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Abstract. In this paper, we present a method of symplectic double extensions for restricted
quasi-Frobenius Lie superalgebras. Certain cocycles in the restricted cohomology represent
obstructions to symplectic double extension, which we fully describe. We found a necessary
condition for which a restricted quasi-Frobenius Lie superalgebras is a symplectic double
extension of a smaller restricted Lie superalgebra. The constructions are illustrated with
a few examples.
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1 Introduction

A Lie group G is called symplectic if it has a left-invariant closed 2-form whose rank is equal
to dim(G). In this case, g = Lie(G) would be a quasi-Frobenius Lie algebra. Specifically, there
exists w € Z%(g) such that w is non-degenerate, see Section 2.4 for more details. Symplectic
Lie groups include, for example, abelian groups of even dimension and the group of affine
transformations of K", for n > 1, where K =R or C, see [4, 34].

Medina and Revoy classified symplectic nilpotent groups by their Lie algebras in [34]. Sym-
plectic double extensions were introduced in their work, and they showed that each nilpotent
quasi-Frobenius Lie algebra can be obtained by a sequence of symplectic double extensions
from the trivial Lie algebra. As a group, (G,w) is a double extension of the group (H,),
meaning (H, ) is a Marsden—Weinstein reduced manifold of (G,w). Therefore, symplectic nil-
manifolds can be obtained by symplectic double extensions.

The notion of symplectic double extension is the symplectic analog to the notion of double
extension studied earlier in [24, 33] when the bilinear form is non-degenerate, invariant and
symmetric (abbreviated NIS in [12]). In contrast to usual double extensions, there are some
cohomological obstructions to carry out symplectic double extensions, as discussed in [34].

The construction was later generalized to arbitrary symplectic Lie groups by Dardié and
Medina [17]. They showed that such groups can be described in terms of semi-direct products
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of Lie groups or symplectic reduction and principal fiber bundles with affine fiber. Furthermore,
they showed that each group obtained by this process carries an invariant Lagrangian foliation
such that the affine structure defined by the symplectic form over each leaf is complete with
respect to the affine structure deduced from that of the symplectic group.

In [17], several examples of symplectic double extensions were provided. In particular, sym-
plectic Lie groups containing a closed normal subgroup of codimension 1 that is either the
abelian group or the Heisenberg group are obtained through the process of symplectic double
extension.

The structure theory of symplectic Lie groups was further studied in depth by Baues and
Cortés in [4]. In their work, they introduced the concepts of symplectic reduction and symplectic
oxidation. Basically, these two notions reverse each other, and the notion of symplectic oxida-
tion is close to the notion of generalized double extensions (compare [4, Section 2.3] and [17,
Théoréme 2.7]). It was shown that every symplectic Lie group admits a sequence of subsequent
symplectic reductions leading to a unique irreducible symplectic Lie group (referred to as the
symplectic basis). Such a result was described in [4] as a Jordan—-Hélder type uniqueness theo-
rem. In the Lie algebra context, symplectic reduction is associated with the study of a reduction
with respect to isotropic ideals. Further, it was shown that the isomorphism class of the simply
connected symplectic basis is independent of the chosen reduction sequence. Another remark-
able result of [4] is that all symplectic Lie groups of dimension less than or equal to 6 have
a Lagrangian subgroup; moreover, there is an eight-dimensional symplectic Lie group without
a Lagrangian subgroup.

In [5], Bazzoni et al. introduced the notion of complex symplectic oxidation, and obtained
certain complex symplectic Lie algebras of dimension 4n + 4 from those of dimension 4n. The
method has been used to describe all nilpotent complex symplectic Lie algebras in eight dimen-
sions.

Recently, Bajo and Benayadi in [3], generalized the idea of symplectic double extensions
studied in [16] even when the center is trivial in the case of an abelian para-Kéhler Lie algebra g
which is automatically solvable. They also showed that such a Lie algebra can be obtained by
a sequence of generalized double extensions from the affine Lie algebra. In fact, the case where g
is solvable but not necessarily abelian para-Kéahler has not yet been solved.

It is shown in [14] that these results can be superized for Lie superalgebras. In this case, there
are four cases to consider: either the bilinear form or the derivation can be even or odd. It was
also shown in [14] that Filiform Lie superalgebras are quasi-Frobenius, and the 4-dimensional
quasi-Frobenius Lie superalgebras are classified based on Backhouse’s classification [2]. As far
as we know, nothing has been done about supergroups.

Lie groups and Lie algebras play an important role in geometry, they provide relevant exam-
ples of manifolds and an algebraic characterization of some structures.

1.1 Restricted Lie superalgebras and double extensions

As far as we know, Jacobson introduced the concept of a restricted Lie algebra [30]. Roughly
speaking, one requires the existence of an endomorphism on the modular Lie algebra that re-
sembles the p-th power mapping x — P in associative algebras. Lie algebras associated with
algebraic groups over fields with positive characteristic are restricted, and this class resembles
the characteristic 0 case, see [38, 40]. Superization of the notion of restrictedness was studied by
several authors, see, for example, [12, 23, 36, 37, 41, 42, 43, 44] and especially [13], where new
phenomena were observed in characteristic 2. The restrictedness of simple (and close to simple)
Lie superalgebras with Cartan matrices was fully studied in [15].

Cohomology theory for restricted Lie algebras was introduced by Hochschild [29]. While
higher order cohomology is difficult to calculate, it can be calculated at lower order, see [22]. An
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attempt of a superization of the restricted cohomology was given in [43]. These constructions
will be used in this paper to describe some restricted cocycles and their triviality.

The double extensions of Lie superalgebras equipped with a NIS (also called quadratic Lie
superalgebra) was initiated in [6], then followed by a series of papers refining the results, see [7]
and references therein. Among the best known examples are the affine Kac—-Moody algebras,
which are double extensions of loop algebras. In the supersetting, the challenge is to prove that
every Lie superalgebra with a NIS is a double extension of a smaller Lie superalgebra, since
the Levi decomposition does not hold for Lie superalgebras. Moreover, the double extension of
modular Lie superalgebras in characteristic 2 requires new features as demonstrated in [8, 9].
The double extension of restricted Lie superalgebras equipped with NIS was studied recently
in [10], and several examples, mainly Lie superalgebras with Cartan matrices, were studied
based on [12, 15]. This paper is the ‘symplectic’ analog of the paper [10]. Here, we construct
double extensions for restricted quasi-Frobenius Lie superalgebras, and find necessary conditions
for the double extension to be restricted too. The main novelty here is that the obstructions
to carrying out symplectic double extensions are captured by the restricted cohomology, in
contrast to the ‘non-restricted’ case, where the obstructions are captured by the Chevalley—
Filenberg cohomology, see Theorems 3.1, 3.4, 4.1, and 4.3. With only 1-cocycles or 2-cocycles
to deal with, the restricted cohomology will be quite manageable.

This is how the paper is structured. Basic concepts of restricted Lie superalgebras, cohomol-
ogy of restricted Lie superalgebras, and quasi-Frobenius structures are discussed in Section 2.
To make the paper self-contained, we have recalled some concepts, even though they are well-
known. Sections 3 and 4 is devoted to the construction of symplectic double extensions. The
main results are given in Theorems 3.1, 3.4, 4.1, and 4.3. The converse of these theorems are
given by Theorems 3.2, 3.5, 4.2 and 4.4. In Section 5, we provide a few examples of symplectic
double extensions, borrowed from [14, 27].

2 Restricted Lie superalgebras and restricted cohomology

Hereafter, K is an arbitrary field of characteristic char(K) = p > 2. We refer to [40] for
a thorough study of restricted Lie algebras.
2.1 Restricted Lie algebras

Let a be a finite-dimensional modular Lie algebra over K. Following [30, 40], a map [p]: a — a,
a — alP! is called a p-structure of a and a is said to be restricted if

ad, ;) = (adg)? for all a € a,

(aa)lP! = aPalP! for all @ € a and a € K,
(a + b)P = alPl 4 plPl 4 Z si(a,b),
1<i<p-1

where the s;(a,b) can be obtained from
(adpats)? ' (a) = Z isi(a, )AL,
1<i<p-1

To investigate p-structures on a Lie algebra, it is useful to use the following theorem, due to
Jacobson.

Theorem 2.1 ([30]). Let (ej)jes be a basis of a such that there are f;€ a satisfying (ade, )’ =ady, .
Then, there exists exactly one [p|-map [p]: a — a such that

egp] =f for all j € J.
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In the sequel, we will need the following lemma.

Lemma 2.2. The following equality holds
1

sab)= 3 ﬂ(la)[xl,[:@,[...,[xp_l,xp]...m,

p

%

1 rp=a orb
zp_1=b, zp=a

where w{a} stands for the number of terms xy, equal to a.

Proof. One can check, by expanding the expression (adyqis)? *(a) and noticing that [Aa +
b,a] = [b,a], that the coefficient of \i~1 is given by

S fan e[ w2, [bra]] -l (2.1)

zrp=a or b
f{k, zp=a}=i—1

The expression (2.1) contains ¢ variables “a”, so i = card{k, x;, = a} + 1. It follows that

s@h= Y el bl )

rp=a or b
card{k, zp=a}=i—1

1
= E 7[1;’[1'7[,,,’[1'[),,[b,a“...”].
d{a:kk:azor}b:,71 m{a} 15 [42 2

Therefore,
p—1 p—1 1
sia, ) =Y ) @[m,[xQ,[...,[xp_z,[b,a]]...]]]
i=1 i=1 xp=aorb

card{k, zp=a}=i

= W{la}[xl,[m,[...,[xp_l,x,,]...m. "

zrp=a or b
zp—l:bv Tp=a

Let a be a restricted Lie algebra. An a-module M is called restricted if

a---a-m=a?-m for all @ € a and any m € M.

p times

2.2 Restricted Lie superalgebras

Let a = ag @ a7 be a finite-dimensional Lie superalgebra defined over a field of characteris-
tic p > 2. Since [a,]a,a]] = 0, for all a € aj, does not follow from the Jacobi identity for
p = 3, we require it as part of our definition. In [10], we presented two examples of superal-
gebras for which [a, [a,a]] # 0, where a € aj, constructed by means of double extensions, and
we called them pre-Lie superalgebras. We denote the parity of a given non-zero homogeneous
element a € a by |a|.

Following [36], we say that a has a p|2p-structure if ag is a restricted Lie algebra and

ad,p (b) = (adg)? (D) for all @ € a5 and b € a.

Recall that the bracket of two odd elements of the Lie superalgebra is polarization of squar-
ing a — a? (namely, [a,b] = (a +b)%? —a® — b2). We set

[p]

[2p]: a7 — ag, a (a?) for any a € ay.

The pair (a, [p|2p]) is referred to as a restricted Lie superalgebra.
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For p = 2, there are several notions of restrictedness, see [13]. We do not consider them in
this paper.
The following theorem is a straightforward superization of Jacobson’s Theorem 2.1.

Theorem 2.3. Let (ej)jes be a basis of ag, let the elements f; € ag be such that (ad;)? = ady, .
Then, there exists exactly one [p|2p|-mapping [p|2p]: a — a such that

ej[.p] = fj for all 5 € J.

Additionally, Lemma 2.2 is also valid for restricted Lie superalgebras.
A homogeneous ideal I = I3 & I of a is called a p-ideal if it is closed under the [p|2p]-map;
namely

al?l e I for all a € Ij.
As ol = (a2)[p], for all a € a3, this would imply that
a?! e I for all a € a5.
Let a be a restricted Lie superalgebra. An a-module M is called restricted if

a---a-m=a?.m for all a € ag and m € M.
——

p times
Consequently,

a---a -m=a?.m for all a € a and m € M.
—

2p times

2.3 Restricted cohomology for restricted Lie superalgebras

Hochschild introduced restricted cohomology [29]. By defining the restricted cohomology groups
of restricted Lie algebras with the restricted universal enveloping algebra introduced by Jacob-
son [30], Hochschild was able to establish a connection to the ordinary Chevalley—FEilenberg
cohomology of Lie algebras with a six-term exact sequence [29]. Contributions were also made
by May [32]. Hochschild’s definition is not practical for computation, however. Fuchs and Evans
addressed this issue by providing a new free resolution of the ground field in terms of modules
over the restricted enveloping algebra. Cohomology groups can be built up to order p if the
restricted Lie algebra is abelian using this approach, which only allows them to describe the
first and second restricted cohomology groups in the non-abelian case due to the Lie bracket
and non-linearity of the [p]-map [22]. This cohomology was computed explicitly and further
examined by Evans and Fialowski, see [20, 21] and references therein. The superization of the
restricted cohomology of Lie algebras was given in [43]. In this section, we review the basic
concepts that are only required for our construction.

Let a be a restricted Lie superalgebra, and let M be a restricted a-module. Let us review the
Chevalley—Eilenberg cohomology for Lie superalgebras, see [11] for more details.

Let us define the space of cochains Ciy(a; M) in the Chevalley-Eilenberg cohomology. For
n =0, we put CQg(a; M) := M. For n > 0, the space of cochains C&(a; M) is the space of
n-linear super anti-symmetric maps. The differential is given as follows:

s (m)(z) = (=)™l m for any m € M and z € q,
dip (o) (1, ... Tn) = Z(_l)(lzj|(|a:i+1\+~--+le—1|)+j

1<j
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X Q(x1, .., i1, [T, ), Tig1 - Ty, Ty)

+ Y (Dot tlesa Dby o, F )
J

for any ¢ € Cg]fll(a; M) with n > 0, and x1,...,2, € a.
Let ¢ € C%E(a; M) and 0: agp — M be two maps. We say that 6 has the x-property with
respect to o if

0(da) = 6%6(a), for all § € K and a € qag,
6(a +b) = 0(a) + 0(b)

p—2
+ Z 1 Z(—l)kfﬂp---fﬂp—ﬂl@([[--- [x1,$2]7$3] "'7:Ep—k—l]7$p—k),
Ml &

z;=a or b
r1=a, vo=b

with a,b € ag, and 7{a} stands for the number of factors z; that are equal to a.
We are ready now to define the space of restricted cochains as

Cy(a; M) := Cgg(a; M),
C%(a; M) := {(¢,0), p € C%u(a; M), 6: ag — M has the *-property w.r.t. ¢}

An element ¢ € C!(a; M) induces a map
Ind(p): a — M,
T — gp(x[p}) — 2P p(z).
An element (o; 8) € C%(a, M) induces a map

IndZ(a,B): ag X ag — M,

J terms

(a,0) — afa,bP) — Y (—1)a([[...[a,b],...],],b) + aB(b).

i+j=p—1
A restricted 2-cocycle is an element (a; 3) € C2(a; M) such that

(dEpa, Ind*(a, B)) = (0,0).

We denote by Z2(a; M) the space of restricted 2-cocycles.
An even restricted 2-coboundary is an element (a;3) € C2?(a; M) such that there exists
o € CH(a; M) = Clg(a; M) for which
ala,b) = ¢([a,b]) — ap(b) + bp(a) for all a,b € a;
Bla) = go(a[p]) — ap_lcp(a) for all a € ag.

We denote by B2(a; M) the space of restricted 2-coboundaries.

2.4 Quasi-Frobenius Lie superalgebras

As far as we know, the notion of quasi-Frobenius Lie algebra is due to Seligman. Those Lie
algebras have been introduced to answer a question raised by Jacobson: If a is finite-dimensional,
what conditions one can put on a in order the enveloping algebra U(a) admits an exact simple
module? The answer to this question was settled by Ooms in [35].



Symplectic Double Extensions for Restricted Quasi-Frobenius Lie (Super)Algebras 7

Several authors refer to quasi-Frobenius Lie algebras as symplectic Lie algebras, see [1, 4, 5,

16, 17, 19, 26, 28, 34].

The superization of this notion is immediate. We have preferred to retain the term ‘quasi-
Frobenius’ in the super setting.

Following [3, 14], a Lie superalgebra a is called quasi-Frobenius if it is equipped with a 2-
cocycle w € Z%E(a; K) such that w is a non-degenerate bilinear form. Explicitly, for all a,b € a
we have

(=1)'lw(a, [b,]) + (1)l (e, [a, 8]) + (1) w (b, ¢, a]) = 0.

We denote such an algebra by (a,w). For a list of quasi-Frobenius Lie superalgebras, see [14].

In the case where w € B?(a,KK), the Lie superalgebra a is called a Frobenius Lie superalgebra.

Recall that a bilinear form w is called even (resp, odd) if w(ag, a7) = w(ag, a5) = 0 (resp. if
w(ag, a5) = w(ag,a;) = 0).

Recall that an even (resp. odd) non-degenerate bilinear form is called orthosymplectic (resp.
periplectic). This leads us to the following definition:

A quasi-Frobenius Lie superalgebra (a,w) is called orthosymplectic quasi-Frobenius (resp.
periplectic quasi-Frobenius) if the form w is even (resp. odd) on a.

Let (a,w) be a quasi-Frobenius Lie superalgebra and let S C a be a subspace. The orthogonal
of S'in (a,w) is

St ={vealwww) =0 foral we S}.

The subspace S is called non-degenerate if S NS+ = {0}. It is called isotropic if S C S*.
A maximal isotropic subspace is called Lagrangian if it satisfies S = S+.

If I is an ideal of a, then I is an ideal if and only if I+ C Z,(I), where Z,(I) stands for the
centralizer of I in a (see [14, Lemma 2.4]).

2.5 The adjoint of a derivation

Consider a linear map 2 € End(a) = End(a); @ End(a);. The map & is called a derivation of a
if it satisfies the following condition:

P([a,b)) = [Z(a),b] + (—=D)!?ll[a, 2(b)]  for all a,b € a;, where i =0, 1.

Let us denote by der(a) the space of all derivations on a.
To each derivation 2 € der(a) one can assign a unique linear map Z* with respect to the
non-degenerate form w, called the adjoint of &, that satisfies the following condition:

w(Z(a),b) = (=)l (a, 2% (b)).

By construction of %, it is easy to see that 2* is a derivation as well.
Let us assume now that a is restricted. A derivation Z € det(a) is called restricted if

2(a?) = (ad,)?"1(2(a))  for all a € a.
Consequently, we have
@(app]) = (ad2)P™! (9(@2)) for all a € ag.

The space of restricted derivations is denoted by det?(a). Outer restricted derivations of nilpotent
restricted Lie algebras has been investigated in [25].

Following [10], a derivation Z € Oetg(a) has p-property if there exist v € K and ag € ag such
that

PP =7D +adey,  D(ag) = 0. (2.2)

For a list of outer derivations satisfying the p-property, see [10].
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2.6 A few useful cocycles

Let (a,w) be a restricted quasi-Frobenius Lie superalgebra, and let & be a derivation on a.
Lemma 2.4. Let us define the map

C: aha—=K,  (a,0) = w((Z+2%)(a),b) =w(P(a),b) + (1) w(a, 2(b)). (2.3)
Then C € Z2x(a;K). Moreover, if 2 is inner, then C € Big(a; K).
Proof. Using the fact that w is a 2-cocycle, we get

o (~DC(a, b d) = O (=11 w(@(a), b, c]) + (=1 1(a, [2(b), ])

a,b,c a,b,c
+ (_1)|9Ha|+\@||blw(a, [b, @(c)]))
= o (=)7@ldy(a), b,cd)+ O (=1)lw(a, [2(b), )

2(a),b,c a,2(b),c
+ 0 (=1)PTDy(a, b, 2(c)]) = 0.
a,b,%(c)

Suppose now that & is inner; namely, ¥ = adx, for some X € a. Using the fact that w is closed,
a direct computation shows that

C(a,b) = w(X,a,b]). [ |

The following definition is essential to us. Denote by of(a,b) the expression that appears in the
following equation:

(2 + ) (pa+b), (adfy )’ (@) = Y iof(abu’. (2.4)

1<i<p-1
o If p =2, then o¥(a,b) = w((Z2 + 2%)(b), a).
o If p =3, then o¥(a,b) = w((Z + 2%)(b), [b,a]) and c§(a,b) = 2w((Z2 + 2*)(a), b, a]).
e If p is any prime, then o{(a,b) = w((Z + 2%)(b), (ad})P~%(a)).
We will need the following lemmas.
Lemma 2.5.
(1) For all a,b € ag, we have

Sg(a b)_ 3?(@,())4—0’?(@,[))1’ Zf"@’+|w‘ :6,
e s%(a,b) if |2]+ |w| = 1.

(13) For every a,b € ag, we have

o3(2(a),a) = w((Z + 7%)(a), (ad®)?? 0 2(a)),
o$(la,b),a) = w((Z + Z*)(a), (adS)" "' (b)).

Proof. For part (i), since

(ad%,,)" ' (a) = (ad%, )" (@) +w((Z + Z")(ua +b), (ads, )" 2 (a)),

the result follows immediately. Part (ii) follows from the very definition of ¢ given in equa-
tion (2.4), by taking p = 0 and choose a and b appropriately. |
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Lemma 2.6. For all a,b € a5, we have

p—1
> alab) = ) @W(@Jr@*)(xl),[m[---,[wp1»ﬂfp]a---]a]a)-
i=1

rp=a orb
zp_1=b, rp=a

Proof. Similar to that of Lemma 2.2. [ |

We are now ready to introduce another map P satisfying certain conditions. The goal here
is to construct a 2-cocycle (C,P) € Z2(a;K), as we have already shown in Lemma 2.4 that
C e Z%E(a;K).This construction will be used on Section 3 when we study symplectic double
extensions. Let us define a map

P: a5 — K, a— P(a) (2.5)
satisfying the two conditions

P(da) = 0P P(a) for all @ € a5 and 6 € F, (2.6)

Pla+1b) = b) + Zg a,b)  forall a,b € ag. (2.7)

Lemma 2.7. The map P has the x-property with respect to the 2-cochain C defined as in
equation (2.3).

Proof. Using Lemma 2.6, it is enough to show that (for all a,b € ag)

w((Z + 77) (1), [w2, [ [2p-1, 2pla - - Jala)

Y (Dfap . ap j10(Z 4+ 27N ([ [on,wal @3] @y k1a)s Tpok)-

Equivalently,

p—1
S otab)= 3 W{la}w((%@*)(xn,m,[xs,[...,[b,a1a...1a1a>
=1

rp=a or b
= > w((Z + 77)(a1), [w2, [23, [, [b; ala - - Jaala)
rp=a or b W{a}
= Z w(Z + Z%)(xp), [xp-1, [wp—2,[-- -, [b:a]a- - - Jala]a)
rp=a or b 7'('{ }
—(-1r2 W{la}w((% T)@p), [l - [0, Blas 2las - Tp1)a)
zrp=a or b

([l oo 3o (94 7))

= Z 7T{1a}w((.@ + 7). - - [a,blas 230, - - -, Tp—1]a), Tp)
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1
B Z 7ra}x

{Ei::a or:bb
p—2
Z(—l)ka:p oo T 1w(Z+ ) - - (21, 22]as 23]a - - - Tp—k—1]a), Tp—k)
k=1
D D (R (SR N R RS}
r;=a or b

xr1=a, xo=b

The last equality holds as every term in the inner sum Zz;? vanishes, since K is a trivial
a-module. |

Proposition 2.8. Let C' be defined as in (2.3), and P defines as in (2.5). The 2-cochain
(C, P) € C?(a;K) is a restricted 2-cocycle if and only if

w((2 + 2%) (W, a) = w((2 + 27) (b),ad? " (a)) for all a,b € a.

Proof. We have already proved in Lemma 2.4 that C' € Z%E(a; K), and that P satisfies the
s-property with respect to C' in Lemma 2.7. It remains to check that Ind?(C, P)(a,b) = 0, for
every a,b € ag. Indeed,

j terms

Ind?*(C, P)(a,b) = C(a,bP) — >~ (=1)v°C([[...[a,b],...],b],b) + aP(b)
i+j=p—1
p—1 terms

= C(a, o) — C([...[a,b],...],0],b)

p—1 terms
=w((Z2+2)(a),b") —w((2 + 2°)(...[a,b],...],0],b)
= —w((2+2°) ("), a) + w(2Z + 27)(b),ad " (a)). |

3 Restricted orthosymplectic double extensions

3.1 Ys-extensions

Let (a,wq) be a restricted orthosymplectic quasi-Frobenius Lie superalgebra, and let 2 € Detg (a)
be a restricted derivation.

Consider the map P: a5 — K defined as in (2.5) and satisfying the conditions (2.6) and (2.7).
We have shown in Lemma 2.7 that P has the x-property with respect to the cocycle C' given
by (2.3).

Consider now the following two maps

Q: aNa— K (a,b) = wa(ZP o D(a)+ 22" 0o D(a) + Z* o D™ (a) + N(Z + Z7)(a),b),

T: a5= K, a—w((Z+ 2% (a), (ad®)? *(2(a))) + AP(a).
Let us suppose that 7T satisfies the *-property with respect to Q; and that (2, T) is in B2(a; K).
Let us write (2,7) = (dlcE(X),indl(X)) for some x € C}(a;K); namely, Q(a,b) = x([a,bla) for

every a,b € a and T'(a) = x(al?)) for every a € ag. Since w, is non-degenerate, there exists Zqg € a
such that

Q(a,b) = wa(Za, [a,b]a), Va,bea  and  T(a) = wa(Za,a?),  Vacag (3.1)
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Theorem 3.1 (Zj-extension — the case where w is orthosymplectic). Let a be a restricted
orthosymplectic quasi-Frobenius Lie superalgebra. Let 9 € Detg(a) be a restricted derivation
satisfying the p-property (2.2). Suppose further that

(Q,T) € B3(a;K) and (C, P) € Z2(a;K).

(1) There exists a Lie superalgebra structure on g := & @& ad H*, where # := Span{x} for x
even, defined as follows (for any a,b € a):

[z, 2%]g = Az, [a,bly == [a,bla + wa(Z(a) + Z"(a),b)z,
(2%, a]g := P(a) + wa(Zq,a)z,

where A\ € K and Zq € a is as in equation (3.1). There exists a closed anti-symmetric
orthosymplectic form wy on g defined as follows:

Wg|a><a ‘= Wa, wg(aw%/) = Wg(aa H)

wg(a™, z) =1, wg(z, ) = wy(z*, ")

=0,

(1i) There exists a p|2p-map on the double extension g of a given by
alPls = gPle 4 P(a)z, (z*)Pls = y2* 4 ag + Az, aPls = by + o + 6%,
where

(a) The case where \ # 0:
1
‘@(QO) = Oa A= XW(ZQa CLO), Y= )\p—l’ 0= 07
1
@(bo) = 0, o= XW(ZQ,Z)()), @*(bo) = 0, bo S 5(&),

and

P*(a0) = > ()P (7). (3.2)

1<i<p-1
(b) The case where A =0 and Z # —5 tady,:

P(ap) =0, w(Za,ap) =0, 0 =0,
.@(bo) = 0, w(ZQ, bo) = 0, .@*(bo) = 0, b() (S 3((‘1),

and
D*(ao) +vZa = 271 (Zq). (3.3)
(¢) The case where A =0 and 9 = —§ Lady, is inner:
P(ap) =0, w(Zaq,ap) =0,
P(bo) =0,  w(Za,bo) =0, P*(bo) = —0Zq,
and

P*(a0) + vZa = D7 H(Zq). (3.4)
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The orthosymplectic quasi-Frobenius Lie superalgebra (g,wy) will be called the symplectic
double extension by means of a 1-dimensional space of the orthosymplectic quasi-Frobenius Lie
superalgebra (a,w,). In the particular case where z is central in g, namely A = 0, then the
double extension was called classical in [3, 17].

Proof. The proof of part (i) is in [14], so we omit it. Let us prove part (ii), using Jacobson’s
theorem. We have

ad?x*)[plg(x) — (ad%.)"(z) = [ap + y2* + Az, z], - (a2, )"~ (= A2)
= -z — (=1)PNr =0,
Additionally,
(ad?ﬂf*)[ﬂg)(‘x*) - (adg*)p(a:*) = [ao + vzt + Az, x*]g — (ad®. )p—l([m*7m*]g)
= —(Z(a0) +wa(Za, ap)rz) + M

= —(ao) + (A — wa(Za, ao) )z
= 0.

Moreover,
ad?gc*)[p]g (a) — (adS.)"(a) = [ao + y2* + Az, a]g - (adi*)p_l([:r*, a]g)
= [ag, alg + y[2",a]  + —(adi*)p_l(@(a) + wa(Za, a))
= lag, ala + wa((Z2 + 2*) (a0), a)x + v(Z(a) + wa(ao, a)x)

_ (@p(a) — wq (ZQ,S(—l)pli)‘pli@i(@))

1=0
=0,

as 2 satisfies the p-property and (3.2), or (3.3) or (3.4).
On the other hand,

adimg (x) — (adg)p(:v) =0.
Additionally,
ad®, (¢%) — (adg)’(z") = [alPle 4 P(a)z,2*] — (ad$)"™" (~2(a) — wa(Zo, a)x)
= — .@(a[p]“) — wa(Za, a[p}“)x + AP(a)x
— (ad%)” 0 2(a) — wa((Z + 2%)(a), (ad%)" "2 0 D(a))x
=0,

as 9 is a restricted derivation, and (£2,7) is a coboundary.
Moreover,

(b) — (ad®)?(b) = [a[l’}a + P(a)z, b]g - (adg)pfl([a, o)
= [alP%,0] + wa (2 + 27) (), b) 2 — (adS)"™ (1)

—we((Z + 2%)(a), (ad®)" " (b))
=0,

g
ada[m g

as the Lie superalgebra a is restricted, (C, P) is a 2-cocycle and hence Proposition 2.8 can be
applied.
Finally, using the same techniques as before we can show that ad® e = (adg)p . |
xrrlg



Symplectic Double Extensions for Restricted Quasi-Frobenius Lie (Super)Algebras 13

Theorem 3.2 (converse of Theorem 3.1). Let (g,wy) be a restricted orthosymplectic quasi-
Frobenius Lie superalgebra. Suppose there exists an even non-zero x € ([g,gly)" such that
A = Span{z} is an ideal, and A+ is a p-ideal. Then, (9,wq) is obtained as a symplectic
D-extension by a 1-dimensional space from a restricted orthosymplectic quasi-Frobenius Lie
superalgebra (a,wq). Moreover, if 35(g) # 0, then we can choose x € 35(g), so the double
extension is classical.

Proof. It has been proved in [14] that the space £ is an ideal in (g, w,), and that there exists
" € gp (since (%L)i = gi) such that

g=x"taex", where £ := Span{x*}.

We can normalize z* so that wg(z*, x) = 1.
Let us define a := (# + #*)*. We then have a decomposition g = % ® a & #*.
Let us define an orthosymplectic form on a by setting

Wq = Wg|a><a~

It has been proved in [14] that the vector space a can be endowed with a Lie superalgebra
structure, and there exists an orthosymplectic structure on a for which g is its symplectic double
extension by means of the form wg, a derivation 2 and Zq € a as in part (i) of Theorem 3.1. In
particular, it has been shown that the map

Q: ana— K, (a,b) = wo(Z o P(a)+ 22" 0o D(a)+ D" 0 D*(a) + N(Z + Z7)(a),b)
is in By (a;K), which implies that

Q(a,b) = wq(Zq, |a,blq) for some Zg € a. (3.5)
Moreover, the map

C: aha—K,  (a,b) = w((Z2 + Z%)(a),b)

is in ZZg(a; K) by Lemma 2.4.
It remains to show that there is a [p|2p]-map on a. Since a C .#+ and .#* is a p-ideal, then

afle e #+ = @a for any a € ag.
It follows that

alPls = 5(a) + P(a)z.
We will show that the map

s: ag — ag, a— s(a)

is a [p|2p]-mapping on a. Since (da)lPls = §7(alPls), for all § € K and for all a € ag, it follows
that

s(da) = dPs(a), (3.6)
P(da) = 6P P(a). (3.7)

Besides, for all a € a5 and for all b € a, we have
0 = [alPls, o], — (ad})"(b)
= [s(a),b]a + wa((Z + 2%)(s(a)),b)z — (ad2)"(b) — wa((Z2 + Z7)(a), (adg)p_l(b))x.
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Therefore,
wal(Z + 27)(5(0)),b) = wa((Z + 27)(a), (ad$)"™ (b)), (3.8)
[s(a),b]a = (ad§)”(b).
Now, since
Z is?(a, b)ﬂifl = (adia%)pfl(a)
1<i<p—1

= (ad% )" (@) + wa((2 + P7)(ua + b), (ady )" %(a)) 2,
it follows that
s?(a,b) = st(a,b) + of(a,b)z.
Moreover,

0= (a + b)[p]g _ a[P]u _ b[P]g _ Z Sg(a’ b)

)

1<i<p—1
= <P(a +b)—P(a) - P(b)— > oi(a, b)):;;
1<i<p—1
+s(a+b)—s(a)—sd)— > sHab).
1<i<p—1
Consequently,
s(a+b) = s(a) + s(b) + Z s¥(a,b), (3.10)
1<i<p—1
P(a+b)— Pa)—P(b)= Y of(a,b).
1<i<p—1

Equations (3.6), (3.9), (3.10) imply that s defines a [p|2p]-map on a.
Now, since [a[p]ﬂ, x*]g = (adg)p(x*), then

P(a)A\z — 2(s(a)) — wa(Zq, s(a))z
= —(ad?)" " 0 2(a) — wa((Z + Z*)(a), (ad?)? % 0 D(a))a.
It follows that

P(s(a)) = (ad®)? ™" 0 2(a), (3.11)
P(a)A = wo(Za, 5(a)) — wa((Z + %) (a), (ad®)? "% 0 Z(a)). (3.12)

Equation (3.11) implies that 2 is a restricted derivation of a (relative to the [p|2p]-map s). Let
us defined the map

T: a—=K,  a—w((2+2), (ad)" 0 2(a)) + AP(a).

We need the following lemma.

Lemma 3.3.

(C, P) € Z%(a,K) and (Q,T) € BX(a,K).
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Proof. Equations (3.7) and (3.10) and Lemma 2.7, imply that P satisfies the x-property with
respect to the cocycle C. Moreover, (3.8) and Proposition 2.8 imply that (C, P) € Z2(a; K).

We have already showed in [14] that Q € B2 (a;K). Let us show that the map T satisfies
the *-property with respect to 2. Indeed, for all § € K and for all a € ag, we have

T(6a) = wa((Z + 27)(3a), (ad}, )P~ 0 D(6a)) + AP(da)
= 6Pw((2 + 27)(a), (ad2)P~2 0 Z(a)) + \6" P(a)
= 6PT(a).

Moreover, for all a,b € ag, we have

T(CL + b) (by (i.l?)) Wa (Zﬂa ((l + b)[p]a)
(by definition) , (Za, alP) + wq (Za, bP) +wa<zg, > si(a,b)>
1<i<p—1
by Lemma 2.2 1
(by — )T(a)+T(b) + ) za:orb mwa(ZQ,[xl,[xg,[...,[xp_l,xp]a...]a]a]a)
zpikl;b, Tp=a
(by (3.5)) 1
Y=Y T(a) + T(b) + Z m@(m,[mg,[...,[xp_1,xp]a...]a]a)

Tp=a or b
zp_lzb, Tp=a

“T@+TH+ W(la)sz([[[xp,xp_l]a,xp_Q]a,...,xQ]a,m).

rp=a or b
Ip—l:bv zp=a

Now, equations (3.5), (3.12) imply that (2, T) € B2(a;Z). [ |
Now, suppose that
(ac*)[p]g = ag + Bx + yx*, where ag € a and 3,y € K.
We have

0= [(z")P 2] — (adl)’(z) = —yAz + NPa.

g
Therefore, yA = M. Additionally,

0= [(z)P 2] — (ad%.)"(z*) = BAz — (D(ao) + wa(Za, ag)x).

g
Therefore, Z(ap) = 0 and A3 = wq(Zq, ap).
For all a € a, we have
0= [(2")Pls,a] — (add.)"(a)
= [ag, a]l + wa((Z + Z%)(a0), a)x + 7% (a) + yw(Za,a)r — PP (a)
— Y wal((=NP 2 (Zg), a)r — (AP w(Za, a)a.

1<i<p—1

It follows that 2P = vZ + ad,, and Z*(ap) +vZq = ZOSiSp—l(_)\)p_l_i_@*i(ZQ) (wg is non-
degenerate).
Suppose now that

aPls = by + ox + 6%, where 0,6 € K and by € ag.
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We have
0= [x[p},x]g — (ad®)”(z) = —dAx.
Therefore, Ad = 0. Additionally,
0= [xhﬂ,x*}g — (ad®)?(z*) = oAz — (2(bo) + wa(Za, bo) ).
Therefore, Z(by) = 0 and Ao — w(Zq, by) = 0.
Now, for any b € a, we have

0= [alPle,b] — (ad2)"(B) = [bo, bla + wa((Z + Z7)(bo), b} + 5(2(B) + wal Zar, b)).

It follows that dZ(b) + [bo,bla = 0 and Z*(by) + 6Zq = 0 (since wq is non-degenerate).

The case where X\ # 0. It follows that § = 0, 2*(by) = 0 and by € 3(a). Therefore, g can be
obtained from the restricted Lie superalgebra algebra a as in Theorem 3.1.

The case where A = 0. It follows that w(Zq,by) = 0. Here if § = 0 then by € 3(a). Therefore,
g can be obtained from the restricted Lie superalgebra algebra a as in Theorem 3.1. However,
if 6 # 0, then it follows that 2 = —6~'ady, and Z*(by) = —Zq. [

3.2 Yj-extensions

Let (a,wq) be a restricted orthosymplectic quasi-Frobenius Lie superalgebra, and let 2 € dery(a)
be a derivation.
Consider the following two maps

Q: ana—= K, (a,b) = wa(ZD 0 D(a) — D" 0 D*(a),b),
A: a5 = K, a v wa((2 4+ 2%)(a),ad2™%(2(a))).

Let us suppose that (2, A) is in B2(g;K) (i.e., a 2-coboundary in the restricted cohomology).
Let us write (€2, A) = (dig(x),ind' (x)) for some x € C(a;K); namely,

Q(a, b) = x([a, blq) and Aa) = X(a[p]).
Since wq is non-degenerate, there exists ag € a such that
Q(a,b) = wq(ag, [a,b]q), Ya,b € a and Aa) = wa(ao, a[p]), Va € az. (3.13)

Theorem 3.4 (Zj-extension — the case where w is orthosymplectic). Let (a,w,) be a restricted
orthosymplectic quasi-Frobenius Lie superalgebra. Let 9 € devi(a) be a restricted derivation such
that the following conditions are satisfied

(,A) € B K),
together with

2% = adg, and P(ap) =0,
where ag s as in (3.13).

(i) There exists a Lie superalgebra structure on g := & ®adH ", where # = Span{z} for x
odd, defined as follows: (for any a,b € a)

[%79]9 = 07 [CL, b]g = [a’ b]a + (Wa(g(a), b) + (_1)‘a|wa(a7 @(b)))ﬂ?,
[z*, 2"]g = 2ay, [z, alg == P(a) — wq(a,ap)z.
There exists a closed anti-symmetric orthosymplectic form wy on g defined as follows:

Walaxa = Wa, wg(a, ) = wy(a, £7) =0,

wg(z®, x) =1, wg(x, x) = wy(z", z") :== 0.
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(ii) There exists a [p|2p]-map on the double extension g of a given by

a[p]ﬂ — a[p]u .

Proof. Similar to that of Theorem 3.1. [ |

Theorem 3.5 (converse of Theorem 3.4). Let (g,wy) be a restricted orthosymplectic quasi-
Frobenius Lie superalgebra. Suppose there exists a non-zero x € 3(g)1 such that w(z,x) = 0.
Then, (g,wy) is a Pi-extension of a restricted orthosymplectic quasi-Frobenius Lie superalge-
bra (a,wq).

Remark 3.6 (the condition w(xz,z) = 0). The condition w(x,z) = 0 is actually necessary.
A counterexample is the Lie superalgebra C} jo T A, see [14].

Proof of Theorem 3.5. Let x be a non-zero element in 3(g);. It has been proved in [14]
that the subspaces % := Span{z} and '~ are ideals in (g,w,). Since ¢ is 1-dimensional
and w(z,z) = 0, it follows that # C ¢+ and dim(#+) = dim(g) — 1. Therefore, there
exists * € g7 such that

g=H+taox", where £ := Span{z*}.

This 2* can be normalized to have wq(z*,2) = 1.
Let us define a := (# + #*)*. We then have a decomposition g = % ® a ® 7 *.
Let us define an orthosymplectic form on a by setting

Wq = Wg|a><a'

It has been proved in [14] that the form w, is non-degenerate on a, and that g is a symplec-
tic double extension of a by means of the form w, and a derivation 2 satisfying 2? = ad,,
and Z(agp) = 0. Moreover, it has been proved that the map Q € B%E(a;K), and that the
map C € ZZp(0;K).

It remains to show that there is a [p|2p]-map on a. Since a C #* and since z and x* are
both odd, then

alfls € a for any a € ag.
It follows that

aPls = s(a).
We will show that the map

s: ag — ag, a— s(a),

is a [p|2p]-map on a. The fact that (Ja)Ps = 57 (a[p]g) implies that s(da) = 0Ps(a), for all § € K
and a € ag. Besides,

0= [alle b] — (adg)"(b)
= [s(a),bla + wa((Z + Z%)(s(a)),b)z — (ad})"(b) — wa((Z + Z7)(a), (adg)p_l(b))a:.
Therefore,

wal(Z + 2%)(5(a)),b) = wa((Z + Z%)(a), (ad®)"" (b)),
[s(a), bla = (ad§)"(b).
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Now, since

Z is?(a, b))\ifl = (adia_s_b)p*l(a)
1<i<p—1

= (ad$,4s)" " (a) + wa((Z + Z")(Aa + 1), (adS, )" " (a))2
= (adfy1p)” (@)
it follows that
s2(a,b) = s(a,b).
Moreover,

0= (CL + b)[P]g _ a[P]g _ b[P}g — Z S?(CL, b)
1<i<p—1

= s(a+b) — s(a) — s(b) — Z st (a,b).

1<i<p—1

Consequently,

s(a+b)=s(a)+s(b)+ > sHa,b).

1<i<p—1

It follows that s defines a [p|2p]-map on a. Now, since [a[p]ﬂ,x*]g = (adg)p(x*), then

~9(s(a)) + w(s(a), ap)z = —(ad$)" " 0 P(a) —w((Z + 2*)(a), (ad2)" " 0 2(a))x.
It follows that
P(s(a)) = (adg)p_l o 9(a), and w(ag, s(a)) =w((Z + 27)(a), (adg)p_2 o P(a)).

The first equation shows that & is a restricted derivation of a (relative to the [p|2p]-map s).
The second equation completes the proof that the map (2, A) € B2(a;K), where Q and A are
given by

Q: aNa— K, (a,b) = wa(ZD o D(a) — D" 0 D*(a),b),
A: a5 — K, a wa((2 + 2%)(a),adt 2(2(a))).

Therefore, g is a symplectic double extension of a. |

4 Restricted periplectic double extensions

4.1 Ys-extensions

Let (a,wy) be a restricted periplectic quasi-Frobenius Lie superalgebra, and let 2 € derg(a) be
a derivation.
Consider the following map

Q: ana— K, (a,b) = wa((Z20 2 +29" 0 D+ T* 0 D" + XD + X\D*)(a),b).

Let us suppose that (£2,0) is in B2(a;K) (i.e., a 2-coboundary in the restricted cohomology).
Let us write (€2,0) = (dbg(x),ind' (x)) for some x € C1(a; K); namely,

Q(a,b) = x([a, blq) and X(a[”]) =0.
Since wq is non-degenerate, there exists Zg € a such that

Q(a,b) = wq(Zq, la,blq) and wa(Za, a[p]) =0.
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Theorem 4.1 (Zj-extension — the case where w is periplectic). Let (a,wq) be a restricted
periplectic quasi-Frobenius Lie superalgebra. Let 9 € derg(a) be a restricted derivation satis-
fying the p-property (2.2). Suppose that the following condition is satisfied

(Q,0) € B3(a; K).

(i) There exists a Lie superalgebra structure on g := & ®adH ", where # = Span{z} for x
odd and #* := Span{e} for e even, defined as follows: (for any a,b € a)

[z, e]g = Az, [a,bly == [a,bla + (wa(Z(a),b) + wa(a, 2(D)))x,
le,alg == P(a) + wa(Zq, a)z.
There exists a closed anti-symmetric periplectic form wy on g defined as follows:

walaxa == war  wyla, ) = wyla, ) =0,

wy(e,x) =1, wg(x, x) = wy(e, e) :=0.
(1i) There exists a [p|2p]-map on symplectic the double extension g of a given by
alPle = glPla elPle = gy + e,
where ag € a and v € K are as in (2.2), and the following conditions must be satisfied:

Ay = AP, w(Zq,ap) =0,
3 (N2 (Za) = 7" (a0) + 72
i+j=p—1
Proof. Similar to that of Theorem 3.1. [ |

Theorem 4.2 (converse of Theorem 4.1). Let (g,wy) be a restricted periplectic quasi-Frobenius
Lie superalgebra. Suppose that there exists 0 # x € ([g,g])iL such that & := Span{z} is an
ideal and K= is a p-ideal. Then (g,w,) is obtained a symplectic Dy-extension from a restricted
periplectic quasi-Frobenius Lie superalgebra (a,w).

Proof. It has been proved in [14] that 2# is also an ideal in (g,w;). Since # is 1-dimensional
and wy(z, z) = 0, it follows that #" C £+ and dim(.#+) = dim(g) — 1. Therefore, there exists
€ € g5 (since (,%/L)I = gi) such that

g=xtox", where # := Span{z™}.

We can normalize e so that wy(e,z) = 1.

Let us define a := (J# + #*)L. We then have a decomposition g = # @ a @ #*. It has
been proved in [14] that g is a symplectic double extension of a.

Now, it remains to show that there is a [p|2p]-map on a. Since a C #* and ¥t is a p-ideal,
then

aPo e t =4 @a for any a € ag.
It follows that al’ls = s(a). We will show that the map
s: ag — ag, a— s(a),

is a [p|2p]-map on a. The proof follows as in Theorem 3.2. |
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4.2 Yj-extensions

Let (a,wq) be a restricted periplectic quasi-Frobenius Lie superalgebra, and let 2 € deri(a) be
a derivation.

Consider the following map
Q: ana— K, (a,b) = wa(ZD o D(a) — D" 0 D*(a),b).

Let us suppose that (£2,0) is in B2(g;K) (i.e., a 2-coboundary in the restricted cohomology).
Let us write (€2,0) = (dbg(x),ind' (x)) for some x € C1(a; K); namely,

Q(a,b) = x([a, bla), Va,b € a and X(a[p]) =0, Va € ag.
Since w, is non-degenerate, there exists ag € a such that
Q(a,b) = wq(ao, [a, b]q) and wa (ao, a[p]) = 0. (4.1)

Consider now a map P: a5 — K satisfying the conditions (2.6) and (2.7). We have shown in
Lemma 2.7 that P has the #-property with respect to the cocycle C' given by equation (2.3).

Theorem 4.3 (Zj-extension — the case where w is periplectic). Let (a,wq) be a restricted

periplectic quasi-Frobenius Lie superalgebra, and let 2 € deri(a) be a derivation. Suppose that
the following conditions are satisfied:

(Q,0) € B2(a,K)  and  (C,P) € Z(a,K).
Suppose further that (ag is given as in (4.1))
2? = ad,,, D(ap) = Z*(ap) = 0.

(1) There exists a Lie superalgebra structure on g := & @& ad H*, where # := Span{x} forx
even and & := Span{e} for e odd, defined as follows: (for any a,b € a)

[%vg]g =0, a, b]g = [a, bla + (Wa(-@(a)v b) + (_1)‘alwa(av '@(b)))xa
e, e]lg = 2ao, le,alg := Z(a) + wa(ag, a)z.

There exists a closed anti-symmetric periplectic form wy on g defined as follows:
Wylaxa = Wa, wg(a, 7)== wq(a, ™) := 0,
wg(e,x) =1, wg(x,x) == wy(e, e) :== 0.
(i7) Suppose there exists by € 3(a) such that

Z(bo) = 7 (bo) = w(ao, bo) = 0.

The [p|2p]-map on a can be extended to g as follows (u is arbitrary):

a[p}g — a[p}ﬂ + P(a)x7 x[p}g — bo + ux.

Proof. Similar to that of Theorem 3.1. |
The converse of Theorem 4.3 is given by the following theorem.

Theorem 4.4 (converse of Theorem 4.3). Let (g,wy) be a restricted periplectic quasi-Frobenius

Lie superalgebra. Suppose that 3(g); # {0}. Then, (g,wq) is obtained as an Pi-extension of
a restricted periplectic quasi-Frobenius Lie superalgebra (a,wy).
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Proof. Let = be a non-zero element in 3(g)g. It has been showed in [14] that both the sub-
spaces ¢ = Span{z} and ¢+ are ideals in (g, wy). Since wy(z,z) = 0, it follows that # C #+
and dim(.#1) = dim(g) — 1. Therefore, there exists e € gy (since (%L)G = gg) such that

g=H"ox", where £ := Span{e}.

We can normalize e so that wgy(e,z) = 1.

Let us define a := (# + #*)*. We then have a decomposition g = % ® a ® 7 *.

We define a periplectic form on a by setting wq = wg|axa. The form w, is non-degenerate on a.

It has been showed in [14] that the vector space a can be endowed with a Lie superalgebra
structure, and there exists a periplectic structure on a for which g is its symplectic double
extension. The proof now follows as in Theorem 3.4. |

5 Examples of symplectic double extensions

5.1 The Lie superalgebra D] _ (for g # 0,1), see [2]

7

Consider the Lie superalgebra D _,

basis e, eg | €3, €4 as follows:

for q¢ # 0,1, where the non-zero brackets are given in the

[e1, e2] = e, le1, e3] = qes, le1, eq] = —qea.

It has been shown in [14] that this Lie superalgebra is orthosymplectic quasi-Frobenius, where
the form is given by!

w=-¢e]Ne;+ezNej.

[p]

There exists a [p|2p]-map given by e’ = e; and e
derivations

[p]
2

= 0. Let us consider the even outer

P = e3 R e5, Dy =es1Re€j.

Obviously, both of them are restricted derivations. An easy computation shows that I = %,.
Besides, we have

D2A2D 0o Dy + Do DF + N D+ D7) =N+ 1)(es@es+es@€f).

The cocycle (£2,7T) (see Theorem 3.1) is a coboundary if and only if A = —1. In this case, 2 =0
and C = e5Aej). Let us choose Zg = uez, where u € K. It follows that P(e;) = w and P(e2) = 0.
Additionally,

aO:O, )\:0, ’y:l, b():O, oc=0.
5.2 The Lie superalgebra C} + A, see [2]
Consider the Lie superalgebra Cf + A with the brackets given in the basis e1, ez | €3, e4 as follows:

[e1, e2] = e, le1, e3] = es, [e3, e4] = ea.

It has been shown in [14] that this Lie superalgebra is orthosymplectic quasi-Frobenius with
a form given by

w=-¢e]Ne;—esNej.

'As in [14], we adopt the following convention: (e}, e;) = 0;; and (e} ® e}, ex ®er) = (—1)lewllesler) er){e;, er).
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The [p|2p]-map is given by e[lp - e1, €[2p } — 0. There exists an odd outer derivation given by

P =e1®@e)+e3®es.
A direct computation shows that 2* = —%. As a result, the cocycle (C,A) = (0,0) (see
Theorem 3.4). Additionally, since 3(g) = 0, the condition 22 = ad,, = 0 implies that ag = 0.

5.3 The Lie superalgebra D5, see [2]
Consider the Lie superalgebra D with the brackets given in the basis e, es, | e3, e4 as follows
[e1, e3] = e3, [e1, e4] = eu, [e2, e4] = es.
It has been shown in [14] that Lie superalgebra is periplectic quasi-Frobenius with a form given
by
w=-e]Nes+e;Ne).

() [p]

The [p|2p]-map is given by e’ = e; and ej’ = 0. There exists an even outer derivative on D?
given by

D =exRe5—eq R ey

A direct computation shows that 2* = —2, and 2P = 2 so v = 1 and ag = 0 (see Theorem 4.1
for the definitions). As a result & = C = 0. Now, choose A\ any scalar that is a root to the
equation \? — A = 0, and choose Zg = 0.

5.4 The Lie superalgebra (24,1 + 2A)f/2, see [2]
Consider the Lie superalgebra (2411 + 2A)%/2 with the following brackets given in the ba-
sis (e1, ez | es,eq):

le3, e3] = e1, lea, e4] = ea, le3, e4] = F(e1 + e2).

It has been shown in [14] that Lie superalgebra is periplectic quasi-Frobenius with a form given by
w=-eyNe;—e]Nej.

[p]

A [p|2p]-map can be defined as follows: e;" = u;e1 +vie2, where u; and v; are scalar, for i =1, 2.

There exists an outer odd derivation of this Lie superalgebra given by 2 = ex ® e3. A direct
computation shows that 2* = 2. It follows that = A = C = P = 0 (see Theorem 4.3 for the
definitions). In addition, ap = 0 and by = Aje; + Agep is arbitrary.

5.5 The Witt algebra W (1) for p > 3

The Witt algebra, denoted by W (1), is spanned by the generators e_y, e, . .., e,—2 and endowed
with the bracket

[6‘6‘}: (J_Z)el-‘r] 1fZ+.]€{_177p_2}7
v 0 otherwise.

Let w be an anti-symmetric bilinear form on W (1), given by w = ﬁj_j_l Aije; Nej, A € K
Let us suppose further that w is a 2-cocycle, namely

w(eg, [ei, e5]) +w(ej, [ex, e;]) + w(es, [ej, ex]) = 0. (5.1)
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We will show that any anti-symmetric bilinear form on W (1) satisfying (5.1) is degenerate.
Suppose that i, j, k are such that ¢ +j,i+ k,j+ k € {—1,...,p — 2}. It follows

(5.1) <= w(er, (J — )eit;) + wey, (i — k)eirr) +wles (k= j)ejpn) =0
= (J = ) Aitg + (0 = E)Njivn + (K = 5)Aij1r = 0.

If we take k = 0 in the above equation, we obtain
(7 =D Aoivj + (i +5)Aij = 0.

By taking ¢ = 0, the last equation reduces to
Mo, =0, Vje{-1,....,p—2}.

That is to say, there is a row in the matrix of w that contains only zeros. As a result, w is
degenerate.

5.6 The Lie superalgebra K*™, m odd, see [27]

The Lie superalgebra K2™ is spanned by the generators xo, 1 | y1,...%m (even | odd), with
non-zero brackets given by

(@0, yi] = —[Yi> o] = Yit1, i<m-—1,
, 1§i§m;1.

Wi Ymt1—i] = Wms1—i,vi] = (=1)
It has been shown in [27] that a Lie superalgebra of superdimension n|m has a maximal nilindex
n+m — 1 only when n = 2 and m odd. Moreover, for any odd m, there is only one Lie
superalgebra with this maximal nilindex and that is K?™.

Claim 5.1.

(i) For all m >3, the Lie superalgebra K*™ is not periplectic quasi-Frobenius.

(ii) K>™ is orthosymplectic quasi-Frobenius if and only if m = 0mod (p). Moreover, if
m = 0 mod (p), the form is given by

1 1 m+3 . .
xé/\ﬂff_iyf/\yf_i(—l) 2 y,@ /\y@ — Z Z(—l)H_l y;_,_l/\y:n_i_l_i.

Proof. Let us prove part (i). Suppose that K™ is periplectic quasi-Frobenius. The 2-cocycle
condition applied to the periplectic form w with respect to {zg, z1,y;} gives

0 = w(xo, (1, ¥i]) + Wi, [xo, 21]) + w(z1, [y, 2o])
=040 —w(z1,yit1), for 1<i<m-1.

Similarly, the 2-cocycle condition with respect to {y1,vy2,ym—1} gives w(z1,y1) = 0. Now,
since w is odd it follows that w(x1,v) = 0 for all v € K?™. Thus, w is degenerate which is
a contradiction.

Let us proof part (ii). Since w is even we will check the 2-cocycle condition only for the
triple {zo,vs,yi} and {xo,vs,y;} for i < j. Let us write

* * * *
w=aryN\xr] — E Qi Y NY;- |
i?j
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The case of {xo,y;,yi}. Fori < mTH, the 2-cocycle condition is equivalent to

0 =2-1)"F aunt mes ifi= mTH Qi1 =0  ifi< m; L (5.2)
Moreover, if 7 > mTH the 2-cocycle condition is equivalent to

ajiv1 =0 for m+1<i<m.

The case of {xo,yi,y;}, where i < j. In the case of 1 < i < ™= Land j = m+ 1 — i, the

2-cocycle condition implies that

o= Q2 ifi =1,

(=10 — tmiist — Qimaai =0 if1<i< 2FL (5.3)
On the other hand, if j # m + 1 — 4, the 2-cocycle condition is equivalent to

Omitv1 =0 if j=m, and i # 1,

ajit1 + i1 =0 iflgigmgl, and j # m.
Now, in the case where i > mTH, the 2-cocycle condition is equivalent to

Qi =0 if j=m

i+ =0 7 e cm, (5.4)

Combining equations (5.2) and (5.3) we get ma = 0. If m # 0 mod (p) then « = 0 and
the form w will be degenerate. If m = 0mod (p), then the system of equations given by

(5.2)—(5.4) is consistent and is not unique. Let us choose am+1 mts = %(—1)7”7“ which would
2 7 2

imply that = 1. Now, equations (5.3) imply that c,1-ii41 = i(—1)" for i = 1,... mT_l

Choosing a1 = % and the remaining coefficients to be trivial produces a non-degenerate form.
Claim 5.2. K2™ is restricted if and only if m < p. Eaxplicitly, the [p|2p]-map is given by

[p] [p]

Ty = 8171, ] = 5271, where s1, 52 € K.
Proof. First, observe that the even part of K>™ is abelian. Let us write x[lp} = $ox1 + S9xp.
Now, the condition [x[lp ], yz] = adf, (y;) implies that 5o = 0. Therefore, x[lp - sox1. Additionally,
[p] _ [p]

let us write z5° = s121 + S1270. The condition [z, y;] = adf (y;) implies that 513,41 = yp4i for

i < m. This cond1t10n implies that p + ¢ > m, for all ¢ < m, and §; = 0.
Hereafter, suppose that the [p|2p]-map is given by

asg)]:O, x[lp]:asl.
We will list a few outer derivations and study symplectic double extensions using those deriva-
tions. |

5.6.1 A non-suitable derivation

Consider the outer derivation given by

@—aq@wl—— Z Yi ® ;.
1<i<p

Now, Q(x[lp]) = P(z1) = 21 # ad? ' o P(z1) = 0. Hence, this derivation is not suitable for
a double extension because it is not a restricted derivation.
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5.6.2 A derivation yielding a trivial extension

Consider the outer derivation given by
9 = x1 ® .

This is obviously a restricted derivation. A direct computation shows that 2* = — 2. It follows
that the cocycle C of Lemma 2.4 as well as the map €2 in Section 3.1 are identically zero.
The conditions of Theorem 3.1 are all satisfied. We can choose

ag = 0, A =0, v =0, by = 0, o =0, Zo =0, P=0.
5.6.3 A derivation yielding a non-trivial extension
Consider the outer derivation given by
D =1yp-1 @Yl +Yp D Y.
Obviously, this is a restricted derivation. A direct computation shows that
D" =yp @ Y5 — 21 ®Y3.
It follows that
D> 429 0 D+ D>+ NP+ D*) = MNyp1 QY + 2)\yp @ Y3 — 201 @ v

A direct computation shows that the map €2, defined in Section 3.1, has the following form (the
zero terms are omitted):

Qy1,y3) = =2, Qy2, y2) = 2.

The case where p = 3. In this case, the map C is given by

1
CziﬁA£+ﬁA%

The map (2 is a coboundary in the usual cohomology, namely 2 = d¢ with ¢ = Az]. Let us
choose (see Theorem 3.1, for the definitions)

Zo = A\xo, and P(a) = 2] (a[p]) for a € K§’3.
On the other hand (see Theorem 3.1, for the definitions),
= AP ag = —yxo, A=0, by = x1, oc=1.
The case where p > 3. In this case, the map C is given by
C=2yI Ny3 —2y5 Ny

The map €2 cannot be a coboundary, except for A = 0 where it becomes identically trivial. In
this case, we can choose

’)/:0, bOZO, apg = I, ZQ:xl.
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5.7 The Lie superalgebra K>™, m even, see [27]

For m even, the Lie superalgebra K™ is spanned by the generators xg, 1 | y1,...Yym (even |
odd), with non-zero brackets given by

(%0, vi] = —[Yi, ®o] = Yit1, 1<i<m—1,
o ..m
[Wi> Ym—i] = [Ymi> yi] = (—1)"20/ 2 1<i< o

It has been shown in [27] that the superalgebra K™ has maximal nilindex m.
The superalgebra K™, where m is even, is restricted if and only if m < p. In that case, the
[p|2p]-map is given by

e e

= s1x1, = Sox1, where sy, s9 € K.

The proof is similar to the one for m odd.
Claim 5.3.

(i) For all m > 2, the Lie superalgebra K*™ is not periplectic quasi-Frobenius, except when
p = 3. In this case, the form is given by

w =15 Ay +a] Ayi.

(ii) For all m > 2, the Lie superalgebra K>™ is orthosymplectic quasi-Frobenius if and only if
m < p. If m <p, the form w is given by
m/2
w= Zai Yi N Yp_iv1 + 220 A 2T,

i=1

where a; = (—1)2 7" (m — 20 4 1).

5.7.1 A derivation yielding a non-trivial extension

Consider the outer derivation given by
9D = x1 ® x.

This derivation is even and restricted. Moreover, it has the p-property (see (2.2) for definitions)
with v = 0 and a9 = l1x1, 1 € K. Because 7 is zero, it follows that we only have to consider
the case (b) of Theorem 3.1. Direct computations show that 22 = 0 and 2* = —2. It follows
that Zf:_ll ol(a,b) = 0 (see (2.7)), that (C, P) is a restricted 2-cocycle, and that the maps 2
and T in Section 3.1 are identically zero. Because (£2,T) has to be a restricted coboundary, we
can choose Zq = tx1 + sym, t,s € K, to obtain

0 =w(Zq,[a,b]) and O:w(ZQ,&[p]),
for all a,be K™ and ae K"

The conditions of Theorem 3.1 are satisfied and we can choose by = lsz1, lo € K and ¢ € K
arbitrary to build a non-trivial double extension.
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6
(1)

(2)

Conclusions and outlook

In [1], Novikov Lie algebras appearing within symplectic structures are discussed, and
a classification is offered in low dimensions. It is interesting to superize the results of [1].

In [19], a certain class of free nilpotent Lie algebras possessing a symplectic structure is
studied. The investigation is based on the fact that for a quasi-Frobenius Lie algebra we
must have (see [4])

dim(3(a)) < dim(a/[a, a]).

It is easy to supersize this formula, and the proof is similar to that given in [4]. It seems
to be possible to construct a super-analog of the Lie algebras in [19], and their results can
be superized. However, it is not clear yet whether these Lie (super)algebras are restricted
or not. On the other hand, the classification of restricted p-nilpotent Lie algebras in low
dimension have been obtained in [18, 31]. It is interesting to superize this classification,
and select among those Lie algebras that are quasi-Frobenius.

A nilpotent orthosymplectic quasi-Frobenius Lie superalgebra cannot be Frobenius. To
see this, take the restriction of the form on the even part gz and use the result [28,
Proposition 6]. Engel’s theorem is used to prove the result, which is also valid over a field
with characteristic non-zero. It would be interesting to examine the case where the form
is periplectic.

Simple modular Lie (super)algebras over a field of positive characteristic may have a de-
generate Killing form and some of them do not admit a Cartan matrix, for instance, those
of Cartan type. Hence, the techniques used in [28] to show that real or complex semi-
simple Lie algebras cannot be Frobenius will not work in characteristic p. Furthermore,
we only know the classification of modular Lie algebras over a field of characteristic p > 3,
see [39]. The problem of classification remains open in the super setting. It is interesting
to investigate which modular Lie superalgebras are Frobenius.

If the Lie superalgebra a is Frobenius (i.e., wq = dcg(fa)), can its double extension g
be Frobenius as well? In the case where w is odd, then g cannot be Frobenius. Indeed,
suppose that wy = dcg(fy). It follows that

0 = wyla’,a") = fylla*,a]) = fyl2a0)
while 1 = wq(z™, ) = fy([z*, z]) = f3(2a0),

a contradiction. In the case where w, is even, the linear map f; must satisfy:

fol@)= =271 fo(2(a)) = A 'w(Za, a),
fa([a,0]a) = fa(la, ba) + A" wa(2(a) + 2% (a), b).

One could describe all Lie superalgebras a for which f; exists.
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