [ME (1) linv* (6.1)
n>1,eq,...,eneN? : S8 . - SS .
>1 e11+---+in:2l\{0} [Mez (1) ]iny * * [Men (1) ]inv
MG (F)] 1y = > Uler, ..., en;p, 7) - M (1)]inv* (6.2)
n>l,ei,....en EN?O\{0}: [ME (1) Jin * - -+ % [ME (1) Jiny-
ei+-+ep,=d "

To verify (5.7) for (7,T,<), (,T, <), substitute (6.2) into the left-hand side of (5.7), and substi-
tute (6.1) with d; in place of d into each term [Milsi(T)an on the right-hand side. Multiplying
out, we see that the coefficients of [ME (11)]iny * -+ * [MZ (1)]iny on each side are equal by
equation (3.12) of Theorem 3.13 with p, 7, 7, e; in place of 7, 7, 7, ;. Thus (5.7) holds, so (5.6)
also holds as it is equivalent by Theorem 3.15. This proves Theorem 5.8(ii).

Next, suppose for a contradiction that fi is another increasing slope function, and (5.8) fails
for i and d € N@° \{0}. Let p, i be defined using constants (fty)veQy: (fv)veq, i R, Observe
that the condition on (y)veq, for 1 to be increasing in Definition 5.5 defines an open convex
subset ]Rgo of R¥0. Choose a generic smooth path (ui)ver for t € [0,1] in Rgo with 18 = p,
and pl = fi, for v € Qg. This defines a generic smooth path p’ of increasing slope functions on
mod-CQ with u° = p and pu' = ji. Define

to = inf{t € [0,1]: (5.8) fails for [M (u')],., for some d with 0 < d < d}.
Divide into cases:

(a) (5.8) holds for [Mfis(,“to)]in
such that (5.8) fails for [M (ufoe)]

(b) (5.8) does not hold for [M(u')]
,U’/ — Mto—e and H” — Mto'

Y whenever 0 < d < d. Then let € > 0 be small and 0 < d < d

and set p/ = p'° and p” = ptote,

inv’

,some 0 < d < d. Then let € > 0 be small and set

inv

In both cases, 1/, i are increasing such that (5.8) holds for 1/ and all d’ < d, but fails for z”, d.
Furthermore, as € is small, in case (a) p/ dominates p” in the sense of Definition 3.5, and in
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case (b) p” dominates p'. This holds because any slope function p; on mod-CQ dominates all
slope functions ps in a sufficiently small neighbourhood of x; in the space of slope functions R%0.

Consider (5.7) with u/, ¢’ in place of 7, 7. To get a nonzero term on the right-hand
side, we must have d; = ¢,, for v; € Qo and i = 1,...,n, as (5.8) holds for p'. Also, if

U(dy,...,dp; i/ 1") # 0 then (3.13) gives p/(0y,) = -+ = p/(dy,) in case (a), as p' domi-
nates p”, and p’(0,,) = --- = p”(dy,) in case (b). As p/, p” are increasing, Definition 5.5
implies that there are no edges in () joining v;, v; for any 4,5 = 1,...,n. The definition of the

Lie bracket on Hy (Mpl) and (5.8) for u/ then implies that
(MG, 1) ] [ME, ()]0 = 0

Thus rewriting (5.7) in the form (5.6), we see that every term on the right-hand side is zero,
so [Mg(n")],,, =0, a contradiction, as (5.8) fails for 11, d. Therefore Theorem 5.8(iii) holds.
This completes the proof. |

6.2 Proof of Theorem 5.11

Given Sections 6.3-6.6, the next proposition is equivalent to Theorem 5.11.
Proposition 6.2. In the situation of Theorem 5.11, the classes [Mfis(T)]inV in Hy (MZI) defined
in Proposition 6.1 satisfy (5.12).

Proof. We divide into three cases, depending on the morphism \: Q — Q’:

(a) We have Qo = Qf and \g = id,.
(b) The projection g, : Ay — @1 in Definition 5.9(iii) is a bijection.

(c) The general case.

Now any A = (Ao, A\1): Q = Q' may be written A = X o\, for N': Q — Q asin (a) and \': Q —
Q' as in (b), where Q is Q with edges e in Q1 \ Im 7, deleted, and N = (idg,, {(e,¢): e € Q1}),
N = (Mg, A1). Clearly (5.12) for A, X imply (5.12) for A = A’ o \'. Thus (a), (b) imply (c).

For both (a), (b), we will give different constructions of slope functions p’ and p = ' o A,
on mod-CQ’, mod-CQ with both u, ¢/ increasing, and prove (5.12) holds for p, u/. Then we
complete the proofs of (a), (b) together.

For (a), note that the map p’ — pu = p’ o Ay is a bijection from slope functions on mod-CQ
to slope functions on mod-CQ’. Choose 4/ such that j = p/ o A, is an increasing slope function
on mod-CQ. Then 4 is also increasing, since edges of Q' are also edges of ). Hence (5.8)
holds for p on mod-CQ and for i/ on mod-CQ’. To verify (5.12) with p, u' in place of 7, 7/,
note that if d = d’ = 8, then [MF(7)], = [M5(7)],, =1 and QP! = id on H, (le) as
rank Ggl = {(dy,0y) = 0, and if d # §, then both sides of (5.12) are zero by (5.8). So (5.12)
holds for p, .

For (b), let 4/ be an increasing slope function on mod-CQ’ with constants (Ko )vreqy, and set
p=p' oA. Then p is a slope function on mod-CQ), with constants (uy)yeq, for p, = ui\o(v). If

A A
e %5 e is an edge in Q there exists unique ¢’ € Q) with (e, ') € A1, and then " = °) is an

edge in Q'. Hence as p' is increasing we have p, = ’UI)\O(”J) <, () = Haw, SO 1 18 also increasing.

If d = 6, for some v € Qo, so that d’ = &,(,), then [MF(7)], = [MF(r)],  =1Dby (5.8)
and we can show (5.12) holds in a similar way to (a). If d # §, for any v € Qo then d' # &,/
for any v' € Qp, so [M3(7)]. = [M5 ()], =0 by (5.8) as u, ' are increasing, and (5.12)
holds trivially.
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Note that in both cases (a), (b), in (5.12) for p, u’ either both sides are zero, or d, d’
are binary in the sense of Definition 6.3 below, so the mysterious factors [], d(v)!, [], d'(v')!
n (5.12) are 1.

Now in both cases (a), (b), let (7/,7",<) be any weak stability condition on mod-C@Q, set
(1,T,<) = (7" 0 Ay, T', <), and let d € N9\ {0} with A\.(d) = d’ € N9 \ {0}. Then

Hi:l,...,n,v’eQ6 dg(vl)!

QP (M (7)]iny) = > Uldy, ... dp;p,7) - i )
n)l,dl,...,dneNQO\{O}: / , z:l,...,1/1,v€Q/0 ) !
drrime MGG -+ M (0
- Z U( /17'”7 ;ﬁﬂlﬂ'/)'[ /SS(N/)]IHV* * [ ISS(M )Jinv
n>1,d,,....d., eNQ0\ {0} ) [ Z IL- Lo ' €Q) d( ol
di+-+d, =d’
di,...,dn €NQO [Tici,. 0, veq, di(V)!
di+-+dn=d, \(d;)=d,
= Yo Ul d ) MGG s ME e (63)
>1,d!,....d, eNQ0\ {0} : o od (o))
" d1’1+-~~+§;:;’\{} ) 1L erd(v)
HUEQO d(v)'

Here the first step holds by applying the Lie algebra morphism QP' to (5.7) for mod-CQ
with u, 7 in place of 7, 7 and using (5.12) for u, u/. In the second we rewrite the sums
and use U(d},...,d; 1/, 7")=U(dy,...,dp;p,7) as p=p' oA, 7 =7 0\ and d; = \.(d;).
The third step holds by a combinatorial identity showing the brackets [- - -] are equal. It may
be written as the product over v’ € @, of the simpler identity
Z [licim d;(v")! B d (v")!

Hi:l,...,n,ve)\g (v") d;) (U)' Hye)\gl(v/) d’ (U)'

@ ,..dv eno @),
I / li !
i oot = 3y d 0)=d )

writing d¥’, df, for the restrictions of d, d; to Ay L(v") € Qo. Equivalently,

Z Hve)\al(v’) dv, (U)' B d/('l)/)!
Hiil,...,n,ve)\al(v’) d;,), (7))' Hz 1,...,n d;( )

—1
av,..dl eNn*o ).
! / i
dzl) ++d;}7, :dv 721/6)\51(11/) (3 (’U) (U)

which follows from considering the number of ways of dividing a set of size ) _ A () dv (v) =
d'(v') into n subsets of size d;(v') for i = 1,...,n. Equation (6.3) implies (5.12) for 7, 7’. This
proves (a), (b), and (c) follows as above. [

6.3 Proof of Theorem 5.8(i) for d binary, Q a tree

We will break the proof of Theorem 5.8(i) into four cases in Sections 6.3-6.6, depending on the
following definition.

Definition 6.3. Work in the situation of Theorem 5.8. We call a dimension vector d € N9\ {0}
binary if d(v) € {0,1} for all v € Qg. The support supp d of d is the subquiver @’ C @ containing
all vertices v € Qo with d(v) > 0, and all edges linking two such vertices. We say that supp d is
a tree if Q' is connected and simply-connected.



Universal Structures in C-Linear Enumerative Invariant Theories 49

Let 1 be a slope function on mod-CQ, and d € N% \ {0}. We call the pair x, d generic if
whenever d = e + f for e, f € N? \ {0} we have u(e) # p(f). This implies that there are no
strictly p-semistable objects in class d, so M3 (1) = M5 (). Note that u, d cannot be generic
if d = ne for n > 1.

The proof of the next proposition uses the Donaldson—Thomas theory of quivers in Joyce—
Song [60, Section 7], which satisfy a wall-crossing formula like (5.6).

Proposition 6.4. The classes [Mff(u)]inv in Hy (Mgl) defined in Proposition 6.1 satisfy Theo-
rem 5.8(1) when d is binary and suppd is a tree.

Proof. Suppose d is binary, suppd is a tree, and p is a slope function on mod-C@ with
M () = M5 (). Now ./\/ls1 is a smooth Artin C-stack with dim¢ Mgl =1-x¢(d,d), for xo
as in (5.3). As d is binary and suppd is a tree, we see that xo(d,d) = 1, giving dim¢ Mgl =0,
so as M3 (u) is open in MY, it is smooth of dimension 0. Also M3 (1) = (RS (1)/ PGLg] with
R (u) € Rg = A" open, so RS (u) and hence M (1) are connected. This implies that

M (1) = MS(p) is either a point * or empty. (6.4)

Now let ji be an increasing slope function on mod-CQ. Equations (3.18) and (5.6) with /i, p
in place of 7, 7 and (5.8) for fi yield

e(n) = > U(dy, ... i i) - [+ [e (), (6.5)
Q T n= —d ~ ‘dn 7
D et M N R0
[Msds(:u)]inv = Z U(dlv R 7dn; ﬂ: ,u) ' H o [1]{0('/\/1511)7 (66)
dy,...,d, €NQO\{0}: n=|d|, 1 1
di++dn=d, d;=6y,;,v;€Q0 HO(MZIQ)] PR ] ) HO(MZIH)] .

Here we use Proposition 5.6 and (5.8) to deduce that the only nonzero terms on the right-hand
sides of (3.18) and (5.6) are when d; = J,, for i = 1,...,n, and then n = |d| := > d(v).
Equations (6.5) and (6.6) are in the Lie algebras SFi1d(M) and Hy(MP!).

Now Joyce and Song [60, Section 7] define invariants DTE(u) for quivers @ (this is the
special case when the superpotential is W = 0). In [60, Section 7.3] they define an explicit Lie
algebra L(Q) over R (they take R = Q and write L(Q)), with basis given by symbols A¢ for
e € N¥ and Lie bracket

vEQo

(X M) = (~)¥eDx(e, F)XH,

where x is the anti-symmetric Euler form x(e, f) := xq(e, f) — xq(f,e). They define a Lie
algebra morphism ¥: SFI4(M) — L(Q) (this is difficult), for SF%d(M) as in Section 3.2, and
they define ﬁT%(,u) €EQC Rby U(es(n)) = —leé(u))\e, for €¢(u) as in Section 3.4.

Define Lie algebra ideals

L(Q)non—bin = @ R-)\¢ - L(Q)>

e non-binary

HO(Mpl)non-bin = @ Ho (Mgl) Q H() (MPQI),

e non-binary
noting that if e or f is non-binary then so is e + f. Define Lie subalgebras

L(Q)gonn = @ R-)\°C L(Q)a

e connected support,
supp(e)Csupp(d)
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HO(Mpl)cdonn = @ (Mpl) g (Mpl)

e connected support,
supp(e)Csupp(d)

These are Lie subalgebras as if supp(e), supp(f) are disjoint and not connected by any edges
then the Lie brackets between \e, A\f and H (Mgl), Hy (Ml;l) are zero. The quotients

L(Q)gln = L(Q)gonn/( (Q)conn N L(Q)HOH bin)?
Ho(MP)5, = Ho(MP)Z L/ (Ho(MP)E,, 0 Ho (M)

conn non-bin)

are Lie algebras.
Define an R-linear map T ': L(Q)bm — Hy (Mpl)d by A\¢ — —1
a Lie algebra morphism, as T([)\e, )\f]) = [T()\e), T()\f)], that is

Ho(M2)* We will show Y is

[1H0(Mpl)’ Ly, (Mpl)] = —(—1)XEHg(e, f) - 1HO(Mp

i +5) (6.7)
mod Ho(M™)E 1 Hy(MP)

non-bin’
for e, f € NQo \ {0} binary with supp(e), supp(f) connected and in supp(d).

Using the definition of the Lie bracket on Hy (Mpl) via Proposition 2.3 and H, (./\/lpl) =

H, 2(M)/D (I:I* (M)), and the definition (2.11) of the vertex algebra structure on H,(M), we
find that

Loy Lo
(—1)xe(ef)

_ : H,(®) o (Dix(ef)~1giq
2 Gxe i@ ) (6.5)
izx(e,f)+1 ((1H0(Me) X 1Ho(./\/lf)) N CZ(@.))
+ D(ﬁO(M))’ mOd HO (MPI)COHH m HO (Mpl)non—bin'
Equation (6.8) implies that
|:1H0(Mgl), 1H0(M;1):|
0, supp(e) Nsupp(f) # 2,
0, supp(e) Nsupp(f) = &, xqle, f) = xq(f,e) =0,
T )1y et supp(e) Nsupp(f) = 9, xqle, f) =0,xq(f,e) = —1,
Ho(MP', )
Lt > supp(e) Nsupp(f) = 2, xqle, f) = -1, xq(f,€) =0,
mod H (Mpl)conn NHy(MPY (6.9)

where the four cases realize all possibilities. To see this, note that if supp(e) N supp(f) # @
then e + f is non-binary, so [1H0(M£1)’ ].HO(M?I)] € Hy (Mpl) , giving the first case. If

non-bin
supp(e) Nsupp(f) = @ then as supp(e), supp(f) lie in supp(d), which is a tree, there is at most
one edge joining supp(e), supp(f), so the possibilities are xg(e, f) = xo(f,e) = 0 (if no edges),
or xg(e, f) =0, xqo(f,e) = —1 (if one edge supp(f) — supp(e), by (5.3)), or xg(e, f) = —
xq(f,e) =0 (if one edge supp(e) — supp(f)).
To prove (6.9), the first case is immediate. In (6.8), we have (IH0 IElHO(Mf)) Nci(©°) =0
unless 7 = 0, for dimension reasons. As x(e, f) = xq(e, f) + XQ(f, e), the condition i >
x(e, f) + 1 in (6.8) means there are no nonzero terms in (6.8) in the second case of (6.9).
For the third and fourth cases, there is one nonzero term in (6.8), with i = 0, x(e, f) = —1,
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and (—1)Xe(&F) is 1 in the third case and —1 in the fourth. Equation (6.9) follows, and as
x(e, f) = xq(e, f) —xq(f,e) this implies (6.7). Hence T is a Lie algebra morphism, as claimed.

Applying the Lie algebra morphism W: SFI4(M) — L(Q) to (6.5) gives an equation in
L(Q)2 . € L(Q). Composing with the Lie algebra projection L(Q)% . — L(Q)% , and then

conn = conn bin?
d

applying the Lie algebra morphism T': L(Q)gin — Hy (Mpl)gin, gives an identity in Hy (Mpl)bin:

T o W(ed(p) = > U(dy,... dps i) - [ [LoW(E (),  (6.10)

Q s n= —ds [ ~ —dy, [~
ayime i, Yo vER@)], . ] Yol (e (1)

Now (6.6) is an identity in Hy (Mpl)fonn ?Onn

— H, (Mpl)gin, and compare it with (6.10). Using d; = d,,, Proposition 5.6, and the definitions
of ¥, T, we find that

Yo U(eh(p) = T(—\%) = Loz (6.11)

, so we can apply the Lie algebra morphism Hy (/\/lpl)

Note that this uses the complicated definition of ¥ in [60, Section 7.3], which we have not
explained. But in this case, ei(fi) is the stack function Mg, — M, where My, = [%/G,,]
as d; = J,,, and showing \IJ(Edi (ﬂ)) = —\% is straightforward. Therefore the right-hand sides
of (6.10) and the projection of (6.6) agree, so

d

Yo U(e(p)) = M5 (1)liny mod Ho(MP)S N Hy(MP) . (6.12)
But (6.4) and the proof of (6.11) imply that
1 , Mst = MSS o~ *,
Tow(ed(p) ={ HoMa) a () = Ma(w) (6.13)
0 M () = M3 () = 2.
Combining (6.12)—(6.13) proves Theorem 5.8(i) for u, d. [ |

6.4 Proof of Theorem 5.8(i) for d binary

Consider the following situation:

Definition 6.5. Let Q = (Qo, Q1, h,t), Q' = (Qf, Q}, I, ') be quivers with Q) = Qo, Q) C Q1,
W' = hlg,, t' =t|q, that is, Q" is a subquiver of () obtained by deleting the edges @1\ Q}. Then
A= (Ao, A1) Q = @ given by \g =idg,, \1 = {(€/,€'): ¢ € @} is a morphism in the sense of
Section 5.4, so Definition 5.10 gives a Lie algebra morphism QP': Hj (Mpl) — Hy (M'pl), where
MP MPLare the ‘projective linear’ moduli stacks for mod-CQ, mod-CQ’'.

Let 4/ be a slope function on mod-CQ’, and i = i’ o A\, the associated slope function on
mod-CQ. Let d € N9\ {0}, and d’ = \.(d) € N \ {0} (in fact d = d'). As the factors
[T, d()!, T1,, d'(v")! in (5.12) are equal, Proposition 6.2 implies that the classes [M3(u)]
defined in Proposition 6.1 satisfy

Qpl([Mfis(“)an) = [ S’S(“/)]inv' (6.14)

Proposition 6.6. In Definition 6.5, suppose also that M (u) = M3 (). Then Ml (') =
W), so MG (n), ME(W') are smooth projective C-schemes by Proposition 5.7, and

Qpl(L*([Mfis('u’)]fund)) = U (MG (1) funa) (6.15)

where 12 M () < M, 1/ ) — Mg),l are the inclusions.

inv
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Proof. We have MY} = [Rq/PGLg), M = [R/,/PGLy], where PGLq = PGLy, and Rq =
R, © R}, where R/, is the C-vector space of edge maps p. coming from e € Q] C Q1, and R}
the C-vector space of edge maps pe coming from e € @1\ Q). By (5.11), the vector bundle
Ggl — ./\/ls1 in Definitions 2.11 and 5.10 is that associated to R}; with its PGLgy-action. Also
oPl: ./\/lgl — /\/l;lp,l is induced by the projection Rd — R’d, and the identity PGLg — PGL .
There is a natural morphism P /\/l/p ! ‘—> MY ! induced by the inclusion R/, < R4 and the
identity PGLy — PGLg, which embeds M, d, as a closed substack of Msl. It has oP' o /P! = id.
There is a natural transverse section s of the vector bundle GP' — Mfll mapping an ob-
ject (Vo)veqo: (Pe)ecqr) t0 (pe)ecqinq, in GP'. The zero locus s~1(0) in Mgl is the sub-

stack (P! (./\/lg),l).

Now M (1) Ns™H(0) = P (MG (1)) and M () Ns™(0) = P (M5 (1/)). Hence M3 (1) =
M () implies that P (M5 (1)) = PH(ME )) and thus that M5 (/) = M5 (1), as P! is
an embedding.

By Definition 2.14, QP! on H, (Mgl) is the composition

pl ﬁctop(GPl) pl O'EI pl
H, (M) —=—> H,(MY) H,(M%). (6.16)

d/

This acts on L*([Mff(u)]fund) by

ﬂCtOp(Gpl) L*([Mb?(ﬂm ( )]fund) o_pl
L*([Mff(u)]fund) s =t (P M (1) und) —— ¢/ ([ S,S(p,’)]fund).
=8 (L (M (1)) und))

Here the first step holds as Ns™1(0) and Netop (Gpl) have the same effect in homology, since s
is transverse, and M3 (1) N s71(0) = P! (M5 (1)), and the second step holds as oP! o (P! = id.
Equation (6.15) follows. u

Corollary 6.7. In Proposition 6.6, suppose also that d is binary. Then if either supp(d') is
a tree in Q', or supp(d’) is disconnected, then

Qpl([Mfis('u)]inv) = Qpl(l’*([Mfis('u)]fund))' (617)

Proof. If supp(d') is a tree then

PHMG (1)]10y) = MG )]sy = LlIMG ) fana) = 2 (2 (MG (10)] 1))

using (6.14) in the first step, Proposition 6.4 in the second, and (6.15) in the third, proving (6.17).

If supp(d’) is disconnected then M’ St( ') = @, as every object in class d in mod-CQ’ is the
direct sum of nonzero objects from each component of supp(d’), and so cannot be p/-stable.
Thus M5 (1) = @ as M5 (') = M5 (/) by Proposition 6.6, so [M5(1/)]tuna = 0. Let fi’ be
an increasing slope function on mod- (CQ’ Then [M5(1/ )]inv is given by (6.6) with i@/, u/, d’
in place of fi, i, d. For each term on the right-hand side of (6.6) from d} = 51)1, cond, = vt
there exists unique 1 < k < n such that vq,...,v; lie in one component of suppd’, and v, in
a different component. Then the nested Lie bracket in this term

1 1HO(MZIIC)]’1HO(MDI )] :O)

1 “ee
HO(MSQ)} ’ dpt1

H " [1H0(M311)’

as the outer Lie bracket is of the form [A, B], where A, B are supported on different connected

components of d, and their Lie bracket is zero. Hence [ S,s(// )]inv = [ :j,s(u’ )]ﬁm a4 =0,

0 (6.17) follows from (6.14)—(6.15).
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Proposition 6.8. Let Q = (Qo, Q1,h,t) be a quiver. For each e € Q1, let Q. be Q with edge e
deleted, and \e: Q — Q., Q) H (./\/lgl) — H (Mgﬂe) be the morphisms in Definition 6.5, where

/\/lg)}e is the moduli stack of (V,p) in mod-CQ, with dim(V, p) = d. Suppose d € N? \ {0}
is a binary dimension vector with connected support and xq(d,d) < 0. Then the following is
injective:

b @ M) — P Ho(ME). (6.18)
e edge in supp(d) e edge in supp(d)
Proof. As d is binary, we have
GLg= J] Gm=G¥ and PGLg=Gl".
vEQo: d(v)=1
Since H*([*/G,,]) = R]c] for ¢ a formal variable of degree 2, we see that

H*(Mg) = H*([Ra/ GLq]) = H*([*/ GL4]) = R|cy: v € Qo, d(v) = 1].

The projection IIP': Mg — /\/lgl has pullback (le)*: H* (Msl) — H*(Mg), which is injective.
This realizes H* (Mgl) as the subalgebra,

H*(Msl) > (cy — Cy: v # w, v,w € Qp, d(v) =d(w) =1) C Rley: v € Qo, d(v) = 1]

generated by differences ¢, — ¢,. Since d has connected support, any such ¢, — ¢, is a finite sum

of £(cyy — Cy), for @ =5 'e an edge in supp(d). Hence
H* (Mgl) > (e — €y o5 an edge in supp(d)) C Rlcy: v € Qo, d(v) = 1]. (6.19)

Suppose 1€ Hy (Msl) = Hy 2y (d.d) (/\/lzl) lies in the kernel of (6.18). Let ¢ € H>~*xe(dd) (Mgl).
By (6.19), as xq(d,d) < 0 we may write

C = Z Ce U (Cw - Cv)a (620)

PG edge in supp(d)

with ¢ € H=2x@(@d) (MP). Then

¢-n= Z ((eU(Cw—Cv))'n

e w
(]

PRI edge in supp(d)

= > () 7' (¢) - () =0,

e e edge in supp(d)

using (6.20) in the first step, and the definition of QP! in Definition 2.14 with Ctop (Glgl) = Cp—Cy in

the second, and 7 in the kernel of (6.18) in the third. Hence ¢-n = 0 for all ¢ € H?>~?xe(d.d) (Mgl),
son =0, and (6.18) is injective. [

Proposition 6.9. The classes | M (u in Hy(MP! defined in Proposition 6.1 satisfy Theo-
d d

rem 5.8(1) when d is binary.

inv

Proof. Let d be a binary dimension vector, and p a slope function on mod-C@) such that
M () = M5 (n). We must prove that

L*([Msds(ru’)] fund) = [MZS(IU’)LHV in H272XQ(d,d) (Mgl) (621)
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If xo(d,d) > 1 this is automatic, as both sides lie in H (Mgl) = 0. If xo(d,d) = 1, then
supp(d) is a quiver with n vertices and n—1 edges by (5.3), so either supp(d) is a tree, when (6.21)
holds by Proposition 6.4, or supp(d) is disconnected, when both sides of (6.21) are zero by the
proof of Corollary 6.7.

Suppose by induction on k = 0,1,... that (6.21) holds when xg(d,d) > 1 — k. The first
step k = 0 holds from above. For the inductive step, suppose the inductive hypothesis holds for
some k > 0, and that d has xg(d,d) =1 — (k+ 1) < 0. Using the notation of Proposition 6.8,
we have

D DM W) = D (MG ()una)

e edge in supp(d) e edge in supp(d)
1
= EB [ fjs’ (ke)]iny = EB Qe ([Msds(ﬂ)]inV)7
e edge in supp(d) e edge in supp(d)

where the first step uses Proposition 6.6, the second the inductive hypothesis for @, noting
that xq/ (d,d) = 1 — k as @, has one fewer edge in supp(d), and the third Proposition 6.2 for
Ae: Q@ — QL. As (6.18) is injective by Proposition 6.8, this implies (6.21), and the proposition
follows by induction. |

6.5 Proof of Theorem 5.8(i) when p, d are generic

Consider the following situation:

Definition 6.10. Let Q@ = (Qo,Q1,h,t) be a quiver, and d € N® \ {0}. Define a quiver
Q = (Qo, Q1, h,f) as follows: for each vertex v € Qg there are d(v) vertices labelled by pairs

(v,i) where v € Qo and i = 1,...,d(v). For each edge e 36 in Q there is an edge from (v,1)
to (w,j) in @ foralli=1,...,d(v) and j =1,...,d(w). Explicitly we set
Qo={(v,i): v € Qo i=1,...,d(v)}, hi (e,i,5) = (h(e), ),
Q1= {(e.i,)) € Qu x N1 1 <i<d(hle)), 1< j <d(t(e)}, 1 (ed,4) = (t(e).])

This is illustrated in the next diagram, with d = (2, 3):

- (w, 1)
(w1 @ —>*
v Q w * (gv, 2)
2 3 (v, %)
(t.v, 3)

Define d € N \ {0} by d(v,i) =1 for all (v,4) € Qo.
Define a morphism A: Q — Q in the sense of Section 5.4 by \g: (v,7) = v and \; =
{((e,i,5),e): (e,i,7) € Q1}. Then Definition 5.9(i)(iii) hold, so we have a C-linear exact

functor ¥y: mod-CQ — mod-CQ inducing morphisms of moduli stacks a,\ M — M and
pl : MPL 5 MP! for mod- CQ, mod-CQ. We have \, (d) = d, so o), 0)\ map ./\/l — Mgy

and ME = M.
Explicitly, as in Definition 5.2 we have
Mg = [Rq/ GL4], where Rg = H Hom (Cd(t(e))@d(h(e))),
ecQ1
GLg= [] GL(d(v),C), MY =[Ra/PGLg],  PGLg=GLgq/Gn,
vE€Qo
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Mg=[Ri/GLg],  where Rg= 1T Hom(C, C),
e€Q1,i=1,...,d(t(e)), 7=1,...,d(h(e))
GLg = 11 Gm, MY =[R4/PGLg], PGLG=GLgi/G,,.

vEQo, i=1,...,d(v)

The morphisms oy : M g — Maand O'El: /\7131 — Msl are induced by the obvious map A, : R —
Rg, which is an isomorphism in this case, and by morphisms A,: GLg§ — GLg4 and APL, PGLg —
PGLg, which are inclusions of mazimal tori in this case. That is, we have Mg = [V/G] and
Mg = [V/H] where H C G is the maximal torus.

Next let u be a slope function on mod-C(@Q) such that u, d are generic in the sense of Defini-

tion 6.3, and let 4t = po Ay be the associated slope function on mod-CQ. Then f, d are also
generic for mod-CQ, so M5 (u) = M5 (1) and Mfif(ﬂ) = M(1). Proposition 6.2 gives

Qpl([Mﬁb mv H d Mbb )]inv’ (622)

vEQo

and as d is binary with ./\713@(/1) = /\71*:‘1?(/1), Proposition 6.9 gives

['/(;l%s(ﬂ)]mv = Z*([M?(ﬂ)]fund) (623)

The reason we suppose 4, d _generic in this section is that otherwise Mg (u) = M (1) does
not imply that ./\/lSt( ) = MSS( ), and if MSt( ) # MSS( ) then [MSS( N iunq i (6.23) is
not defined.

We will use the following result of Martin [75, Theorem B]. It can also be written in algebraic
geometry in terms of smooth GIT quotients.

Theorem 6.11. Let (X,w) be a symplectic 2n-manifold, with a Hamiltonian action of a compact
Lie group G with moment map pg: X — g%, where g is the Lie algebra of G. Let T C G be
a maximal torus with Lie algebra t C g, so ug induces a moment map ur: X — t*. Suppose
ual (0) and pu;'(0) are compact, with free G- and T-actions, so the quotients X//G = ,ual(O)/G
and X//T = p;*(0)/T are compact symplectic manifolds. Also Y = ug'(0)/T is a compact
manifold, with projections 7: Y — X//G, i: Y — X//T.

Write g = t @ m for the T-invariant splitting, and E — X//T for the complex vector bundle
E = (u;'(0) x m®g C) /T associated to the complex representation of T on m ®@g C. Then for
all classes n € H?"~24mG(X /G, ¢ € H=2dmG(X /)T with 7*(n) = i*(¢) in H*2dmE(y),
we have

1
= Tt (UCO E7
/X//G77 W1 Jxyr top (E)

where W is the Weyl group of G.

Proposition 6.12. The classes [M ()],

- Hy (le) defined in Proposition 6.1 satisfy Theo-
rem 5.8(1) if u,d are generic.

Proof. Use the notation of Definition 6.10. We apply Theorem 6.11 with X = Rg, and G =
(Hver U(d(v)))/U(1), which is the maximal compact subgroup of PGLg, and acts on Rq via
the PGLg-action preserving a Euclidean Kéhler form w on Rg. By the relationship between GIT
quotients and symplectic quotients in Kirwan [65], there is a moment map ug: X — g* such
that ug'(0)/G is the GIT quotient Ry// PGLg = M (1), so as M (u) is a smooth projective
C-scheme we see that uz'(0) is compact with a free G-action.
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We take the maximal torus T C G to be T = ([T eq, U(1)4™))/U(1) = U(1)l4=1. This is

the maximal compact subgroup of PGLg = Glﬁ_l under the inclusion )\51: PGLgG — PGL4 as
an algebraic maximal torus. Then the isomorphism A, : R§ — Rq and the fact that i = o A,
implies that p7'(0)/T is the GIT quotient Rg//PGLg = ./\713-5(/1), S0 as ./\7133(,&) is a smooth
projective C-scheme we see that ,u}l(O) is compact with a free T-action.

Let 0 € HQf_QdimG(Msl), and set 1) = 1*(0) in H*"~24mE (M (1)) and ( = o (JEI)*(G) in
HQ"*ZdimG(MZS(ﬂ)). Since 7, ¢ are pullbacks of the same class 0 € H*([X/GC]), we see that

7*(n) = i*(¢) in H*2dmG&(Y). Hence as the Weyl group of G is [leq, Sd(w): Theorem 6.11
gives

1 ) s
L*(e) - /~ o O'p (Q)Uct (E)
/Mff(u) [Leq, A()! X33 (e%) op

We may rewrite this as

0 (T et (M5 0] ) ) =0 (@), (- (5 @) g0) 0 ().
vEQo
As this holds for all § € H2”_2dimG(Mgl), where 2n — 2dim G = 2 — xg(d, d) is the dimension
of [Mfis(,u)]fund, we see that in Hy_\,(q,a) (./\/lgl) we have

ss 1 ~ S ( ~
T 40t o (M ] ) = (). 05 (] g 1) (620
v€Qo
Now one can show from the definitions that the vector bundle FE over X//T = /\7135(;1) in
c

Theorem 6.11 is isomorphic to 7*(GP'), where GP! — Mgl is defined as in Definition 2.11(c), (v)
from the vector bundle F' — Mg x Mg in (5.10). Thus as in (6.16), the right-hand side of (6.24)

is Qpl([ﬂf;(ﬂ)] fund)’ giving

H d(v)' ’ L*([Mils(/’é)] fund) = Qpl([‘/\;lffs(’&)]fund)' (625)
vEQo
Comparing (6.22), (6.23) and (6.25) gives [M(1)]. = s« ([MF (1)] ) > 8 We want. [ |

6.6 Proof of Theorem 5.8(i) in the general case

The next proposition completes the proof of Theorem 5.8.

Proposition 6.13. The classes [M3 ()], in Hy (Mgl) defined in Proposition 6.1 satisfy Theo-

rem 5.8(i) for all d.

Proof. The proof is by induction on k = 0,1 ..., with inductive hypothesis that the [Mils(u)] .
in Proposition 6.1 satisfy Theorem 5.8(i) for all d € N@0 \ {0} with |d| = > veq, d(v) < k. The
first step k£ = 0 is vacuous. For the inductive step, suppose the inductive hypothesis holds for
some k > 0, and let d € N®0\ {0} with |d| = k + 1.

Consider the pair invariant set-up of Definition 5.12. Suppose dj,...,d, lie in N¥ \ {0}
for n > 2 with dy + -+ +dp, = d and p(d;) = p(d). If Mg () # @ for all i = 1,...,n then
choosing a C-point [E;] in M (1), we see that Fy & --- @ E), is strictly pu-semistable in class d,
contradicting M (1) = M (p). Hence M3 (u) = @ for some i = 1,...,n, so [M ()]iny = 0
by the inductive hypothesis, since |d;| < kasd; +---+d, = d with |[d| =k + 1, n > 2 and
|d;j| > 0. Hence in (5.14) all terms with n > 2 are zero, so (5.14) reduces to

Z*([ N??:Ll)(lai)] fund) = [ZEI([M:;('U)]mV)’ 1H0(./\71

inv

1, (6.26)

1
o)
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that is, the ‘lower order terms’ in (5.15) vanish. Here we have used the fact that as ji¢, (d,1)
are generic for mod-C(Q), Proposition 6.12 implies that

(SS ~d
[ ( )(M+)]1nv Lx ([ (d,1) (M'F)]fund)’
which was used to rewrite the left-hand side of (4.4) to get (5.14).

S

There is a natural projection m: M 1)([11) — M (p) which acts by

((Vv)ygéoa (pe)e€Q1) — ((‘/U)UEQ()? (Pe)ete)

on C-points, noting that Qo € Qp and Q; C Q. That is, 7 forgets the vector space Vi = C

and the edge maps p(, ;) : Voo — Vi, for edges @ —; ein @, where v € Qpandi=1,...,n,. In
terms of the exact sequence (4.3) in Definition 4.3, 7 maps [B] — [A] on C-points. T he ﬁbre of w
over a C-point [(V,)veQq: (Pe)ecq,] is the projective space IP)(@UEQO V") parametrizing the
forgotten edge maps p(, ;) up to scale, where the rescalings come from changing the isomorphism
Vao 22 C, and the condition of ji% %-semistability is that the image under 7 should be p-semistable,
and the p(,; should not all be zero. Thus we may identify M(d 1)(u+) with the projective

space bundle

() = P( D VS?S”) = Mg (1), (6.27)
v€Qo
where the vector bundles V, 4 — Mg are as in Definition 5.2. In fact V, 4 does not descend
through Mg — MZI to MSI D M (p), but the projective bundle P(€D V®nv) — Mg does
descend to ./\/lgl, which is what we mean in (6.27).

Now the second author [58] gives an alternative, geometric definition of the Lie bracket |, ]
on H, (/\/lpl) in Section 2.4 in terms of the ‘projective Euler class’ PE(©°®) of the perfect complex
©°® — M x M in Assumption 2.4(g). For the Lie bracket in (6.26), the complex ©* for mod-CQ
is given in (5.4)-(5.5), and its restriction to Mgy X Mq,1) reduces to

vEQRo

(Che |M(d0 ><M<0 1) — ( @ VSBZU X Vgo,l) [_1]7 (628)
vEQo
where V3 — M (0,1) is a line bundle. When ©® = F[-1] is a vector bundle I in degree 1, the

definition of PE(©°) in [58] involves the projective bundle P(F’). Using this, one can show from
(6.27)—(6.28) and [58] that

L ( ['/\;l?ihl) (ﬂi)] fund) = [ZE] (L*([Mfis('u)]fund))a 1H0(M(0 1))] . (629)

Comparing (6.26) and (6.29), and using the fact that [—,1 is injective if n, > 0

Hp (MP1 1))]

for all v € Qo (see the argument after (5.13) above), and ' is an isomorphism, we see that

[Mfis(u)]inv = 1 (M ()] fun d). This proves the inductive step, and the proposition follows by
induction. |
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