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Abstract. We introduce a class of operators associated with the signature of a smooth
path X with values in a C* algebra A. These operators serve as the basis of Taylor expan-
sions of solutions to controlled differential equations of interest in noncommutative proba-
bility. They are defined by fully contracting iterated integrals of X, seen as tensors, with the
product of A. Were it considered that partial contractions should be included, we explain
how these operators yield a trajectory on a group of representations of a combinatorial Hopf
monoid. To clarify the role of partial contractions, we build an alternative group-valued
trajectory whose increments embody full-contractions operators alone. We obtain therefore
a notion of signature, which seems more appropriate for noncommutative probability.

Key words: signature; noncommutative probability; operads; duoidal categories

2020 Mathematics Subject Classification: 18M60; 18M80; 60L10; 46189

1 Introduction

This work intends to explore a direction suggested in [8] and aims to use paths principles for
studying the following class of differential equations

4V, = a(¥;) - dX, - 0(Y,), Y€ A. (1.1)

In the above equation, the driving path X: [0,1] — A takes values in an unital C*-algebra
(A, -, %, |- ]|) with unity 14 and a,b: A — A are two polynomial functions or Fourier transforms
of regular measures with exponential moments, see [3, 8].

This paper is the first of two whose objectives are to introduce a new notion of geometric
rough paths, tailored to the class of equations (1.1). In this work, we focus on the algebra
underlying Taylor expansions of solutions to equations (1.1), discarding other crucial aspects
(such as measurability).

1.1 The rough paths approach

In the nineties [15], T.J. Lyons proposed the appropriate mathematical framework to study
controlled differential equations

dV; = o(V)dX;, Yo =y € R% (1.2)

In (1.2), the solution Y is a continuous path in R? o: R% — End (]R”,Rd) is a smooth vector
field and the driving path X is Holder continuous. If X is smooth, standard differential calculus

This paper is a contribution to the Special Issue on Non-Commutative Algebra, Probability and Analysis in Ac-
tion. The full collection is available at https://www.emis.de/journals/SIGMA /non-commutative-probability.html
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provides a rigorous interpretation to (1.2). For paths with lower regularity, Young’s theory of
integration [23] gives sense to equation (1.2) driven by an Holder regular path X with exponent
greater than % Interesting stochastic driving paths are too irregular for Young integration.
For instance, Brownian trajectories are only % —¢,e > 0, Holder continuous. Classical It6
integration supplements limitations of Young’s theory and defines integrals driven by continuous
semi-martingales as limits in probability of Riemann sums.

Rough path theory extends the standard rules of differential and integral calculus to Holder
paths X and provides a pathwise interpretation to (1.2). Let us add more details. Given a smooth
field o and Yy € R™ the solution map ®: X — Y to equation (1.2) is continuous with respect
to the Lipschitz norm on the space of smooth driving paths X. A fundamental observation is
the following one: by applying Picard’s iterations to (1.2), one quickly reckons that the solution

map P is a linear function of the entire signature of X, that is the infinite collection of tensors,

Xs,t: (17Xth’ dth ®dXt27'--a/ dXt1®"'®dtha"')7 (13)
Ag,t A?,t
where Af, := {s < t; < .-+ < t, < t} is the n-dimensional simplex. Signatures of smooth

paths support a one-parameter family of topologies with respect to which & is continuous.
Complete spaces for these topologies contain Holder paths together with the additional data of
an abstract signature. These abstract signatures are called rough paths and can alternatively
be characterized by a set of algebraic and analytical properties. Indeed, a rough path is a two
parameters function (s,t) — X with values in a group (G, o), included in the completed tensor
space of R™, with the property that for each triple of times s,u,t € [0,1]3

Xs,t = Xs,u * Xu,t- (14)

The relations (1.4) are usually called Chen’s relation after Kuo-Tsai Chen [7] and its secular
work on the homology of loop spaces. We refer the reader to the monograph [10] for a detailed
exposition of rough paths theory.

1.2 Motivation and previous works

We choose to have an intrinsic — coordinate-free — approach to (1.1) and to work consistently with
the specific class of fields we consider, that is with the algebra product. Rough paths theory
on infinite-dimensional spaces is more intricate because of several notions of tensor products
between two Banach algebras, see [12]. Considering the class of equations (1.1) the projective
tensor product is the only reasonable one since the algebra product is always continuous with
respect to this topology. This is not true for the spatial (or injective) topology. This limitation
strikes with the results obtained in [6, 22]. In these works, the authors define a rough path
(in fact, a Lévy area) over the free Brownian motion in the spacial tensor product by using
free 1t6 calculus. Whereas it is possible [16] to show the existence of a free Lévy area (up to an
infinitesimal loss in regularity) in the projective tensor product, an explicit procedure is missing.

To circumvent this issue, A. Deya and R. Schott introduced in [8] a weaker notion of Lévy
area tailored to the class of equations (1.1) when the Holder scale lies in (%, %] the product
Lévy area. This object embodies the data on the small-scale behaviour of the driving path X
only in the directions required to give sense to (1.1). The starting point to define it is a fine
analysis of (1.2) with X smooth and the expansion of the solution Y obtained by applying
Picard iterations. Pick A, B € A and consider the following example (recall that - denotes the
product of A)

dVp = (A Yy)-dX;- (i B),  Yo=1a.
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Writing the first two steps of the Picard Iteration, we obtain

Y: = 1A+/
AL

- A-dXy, - A-dXy, - B>+ Ry, (1.5)
AL

A-dth-B—i—/ A?.dX;, -B-dXy, - B

2
As,t

where R, is a remainder term satisfying | Rs+| < [t — s|>. The above equation hints at a control,
at any order, of the small variations of Y by the following expressions
th = / Ap - dXtofl(l) cAL - Apg - dXtcrfl <Ay, Ag,..., Ay € A. (16)
A

n
s,t

(n)

where o is a permutation of {1,2,...,n}. The expressions in (1.6) are values of a multilinear
operator X7, that we call full contraction operator, depending on a choice of a permutation o.
The solution of the equation (1.1) expands over the contracted iterated integrals (1.6) in the
way alluded to above under the constraints that the Fourier transforms of a and b are bounded
measures on the real line. A product Lévy area is an abstraction of the order two full contraction
operators, the ones indexed by permutations of {1, 2}.

We elaborate on the observation of A. Deya and R. Schott and extract important algebraic
and analytical properties of the multilinear operators (1.6) with the objective of developing
a rough theory for the class of equations (1.2) with driving noise X of arbitrary low Holder
regularity. To put it shortly, the main outcome of this work is a positive answer for that and we
explain it by associating to the operators (1.6) a smooth trajectory over a group of triangular
morphisms on an algebra of operators.

The main difficulties lie in writing a Chen relation for the operators (1.6) understood as
a certain “algebraic rule” for computing (1.6) over an interval knowing the values of (1.6) over
a subdivision of this interval. Consider for instance the full contraction operator

ngt(Ag, Al, AQ, Ag) = / A() . dth . A1 . CLX,g3 . A2 . dth . A3.
A

3

s,t

Then the Chasles identity implies the following deconcatenation formula:
X3, (Ao, A1, Ag, Ag) = X3 (Ag, A1, Az, A3) + X3 (Ao, A1, Ag, A3)

+/ / Ag-dX;, - Ay -dXy, - Ay -dX,, - As
ts€Al , J(t1,t2)eN2

+/ / Ao -dXy, - Ay -dXy, - Ag - d Xy, - As.
(ta,t3)€n2 , Jt1eAl ,

The term on the second line above can not be expressed by composing order two full con-
traction operators. Instead, we can obtain it by composing the operator,

(A(),...,A4)'—> AO'dth'A1®A2'dXt2-A3EA®A
A

with the following full contraction one

(Ao,Al) — N Ao . dth . Al.
u,t

Thus a naive approach leads in fact to relations involving not only full contraction operators
but also partial contractions. A remark on the terminology: we employ the term “contraction”
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to indicate that the operators reduce the degree of an input tensor, and “full” to indicate that
it does so maximally.

The main results of the paper are contained in the last section, Definition 4.17 and Theo-
rem 4.18. In this definition, we introduce the noncommutative signature of a smooth path and
in our main Theorem 4.18, we prove that, as for the classical theory, it yields a trajectory in
a certain group.

Theorem 1.1. There ezists a group (G,o) such that for each algebra-valued smooth trajectory
X:[0,1] — A there exists a map X: A® — G from the two-dimensional simplex A% with the
following properties:

o For any triple s < u < t € [0,1]> one has

Xs,t = Xu,toxs,u- (17)

o For any pair 0 < s <t < 1, X, has a set of coordinates {Xs(f), f € F} where the set F
contains all permutations o and Xs.(f) is a certain bounded operator acting on folded
projective tensor products of A which coincides with (1.6) when f = o.

o Given two elements X,) € G,

X=Y& X(o)=Y(o) for all permutations o.

We call the element X;; the noncommutative signature of the path X and the relations (1.7)
noncommutative Chen’s relations.

Remark 1.2. We will define G as a set of representations of a certain algebra supported by trees
with decorated leaves. The result that we want to prove in this work is purely algebraic and
does not state any analytical property of X, which could be expected from the knowledgeable
reader. We will in a separate work address integration theory against an irregular path drawn
in A, and will gather at this time the relevant analytical context.

1.3 Outline

Besides the introduction, this article is divided in two additional sections. In Section 2, we
introduce a Hopf monoid of levelled forests, reminiscent of the Malvenuto-Reutenauer Hopf
algebra of permutations.

In Section 3.1, we define the partial and full contraction operators we alluded to, see Defi-
nitions 3.1 and 3.6. In Section 3.2, we prove a Chen relation for these operators, see Proposi-
tion 3.8. Next, we explain how this yields a path on a group of triangular algebra morphisms on
an algebra spanned by couples of a tree and a word. In Section 3.3, we associate to the full and
partial contractions operators a path of representations on the Hopf monoid of levelled forests
we introduced in Section 2, see Theorem 3.21.

In Section 4.1, we adopt a slightly different point of view and let the iterated integrals of
a path acting on a set of operators we call face-contractions, see Definition 4.1. This yields
a certain triangular algebra morphism, see Definition 4.17 that we relate to the one introduced
in Section 3.2. In Proposition 4.3, we relate partial- to full contraction operators.

In a forthcoming article, we continue to develop the theory. In particular, we introduce
geometric noncommutative rough paths, geometric noncommutative controlled rough paths,
and the operations of integration and composition.
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1.4 Notations

In the following we denote by A a generic complex C* algebra with product g, unity 1, norm
I - || and involution . By definition, (A, || - ||) is a Banach algebra, the multiplication p and the
involution % are continuous with respect to || - ||, and

laa*]| = la]?,  a€ A

In order to deal with a topology on the algebraic tensor product ® which behaves correctly
with u, we will use the projective tensor product (see, e.g., [19]). Given two Banach spaces
(E,| - |lg) and (F,| - ||F), the projective norm of an element x € E' ® F is defined by

lally = inf { 37 lailplbillr: = = Y ai @ bi}.

We denote by EQF the completion of E® F for the projective norm. One can check the following
properties

la @ bllv = [lal|lelb]F, a1y ® @ agmyllv = lla1 @ - @ anllv,

for any permutation o on the set {1,2,...,n} and ay,...,a, € E. The definition of projective
norm yields immediately that the multiplication p extends to a continuous map ARA — A
and, more generally, for any given pair of C* algebras A, B, A®B is again a C* algebra. From
a broader perspective, the projective tensor product makes the category of complex C* algebras
a symmetric monoidal category (see Appendix A). In order to lighten the notation, we will
adopt the symbol ® to denote both the projective tensor product between C* algebras and the
algebraic tensor product for pure tensors. Similarly, we will replace the product p with a dot -.

For n > 1 an integer, we denote by &,, the set of permutations of [n] := {1,...,n}. We use
one-line notation for permutations, writing o = (01, 02,...,0y), where o; := o(i). The neutral
element of &, is also denoted by id,. Sometimes we may omit the commas and just write
o = 0109 - -0y. By abuse of notation, the only permutation of [0] := @ is denoted by &, from
which we defines &y := {@}. Given two integers a, b, we denote by Sh(a, b) the set of all shuffles
of the two intervals [1, a] and [a+1, a+0b], that is o € Sh(a, b) if and only if ¢ is non-decreasing
on [1,a] and on [a + 1,a + b].

2 Algebraic structure on levelled forests

The objective of the present section is to introduce the main combinatorial tool that will be used
in this work: the levelled trees and forests. We will review their main properties and introduce
new algebraic structures to them.

2.1 Levelled trees and forests

In the literature, one broadly finds several equivalent representations of a permutation, such
as a bijection of a finite set or a finite word without repetitions on positive integers. We will
mainly use the last one and a third — tree-like — graphical representation, presented in different
variants in the literature such as [20, pp. 23-24], [4, Definition 9.9] or [2, p. 478]. We will follow
the versions used by Loday and Ronco in [13, Section 2.4] and Forcey, Lauve and Sottile in [9,
Section 2.2.1].

First, recall that a planar rooted tree is a planar graph with no cycles and one distinguished
vertex which we call the root. We oriented every tree from bottom to top: the target of an
edge is the vertex further to the root. In this orientation, each vertex of a tree has at most one
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incoming edge (the root is the only vertex with no incoming edge) and at most two outcoming
edges.

A leaf of a tree is a vertex with no outcoming edges. The degree of a tree is the number of
its leaves, we denote it by |7| if 7 is a planar tree. An internal vertex of a tree is a vertex that is
not a leaf. The set of internal vertices of a tree 7 is denoted by V(7) and we set ||| := |V(7)].
The set V(7) of internal vertices of a planar tree 7 is equipped with a partial order <;: if u, v
are two vertices of 7, we write u <, v if there is an oriented path of edges of ¢, moving away
from the root, from u to v. The poset (V(7), <;) has one minimum (the root of 7) and several
maxima (the leaves of 7).

A planar binary tree is a planar rooted tree for which every internal node has two children.
A levelled binary tree (or simply levelled tree) is a binary tree 7 together with a linear extension
of the poset (V(7), <;). Levelled trees are also called ordered binary trees (see [2]). By definition,
a levelled tree with degree one is the root tree (see Figure 1). Also, notice that the root tree has
no internal vertices and corresponds to levelled tree (e, @) where @& denotes the unique function
from the empty set to the empty set.

We denote by LT(n) the set of levelled trees with n leaves, and LT := U,>; LT(n). The
complex span of LT is a graded vector space, and its homogeneous component of degree n > 1
is the linear span of LT(n).

We justify now the terminology for levelled trees. Following [18, p. 7], a level function on
a tree t is a surjective increasing map

A (V(7), <) = A,

where A is a totally ordered set. If 7 is a planar binary tree and A = [||7]|], then the pair
(1, A) corresponds precisely to a levelled tree. If v is an internal vertex of ¢, we say that v has
level A(v).

The following result seems to be folklore. For proof of this result, see [13, Proposition 2.3].

Proposition 2.1 ([13]). For every integer n > 0, the set of levelled trees with n+ 1 leaves is in
bijection with the set of permutations S,.

The bijection associates to any levelled tree (7,\) with n + 1 leaves a permutation o =
o(1,\) € &, as follows. Label the leaves of 7 with 0,1,2,...,n (in this order), from left to
right. For each 1 < i < n, let v; be the vertex which lies in between the leaves ¢ — 1 and ¢. Then
0= 0109 - Oy, With o; := \(v;), see Figure 1.

2 2 g
(1) (21) (12)
(132) (123) (312) (213) (321)

Figure 1. Examples of levelled trees (7, A) in LT and their associated permutations in &1, S5 and Ss.

(231)

When illustrating a levelled tree (7, A), it will be convenient to emphasize the levelling (the
map A) of a tree without the use of labels on the vertices. To do so, we position each vertex v of
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the tree 7 at the level A(v); it is represented by a dot with y-coordinate A(v). We add straight
edges to 7 (see Figure 2) so that the level A(v) is populated with |A(v)| vertices (in particular,
on the first level, we find the root of the tree). In the resulting tree, all vertices placed on the
same level n have an equal distance to the root.

Notice that the resulting unlabeled tree is such that every vertex has either one or two
children, and there is a unique vertex with two children.

We call such a tree a sparse quasi-binary tree. All operations introduced in this section have
a convenient pictorial description using sparse quasi-binary trees.

o

Figure 2. Example of a levelled tree and its associated sparse quasi-binary tree, before adding straight
edges in the centre and after, on the right.

In summary, we have three equivalent ways to identify the same object:

Permutations Levelled trees Sparse quasi-binary trees
o: [n] — [n] with n + 1 leaves with n + 1 generations.

We use the symbol ¢ (with super and subscript) for a levelled tree presented either as a per-
mutation o or as a pair (7, ). The representation of ¢ as a sparse quasi-binary tree will only be
used in drawings.

Levelled trees are not sufficient for our purposes. We will extend now the notion of levelled
trees to forests. A planar forest is a word (a noncommutative monomial) on planar trees.

In the following, we denote by nt(y) the number of trees in the forest ¢, |¢| the total number
of leaves in the forest and we set ||¢|| equal to the number of internal vertices of the forests. If
all trees of ¢ are binary trees, then ||| = |¢| — nt(¢). The poset (V(¢), <) of ordered vertices
of f is the union of the posets of vertices of the trees in f.

In the following, we will just consider planar forests of binary trees. The notion of level
function for a tree is naturally extended to any forest. This allows considering the following
analogue of levelled binary trees to binary forests.

Definition 2.2 (levelled planar binary forests LF). A levelled planar binary forest f (or simply
a levelled forest) is a pair (¢, A) formed by a binary forest ¢ and an increasing bijection

A (V(p), <o) = [llell]-

We denote the set of planar binary forests by LF.

Y

Figure 3. A sparse quasi-binary forest with four trees.
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The degree of a levelled planar forest (¢, A) € LF is the number of leaves of ¢ and is denoted
by |p|. If n > 1 and m > 1, we denote by LF(m,n) the set of levelled forests with n leaves and
m trees. This allows defining a bigraduation on the set LF.

A generation of a levelled tree is a set of internal vertices on the same level, that is at the
same distance from the root in the sparse quasi-binary tree representation (we thus take into
account the labelling of the vertices). This notion extends to any forest. A levelled forest (p, \)
can be pictured as a forest of quasi-binary trees, each with equal number of generations, in the
same way as explained before for levelled trees, where the internal vertices are ordered vertically
by adding straight edges according to A, see Figure 3. In this representation, there is a unique
internal vertex with two children among all vertices of the forest of the same generation. We
call such a forest a sparse quasi-binary forest.

We now introduce several (classical) operations on levelled trees and levelled forests.

If n € N, weak composition of n is a sequence ¢ = (c1,¢a,...,ck) of non-negative integers
with n = ¢1 + - - - + ¢;. If we restrict each ¢; to be non-zero, then c is called a composition of n.
To a weak composition ¢, we associate the multiset I(c) := {ci,c1 +¢c2,...,c1+ca+ -+ cx-1}.
This gives a bijection between weak compositions of n and multisubsets of {0} U [n]. If ¢ is
a composition, I(c) is a set and we obtain a bijection between compositions of n and subsets
of [n — 1]. Weak compositions of n are partially ordered by refinement. The cover relations are
of the form

(01,...,ci+ci+1,...,ck)<(cl,...,ci,ci+1,...,ck).

We write ¢ F n if ¢ is a composition of n, and ¢ F¢ n if ¢ is a weak composition of n. The
length k of a (weak) composition (cy,...,ck) is the number of parts of the composition.

The bijection between levelled trees and permutations used in the proposition (2.1) extends
to words w = wyws - - - w, € N* without repetition of letters; the associated levelled tree ¢ has
now a level function A: (V(7), <) — {wy,wa, ..., w,}.

Every levelled forest (f,\) € LF(n+ k, k) gives rise to a pair (o, c), where o € &,, is obtained
by concatenating the non-empty words corresponding to each tree in f (from left to right)
under the above-described bijection, and ¢ Fg n is the weak composition of length k£ obtained
by tracking the number of internal vertices of each tree in the forest f. Reciprocally any pair
(0, c) yields a levelled planar binary forest, using the bijection between non-repeating words and
levelled planar trees. We call split permutation a pair (o,c) with o € &,, and ¢ Fy n:

Split permutations
o :[n] — [n]
cFomn

Levelled forests Sparse quasi-binary forests
with n 4 1 leaves with n 4+ 1 generations.

As for levelled trees, we use the symbol f to denote a levelled forest presented either as a pair
(¢, A) or as a split permutation (o, c). The presentation of f as a sparse quasi-binary forest will
be used in the drawings only.

o LY

Figure 4. A split permutation ((4132), (0,1,2,1)) drawn as a levelled forest and as a sparse quasi-binary
forest.
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The next definition introduces the notion of wvertical splitting for levelled forests. Informally,
a vertical splitting of a levelled forest f consists in breaking f into two forests, each bordered
by a chosen path of edges in f, starting at a leaf of f and ending at a root of a tee in f. The
first forest (resp. the second) is on the right (resp. one the left) of this path.

Definition 2.3 (vertical splitting of levelled forests). Pick a levelled forest f presented as a split
permutation (o,c¢) € &,, ¢ Fg n and d Fg n such that ¢ < d, we define the vertical splitting
Ya((o,¢)) of (o,c) following d by (o, d).

We introduce inverse operations to splitting. The first one takes every tree in the repre-
sentation of a levelled forest as a sparse quasi-binary forest and glues all together the trees of
that forest along their external paths of edges. In terms of split permutation, this operation
corresponds to the projection,

=0, f=1(o,c) €LF.

We will also need a local operation gluing two consecutive trees in the representation of
a levelled tree as a sparse quasi-binary tree, once again those operations are most effectively
written in terms of split permutation. We set for any f = (0,¢) € LFand 1 <i <nt(f) —1

|,/ =1;(0,¢) := (o, (c1,....ci + i1, Cnr(p)))-

TUYY

Figure 5. The forests Y (o,1,1,1,1)((4132), (0,1,2,1))) and [,((4132), (0,1,2,1)).

We consider horizontal analogues to the above operations of vertical splitting and gluing. For
any word w = wyws - - - w, where each letter takes value in N* and A C alph(w), the alphabet
generated by the different letters contained in w, we define w N A as the word obtained from w
by erasing the letters which are not in A. We write w’ C w if there exists A C alph(w) such
that w' = w N A. In this case, we say that w’ is a subword of w. We use now the definition
of subword to define the notion of subtree and subforest. Let t € LT(n) a levelled binary tree,
represented as a permutation o. A levelled subtree (or just subtree) of t is a levelled binary tree ¢/
with associated permutation ¢’ of the form ¢/ = o N [p], for 0 < p < n.

In this case, we write 7/ C 7. In terms of sparse quasi-binary trees, 7’ is a subtree of 7 if there
exists 0 < p < ||| such that 7/, seen as a quasi-binary tree, coincides with the quasi-binary tree
associated with 7 by erasing all vertices on generations strictly bigger than p.

This notion extends to levelled forests. Pick a levelled forest f = (o, (c1,...,cx)) € LF and
denote by (o1,...,0k) the restrictions of o to the parts of ¢:
0i = Oley+-+ei—1,e1+ 4] 1 <i<k,
with the convention that o = @. A levelled forest f' = (o/,(c],...,c})) with same number of

trees as f (the composition ¢’ has the same number of parts as c) is a subforest of f is there
exists p < || f]| such that

o =0o;N[p|.
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SV
R R

Figure 6. On the first line: levelled forest f = ((213),(2,1)), drawn as a quasi-binary forest. On the
second line: all levelled subforests included in f.

We write in this case f' C f. In terms of levelled forest, writing (f,\) and (f’, \'), then we have
(f",N) C (f,\) if fa, fs have the same number of trees and the labelling A, restricts to Ag on
the internal vertices of fg. Equivalently, considering o and 3 as quasi-binary forests, 8 C a if
and only if S comprise all nodes of o« up to a certain generation of the quasi-binary forest a.

Consider a word w = wjws - - - w, where each letter takes value in N* and A C alph(w). Let
w(A) = {i%(1) <--- <i%(q)} be the increasing sequence of indices of the letters of w in A and
define the composition we(w, A) Eq r

we(w, A) = (1L i3] - 1840, 246 + DI, 5 (g). 7))

For example, if r = 10 and w = 1293548851, let A = {2,3,4,7,9}. Then [9]\ 4 = {1,5,6,8},
w(A) = {2 < 3 < 4 < 6}. Therefore, we(w, A) = (1,1,1,2,4). Thanks to this notion, we
introduce the horizontal splitting of a levelled tree.

Definition 2.4 (horizontal splitting of trees). Pick 7 a levelled tree seen as a permutation o
and an integer 0 < p € ||o||. The horizontal splitting of o at p is the couple

—p(t) == (Uﬂ pl, (cN{p+1,...,n},wc(o, [p]))),

formed by the subword of ¢ containing the letters in [p], and the pair (eN{p+1,...,n},wc(o, [p]))
representing the sequence of subwords of o obtained from o after erasing the letters in [p]. We
call the first component of >, the lower component of the cut and the second component the
upper component.

For instance, =9 (25143) = (21;(543),(0,1,0,2)). Horizontal splitting acts on the sparse
quasi-binary tree representation by detaching the first lower p generations (we include all edges
connected to the vertices of the p'" generation. The resulting levelled tree forms the lower
component of the cut and the generations above it yield the upper component of the cut.

NEV SISO ERVES

Figure 7. Example of a horizontal splitting of a sparse quasi-binary tree.

This operation extends to levelled forests in a straightforward manner.
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Definition 2.5 (horizontal splitting of levelled forests). Let f = (o,¢) be a forest in LF(k,n),
with 0 € &,,—1 and (¢y,...,cx) Eg n — 1 a weak composition of length k. Once again, denote
by o4, 1 < i < ||k|| the restriction of o to the parts of c. The horizontal splitting of the levelled
forest f at the level p is the forest

=p(f) = C=p(f)=, =p(f)+) == (plo1) = -+ =plon) =, =p(o1)+ - =p(on)+)-

For convenience, we use the shorter notations

fLo=mp (7 f=mp (HT

Consider for example the forest Y 130,1)(542631) = (5,4,263,1). Since =3 (5) = (7;(5)),
=3(4) = (25 (4)), =3(263) = (23;(2,6,2)), =3(9) = (2;(2)) and >=3(1) = (1;(2)), we obtain

~3(5,4,263,1) = ((9,9,23,9,1); (5,4,9,6,9, 9, 2)).

A horizontal cut of a levelled forest f outputs a pair of forests, the lower component being
a subforest of f. And reciprocally, one can check that a subforest f’ C f yields a unique
horizontal cut of f, the cutting level k being the number of internal nodes of f’ (equivalently
the number of generations). We choose then to index horizontal cuts of a levelled forest by its
set of subforests augmented with the root tree.

Definition 2.6. For any given levelled forest f and subforest f’ C f we denote by f\f’ the
upper component of the horizontal cut induced by f’. We say that the levelled forest f is
compatible with the levelled forest f’ if the number of trees of f matches the number of leaves
of f' in the representation of f and f’ as sparse quasi-binary trees or as levelled trees.

By definition of horizontal splitting one has immediately the identity =z f = (f', f\f).
Moreover, if both levelled forests are given as split permutations, f = (o, (¢1,...,¢k)), 0 € &(n)
and f' = (o', (c},...,¢)), 0’ € &(n') compatibility means that the number k of parts of ¢ is
equal to n’ + ¢ = nt(f) + |||l

Given two permutations ¢ = o1 ---0y, € &, and o' = 0 ---0), € &, we denote by 0 @ ¢’
the shifted concatenation of o and o,

o®o =o1-op(c(1)+n)---(a(n) +n')

The following operation, inverse to horizontal splitting, is better understood in terms of levelled
forests.

Definition 2.7 (horizontal gluing). Pick two compatible levelled forests f = (7,\) € LF and
1= (7", N) € LF, we define the horizontal gluing the levelled forests f#f = (¢#¢’', \") where

1. ¢p#¢' is the planar forest obtained by successively superimposing a root of a tree in ¢ to
a leaf of ¢.

2. The labelling A" restricts to A on the internal vertices of ¢ in ¢#¢’ and to the labelling \
translated by || f|| on the internal vertices of ¢’ in ¢#¢'.

In terms of sparse quasi-binary trees and forests, horizontal gluing corresponds to stacking the
sparse quasi-binary trees representing f’ above the one representing f. Writing this operation
in the representation of levelled forests as split permutations is cumbersome and is left to the
reader, see also the figure below.
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PRTRYS|

Figure 8. Horizontal gluing of a tree and a forest.

2.2 A first algebraic structure on levelled forests

We briefly recall important Hopf algebraic structures on permutations. The vector space
D,,>0 CS,, has a graded Hopf algebra structure, called FQQSym, introduced in [17], and also
considered in [11], where it is called the algebra of free quasi-symmetric functions. This Hopf
algebra is noncommutative, non-cocommutative, graded and self-dual. In the following, we
introduce the product W dual to the aforementioned coproduct of the Hopf algebra of noncom-
mutative symmetric functions. First, for two permutations a € &,, and 3 € &, we introduce

Sh(a, B) :={0 € Spyp:std(c N{l,...,n}) =a,std(eN{n+1,...,n+p}) = 8},

the set of shuffles of o and 8. In the above equation std denotes the standardization map:
std(c N{a1 < --- < ag}) is the image of o N {a; < --- < ax} by the map a, — k.

In particular, if id,, and id, are the identity permutations of the symmetric groups &,, and &,
respectively, we let

Sh(n, p) := Sh(idy, idp).

Given a permutation 7 € G(n) and integer p > 1 we denote by 7 + p the bijection of {p + 1,
..,p+ n} defined by

(c+p)p+k)=0o(k)+p.

With o € &(p), 0 ® (T +p) € &(n + p) is the permutation equal to o on {1,...,p} and (7 + p)
on {p+1aap+n}7

A(G312) = 1" @ G312+ G1 @ Go1 + G12 ® G1 + G312 @ 17,

The shuffle product of two permutations o € &, and 7 € G,, is defined by

owT = Z aolo® (T +Dp),
a€Sh(p,n)

where we have used the explicit notation o for the composition of permutations. We extend
the shuffle product from levelled trees (permutations) to levelled forests. If the permutations o
and 7 are presented as sparse quasi-binary trees, computing their shuffle product is done by
adding straight edges at the bottom of 7, then gluing this tree to the right of o (we identify the
outer paths of edges) and finally shuffling vertically the generations.

Definition 2.8 (shuffle product of levelled planar forests). Let f = (o,(c1,...,¢k)) and g =
(1,(ch, ... ,c;)) be two levelled forests, we define the shuffle product of f and g by

f'—'—’g:(UU—’Tv(Cla-.-,Ck+C/1,...,c/q)).
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VALV

Figure 9. Shuffle product of levelled forests.

Example 2.9. We present in detail the product 12 w (12,(1,1)), presented as sparse quasi-
binary forests in Figure 9. We decorate the branching nodes with two different colors to track
the two original permutations in the product. The result of the product is given by the following
sum of sparse quasi-binary forests (see Figure 10).

LY
VISR I

Figure 10. The product in Figure 9 expanded over sparse quasi-binary forests.

We notice that by the construction of LU all terms contained in the sum the blue and red dots
preserve the same ordering of generations in the initial factors.

A permutation o € S, acts on the left of a levelled forest f = (o, ¢) € LF with n generations
as follows

o-(r,¢):=(ocoT,c).

We denote by ¢, the permutation (n,1)(n —1,2)--- (n — | %], |%]). We use the right action
of ¢, to define a involution on LF(n — 1), which is the horizontal mirror symmetric of a forest

§: CLF — CLF,
f=(o,¢c)— (Uc[fl”,cn, ... ,cl).
Proposition 2.10. (CLF, L, 0) is an involutive algebra.

Proof. The result follows as a direct a consequence of the following two facts: the left and right
actions of &,, on LF(n — 1) commute and ¢p4m = Tnm © (¢n @ (¢ + 1)) (we add n to all letters
of ¢, and concatenate the resulting word to the one representing c,) where 7, ,, is the shuffle
in Sh(n, m) determined by 7, (1) = m + 1, 7 m(n) = m +n. [

We will sometimes refer to 8 as the horizontal involution, for obvious reasons, to distinguish it
from a second involution permuting vertically the generations of a levelled forest that we define
below.

2.3 Hopf monoid of levelled forests

In this section, we introduce a Hopf algebraic structure on the bicollection of spanned by levelled
forests and denoted LF,

LF(n,m) = CLF(m,n), n,m > 1. (2.1)
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In addition, we set LF(0,0) = C, LF(0,n) = LF(m,0) =0, n,m > 1 and we denote by LT
the collection spanned by levelled binary trees

LT (n) = CLT(n), n>1. (2.2)

This Hopf algebra is an object in the category of bicollections endowed with the vertical tensor
product @. In general, as is briefly explained in the Appendix A, the two-folded vertical tensor
product A ® A of a monoid A in the monoidal category (Colly, @) is not a monoid in the same
category. Owing to the fact that the monoid generated by LF in (Colly, ®) is symmetric, in
particular, LFQLF is a monoid in a natural way, it makes sense to require compatibility between
a product and a coproduct on LF. We write the unit Cg for the vertical tensor product as

n>0

Recall that we denote by |f| the number of leaves of a levelled forest f and nt(f) the number
of trees in f.

We begin with the definition of the coproduct acting on the bicollection LF of levelled forests.
Let f be a levelled forest. Let f’ be a levelled subforest of f (recall that f’ contains the roots
of all trees in f). By definition of the forest f\f’, the number of outputs of the forest f\f’ is
equal to the number of inputs of the forest f’ (the number of trees of f\f’ matches the number
of leaves of f'), the following makes senses

ANH=D o, feLF (2.3)
fcs
This operation is a genuine coproduct with respect to the vertical tensor product.
Proposition 2.11. The morphism A: LF — LF O LF is coassociative
(A CDidL]:) oA = (idg]: ) A) oA
and the morphism ¢: LF — Cgq given by

L iff=ge s

5(f) = n times

0 otherwise

is the counity for A, i.e.,

(e@ider) o A= (ider ®e)o A =id. (2.4)
Proof. Let f be a levelled forest, to show coassociativity we notice that
(Aoider)od)g) = Y ["Of 0f=((ider ®A)oA)(g).
U ff
T"#f'#f=g
Equation (2.4) is trivial. [

We proceed now with the definition of a vertical product on levelled forests.

Definition 2.12 (monoidal product on levelled forests). Given two forests f and f’ with
nt(f') = |f|, we define V(f @ f’) as the sum of forests obtained by first stacking f’ up to f
and then shuffling the generations of f’ with the generations of f (see Section 2.1 for the defi-
nition of the action of a permutation on the generations of a forest),

vief)= > s U#F) -
seSh(|IFILILF1D
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The associativity of the product V is easily checked. The unit n: Cqy — LF is defined by
n(1ly) = ™. Let n > 1, recall that we denote by ¢, the maximal element for the Bruhat order

in &,:
cn=n(n—1)---321.

For example, ¢y = 1, co = 21, ¢3 = 321, ¢4 = 4321. Given these notions, we state the main
theorem of the section

Theorem 2.13. (LF,V,n,A,¢) is a conilpotent Hopf algebra in the category (Colly, @, Cgp).
To achieve this result we introduce an explicit antipode map.
Definition 2.14. Pick n,m > 1 two integers. Let f € LF(n,m) be a levelled forest and define
its vertical mirror symmetric f* € LF(n,m) by
fr=e-
We extend x as a conjugate-linear morphism on the bicollection L£F.

Proposition 2.15. Let f be a levelled forest. The map S: LF — LF defined by

S(f) = (=l
is an antipode: Vo (SQider)oA=Vo(ddsr®S)oA=con.

Proof. Let a, b be two integers greater than one. Set n = a + b. The set of shuffles Sh(a, b) is
divided into two mutually disjoint subsets, the set of shuffles sending a (the subset Sh(a, b)) to
n and the set of shuffles that do not (resp. Sh(a,b)_).

Recall that if f is a forest then f* denotes the forest obtained by extracting the & first lowest
generations of f and f _’f_ denotes the forest obtained by extracting the k highest generations of f.
By definition, one has

Vo= > s PHA, e
seSh(ILFILIAS D
The following relation is easily checked and turns to be the cornerstone of the proof:
S50 (e, ®idy,) = so (cpy1 ® idym—1), se€Sh(m—-1,n+1)_, (2.6)
with 3 the unique shuffle in Sh(m,n), such that 3(m) = n+m, 3(i) = s(i). Set S(f) = (=111 f*.

We prove by induction that S = S. Assume that S(f) = S(f) for any forest f with at most
N > 1 generations and pick a forest f with N + 1 generations. Then, from the induction

hypothesis we get
S(f)+ f+ (idoS) o A(f) =0,

= sesh(l I IAAS 1)
I IfI—k

= ST Y s M .
k=1 seSh(||fll—k.k)

We divide the sum over the set Sh(]|f|| — k, k) into two sums. The first sums ranges over the
subset Sh(||f]| — k,k)+ and the second one ranges overs Sh(||f|| — k,k)—. Then, we gather the
sums over Sh(||f|| — k, k)4 and Sh(||f|| —k+ 1,k —1)_:

I£l—2
Vo(idCDS')oA: (—1)’f Z s - [fﬂf”_k#(f_’f_)*

k=2 seSh(||fll—k.k)+
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—(—1)* 3 s AR (1)

seSh(||fl|—k+1,k—1)_

(=10 > s AT ()]

seSh(L[IFl-1)-

+(_1)|IfH71 Z s [fl#(fﬂf”_l)*].

sesh(lf1-1,1)+

Using equation (2.6), the right-hand side of the last equation is equal to

Vo(Soid)joA=0- Y s [fL# (1
seSh(1,]|flI-1)=
_|_(_1)||fH—1 Z s - [fﬂfll—l# (ler)*]
seSh(L[IfI-1)+
= —f 4 (=)=t g, [

We defined the three structural morphisms V, A, S. To turn LF into a Hopf monoid, we have
to check compatibility between the coproduct A and the product V; the coproduct A should
be a morphism of the monoid (L£F,V). This only makes sense provided that we can define
a product on the tensor product LF @ LF.

Recall that if f is a levelled forest and 0 < k < || f||, one denotes by f* the levelled subforest
of f corresponding to the k generations at the bottom of f’: t s+ is the planar subforest of ¢y
with a set of internal vertices the set of internal vertices of f labelled by an integer less than k
and for leaves the vertices (including the leaves) of t; connected to one of the latter internal
vertices. The levelled forest f_’ﬁ is obtained similarly by extracting the k top generations of f’.

With p,q > 1 two integers, we denote by 7, , the shuffle in Sh(p, q) satisfying 7, ,(1) = ¢+ 1
and 7, 4(p) =p+q.

Definition 2.16. Define the braiding map
K: LFOLF = LFOLF
by, for g and f levelled forests such that f © g € LF O LF,

K(f ©9) = (101 - (FE) ' © (rypy01 - (F0)) ).

We pictured in Figure 11 examples of the action of the braiding map on pairs of levelled

YU IUY W YU
X XA

We defined the braiding map K as acting on LF © LF. We extend K as a 2-functor on the
product of the monoid generated by LF in (Colly,®). This means in particular that for integers
p,q > 1, we define a bicollection morphism

Kpq: LFO @ LFO - LFO @ LFP,
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Pick 1O O fpy € LFP and g1 O -+ © gq € LFPI. We define the levelled forest >, h with
¢ Fo n to be the element in LFPP obtained by the following iterative application of horizontal
splittings:

e = o O (aeeny ()0,
Kp,q(f1®-~-®fp®gl®~--®gq)
= gt lonlbl ol fall (T g I4++lggll - f1# - #Gq).-

The collection of morphisms K, , yields a 2-functor on the category with objects LF®P but
with restricted classes of morphisms. First, it is not difficult to see that K = Kj ; is an involution
and therefore that K, ; is an involution too, for any p,q > 1. It follows from the fact that given f
and g two levelled forests,

sl - FHO] M [ gn - (F#]Y = 71001 (F9),
which yields

K2(f ©9) = [migrisn - 7ol FHOI © [rignsn - misnian (F#9))' = f o g,

sinee Tiig 11 T f1L gl = 1) 711+ ) -

Definition 2.17. Let p,q > 0 be integers and : LF®P — LF®4 we say that ¢ is gluing
equivariant if o commutes with the operations | jnamely, with fi © -+ O f,, € LFO™,
1

oI li00f)=llpho0f) 1<i<h

where

”z[fl (ORERR() fp] ::>‘ﬂfl},.__7||fpu ”Z[flﬁ te ﬁfp]-

We denote by Homeq(p,q) the class of all gluing equivariant morphisms between LF®P
and LFP? Note that the identity morphisms are gluing equivariant and that the composi-
tion of two gluing equivariant morphisms is gluing equivariant. Also, for each p,q > 0, K, , is
gluing equivariant.

Proposition 2.18. The monoid generated by the bicollection LF in (Colly, ®) with morphisms
restricted to the gluing equivariant morphisms is a symmetric monoidal category with symmetry
constraints (Kpq)p,q>0s

Kpg o Kgp =id and (idgrod © Kpyr) o (Kpg @idsror) = Kp g

Proof. Both assertions are trivial and rely on the following relations between the permuta-
tions 74, p,q > 0:

Tp,g © Tgp = 1d, (idg ® Tp,r) © (Tp,g ® idr) = Tp g1 p,q,r = 0. u

Using the above-defined symmetry constraint K, we can endow the two-fold tensor product
LF O LT with an algebra product:

(VoOV)o(idoKid): LFO = £LF®2

Proposition 2.19. The two bicollection morphisms A: LF — LFOLF andV: LFOLF — LF
are vertical algebra morphisms. With V?) = Vo (V ®id) = Vo (id © V), this means that

VO =v@o(idoKoid), (VOV)o(idOKDid)o(ADA)=AoV,
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Remark 2.20. We can rephrase the fact that V is an algebra morphism by saying that (LF, V)
is, in fact, a commutative algebra.

Proof. We begin with the first assertion. Pick f1, f2, f3, f1 compatible levelled forests (the
number of inputs of f; matches the number of outputs of fi11, 1 <i < 3),

(V(Q) oK)(fiD f2D f3 D fa)

= ) s+ [ nnisal - Gettd) PV (ol - Feef) V4]
seSh( Ll 2211 741)

= 2 (s @ T 1500)) - (it fot o)
seSh(l ALl 5a1)

= > s- (h#tfattfsttfs) = VO (L O 0 50 fa).

seSh([Lf1lL I f2 LI 311 fall)

For the second assertion, we write first

AoV)(fog)= ) > (s- (F#9))" © (s - (FLg))/IHoI=F)

L<k<| flI+llgll s€Sh(k, || FlI+lIgll k)

For each integer 1 < k < ||f||, we split the set of shuffles Sh(|| f|, ||¢g]|) according to the cardinal ¢
of the set s~ ([1, K]) (1]l + L, £l + lgl]- Then a shuffie 5 € Sh(|I£], g]) s = (51 ® 52) 0 7
with 7y, the unique shuffle that sends the interval || f||+1, || f|| 4 ¢] to the interval [k —q+1, k]
and fixes the interval [|[f]| + ¢ + 1, |[f]| + [lg]ll,

> > ((s1® $2) © Trg) - (f#9))"
1<k<]| f1l,1<q<]|gl], s1€Sh(k—q,q),
1<q<k s2€Sh(||fll-(k—a)llgll—q)
O (51 ® s9) 0 Fpg - (fg)) 1/ IHIN=F,

Notice that 7y 4 = T4_¢,q and

Frg (F#9) = I —marq - (177D g 7)) geglol—a.
It follows that

(51 82) 0 Thg - (F#9)E = ((s1®1d) - F*9 (75— (s q)q-( I7I==a) s g2 )) ggllol=0)*
=51 P =gy - TV H0)

Similar computations show that

(51 ® 82) 0 Thyg - (f#g))llfllJrllgH k
= s (T - (£ g g0 )Y A= G0) lol=ay

The case ||f||+ 1 < k < ||f]| + ||g|| is similar, we split the set of shuffles Sh(||f]], ||g||) according
to the cardinal of the set s~ *([k + 1, || f|| + [lgll]) N [1, [/ £]|]) and omitted for brevity. Finally, we
obtain for Ao V(f @ g) the expression:

> > L (P g - (P 7))

1<k<|fl,  s1€Sh(kyg)
1<q<gll s2€Sh(||fl|~.[lgll—q)

—k
O3+ ((Thg - ( Jllrfll by g1 ))IlfH #gllgll ?),
which is easily seen to be equal to (VO V)o (idOK®id)o (A D A)(f D g). n
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By collecting altogether the statements of Proposition 2.19 (proving compatibility between
the product V and the coproduct A) and Proposition 2.15 proves Theorem 2.13. Notice that
compatibility between the coproduct and coproduct makes sense because the monoid generated
by LF is symmetric (for the symmetry constraint K) as stated in Proposition 2.18.

3 Iterated integrals of a path as operators

Let us fix a smooth path, X: [0,1] — A. In this section, we use the algebraic tools developed
previously and introduce partial- and full contraction operators. These operators are indexed
by levelled forests and provide a different perspective on the iterated integrals of X, as a repre-
sentation of the monoid of levelled forest introduced in the previous section (see Theorem 2.13),
rather than as a sequence of tensors.

3.1 Full and partial contraction operators

In what follows, we will intensively use the identifications in the previous sections between
levelled trees, and levelled forests and their corresponding permutation and split permutations.
In what follows, for any couple of Bananch spaces A, B we use the notation Hom(A, B) to
denote the set of linear continuous maps between A and B.

Definition 3.1. For any integer n > 1 and levelled tree o in LT(n), we define the full contraction
of X along o as the map X°: [0,1]2 — Hom(A®”,.A) given for any Aq,..., A, € A by

X{(Ai1®- ®4,)= / AL dX gy Ag e d Xy - A (3.1)
ALY

where o is identified with a permutation in &,,—1 when n > 2 and X3, = id 4.

Remark 3.2. The above definition may be misleading since the identity (3.1) defines a linear
map on the algebraic tensor product, whereas we used ® to denote the projective tensor product.
However, the algebraic tensor product is a dense subspace of A®" and we interpret X5 as
the unique continuous operator extending the values in (3.1). Similar considerations apply
throughout the paper.

If linearly extended to the vector space spanned by all levelled trees (or equally permutations),
the map o + X, yields naturally a morphism between the collection £7 in (2.2) and the
endomorphism collection End 4 given by

Endy(n) = HOH1(.A®”,A), n>1,

see Appendix A. The partial contraction operators, that we now introduce, extend o +— X7,
to a morphism between LF to many-to-many operators, i.e., elements of Homvect, (.A®”, .A®m),
m <n.

To properly define them, we denote by Endil the bicollection of noncommutative polynomials
on multilinear maps on A with values in A. That is using the notation in the Appendix A

End% (m,n) := T(End4)(m,n) = @ End (k1) ® - - - @ Endg(knm),
k14 +km=n

when n > 1 and m > 1 and the condition k1 + --- + k,;, = n is satisfied for some integer
ki,...,kn > 1. Moreover, we set Endil(O, 0) = C and Endil(m7 n) = 0 otherwise. The bicollec-
tion Endi\ is endowed with a monoidal product VEndzA associated to the vertical tensor prod-
uct @. This operation extends the usual canonical operadic structure o on End 4 as a monoidal
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morphism, see Appendix A. For example, given two non-trivial elements v € Endi(k, n),
v=01® - Q v, with andueEndi(m,k), Uu=1u; Q- - ® Uy, one has

Vi (W0 0) = (11001 @+ Q Uky ) @ -+ @ (U © (Vh—kpt1 @ -+ @ V).
We introduce also the double tensor algebra of A. We start from the unital tensor algebra

T(A) =Co o @A™

n>1

Elements of T'(A) are linear combinations of words w = a; ---ay, := a1 ® --- ® a; and & is the
unity for concatenation of words. The double tensor algebra is given by

T?(A) := T(T(A)) = Cl & P T(A)".

n>1

Elements of T2(A) are represented as words of words. To distinguish the internal concatenation
of T(A) and the second order concatenation, we use the symbol | for the concatenation product
on T(T(A)) and the symbol 1 stands now for the unit of |. In the following, for any integers
m > 1 and n > 1 we use the notation

T*A)(m,n) = P A Vg... @Al
ni+-+nm=n

n;>1

with the convention that A = C@. For both words on words in A and words on endomorphisms
in A, we freely identify the sequence of vector spaces End% (m,n) (resp. T?(.A)(m, n)) with their
direct sum. We will however make clear this distinction for other collections and bicollections.
We relate T%(A) and End% via an explicit representation.

Definition 3.3 (representation of the algebra T%(A)). We define a representation Op: T2(A) —
End? of the algebra (T%(A), | ) extending the following values, for A;®---®A,, € T(A), X; € A,
OP(A1®“'®An)(XO®"'®Xn):XO'Al"'An'Xn,
Op(2)(X1) = ida.
The representation Op has one crucial property. By definition, Op is compatible with the

concatenation product | on T%(A). As explained, End% is endowed with a vertical monoidal
structure VEndi . The same kind of structure exists on T?(.A). Indeed, T(A) can be endowed

with an operadic structure o, that we call words insertions. Given a word a1 ® - -- ® a,, € T(A)
and wy, ..., w, € T(A), one defines

ap - ap o (Wo® -+ @wWp) =Wy ® a1 QWi - Wp—1 ® Uy @ W

One can check that o satisfies the associativity and unitality constraints of an operadic composi-
tion. We then extend this operadic composition as a horizontal monoidal morphism and define
this way an associative product

VTQ(.A): TZ(A) @ T2(A) — T2(A)
Then Op is compatible with respect to the products VEndi and V2 (A)- That is

(VEnclf4 @ VEndi) o (Op ® Op) = Op © V2 4. (3.2)
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Example 3.4. Pick a,as € A and by, b, b3 € A and consider
w, = a1’a2, Wo = blbg‘g‘bg‘@.

The two words wy and we are compatible, since wy has four inputs and ws has four outputs, we
compose them together

Viz(a) (w1 © wz) = bibzai|bsas,
and apply Op to the result,
Op(bibaai|bgas)(Xo, ..., Xe) = Xo-b1- X1 -b2-Xo-a1-Xs® Xy b3 X5-a2-Xg. (3.3)
We can apply first Op to w1 and ws and compose together the resulting operators,
Op(w1) (Yo, V1, Y, Y3) = Yo - a1 - Vi ® Yy - a3 - Vs,
Op(w2)(Xo, ..., Xe) = Xo-b1- X1 b2 - Xo® X3 ® Xy - b3 - X5 ® Xg.
Substituting to Yp ® Y7 ® Ya ® Y3 the right-hand side of the last equation, we recover (3.3),
Vegndg (0O u) = (v10(u1 @ -+ @ tn,)) -+ (Up © (Uny iy @ -+ @ Unyfpen;))-

The vector space T(A) is the natural space wherein the signature of a smooth path X
takes values, see (1.3). To define partial contractions we need to implement the freedom of
permutations and the double tensor algebra inside the usual signature. Let w be a word in T'(A)
with length n > 1. Let ¢ = (c1,...,c,) be a composition of n. The composition (cq,...,cx)
yields a splitting of w: we define the element [w)] € T%(A) by

(C1yeevCk)
[w](cl,..,,ck) = W1 Wey [Wey 41 Weytep |+ [Wey ooy 117+ Wey 4oty
with the convention we,4...4¢; 41 Wey4oote; 14¢; = D if ¢ = 0.
Definition 3.5. For any integer n > 1 and levelled tree ¢ in LT(n), we denote by X? the map
X9:[0,1]2 = T(A) given by
Xoa = /ml Xty @ @ dXe, (),
syt

where o is identified with a permutation in &,-; when n > 2 and X3, = &. For any levelled
forest f = (o, c) € LF(m, n) we denote by X/ the application Xsfi = [th]c.
Definition 3.6. For any integers n > 1, n > m > 1 and any levelled forest f = (o, ¢) € LF(m,n),
we define the partial-contraction of X along the forest f as amap X7 : [0,1]> — Hom (A®", A®™)
given by

Xﬁ,t =Op (X!,t) :

Example 3.7. Let us calculate the partial contraction associated with the levelled forest f in
Figure 3. In this case, n = 5 and the word on words representing f is

f=1(13245,(2,0,2,1,0)).
We associate it with the formal expression

dX;,dX;, ® 0 ® dX,dX,, ® dX;, ® o.
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The first term on the left of the above expression corresponds to the first tree in f, with two
vertices labelled 1 and 3. It is followed on its right by a straight tree, yielding the first @. We
then interleave a 10-tuple (Ao, ..., Ag) of elements in A between each dX;,, replacing the empty
letter @ by one of the A’s,

Ao-dth-Al-dXtS-A2®A3®A4-dXt2~A5-dXt4-A6®A7-dXt5-A8®A9.

Finally, we integrate over Af, and obtain the following formula for Xit(Ao, ..., Ag),
/ (Ap-dXy, - Ag - dXy, - A2) @ A3 ® (Ay -dXy, - A5 - d Xy, - Ag) @ (A7 - dXi, - Ag) ® Ag.
A

5
s,t

3.2 Chen relation

In this section, we use from time to time the symbol o in place of V24 or VEnaz, to improve
readability. We describe how the concatenation of paths lifts to the full and partial contractions
operators, that is we write an extension of Chen identity over iterated integral, see [7] for these
operators.

Proposition 3.8 (Chen relation). For any forest f € LF and any three times (s,u,t) € [0,1]?
one has

Xﬁ,t = Z VEndf4 [Xi,t ) Xg,\uf } . (3.4)
et

Written in term of the notations introduced in (2.3) and the map Xs;: LF — Endi\ defined by
Xs(f) = Xfﬁt, the equation (3.4) becomes

X57t = vEndQ(A) e} (Xu7t @ XS,’U,) (e] A.

Example 3.9. Before writing the proof, we check equation (3.4) on an explicit example given
by the levelled forest f = (213, (2,1)) in Figure 6, to see how the operations combine themselves.
In that case, the operator Xit is given by

Xﬁ,t(on - ,A5) = / (A() . d)(t2 . A1 . dth . Ag) [ (Ag . dXt3 . A4)
A

3
s,t

Using the standard properties of Lebesgue integration, we can easily write
Xf;t = Xg,u + X{L,t + / / (AO -dXy, - A dXy, - AQ) ® (A3 ’ dXt3 ’ A4)
t1€AL , J(tat3)EN2 ,
+ / / (Ao . dXt2 <A dth . Ag) & (Ag . d)(t3 . A4) (35)
(t1,t2)€A2 , JizeAl ,

At the same time, we list all subforests in f’ C f in Figure 6 together with f\ f’.
Proposition 3.8 implies the equality

KLy = X, 4 XL, X0 oXEHOD) | XD o500

u

which is exactly (3.5).
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f AV
(2,(0,0)) [ (213,(2,1))
(1,(1,0) (23,(1,1))

Figure 12. The subforests in Figure 6 presented as words on words in the first column. In the second
column, the cut of f by each of these forests.

Proof. It is sufficient to show the identity when s < u < t. The statement of the proposi-
tion is implied by the same statement but for the iterated integrals X g ¢+ [ € LF since Op is
a representation of the word-insertions operad (see equatio (3.2)). We prove the identity

Xl =) XioxLy
rcr

by induction on the generation of f and with o the operation V24 The initialization is done

for forests with 0 generations. Assume that the results as been proved for forests having at
most N generations and let f be a forest with N 4+ 1 generations. Splitting the simplex Agjl

according to s < u < t one has

ijit:/ dth OXf\fl—l—/ dthon\fl :X£u+/ dthon\fl (3.6)
s w u

s,t1 s,t1 s,t1 0

where f; = >1(f)” and o is the word insertion of the element
dX, = ol @ dX;, @ ol

where i is the order of the i*! tree in the forest f whose root is decorated by 1. By construction
of f\ f1, this forest has only NV generations and the recursive hypothesis to the forest f\ f1 implies

Xsf’>1f1 _ Z Xg,tl ngL\fl)\f ]
f"Cf\A

We insert this last relation into equation (3.6) to get the identity

t t
/dthoXj;tl— 3 /dthoXL{’tlo[Xs(a\fl)\f = Y X[oxUV) m
u u

) )

T\ I'crf'#o

Remark 3.10. We apply the above formula to the levelled tree f which is a right comb tree
obtained by grafting corollas with two leaves with each other, always on their rightmost node.
By cutting such a tree at a certain level, we obtain on one hand a smaller comb tree and on
the other hand, we obtain a levelled forest with only straight trees, except for the last one, the
rightmost, which is also a comb tree. By denoting comb,, the comb tree with n internal nodes,
we thus get for a tuple Ag,..., A, € A,

X (Ao, Ap) =D X (Ao, Apo1, XS0 (Ag, - Ap)),
k=0
more explicitly

/ AO'dXt1"'th'An—Z/ Ay -dXy, - Ag---dXy, - Ap---
A k=07 Al

n
s,t
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. / Ak : qul o qunfk : An
AzF

The above relation is implied by contracting the famous Chen relation satisfied by the tensor
iterated integrals, with elements Ay, ..., A,. This is the only one, among (3.6) when f ranges
levelled forests, implied by a linear transformation of the Chen relation for tensor iterated
integral (contraction). When f is not a comb tree, Xf;t will expand following (3.6) over iterated
integrals contracted with elements of A’s but with permuted noises dX;.

To the family of operators {Xf;t, fe LT}, we now associate a family of endomorphisms on

LT(A) =P A" e P Clr

n>0 TELT
[T|=n

For the remaining part of the article, we use the lighter notations
a@r=ar e A% @Cr, LT(A)(r) =A%l cLT(4), X =idoX oA.

Although it is not yet clear if it is possible to associate to the full and partial contractions
operators a path on a certain convolution group of representations, our statement of the Chen
relation makes clear that any prospective deconcatenation product A should act on a tree by
cutting it in all possible ways, generations after generations. In Section 2.3 we prove this cutting
operation yields a comonoid structure on (LF, D).

From Proposition 3.8 we immediately deduce the following properties.

Proposition 3.11. The family of maps XS¢ defined by
Xst: LT(A) — LT(A),
ar — Z XT\T (3.7)

T'CT

have the following properties:

(1) for every levelled tree T € LT

(X —1d)(LT(A)()) € E LT(A) (7

/
T'CT

(2) for any (s,u,t) € [0,1] the so-called noncommutative Chen’s relations hold

§gs,i& = Xut o Xs.u-

) )

Proof. It is sufficient to show only point (2) for any s < u < ¢, since point (1) is trivial. For
any given and A7 € LT(A), to the Chen’s relation in Proposition 3.8 implies

ZXT\T = Z Z Xr” T\T Al (A1®"'®A|r|))7',

T'CT T'CT " Cr\7’

=D > XLETTI e @A)

T'Cr ' Cr\7’
By performing the change of variable g = f”#f’, ¢ = f’, we obtain
RoalA @@ A f) =D D K0 (XIW(Ar@ - @ Ap))d

9Cfg'Cg
= (Xu,t o Xs,t) (Al R ® A|f|f) |
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3.3 Integration by part properties

Another important property of iterated integral are integration by part formulae, e.g., the iden-
tity

/Az dX,, © dX,, + /A dX,, ® dX,, = (X, — X,) ® (X; — X,).
s,t s,t

We investigate the consequences of such identities at the level of full-partial contractions and
their related associated endomorphisms X&t. These relations imply a specific “compatibility
condition” with respect to a certain product on LT(A) defined from the shuffle operations on
trees in Definition 2.8. We start with the consequences of partial contractions.

Proposition 3.12. For any given couple of forests f and g with nt(g) = |f| and any (s,t) €
[0,1]? one has

Ve (XL, 0X0) = Y xpUw9 (3.8)

End? s,t S,t s,t . .
seSh([I£11llgl)

Written in term of the notations introduced in (2.5) and the map Xs;: LF — Endi‘ defined by
Xot(f) = Xﬁ,t; the equation (3.8) becomes

VEndQ(.A) (Xs,t CD X&t) = X&tv.

Proof. Let us fix s < t. Writing the forests f and ¢ as the split permutations f = (o1,c¢1)
and g = (09, ¢c2), it follows from the shuffle identity for iterated integrals of X that one has the
identity

o1 o2 __ ce.
XS:t ® stt - /Angl 2 t(SOU)(l) ® dXt(SOU)(\fl-Hgl—?)’
sesh( If\ Llgl-1)

where ¢ = 01 ® 0. By applying the split permutation of f#g¢g to both sides we deduce the
identity

XfUJQ _ b'éd (f'—UQ)
8t NS Ko
seSh( If\ 1lgl-1)

Composing with Op we conclude. |

We restate this identity at the level of X, ;. This task can be done by introducing an operadic
composition L on a collection of words with entries in A different from before. Together with the
shuffle product on levelled trees, this operadic composition yields a structural map L on LTﬁ(A).
Further properties of L will turn central in better understanding the composition of the Taylor
series for the fields a, b in equation (1.2).

Definition 3.13 (faces substitution). We define the collection of vector spaces FS by
FS(n) = A", n > 1.
Next, define L: FS o FS — FS as follows. Pick a word U € A®PT! and words A* € A®™:,
1<i<p+1, A= (A ® - @A, ) and set
LU®A @A) := (Uny - Afyy) © Ay ©
® (Apnyy Uy - Afy) © - @ (A, ) - Up)-

The word 1 ® 1 acts as the unit for L.
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We denote by FS the graded vector space equal to the direct sum of all vector spaces in
the collection FS. Notice that elements of A are 0-ary operators in the collection FS and, for
example, the above formula for L gives L(U1 ®@Upy0 A) = U1-A-Uz € A, with Uy ®@U(g) € A®2,

Proposition 3.14. FS = (FS,L,1® 1) is an operad.

Proof. The following proposition holds and rests on the associativity of the product on 4. W

In the collection FS, a word with length n is an operator with n — 1 entries, the inner gaps
between the letters. So far, a levelled tree was considered as an operator with as many inputs
as it has of leaves. However, there is an alternative way to see such a tree as an operator: by
considering the faces of the tree as inputs. A face is a region enclosed between two consecutive
leaves and delimited by two paths of edges meeting at the least common ancestor, see Figure 13.

Figure 13. The faces of a levelled tree are indicated with arrows.

We denote by LT# the set of levelled trees graded by the numbers of faces, LT#(n) the set
of levelled trees with n faces, and LT#(A) the space LT(A) seen as a graded vector space with
LT#(A)(n) = CLT#(n) ® FS(n). Notice that the endomorphism X, ; we defined in the previous
section satisfies:

(Ko —id) (LT#(A)(n)) € @D LTH(A)(K).

k<n

We also set for any levelled tree 7 € LT,
LT#(A)(1) = Cr @ FS(|7|)).
The space LT#(A) is equipped with an involution *LT#(A)> defined by
M ay(A1® @ ApT) = A; @ @ AJO(7). (3.9)

The graded vector space LT# (A) yields a collection LT #(A) by setting the space n-ary operators
LT#(A) equal to LT#(A)(n). We set abusively

LT#(A) o LT#(A) := €D (LT*(A) o LT*(A)) ().

n>0
For any U, A € LT#(A), we introduce the notation

UoAd= Y U r®A"n® - ©AW 1, € LT#(A) o LT#(A).

7-,7—17...,7-”7—H

Observe that U o A is only linear on U, not on A.
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Definition 3.15. Define the morphism of graded vector spaces
L: LT#(A) o LT#(A) — LT#(A),
LU® (M@ @A) = Y, LU@AT® @A) mw-- W, (3.10)

(6
T17...7THQH

where

Y Uta, A= Y Alin e LT#(A).

aELT# T ELT#
Lemma 3.16. Let o and 3 be two levelled trees in LT. For any A € A®I1®+1BI=1 one has

Kee(Aawp)= S KGO 4y i, (3.11)

TaCa ;T8 CB

Proof. The proof consists essentially of a re-summation. It stems from the definition of the
map X, that

Ree(A-awp)= Y X} (4 (3.12)
TEQS
T'Cr
Let 7 € a Ll B a tree obtained by shuffling vertically the generations of o and 3 and pick 7/ C 7
a subtree. Let s be the shuffle in Sh(fi,3) such that 77! = (a ® B) o s71. We associate to
the pair (7,7') a triple which consists in the tree 7, and two others trees 7, C o and 75 C 3
satisfying
7' = (1, ®T4) 0 571,
where § is a shuffle in Sh(||7}], HTéH) Such a permutation § is unique, in fact it is obtained

from s! by extracting the first ||7’|| letters of the word representing s~!, followed by standard-
ization and finally inversion. Recall that standardization means that we translate the first ||7/||
letters representing s~!, while maintaining their relative order to obtain a word on integers in
the interval [[1,#7']. It is clear that the map ¢: (1,7") — (7, Ta,Tﬁ) is injective. Now, given

Ta C a, 73 C B, and two shuffles s_ € Sh(|[7, ], [|75])), s+ € Sh([[e\7g |, [8\75]]), we define
a third shuffle s_y in Sh(||a]|, ||3]]) by requiring

s—(i) =s-(i), 1<i<|rnl,
s—r(I7all +9) = s (@) +s-(llralD), 1 <i<|l7a\7ll

The map 0: (77, 7'[’3, Sy, 8—) > (1,70, 7'5) with 771 = oz®ﬂosjF is a bijection between the image
of ¢ and

S ={(Tas7p, 5+4,5-); Ta C @, 75 C B, - € Sh([[7all; [[7])), s+ € Sh(lla\7all, [B\75])}-

We can thus rewrite the sum on the right-hand side of (3.12) as follows:

~(a®B)os 4 \(14,@7h)os ! _
E XT\T g X, amp (7 ® Té) os” !t
TEALS Ta,TB,5+,5— €S
T'cr

Now, we observe that the forest (a®3)os_4\ (7, ®7j)0s_ ~! does only depend on the trees 74, T3
and the shuffle s;. Summing over all shuffles s;, we get a\7, W B\75. The statement of the
lemma follows by computing the sum over s_. |
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Definition 3.17 (product on the face-substitution collection). For any A € FS(n) and B €
FS(m), we define their product A - B by

A-B:A(1)®"'®(A(n+1)‘B(l))®"‘®B(m+1).

The product - is a product on the collection FS with unit 1 € FS(0), A- B € FS(n+m). Note
that we use the same symbol - for the above-defined product and the product on the algebra A4
for the reason that the former restricts to the latter on FS(0).

Remark 3.18. The product - has a very special form, namely,
A-B=(1®1®1)0c(A®B)=L(1®1®1)® (A® B)),

and the relation L(m ® (idps ®@m)) = L(m ® (m ®idgs) with m = 1 ® 1 ® 1 entails associativity
of the product -. We say that m € FS(2) is a multiplication in the operad (FS, L). In addition,
associativity of the operadic composition L results in the following distributivity law

(A-B)oC=(AoB)-(BoC), A B,CE€FS.

Conjointly with the shuffle product on levelled trees, the product - brings in a graded algebra
product W: LT#(A) ® LT#(A) — LT#(A), namely

(Aa) W (BB) = (A B)aw B, (3.13)

with unit 1 - . The above relation on full contraction operators yields compatibility of the
endomorphism X ; with the product L defined in (3.13).

Proposition 3.19. Let o and 8 be two levelled trees and pick A € Al®l, B e A®IBI
Xsyt((Aa) w(Bp)) = X&t(Aoz) LU X&t(Bﬁ).

Proof. The result is a simple consequence of the previous Proposition 3.16 and the shuffle
relation for the partial contraction operators (3.11). In fact, one has the trivial identities

Xeo((A-B)-awp) = Y XOPUNVIA By W

TaCa,TgCJ3

= Y xVe(4) X0 (B) T Ws = Xo(A) - K (B).

)

TaCa,7gCf3
Thereby obtaining the desired identity. |

Corollary 3.20. For all times 0 < s <t < 1, it holds that
Lo (id o X&t) = X&t olL.
Proof. According to Proposition 3.19, one has the identity

L(Uo‘ ® Xsﬂg(A’Blﬁl) R ® X&t(A'Bﬁa,Bﬁa))

Xs,t (U(oi) ') L Xs,t (Aﬂlﬁl) L Xs,t (U(Oé) ') T Xs,t (A/Bﬁa ) ﬂﬁa) L Xs,t (U(C‘YOCD ')
= Xt ((Uf) *) w (A7 B1) w (UG ) -+ (A% - Ba) W (U #))

Kot (LU @ AP1B1 @ -+ @ APt By,)).

From which we deduce the announced equality. |
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Summing up the result in this section and the previous one, we can actually state the prop-
erties of X, ; by introducing a suitable group of endomorphisms.

Theorem 3.21. Denoting by G(A) the group
G(A) = {X € HomAlg(LT#(.A), LT#(.A)) :

(X —id) (LT#(A) (7)) ¢ P LT#(A)(T’)}, (3.14)

T'CT
the endomorphisms Xy satisfy the following properties

(1) X5 € G(A),
(2) for every time (s,u,t) € [0,1]3, X5t = Xyt 0 Xs 0.

4 Group of signatures

Looking again at the formal Peano-Picard expansion sketched in (1.5), we see a sum of full
contraction operators {X;t}’rel_—r applied to generic elements of the algebra A, those operators
appear thus as the fundamental objects to generalise in a rough path setting. As explained
in the previous section, we were forced to consider partial contraction operators indexed by
levelled binary forests to write the Chen relation for these operators. These operators appear as
coefficients of an endomorphism X acting on LT(.A). These “coefficients” associated with forests
can not be related to the “coefficients” associated with trees if A is truly infinite-dimensional.
A bit more formally, the application corestricting an endomorphism X, for any pair of times
s <tto Cle]

X() = > X()e
TELT

is not injective, we are lacking relations between partial and full contraction operators. Worth is
the fact, that data of X is in fact equivalent to the data of all iterated integrals of X, so that the
previous section is in fact a mere, though much more intricated reformulation of the classical
theory. Yet, we explain in this section how to get rid of these partial contraction operators while
maintaining a Chen relation for an object comprising only full contraction operators. These
partial contraction operators are turned into “technical proxies”, that can be constructed from
the operators associated with levelled trees and bear no additional information on the small-scale
behaviour of the paths but allows for an efficient formulation of the Chen relation.

4.1 Algebra of face-contractions

To define a proper group where full contraction take value, we introduce a new collection of
operators, that we call face-contractions. These operators will replace words with entries in A4
of the previous section.

Definition 4.1 (face-contractions). For any 7 € LT, 7 # ¢ and 41 ® --- ® A7) € Al we
associate the global face-contraction map

(A1 @@ A7) A®IT— 4,
which evaluates on a tuple Xy, ..., X, € A as

(A ® A|T|T)(X1, e ,X”T”) =A;- X.,-—l(l) Ay X (|7 A|T‘.
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We denote by FC(7) the closure with respect to the operator norm the span of the global face-
contraction maps; i.e., for any fixed 7 € LT, 7 # o we set

FC(r) == CL({t((A1® - ® A7) A1 ©@ - © Ay € ASITY),

and we call the elements of FC(7) the 7-face-contractions. Moreover, we define

LT#(FC) := P € FC(n),

n>0 T€ELT
Irll=n

and set FC(e) = A.

We introduce for any face-contractions operators m = . +m” the face-contraction norm

1
Iml = el
/L

TELT

where || - || is the usual operator norm induced by A. From the notation #((41 ® -+ ® A7) - 7)
we also denote by ff the morphism of graded vector spaces
t: LT#(A) — LT#(FC),
AR ® A(\T\)T AR ® A(M)T).

Notice that the operator #((A; ® --- ® A} ) - 7) has ||| = |7| — 1 inputs. Its output can be
computed by drawing a sparse quasi-binary tree 7 and placing Aq,..., A, up to the leaves of 7
and the dX;, on the unique vertex with two children on the i*" generation of 7. Whereas in the
previous section the arguments of the multilinear operators we considered were located on the
leaves, in this section they are located on the faces. Some operations we defined on trees can be

push-forward via f to define a proper unital Banach algebra with involution. We denote these
operations with similar notation as the operations defined over LT# (A).

Definition 4.2 (shuffle product on face-contractions operators). For any m € FC(7) and m’ €
FC(7') we define m i m/ € LT#(FC) and * 1#(rc) (m) on every tuple Xi,..., Xy 4 € A by

(mwm')(X1® - & Xjr|4))

= Y m(X® @ X)) - (X ® @ Xo(rj+r)
sesh(| LI~

*LT#(FC)(m) (X1 QKR XHT”) = *(m( * (X”T”) R ® *(Xl)))

We call W and *LT# (FC) (m) the shuffle product on face-contractions and the involution on face-
contractions.

Proposition 4.3. The triple (LT#(FC), w,*,| - |) is a unital Banach algebra with involution,
i.e., for any pairs of levelled trees T and 7' and operators m € FC(1), m' € FC(7') one has the
properties

*Lr# (roy (M M) = s (roy (M) W x4 ey (M), [m | < ml|m].
Moreover, t is a morphism of unital Banach algebra, i.e., one has the identities

ﬁ(Al®--'®A|T‘TLL|B1®-"®B|T/|7'/) :ﬁ(A1®®A|T|T) LLItt(B1®-"®B|T/|7'/),
f( KLT#(A) (A1®--® AITIT)) = *LT#(FC)ﬁ(Al Q- ® AITIT)

for any Ay,... Ay and By,. .., By of elements in A and 7,7’ in LT.
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Proof. We first prove the morphism property for f. We fix 7, 7/ in LT and adopt the notations
A=A1® - @Ay and B = B ®:--® Bjy. Using the identity (3.13) and the explicit form of
7 W 7’ one has
ATwBr =(A-B)rwr’' = Z (A-B)-o.
std(o1+0)7)=T

std(a|7.|+1~--a‘_r‘+‘7_/‘)ZT/

By evaluating the right-hand side on a generic tuple X = (X7, ... s Xjjr|+|~)> We have

> (4-B)-o(X)

std(o1:0)+)=T
std(0)r |10 4|77 )=T'

= > Ar - Xoqy - Xo(ie) - Al - B Xo(gr+1) - Xo(ir )+ - Byl

std(o1-0)-)=T
St 74170 7)) =T

= > HADXqys s X)) BT Xaqpranys - Xs(rl 1))

seSh(||7(l. I7'1)

= (#(A7) W §(BT))(X).

Thereby obtaining the algebra morphism property for f. Moreover, from the previous identity,
we deduce also the following estimate in terms of the operator norm

Ul + 111D

l#(A7 w BTl < [Sh([I=[l, |7 IDIEAD) 8B = TS -[#(AT) (BT

From this, we deduce by density the Banach algebra property with respect to the norm | - |.
Compatibility of # with respect to the involution *LTH# (A) and FLT# (FC) follows from the definition
of % 7#4) in equation (3.9) and (Fc) Tight above.

In addition, for any m € FC(7), m’ € FC(7') one has

*ir#roy(mWm) (X1 © -+ ® X))
=D xam’ (e (Xsqrliry) @+ ® *a(X(rfn))
S

X xam (x4 (Xgrp)) © -+ @ *4(X1))
= ) (M) (X1 - > Xaqel 1) - *ir# ey (M) (Xsqays -+ X))

= *7#(rc) (M) WX 1 () (M),
where the sums above are taken over s in Sh(||7], ||7|]). [

Remark 4.4. The global face-contraction map f yields a morphism of operads. In the same
way as formula (3.10) introduces an operadic composition on FS. It is also possible to define an
operadic composition, that we denote by the symbol L, on the collection FC of face-contractions
operators,

Fe(n) =P 5 FC(r)

n>0 T7€LT
lITll=n

induced by the canonical operadic structure on End 4, that is

LVoWi@- - @Wy))=Vo(W1®- -0 W,),
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where V' € FC(p), W; € FC(n;), 1 < i < p and the symbol o in the right-hand side of the above
equation stands for functional composition in End 4,

L: LT#(FC)o LT#(FC) — LT#(FC).

We set FC= (]—'C, L,id A)- Notice that with this definition, the map f is a morphism between
the operads F'S and FC, namely, for A;,...,Ap41 € Aand Wy,..., W, € FS

LE(A1 @ ® Aps1) oW1 @ -+~ @ §Wp) = HL(A1 ® - @ Ao (W1 @ - © Wy)).

4.2 Group acting on faces-contractions

From the algebra structure defined on LT#(FC) and the properties the morphism f: LT#(A) —
LT#(FC), we will also introduce a group which plays the same role of G(A) in (3.14) (the group
where the maps stt takes value) at the level of face-contractions.

To achieve this, we first rewrite the vector space LT#(FC) in an equivalent way so that we
can speak of components. Using the identification between permutations and levelled trees
from Proposition 2.1 and the intrinsic product of &, for any levelled tree 7 with ||7|| = n and
o € &) the map which sends §(A4; ® -+ ® Ap7) to §(A1 ® -+ - ® A,07) extends continuously to
a linear map

¢o: FC(1) — FC(oT),
which evaluates on m € FC as
Ge(mM)(Y1 @ ®@Yn) =m(Y-11) @ @ Yoo1()) =m0 (Y1 @+ ®Y)).

Fach map ¢, is continuous and has inverse given by ¢,-1. Combining the action of the maps
{¢o: 0 € &)}, we introduce the map

¢: @ FC(r) > FC(n) @ C(LT,),  ¢:= Y ¢1 97,

TELT TELT
Irl=n Irli=n

and by extension of ¢ to LT#(FC) we obtain a continuous isomorphism

¢: LT#(FC) - @ FC(cn) ® CLT,,
n>0

where for each n > 0, ¢, is the levelled tree represented by the permutation id,. For brevity,
we use the notation LT#(FC)(n) := LT#(FC)(c,). Also, a generic element of the tensor product
FC(n) ® CLT,, will be denoted m7 (we omit the symbol ®) where m € FC(n) and 7 € LT,,.

Definition 4.5. Let X': LT#(FC) — LT#(FC) be an endomorphism of LT#(FC) and 7,7’ €
LT#(FC) a couple of levelled trees. We define the components of X as the set of continuous
linear maps

{X(T’7T), 7 € LT#(FC)}, X', ) FC(|7|)) = FC(||I|),
defined by the relation

X(m)=> ¢ N (X(r,7)(g(m)) ),  meFC(r). (4.1)
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We remark that for any given family {X(7/,7), 7,7" € LT#(FC)} like above formula (4.1)
defines actually a graded endomorphism of LT# (FC). Moreover, for any given graded endomor-
phism X' : LT#(FC) — LT#(FC) the component X' (7', 7) can be computed on any m € FC(||7]|) as

X(r',7)(m) = (¢(X(dr(m)))7,

where (+), is the natural projection on the component associated with 7" as the right factor.
With the notations introduced so far, and omitting conjugation by ¢, fora an operator X €
End(LT#(FC)), one writes

X(mT) = Z x(r', )T

T'eLT

Remark 4.6. The involution *LT# (FC) defined in the previous section induced through ¢ an
involution on P, FC(¢s) ® CLT,, denoted by the same symbol, one has

r# (pe) (MT) = *i7# (re) (M)0(7).
In the next definition, we introduce a specific class of operators.

Definition 4.7. For any integer £k > 1 and Y1,..., Y € A we introduce the operator
Oy, .y,: LT#(FC) — LT#(FC)
defined by the components

m(Xp, .o, Xy, Y1, Ye), i I7ll = |7+ K, 7 C oy

0 otherwise,

CY17--~7Y1€ (7—/7 7—)(m) = {

where m € FC(7) and X3,..., X are elements of A.

Example 4.8. For example, by taking m = §(4; ® A2 ® A3 ® A4 ® Az 2413) € FC(2413) and
Y1,Y2,Y3 € A, from formula (4.1) we deduce

CYl(m) = ﬁ(Al ® Az - Y7 - A3 ® Ay ® As 213),

Cyyyv,(m) = (A1 @ Ay - Y1 - A3 @ Ay - Ya - A5 21),
Cyvyvovs(m) =8(A1- Y1 Ay Yo A3® Ay - Yo - A5 1).

The coefficient Cy, .y, (7',7) depends only the forest 7\7’, for any Y7,...,Y} in A and any
integer k > 1, one has

CY17,,‘7YI€ (O/a Oé) == Cyl,...,yk (6/7 6)7 if O[\O[/ = B\ﬁla O/ - a, B/ C /B (42)
Definition 4.9. We denote by U(FC) the group of triangular algebra morphisms of LT# (FC)
with the identity on the diagonal, i.e.,

U(FC) = {X € Endag (LT#(FQ)): (X —id)(FC(r)) ¢ @D FC(r), 7 € LT}.

T'CT

We denote by C the closure of the linear span of Cy, .y, Yi,...,Yr € A augmented with

id1# rcy and we set Uc(FC) := U(FC)NC.

-----
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Remark 4.10. By construction of U(FC) an endomorphism of LT#(FC) belongs to U(FC) if
and only if

X(r',7) =0 if 7’ is not a subtree of 7, X(r,7) = idrc(r|)>

X(muwm') =X(m)oX(m'), *X(m) = X(*m),

for any m,m’ € LT# (FC).

The triangular property in the definition of U (FC) implies also that U(FC) is a group. Besides,
we note that C is a subalgebra of End(LT#(FC))7 because of the identity

Cay,p 00,8, = OBy, By Ay, A
Therefore we obtain immediately that Ue(FC) is a group,
X(f)=X(r",7): FC(|f| - 1) = FC(nt(f) — 1),

where 7/ C 7 € LT is any pair of levelled trees such that f = 7\7’.

A diagonal of an operator X € U(FC) is the set of entries X(7/,7) where 7/ C 7 are pairs
of levelled trees with fixed forest 7\7’'. Therefore, a forest corresponds to a unique diagonal
of X. From (4.2), an operator X € Ug(FC) may be viewed as a matrix with operators for
coefficients and constant diagonals. We denote by X(f) the common value of the entries of X
on the diagonal corresponding to the forest f,

X(f):=X(",7): FC(If| - 1) = FC(nt(f) — 1),

where 7/ C 7 € LT is any pair of levelled trees such that f = 7\7/. By writing the components
in terms of forests, we can exchange relations between operators in the group U¢(FC).

Proposition 4.11. For any couple X, Y in Uc(FC) and any pair of compatible levelled forests
f,f' €LF, fO f € LF O LF, with the notation (X O Y, f © f') := X(f) o Y(f'), one has

XoY,fofh=Qox,Kfof), fof eLFOLF.

Proof. Let Ay, ..., Az € Aand call o (resp. ¢’) the permutation associated with f? (resp. (f)°).
We use the notation cb, for the right-comb tree associated with the identity permutation id,,.
Next, define s the permutation in &4 by

o srop (k) =1, if the k'™ face of Chae(p))# f# S (reading the faces from left to right) is the ith
face of f,

o spop (k) = | f|| + if the k™ face of f#f’ is the i*! face of f/,

o spop (k) = [IfIl + /'l + i if the k™ face is the i*™ face of chyy(s).

With K(f @ /') = fly) © fy, with |ff]| = [/} and [|[f]| = |||l notice that

f(’l)be/b7 fay =1, SK(fOf) = SfOf-

Note that (X ©Y), f © f’) is non-zero only of pair of forests f © f’ with || f|| = p and ||f’|| = ¢
Pick two such forests f, f’. Pick Uy,..., Unt(f),l € A. Pick X = VXl,...,Xp and ) = Vyl,m’yq two
operators in C and put Z = (Uy, ..., Uns), X1, -+, Xp, Y1,...,Yy). Therefore one has

(XY, fofY#(A1 @ - @ Ajp)) (U, ..., Unp-1)

=Ai 2 )@ 2 e Al

= Vet @ Xst, K(FO f) (A1 @ -+ @ Ajpr)) (Ut -+, Une()—1)- n
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Proposition 4.12. The involution ©: End(LT#(FC)) — End(LT#(FC)) defined on any X €
End(LT#(FC)) by

O(X) := *p#(p) © X o *ropeyy A € End(LT#(FQ)),

restricts to an algebra morphism on Ue(FC).
Proof. Pick X,) € U¢(FC), we have to show that
O(X)o0O()Y) =0(X0)).
Let 7 € LT#(FC) and m € FC(||7]|), one has first
(X 0 V) (k2 (o) (m)O(7)) = Y (X o V)(O(T)\T')(x(m))7’
T'Cl(T)
= 37 (X 0 Y, 6(P\7) it ey (MO

rCr
= @OV OO ey (m)O)
f’CTHI(CTT\T’)
= D (X0, 0(f) ©OT\T\I)) Grpra rey (M)A (),
Fest
where the last equality follows from the simple observation that 6(f\f") = 6(f)\0(f') for any
pair of forests f/ C f. We deduce that

O(X oY) (mr) = Y *iyrre) (X OV, 0(f) ©OT\T\[))(x(m))) ().

T'CT

f/CT\,r/
For any pair of forests f’ C f,

*ir# o) (X @V, 0(F) @ O(F\ ) (x(m))) = *ir#(kc) (X (O(S)) 0 VOF\F')) (x(m)))
= (0(X) 0 OY), f © f)(m)).

Hence,
O(X o Y)(mr) = Y (B(X)DO),f O [)(m)r' =O(X)0O)(mr). u
f'TCE{T’

We now further restrict the group that will support signatures of smooth valued paths. It is
defined by a set of equations on components of an operator in Ue indexed by levelled forests.
To specify these equations, we resort to operations on levelled forests defined in Section 2.1.

Pick a integer n > 1. Let f = (0,¢), 0 € &, ¢ Fo n be a levelled forest with n generations
and nt(f) trees. For any subset I C [nt(f) — 1] of integers we denote by f the levelled forest
obtained by gluing the trees f; in f at positions ¢ € I along their external edges,

I
f = (Ua (Cl, <oy Gy + Cii415--- 7C’ik + cik+17 o 7Cnt(f)+1))'

We set also

=i +1),  1<j<nt(f)—1
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The integers E;-c , 1 <j <nt(f)—1 index spaces between consecutive sparse quasi-binary trees in
the levelled forest f, which can also be considered as faces of f (in addition to the ones delimited
by two consecutive leaves of a tree in f).

Recall also that elements of A are considered as face-contractions operators with 0 input. Pick

mFC(p) a face-contractions operator with arity p, m,...,mg, 1 < g < p other face-contractions
operators and a sequence of integers 1 < 7; < --- < 44 < p. In the definition below, we denote
by

M Oy, ig M1 & -+ - QMg

the operator obtained by composing m; with the i;-h input of m, the remaining inputs are filled
with the identity.

Definition 4.13. We define G(FC) C U¢(FC) as the subset comprising all operators X € Ug(FC)
satisfying for any quadruple

e f alevelled forest,

e an integer 1 < g < nt(f) — 1,

o a face-contractions operator m € LT#(FC) with |f| — 1 inputs,
* a sequence of integers 1 < iy < --- <ig < nt(f),

the relation

X(f)(m) 0iy iy (X1, Xg) = X(fN)(moyr 5 X1.-.., Xy), (4.3)

1177 g

where X1,..., X, € A. In addition, we denote by G,(FC) the subset of self-adjoint operators in
G(FC) for the involution © defined in Proposition 4.12,

G«(FC) :={X € G(FC): B(X) = X}.

Example 4.14. We give a simple example of the condition (4.3). Consider f the forest repre-
sented by (132,(2,1)), a faces contraction operator m with four inputs. Choose i; = 1 (this is
the only possibility). Equation (4.3) is equivalent to

X(f)(m) o1 (X1) = X(132)(m o3 X1).

Remark 4.15. On can restricts m in equation (4.3) to be an operator of the form f(Ay ®
e ® A,) for a certain word Ay,..., A, € A and levelled tree 7. If there exists X such that
foX=Xof and

X() (AL @@ Ajp) = Op([ X ]e) (Ao, - .., Ay)

then (4.3) is automatically satisfied since by evaluation of both sides of (4.3) of Y1, ..., Yo(5)—1—¢
one obtains

Op(XZ)(Z1,. -, Zypy)s

where
(1) Zz{j = Ae{j X Ae,{jﬂ’
(2) ng‘ = Aﬁf_ . }/ij-l—s—j . Agf_ 110 1<s< ij+1 — ij,
z]+5 7,J+s 1J+5
_ f f
(3) Zf;—i—t = Aé;-ﬁ-t—j’ 1<t< Ej — Ej-‘rl'
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Proposition 4.16. The sets G(FC) and G«(FC) are sub-groups of Uc(FC).

Proof. Pick two endomorphisms X and Y in G(FC). Pick f a levelled forest and I = {i; <

- <ig} C [1,nt(f)—1]. We prove that Xo) € G(FC). We already know that X o) € U¢(FC),
hence it will be sufficient to prove (4.3) for X o Y. Pick m € LT#(FC) as in Definition 4.13, one
has

(X o X)(f))(m) oi,...i, =Y XU\ M) oir, iy (Ar)
f'cr
= S XU\ m) oy Ar)
fef R
= > XM f\f) ))(mogf” o (A1)
rcr d 4
Owing to associativity of o, we have 2 A ﬂff, = Kf ®f, e ,E{/CDf. The statement follows by
21 Z ! P
noticing that
!
(N t) fra f={( N P < ) u

4.3 The noncommutative signature of a path

We are now ready to state the main Definition of the notion of the signature of a smooth path
that is adapted to the class of equations (1.1).

Definition 4.17. Pick X: [0,1] — A a smooth path. Let 0 < s < ¢t < 1 be two times. We
define a triangular endomorphism,

Xy LT#(FC) — LT#(FC)

defined, for m € FC(7), a pair of trees 7/ C 7 € LT, Y1,..., Y| € A, by
Xt (N m) (Y1, Yjgy) = /A,fm(ff_l'(yl ® - ® V()1 © dXey ® - @ dXyyp))

for a levelled forest f = (o,c). See Figure 14 for a picture representing the action of X ;.

Figure 14. face-contractions of a levelled forest.

Recall that X;; is defined in equation (3.7).
Theorem 4.18. For any smooth path X the operators Xs; satisfy the following properties:

(1) Xs,t € G(FC),
(2) Xs,t = Xu,t © Xs,u;
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(3) ﬁ © Xs,t - Xs,t © ﬁ
Besides, if X is a self-adjoint trajectory then Xs; is a morphism of x algebras.

Proof. Item (2) is implied by item (3) and the Chen relation for X. By Remark 4.15, (1) is
implied by item (3). Item (3) follows by direct computations. [

The above proposition implies that the endomorphism X ; is characterized by its values on
the levelled trees. Partial contractions appear thus as technical proxies required to write in
a compact form the Chen relation for the operators X,;. However, this gives no additional
information on the small-scale behaviour of X. This is compliant with the simple observation
that expansion of a solution of an equation in the class (1.2) does only involve full contraction,

Lk: .A®k > (Al K& Ak‘) — LAl,...,Ak

is well-defined and continuous. We call C the closure for the operator norm of the direct sum of
the ranges of the operators L*.

A Appendix

We recall some definitions from the theory of operads and more generally, we underline here
the categorical notions we use in this work. The reader will find below, among other things,
definitons of collections, operads, bi-collections and PROs. All of concepts are standard in the
algebraic literature, see, e.g., the monographs [1, 14], but not very known among non-algebraists.
Hence the need of this small appendix. For further details we refer to [5, 21].

At the base of these definitions above lies the concept of monoidal category. In loose words, it
is a category C = (Ob(C), Mor(C))) equipped with an operation ¢ and a unity element I € Ob(C).
The operation e associates to any couple of objects A, B € Ob(C) an object Ae B € Ob(C) and
to any couple of morphisms f: A — A’, g: B — B’ a morphism feg: AeB — A’eB’ in
a functorial way. In order that (C, e,I) is a monoidal category, the operation e must satisfy
two main properties, which emulate the tensor product operation on finite-dimensional vector
spaces:

1. (Associativity constraints) for any triple of objects A, B, C' € Ob(C) one has that the object
(AeB)e( is isomorphic to Ae(Be(C) in a functorial way, that is there exists a natural
isomorphism between the two functors e o (id x o) and e o (e x id).

2. (Unitality constraints) for any object A € Ob(C) the objects AeI and Ie A are (naturaly)
isomorphic to A.

The prototypical example is the category of finite-dimensional vector spaces with monoidal
product given by the tensor product of vector spaces ®. Another example is the category Set,
the category of all sets with functions between sets as morphisms, with monoidal product given
by the cartesian product of sets.! Of interest in the present work is the 2-monoidal category of
collections and bicollections that we now define.

A monoid in a monoidal category is a categorical abstraction of a binary product on a set.

Definition A.1 (monoid). A monoid in a monoidal category (C,e, 1) is a triple (C, p,n) with
C €O0Ob(C), p: CeC — C, n: I — C meeting the constraints

(1) po(peid)=po(idep),
(2) po(neid) =id.

!This monoidal category is particular in the sense that the monoidal product coincides with the categorical
product. Such categories are called cartesian monoidal.
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Definition A.2 (comonoid). A comonoid in a monoidal category (C,e,I) is a triple (C, A, ¢)
with C' € Ob(C), A: C — C e C, e: C — I meeting the constraints:

(1) (Aeid)o A= (ideA)o A,
(2) (eeid)o A= (idec)oA.

Definition A.3. We call a (reduced) collection P a sequence of complex vector spaces?

{P(n)}n>1. A morphism between two collections P, @ is a sequence of linear maps {¢(n)}n>1
with ¢(n): P(n) — Q(n), n > 0. For any couple of morphisms between collections we define the
composition of morphisms by composing each component. We denote the category of collections
by Coll.

The category Coll has a natural monoidal structure ® over it: for any couple of collections P
and ) and morphisms f, g we define

(PoQ)m):= P PEeQm)o: - Q)

k>1
ni+--+ng=n

(fogmn) = B fkegm)e---ogn).
k>1
ni+--+ng=n

Denoting by Cg the collection

(C@:{C ifn=1,

0 otherwise,

it is straightforward to check that the triple (Coll, ®,Cg) is a monoidal category. If the vectors
spaces of the collections P and ) above are Banach algebras, then we might use in place of
the algebraic tensor product ® the projective one . An operad is a monoid in the monoidal
category (Coll, ®,Cp):

Definition A.4. A non-symmetric operad (or simply an operad) is a monoid in the monoidal
category (Coll, ®,Cg), i.e., a triple (P, p,np) of the following objects

PeOb(Col), p: POP—P, np: Co— P,
satisfying the properties (p @ idp)op = (idp ® p)op and (np @ idp) op = (idp ©®np) o p = idp.

We keep the notation ® for the monoidal operation. It is common in the literature to denote
the morphism p by o, i.e., for every k > 1, p € P(k) and ¢; € Q(n;) fori =1,...,k,

po(i® - Qqn)i=pni+--+np) (PR q1- D qx).

Moreover, for any 1 < ¢ < k and ¢; € Q(n;) we use also the notation o; to denote partial
composition

po;q:=po (77p(1)(1)®i71 ®q® 77p(1)(1)®k7i),

where np(1): C — P(1). Since the maps p(n),>1 carry multiple inputs and give back one
output, it is common in the literature to call them many-to-one operators. A classical example

2The original definition involves vector spaces over a generic field but we consider only complex vector spaces,
in accordance with the structures presented so far.
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to understand this definition is given by the endomorphism operad Endy of a complex vector
space V with elements

Endy (n) = Homvect (VE", V), n>1, NEndy (1)(1) = idy,
and operadic composition

fo(fi® @ fi)(v1® - @vy) = f(fi(v1 @ - @vn,), -, fe(Unonps1 @+ @ vy)),

where n = nj + - -+ + ng. In fact, it is possible to generalise the notion of an operad to model
composition between many-to-many operators, that is operators with multiple in- and outputs.
This leads us to define the category of bicollections.

Definition A.5. We call a bicollection a two parameters family of complex vector spaces
P = {P(n,m)}nm>0.

A morphism between two bicollections P, @ is a sequence of linear maps {¢(n, m)}n m>0 with
o(n,m): P(n,m) — Q(n,m). For any couple of morphisms between bicollections we define the
composition of morphisms by composing each component. We denote the category of bicollec-
tions by Colls.

The category of bicollections is endowed with two compatible monoidal structures.

Definition A.6. For any couple of bicollections P and ) and morphisms f, g we define the
horizontal tensor product © as follows:

(P@ Q)(nv m) = @ P(nlaml) ® Q(n2>m2)a

ni+no=n
mi1+mo=m

Fegmm) = @ fom)egnsm)
ni1+ngs=n
mi+mo=m
together with the horizontal unity
C ifn=m=0,

0 otherwise.

Cs =Cs(m,n) = {

We define also the vertical tensor product ©

(POQ)(m,n): @Pmk ® Q(k,n),

k=0

(f ©9)(n,m): @fm k) @ g(k,n)

k=0
together with the vertical unity

C if n=m,

0 otherwise.

Cop =Cqp(m,n) = {

We refer to the triple (Collz, ©,Cg) and (Colly, ©,Cq) respectively as the category of horizontal
bicollections and the wvertical bicollections.
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Lemma A.7. (Colly,©,Cg) and (Colly, ©,Cq) are monoidal categories.
Proof. This is simple computations, based on the fact that (Vectc, ®,C) is monoidal. |

Remark A.8. We point at some core differences and similarities between the tensor product
of vector spaces, and the two tensor products we defined on bicollections.

If V and W are two vector spaces, there exists an isomorphism of vector spaces Sy : V ®
W — W®V. The set {S{? w VW e Vect(c} defines a natural transformation, called a symmetry
constraint. for any V' and W are bicollections The horizontal tensor product is symmetric with
symmetry constraint given by S{?’ w- Nevertheless, the vertical tensor product @ does not have
such symmetry constraints, though we constructed such one but for the monoid generated by
the bicollection LF in (2.1). Another important property related to the vertical and horizontal
tensor product is the closedness. A category C is said closed if for all objects A, B € Ob(C) the
set of morphisms Hom¢ (A, B) is an object of C. A monoidal category (C,e,I) is said a closed
monoidal category if it is closed and the following compatibility holds: for all objects A, B, C
in Ob(C)

Home (A, home(B,C)) =2 Home(A e B,C),

with the isomorphism being natural in all three arguments. The category of finite-dimensional
vector spaces with the usual tensor product is closed monoidal, owing to the fact that the set
of linear maps between vector spaces is again a vector space and then using usual identifica-
tion of bilinear maps with linear maps on the tensor product. Now, neither (Colly,©,Cg) nor
(Colly, ©,Cq) are closed monoidal. Indeed, they are not even closed, since there is no canonical
bigrading on the set of morphisms.

There exists a functor from the category of collections to the category of bicollections, that is
the free horizontal monoid functor T: Coll — Colls, adjoint to the forgetful functor associating
to a monoid (P,v,n) for the horizontal tensor product & the collection (P(1,n))p>1.

Definition A.9. Let P = (P,),>1 be a collection, we define the bicollection T'(P) by

T(P)(mvn): @ Pk’1®"'®Pk’mv

when n > 1 and m > 1 and the condition ki + --- + k,,, = n is satisfied for some integer
ki,...,kmn > 1. Moreover, we set T'(P)(0,0) = C and T(P)(m,n) = 0 otherwise.

Proposition A.10. Let C;, 1 < i < 4 be four bicollections, then there exists an explicit mor-
phism

RC’1,C2,CS,C4: (CI ) 02) © (03 O 04) — (Cl S 03) O (02 s 04).

We call Rc, c,,c5,0, the exchange law. Besides, if the bicollections Co and Cy are equal and in
the image of F, one has

(C10T(C) e (C20T(C)) ~(C1oC) T(C).

The family of morphisms {R¢,.c,,c5,c4, Ci € Colla} defines a natural transformation (which
is, in general, not an isomorphism) between the functors ©o® x © and ® o0& x ©. In particular,
for any quadruplet of morphisms f;: C; — D;, 1 <14 < 4, one has the commutative diagram (see
Figure 15). We denote by Alg,, (resp. CoAlg,,) the category of all monoids (resp. comonoids) in
(Collg,8,Cg), Algg (resp. CoAlgg the category of monoids (resp. comonoids) in (Collg, &, Cg).
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(f10f2)o(f3Df4)
(Cr0C2) & (C30Cy) —— (D1 © D2) © (D3 Dy)

chl,CQ,c3,c4 \LRDl,DQ,Dg,DAL

(C160C3)0(Ca6Cy) —— (D16 D3)® (D2 & Dy)
(f10£3)D(f20f4)

Figure 15. R is a natural transformation.

Proposition A.11 ([1, Proposition 6.35]). The category (Algs, ®,Cgq) is a monoidal category.
Indeed for any couple of horizontal algebra (A, mg, 77,4) and (B, mg, 77]3) , the product mA®B . AQ
B — AQ® B is defined

ADB A B
7719G> = (med)m@) o RAB.A,B, naoB = 1A O 1B-
Moreover, the bicollection Cqy is a an horizontal monoid

mgz C@@C@%C@, 7’](]@) C@%C@,

which are respectively a horizontal algebra and a horizontal unity.
The category (CoAlgy,©,Cq) is a monoidal category. Indeed for any couple of wvertical
comonoid (A,mé, TIA) and (B,mg,ng), the product A*®B: A — A S B is defined

AgG)B = RapapoljoAl NaoB = NA O NB-
Moreover, the bicollection Cqy is a an horizontal monoid

mgz C@@C@%C@, 7’](]@) C6_>CCD7
which are respectively a horizontal algebra and a horizontal unity.

Definition A.12. We call PROS a monoid in the monoidal category (Algs, ®,Cgq). That is an
horizontal monoid (C’, mg, ng ), endowed with a couple of bicollections morphisms

m$: coC—0C, 15 Cp— C,

defining a vertical monoidal structure on C. In addition, these morphisms are horizontal mor-
phisms.

We recall that the same structure takes also the name of double monoid in the literature,
see, e.g., [1].
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