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Abstract. We apply the techniques developed in our previous article to describe some
interesting families of ALF gravitational instantons with conical singularities. In particular,
we completely understand the 5-dimensional family of Chen—Teo metrics and prove that
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singularities.
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1 Introduction

In a previous paper [3], the authors of the present paper have provided a complete classification,
as well as an effective mode of construction, of so-called toric Hermitian ALF gravitational
instantons. These are four-dimensional, complete, non-compact oriented Ricci-flat Riemannian
(positive definite, smooth) manifolds, which are toric, i.e., admits an effective metric action
of the torus T? = S x S', are conformally Kihler — but non-Kéhler — and, at infinity, are
diffeomorphic to the product R x L, where L is locally a S'-bundle over the sphere S?; the AF
case is when L = S? x S1.

This class of gravitational instantons includes the Riemannian versions, obtained by Wick
rotations, of well-known Lorentzian space-times, namely (i) the Schwarzschild space, (ii) the
family of Kerr spaces, (iii) the self-dual Taub-NUT space, equipped with the opposite orienta-
tion to the one induced by its hyperkahler structure, and (iv) the Taub-bolt space, discovered
in 1978 by Don Page [15]. Apart from the Taub-NUT space, these spaces share the feature of
being of type DT D™, meaning that their self-dual and anti-self-dual Weyl tensors, W+ and W~
respectively, are both degenerate and non-vanishing, hence giving rise to an ambikdhler struc-
ture, as defined in [2], in their conformal cases, cf. Section 2.2 below, see also [9] for the Kerr
spaces (in this terminology, the self-dual Taub-NUT space is of type D*O~, meaning that W™
is degenerate and non-vanishing, while W~ = 0).

It has been conjectured for a long time that no other 4-manifold could be admitted in the
family of toric Hermitian ALF gravitational instantons. In 2011 however, a new 1-parameter
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family of toric ALF — in fact AF — gravitational instantons was discovered by Yu Chen and
Edward Teo, [6], and these instantons were shown to be Hermitian by Steffen Aksteiner and
Lars Andersson [1]. In contrast with the former examples, the Chen—Teo instantons are not
derived from a Lorentzian space by a Wick rotation, and don’t give rise anymore to an ambitoric
structure, but nevertheless still admit a toric Kahler structure in their conformal class. Moreover,
in view of the ALF condition, this toric Kahler structure, as well as the toric Kahler structure
associated to any toric Hermitian ALF gravitational instanton, can be chosen to be locally close
at infinity to the product of the standard sphere S2, of curvature 1, with a hyperbolic cusp, of
curvature —1.

In [3], it has been shown that, together with the above mentioned gravitational instantons,
issuing from classical Lorentzian spaces, the Chen—Teo instanton provides the missing puzzle-
piece needed for a full classification of the toric Hermitian ALF gravitational instantons. In
this approach, the conformal K&ahler structure plays a crucial role and, together with a recent
ansatz due to Paul Tod, allows for a simple construction of these instantons, as explained in
the next section. In particular, it provides a new, simple definition of the Chen—Teo instantons.
As a matter of fact, this approach first provides a general description of these metrics on the
open set where the toric action is free. The actual construction of instantons then amounts
to smoothly compactifying the manifold together with the metric along the invariant divisors,
encoded by the edges of the moment polytope. This phase of the construction actually requires
strong restrictions, and eventually ends up with the above mentioned complete classification.

A larger class is obtained by smoothly compactifying the manifold as above but by allowing
conical singularities of the metric along some of them. Metrics of this kind will be called regular.
Examples of such metrics can be found inside the well-known family of so-called Kerr—Taub-NUT
metrics introduced by Gibbons—Perry in [12], cf. [3, Section 7.2.1].

In 2015, Chen—Teo introduced a new 5-parameter family of toric ALF Ricci-flat metrics — in
fact, a 4-parameter family, if we ignore the scaling, as we shall do in the sequel — including the
above mentioned 1-parameter sub-family of Chen—Teo instantons.

Apart from the latter, none of them is smooth — a consequence of the classification in [3],
see also Section 3.2 below — but some of them are regular, as defined above. The main goal
of this paper is to provide an alternative description of the Chen—Teo family, to detect inside
this family the regular elements and the topology of their boundary at infinity, cf. Theorem 3.3
below, and to describe some distinguished regular sub-families and their limits.

2 Toric Hermitian ALF gravitational instantons: a quick review

In this section, we recall some main features of toric Hermitian ALF gravitational instantons,
taken from [3].

2.1 General presentation

It turns out, cf. [3, Corollary 5.2], that each of them is completely encoded by a positive,
continuous, convex, piecewise affine function f on R of the form

f(z):A—l—Zai\z—zi], (2.1)
i=1

for some positive integer r, where z denotes the standard parameter of R, A is a positive real
number, the coefficients a; are positive real numbers, with Y, a; = 1, and the z;, i =1,...,7r,
called angular or turning points, denote the points of discontinuity on R of the slope of f. For
convenience, we put: zg := —oo and 2,41 := +00, cf. Figure 1 for the piecewise affine function of
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the Chen—Teo instanton. On each open interval (z;, z;+1),7 =0, ..., 7, the slope of f is constant,
denoted by f/. It is required that

fo=-1<fi<-<fra<fi=1

The coefficients a; are related to the slopes f; by

1 .
ai:§(fi’—f{,1), t=1,...,7

According to the Tod ansatz, cf. [17] and also [3, Section 3], the geometry of a toric Hermitian
Ricci-flat metric is determined by a harmonic, axisymmetric (real) function U = U(p, z), defined
on the Euclidean space R3, with the following notation: if wq, us, ug denote the standard
coordinates of Rg, the pair (p, z) — the so-called Weyl-Papapetrou coordinates — are defined by
pi= (u% + u%)i, z = ug; U being axisymmetric means that it is invariant by the S'-action:
elf .y = (cos Buy + sin Bug, — sin Qu; + cos Buz, uz), hence is a function of p, z, and the condition
of being harmonic is then expressed by U.. + U,, + %Up = 0, where, as usual, U,, U, U, . etc.
denote the partial derivatives with respect to p and z. For any such generating function U, the
corresponding metric is then given, in the Harmark form [5, 13], by

(dt — Fdl‘g)®2
V

on the open set, where p # 0, where ¢, x3 are angular coordinates, and V, F, e?” are functions
of p, z, defined by

g= + Vpldesz @ dos + 2 (dp @ dp + dz ® dz), (2.2)

1 UgUzz 2 1 2 2 2
—_ —— —_— v = - 2
V=" (pUp Tz ng) o= V(U 4 Uz, (23)
1 pU2U,,
F=—-|—-—"t"" | 2U,+2H]|, 24
k<%+@+p*‘ 24)

where H, the conjugate function of U, is defined, up to an additive constant, by
H, = pU,, H, = —pU., (2.5)

cf. Section 2.2 for the significance of the constant k.

The functions H and F' are both defined up to an additional constant. Indeed, in the
expression (2.2) of the metric, the 1-form n = dt — Fdxs is well defined, but the pair (¢, F) is
subject to the transform (¢, F) — (t 4+ cxs, F' + ¢), for any constant ¢, by which 7, the vector
field 0; and x3 remain unchanged, while the vector field 0,, becomes 0., — c0;. In particular,
the vector field 0, + F0; remains unchanged.

In the current ALF case, it was shown in [3, Section 5] that the generating function U of any
toric Hermitian ALF gravitational instanton is defined on the whole space R3, except on the
z-axis p = 0, that, near the z-axis, U is close to f(z)log p?, while, at infinity, it is asymptotic to
the harmonic axisymmetric function Uy defined by

1
2, ,2\3
Uo(p, 2) = 2(p* + 22)% — zlog (p+z—)1+z
(P2 +22)% — 2

It follows that the generating function U of any toric Hermitian ALF gravitational instanton is
actually entirely determined by the above piecewise affine function f(z), via the formula

Ulp,z) = Alog p? + Z a;Up(p, z — zi). (2.6)
i=1
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By setting
1

di = (0" + (z — 2)%)?,

and by noticing that the constant k in (2.3)—(2.4) is equal to 2A, cf. below, we get the following
expressions of U, its first and second derivatives, and H:

(dz‘+2’—2’i)
U( ) Alogp +22azd —ZG/Z — logm, (27)
(di +2z—2)
=-(4A idi |, il 2.
p( +Z ) Za og (250 (2.8)
I A+iwd' +2Z@ U —Qia-(’z_zi) U ——2i@
o i=1 o z':ldi7 pz_pizl Lo o i:ldi’
and
H(p, 2Az+Za d+ Zalo ditz=z)
= ’L p (2 d—Z—'—ZZ)

up to constant. We then get

1 " (S0 %) (A + 0, aidy) )
V=—4+) ad; 2~ 1) 2
F(a+ 3 ><<z‘>> (o ) -

=1 i=1 i=1 i=1
r 2
a;p
i <z; d; > >> (2.10)
and
A+ r 7,dz 2 o ai(z—zi) r
F= % <( TZ;-_(ii-) )2 (Zz_lr j 2) —24z - Zai(z - Zi)di> : (2.11)
(Zizl ZTZ) + (Zizl #f) i=1

It is easy to show that
<2T:‘”(Z_Zi)>2+(ia”’>2<1 i%iaidi>1.
= i S d) T i -
It then readily follows that
.
V>1+ A; o

and that V tends to 1 at infinity.
On the z-axis p = 0, for any z where f'(z) # 0, we infer

V0.9 = 5 o (f(Z) > - (f’(Z))2> , (212)
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z 2 ! z 2
F(O,z):i(m ) —QAZ—Zai(Z_Zi)’Z_ZiO 2/11((‘]0( ) —H(o,z)>. (2.13)

) 2 )

From (2.13), we infer that on any interval (z;, z;+1), i = 0,...,7, F(0,2) is constant, say equal
to F;. If f/ # 0 and f/_; # 0, since H is continuous on the z-axis, we then have

1
F;—Fi1 = f2<,— , >;
) i—1

if, however, f; =0, then f{_; # 0 and f{,; # 0 and we then get

Fopgn—F1=— <f2 ( ! ,1 > —2(zi41 — Zi)fi) ;

'L+1 i—1

cf. [3, Propsition 7]. From (2.13) again, we get
1 . S
FOZ—A<A+Z%'Z¢> +ZZaizz‘27
i=1 i=1
() s
=—|A- aizi) - = aiz?,
A i=1 45

up to an additional constant, hence

2 T 2 T
F—F = 1 <A2 + (ZW%) — Zazzf) (2.14)
i=1 i=1
It follows that

1

A=4<FT—F0+ ((Fr—Fm

NI

r r 2 %
+162aiz§—16<2aizi> > >
i=1 i=1

In particular, the metric is AF, i.e., satisfies F;. — Fy = 0, if and only if

T T 2
_ § : 2 § :
= a;z; — ( aizi> .
i=1 =1

Remark 2.1. As explained above, to any convex, piecewise affine function f(z) as defined
in (2.1) is associated a generating function U(p, z), defined by (2.6), hence by (2 7); conversely,
it follows from (2.8) that f(2) is determined by U(p, z) via the formula f(z) = 3(pU,)(0, z). The
corresponding Ricci-flat metric g is then expressed by (2.2), where the functions V(p, 2), F(p, ),

2 (p, z) are given by (2.3)—(2.4), hence by (2.9)—(2. 11) For any real constants « > 0, 3, f(2)
may be replaced by the function f(z) := 1 Lf(az+8) =2+ ai|lz — |, with % = Zl 5 and
the corresponding generating function is then replaced by

N 1 A . N
Ulp,z) = aU(aPa az +fB) = o log p® + Y _ailUo(p, 2 — Z).
i=1

The corresponding Ricci-flat metric is then g(p, z,t, z3) := 2g(ap, az+f, at, r3), meaning that g
is homothetic to g by a factor 1/a via the change of variables (p, z,t,x3) — (ap,az+ B, at, x3).
Also notice that, by denoting f; 1= f(z,) and f; := f(zi), we have fi = fija,i=1,...r
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2.2 The Kahler environment

By definition, a toric Hermitian ALF gravitational instanton, say (M, g), admits a K&hler met-
ric, gk, in the conformal class of g, which is actually toric as well, meaning that the torus
action is Hamiltonian, i.e., admits a moment map The fact that g is conformally Kéhler implies
that the self-dual Weyl tensor W™ of g, regarded as a (symmetric, trace-less) operator on the
self-dual part of A?M, is degenerate, meaning that W+ has a simple, non-vanishing, simple
eigenvalue, say )\, and a repeated eigenvalue —%. It is also required that A is not constant and
everywhere non-vanishing. According to [8], the Kahler metric gx is then equal to \2/3¢g or
a constant multiple. In view of the ALF condition, it is convenient to set: gx = (kfl)\) / 3g,
where the constant k is chosen in such a way that gx is asymptotic at infinity to the product
of the standard sphere of radius 1 and the Poincaré cusp of sectional curvature —1 (more detail
in [3, Section 2]). ,

The conformal factor (k~'A)3 is then equal to x7, where z; denotes the moment of the
Hamiltonian Killi;lglvector field 9y, and the scalar curvature, Scaly,., of the Kéhler metric gr is
then equal to 6k3 A3 = 6kx;, and tends to O at infinity. In particular, gx = x%g is extremal,
even Bach-flat, since it is conformal to an Einstein metric. The constant k is actually the same
as the constant k appearing in (2.3)—(2.4), and turns out to be equal to 2A [3, equation (89)].

In terms of the generating function U, the Kéhler form, wg, and the volume form, vg, , of gx
have the following expression:

2 /1
wx = (;(Uzzdp ~ Upade) A (dt — Folag) = V (Upedlp + Useddz) A das),
p
and
1 4
o

From (2.15), we can infer that the volume of (M, gx) is finite, and the image of the moment
map is a convex, pre-compact polytope in the Lie algebra t of the torus T?, cf. Figure 2, which
is the picture, taken from [3, Section 8|, of the moment polytope of the Chen—Teo instan-
ton. Notice that, apart from the dashed edge E.,, representing the boundary at infinity, each
edge E;, i =0,1,...,r is associated to the interval (z;, z;+1) on the z-axis p = 0.

The moment with respect of wg of the Killing vector fields 0; and 0, — which, in general,
don’t form a basis of A — are denoted by x1 and p respectively, with

2 ~ 1zH,+pH,—2H
HZ’ lLL_ A HZ )

Tr1 =

where, we recall, H is defined by (2.5) [3, Proposition 6.1]. Notice however that in general 9;
and O,,, regarded as elements of the Lie algebra t of the torus T? don’t form a basis of the
lattice A in t induced by T2. In restriction to the boundary p = 0, the moments are functions
of z, with the following expressions on each interval (z;, zi+1), where f; # 0,

1 F; n 1 (f (2) >
= -—, w=— — -z .
f(z) f(z)  A\S(2)
The expression (2.2) of the metric g holds on the open set, My, where p # 0, i.e., where the
torus action is free. In the toric Kahler setting, the boundary p = 0 of this open set is formed
of (r — 1) compact invariant divisors, isomorphic to 2-spheres, and of two divisors isomorphic

to punctured spheres, corresponding to a point at infinity for each of them, encoded by the
r + 1 edges of the moment polytope. To each edge of the moment polytope, itself encoded by
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an interval (z;, zi=1), 1 = 0,...,r, is associated a Killing vector field, v;, regarded as an element
of t, actually a primitive element of A: v; is then the generator of a S'-action of period 27, and
vanishes on the corresponding invariant divisor. It follows from (2.12) that v; has the following
form:

vi= fl(0e, + i) I £0, v %f?@t it f = 0. (2.16)

More generally, if the metric admits a conical singularity along the invariant divisor FEj;, of
angle 2mq;, then

1
Vi = i f1(Oy + F30;)  if f1#0, = Zaiff@t if f/=0. (2.17)

The conditions that (M, g) will smoothly extend to the boundary, possibly with conical
singularities of g on the invariant divisors, is that each pair v;, v;11 be a basis of the lattice A,
i.e., that each pair be related to the next one by an element of the group GL(2,Z) of 2 x 2
matrices with integer coefficients and determinant equal to 41, i.e.,

vie1\ _ (b —&\ [ v
v; ) \1 0 Vit1)
hence

liv; = vi_1 + €Vi11, i=1,...,7—1,

where the ¢; are integers and € = £1, cf. [3, Section §].

As already mentioned, these conditions turn out to be quite restrictive, in particular impose
that r cannot exceed 3. For each value 1, 2 or 3 of r, the only toric Hermitian ALF gravitational
instantons are then as follows, cf. Theorems A and 8.2 in [3]:

e r = 1: The self-dual Taub-NUT instanton, i.e., the Euclidean self-dual Taub-NUT on R%,
with the orientation opposite to the one induced by its hyperkahler structure. Its piecewise
affine function is f(z) = 2n+|z| and its generating function is U(p, z) = 2nlog p?+Uy(p, 2).

e r=2

(i) The Taub-bolt instanton, discovered by D. Page in 1978, whose piecewise affine func-
tion is f(2) = 3b+ [z + b + [z — b], b= 2|n|.
(ii) The Euclidean Kerr metrics, discovered by R. Kerr in 1963, with

1 1 1

fz)=m+3 (1 - %) 24+t + 3 <1+%) lz—bl, 0<lal<b=(m2+a%)".

(iii) The Euclidean Schwarzschild metric, discovered by K. Schwarzschild in 1918, with
f(2) = m+ 3|z+m|+ 4|z —m|, which can be viewed as a particular case of Euclidean

Kerr metric, with ¢ = 0 and b = m.

e r = 3: The l-parameter family of Chen—Teo instantons, discovered by Yu Chen and
Edward Teo in 2011, cf. [6], with
1 3 3 1 1
f(z) =51 =p2 —¢> +qlz+q> —a| + |z +plz = p> +p]), (2.18)
0<p<l, 0<g<l, ptg=1, (2.19)
1 1
fhi=pq2,  fa=ps,  fs=p2q (2:20)

In contrast with the previous cases, the Chen—Teo instantons are not the Euclidean form
of Lorentzian spaces, and their anti-self-dual Weyl tensor W™ is not degenerate, as shown
in [1].
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I
-

Figure 1. The piecewise affine function of the Chen—Teo metric.
p 3 3 1
V4 = (_p7 1)‘/3 = ( - ﬂ(l —p2 —q2 — QPQQ)a ]-)
B N
FE
\ A

Esl Vo= (1R Hg

.

/

o

3 3

), 24 (p2 —q2 —p+4q)))

N

\ o)

9
Vo=, =1 v; = (&1 —p? +q2), 1)

Figure 2. The Chen-Teo moment polytope in the z, y-plane, with respect to the Z-basis vy = —p(0y, +
F10;), with Fy = 0, where x = —p(y + Fiz1), y = p+ ﬁ(p% —q:—p+ q), and 24 =1—p3 — ¢3. The
slope of the edge between V5 and V3 is —1 for any value of the parameter p.

More generally, we shall consider smooth completions of the metric g given by (2.2) admitting
conical singularities along the invariant divisors, as described by Theorem 7.5 in [3, Section 7].
As shown in [3, Section 7], this can be done for the whole family of Kerr-Taub-NUT family,
introduced by G.W. Gibbons and M.J. Perry in 1980, which includes the instantons mentioned
above when r = 2.

This also concerns the Chen—Teo 4-parameter family introduced in [7], which we shall explore
in the next section.

2.3 The self-dual Eguchi-Hanson metric

The Eguchi—Hanson metric was first discovered by Tohru Eguchi and Andrew J. Hanson in [10],
and by Eugenio Calabi in [4]; it is also a member of the Gibbons—Hawking family of hyperké&hler
metrics [11]. Like the Taub-NUT metric quoted above, also a member of the Gibbons—Hawking
family, the Eguchi-Hanson metric is of type O D~ with respect to the orientation determined by
the hyperkihler structure, meaning that W+ = 0, while W~ is degenerate, but non-zero. With
respect to the opposite orientation it is then of type DTO~ and will then be called the self-dual
Eguchi-Hanson metric. This can be written in Harmark form (2.2), with p = (r? — b?) 2 sin#,
z=rcosl,V = 55, F = —cosb, e = Tpreo7g- 1t can be shown that the simple eigenvalue
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of Wtis A\, = 21%2 and the conformal Kahler metric is then conveniently chosen to be g = r% g,
whose Kahler class is then wg = —% A (dt + cos Odxs) — % sin 6df A dzg, so that the moment xq
of 9; be equal to % and k = 2b%. Unlike the self-dual Taub-NUT metric, the self-dual Eguchi-
Hanson metric is ALE, not ALF, but its generating function, Ugy, is nevertheless of the same
type (2.6) as the generating functions of the gravitational instantons considered in this note,

namely

1 1
Ugn(p,z) = =Up(p, z + b) + §Uo(,o,z —b)

2
1 di+z+b
—dl_i(Z'i_b)lOgm

d2+Z—b

1
dog — =(z—0)1
iy = 5 (== h)log T

NI
NI

with di = (p* + (z + b)?)
function is then

and dy = (p2 + (2 — b)2) , and the corresponding piecewise affine

1 1
fen(z) = 5’2‘*‘17\ + 5\3 —b|.

It may be observed that the positive constant A appearing in the general expression (2.1) is here
equal to 0 and that the identity k£ = 24 is here no longer valid, showing again that the self-dual
Eguchi—-Hanson metric does not belong to the family of gravitational instantons considered in
this paper. It may however be viewed as a limit, as already observed by Don Page in [15],
cf. also [3, Section 7.2]. In the current setting, this can be viewed by considering the following
one-parameter family of metrics encoded by their piecewise affine functions of the form

1 1
falz)=A+ §|z+b| + §|z — b,

normalized by the condition A 4+ b = 1, cf. Remark 2.1, with A,b > 0; notice that fi = fo =1,
and that most metrics in this family have conical singularities along invariant divisors, of angles
2way, © = 1,2,3. The vector fields attached to the corresponding polytopes, cf. (2.16)—(2.17),
are then vg = —ag(0zy + FoO), v1 = a1 %@, vy = ag(0zy + F20;), and the regularity condition
is then: (19) = (£ ) (%), for some integer £ and € = +1; we then have g = eag, hence € = 1,
ap = ag, and we can actually assume oy = ag = 1, and fa = A(Fy — Fy), by setting oy = «,
hence, by (2.14), fa = 2(A% — b?) = 2(A — b) = 2(2A — 1), where we can assume that ¢ is equal
to 1,0 or —1. When A runs in the open interval (0, 1), the corresponding metric is smooth in the
following three cases: (A = %,b = i,ﬁ = 1), (A = %,b = %,E = O) and (A = i,b = %,E = —1),
corresponding to the “positive” Taub-bolt metric, the Schwarzschild metric and the “negative”
Taub-bolt metric respectively.!

When A € (O, %) we can take £ = —1, the topology is that of the negative Taub-bolt metric
(the total space of O(1)), the angle 47(1 — 2A4) goes from 0 when A — % to 47 when A — 0,
hence the metric tends to the pull-back, from O(2) to O(1), of the self-dual Eguchi-Hanson
metric, with a conical singularity of angle 4. When A € (%, 1), we have ¢ = 1, the topology
is that of the positive Taub-bolt metric (the total space of O(—1)), again the angle 47 (24 — 1)
goes from 0 when A — % to 47 when A — 1. The limit for A = 1 is the Taub-Nut metric on R*
which is generated by the function fi(z) =1+ |z|.

There is a symmetry around A = 2: the metrics for A = % + a are the same with the

2
orientation reversed, up to scale. So it may seem curious that the limits for A =0 and A =1

!The “positive” and the “negative” Taub-bolt metrics are actually the same metric on the same manifold,
namely the complex projective plane CP? with a deleted point, with however opposite orientations, hence two
different conformal Kéhler structures: the “positive” Taub-bolt has the natural orientation of the tautological
line bundle O(—1) over CP, the “negative” one the natural orientation of the dual line bundle O(1). Similarly,
the hyperkdhler Eguchi-Hanson metric lives on the oriented manifold O(—2), while the self-dual Eguchi-Hanson
lives on the dual line bundle O(2).
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are the selfdual Eguchi-Hanson metric and the Taub-NUT metric. This contradiction is solved
by understanding that these are limits at different scales: the Taub-NUT metric is obtained
when A — 1 by shrinking the 2-sphere to a point, and by rescaling there is a bubble which
is O(—1) with the 2-cover of the Eguchi-Hanson metric. This is precisely what we see on the
other side A — 0, with the opposite orientation.

Finally notice the change of topology and of orientation at (A = %, £=0,b= %), encoding
the (Riemannian) Schwarzschild metric, which lives on the product S? x R?, with its natural
two orientations.

3 The Chen—Teo family

The Chen—Teo 4-parameter family is actually relevant to the general treatment of the preced-

ing section, i.e., is included and probably coincides with the family of toric Hermitian ALF

gravitational instantons, with » = 3, when the z-axis admits 3 angular points, z; < 20 < z3.
The convex piecewise affine function f as then the following general form:

1 1 1
J(2) = A+ S0 =p)lz =21l + 50+ lz - 22l + 51— @)z = 2], (3.1)
where
-1l<—-p<qg<l1,

are the slopes of f, on the open intervals (—oo, 21), (21, 22), (22,23), (23,00) respectively. The
pair (p,q) then belongs to the open domain of R? defined by

-1 <p<l, -1<g<1l, p+q>0.

We denote fi := f(z1), fo := f(22), f3 := f(23), and, in addition to p, g, we introduce two
positive parameters a, b by

a:=fi/f5,  b:=f3/f5
Alternatively,

ﬁ_lsz7 \/B_lzqw_ (3.2)
f2 f2
Thena >1ifp>0,a<lifp<0anda=1if p=0;similarly, b >0if¢g>0,b<1if g <0
and b=11if ¢ =0, and
lim (a—1) _ 2(z9 — zl)’ lim b—1) _ 2(z3 — 2’2)' (3.3)
=0 p f2 =0 ¢ f2
Notice that the parameters a, b, as well as the parameters p, g, are insensitive to the transform
described in Remark 2.1.

From (3.1), we get fo = A+ f—;(@(l —p)+ (\/I;T_l)(l —q)), hence
A= fo (p+q= vaqgll ;pz) — Vi = 9) = %(fz(\/aJr Vb) — (23 — 21)).

Remark 3.1. For further use, it will be convenient to “normalize” the convex piecewise affine
function f(z), via the transform described in Remark 2.1, in order that zo = 0 and fo = 1, hence
f1 = +va, f3 = v/b. The convex piecewise affine function f(z) is then given by (3.1), with

Va+vb 1<\/a—1 \/E—1> 1-a Vb —1
A= — = + , 21 =

) 22:07 Z3 = .
2 2 D q P q
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3.1 Regularity

As in the introduction, we call a metric reqular if on some smooth compactification it has at
worst conical singularities. In order to test the regularity of these metrics, we introduce the
angles 2mayg, 27y, 2wan, 2mas, attached to each divisor, where the «; are all positive, and we
consider the corresponding Killing vector fields, when p # 0, q # 0,

0 0 0 0
Vo = —ap (8:U3 + F08t> ) vl = —paq <a$3 + F18t> )

0 d 0 d
V2 = qag <8903 + FQBt) ; V3 = a3 <83:3 + Fg@t) ; (3.4)

where, for i = 0,1,2,3, F; denotes the (constant) value of F' in the interval (z;,z;4+1) on the
axis p = 0, cf. [3, Lemma 7.1]. The regularity conditions are then

Vo . 61 —€1 V1 U1 o 52 —€9 (%)
U1 o 1 0 () ’ V2 o 1 0 V3 ’
where £1, {5 are integers, and €1, €2 are equal to £1, hence

v = v + €102, lyvg = vy + €203,

or else, in view of (3.4),

lipay + e1qaz = ay, (3.5)
paq + laqan = €20, (3.6)
lipa 1 + e1qasFy = apFy, (3.7)
pa Fy + £2qQ2F2 = ega3F3. (38)

In view of (3.5), in (3.7) the F; may be replaced by F;+ c for any constant ¢, and likewise in (3.8)
in view of (3.6). Also recall, cf. [3, Proposition 7.3|, that the F; are related by

_ff(-p) _ fia(l-p)

- Fy= ==
1 0 A D A D ’
2
Ry F = fi(p-i'CI)’
A pq
f31-q _ f30(1-q)
By —Fpy=—13 ) . 3.9
e A 4 (3.9)
In particular,
_f2
A(Fs = Fo) = % (p+q - ag(1 = p) = bp(1 - q)). (3.10)
As observed above, in view of (3.5)—(3.6), (3.7)—(3.8) can be rewritten as
bp(Fy — Fo)ag + e1q(Fy — Fp)ag = 0, (3.11)
€2p(F1 — Fg)al + €2€2q(F2 — F3)Oé2 =0. (312)

Since a1 and as are both positive, it follows that

(Fg — FQ)(Fl — Fg) = Elflﬁg(Fl — FO)(F2 — Fg),
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hence

(Fy — Fo)(F1 — F3)

= e1ly0s,
(FL—F)(F—Fy) 72

or, equivalently,

(3= Fy) (I — Fy)
(P - Ry)(F— F)

In view of (3.9)-(3.10), n, defined by (3.13), has the following expression:

= 61€1€2 —1. (3.13)

~(p+a)p+q—aq(l —p)—bp(l—q))
B aq(1 —p)bp(1 — q) ’ (3.14)

and will be called the normalized total NUT-charge, cf. [7, Section III.B]. By (3.13), n is then
an integer, whenever the metric is regular. Notice that n = 0 if and only if F3 — Fy = 0, i.e., if
and only if the metric is AF.

Remark 3.2. Notice that (3.14) can be rewritten as

(p+q) C(a=1) (-1
ab(1 —p)(1—q) <a+b p q )

It follows from 23.14) and (3.2) that n is well defined at p = 0 or ¢ = 0 and that the quantity

a+b— D =D pas the sign of n. In particular, a regular metric is AF if and only if the

P
parameters p, g, a, b are related by a + b — @ — (b%ql) =0.

From (3.5)—(3.8), we infer

(FO — Fg) 1 (F3—Fy)
o = —-——"Cq3, 3.15
'y (F1 — F2) eap (F1 — F3) s (3:15)
1 (FO—Fl) 1 (F3— Fy)
2 61Q(F2—F1) e2laq (Fo — F) s (3.16)
(F() — FQ) 6262 (F() — Fl)
a3 = oy = Q. 3.17
s 51 (F3 — Fy) er (F3—F1) 0 (3.17)
In view of (3.9), we then get
b(1 —gq) a(l —p)
— , = —Lag, 3.18
N TV (3.18)
from which we infer
€] — €2 = 1. (3.19)
It then follows that
n= £1€2 — 1, Vo = Elvl — o, V3 = EQUQ — V1 = nuvy — 52’00, (320)

so that vy A vg3 = nvg A v, hence
n = det (v, v3),

since the pair (vg,v1) is a basis of the lattice A. From (3.15)—(3.17) and (3.9), we easily infer
that the integers ¢1, fo can be rewritten as

_(p+a—agl—p)lag _ ([, agl=p) Y\
h=T -0 a3_<1+ p+q )ag’ (3.21)
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— bp(1 — 1—
NGRS Sl Gl )1 <1 LGl q>n> ) (3.22)
ag(l1—p) o p+q ag
From (3.18) and (3.19), the conical parameters aj, ay are given by
b(1 —q) a(l —p)
_ ’ _ , 3.23
o= s m = ag (3.23)
while the relations (3.5), (3.6), (3.11) and (3.12) are expressed by
lipan + g = a, (3.24)
pai + lagag = ag, (3.25)
—lap(1 —p)on + (p + ¢ — aq(1 — p))az = 0, (3.26)
(p+q—bp(1 = q))ar — Labg(1 — g)ory = 0. (3.27)

By using the expressions of oy, ae given by (3.23), it is easily checked that these relations are
all satisfied.
So far, we assumed that pg # 0. In view of (3.3), the cases when p =0,¢ >00r¢=0,p >0
are then obtained by continuity. When p tends to 0, then ¢ > 0, since p + ¢ > 0, and
(7)) as b(l — q) 1

6y =(14+n)—, by = —, o = ——ag, az = —ay,
a3 Qg q q

and

ho Ute g (a1

b(l—q) b(l—q)p=0 p

Similarly, when ¢ tends to 0, then p > 0 and

— 1.

1 1-—
1 2%7 52:(14‘“)%7 ] = —Qg, GQZMQO
o a b b
and
~ (1+p) p (b-1)

- lim —1.

Ca(l-p) a(l-p)a=0 g

Recall that a metric of the Chen—Teo 4-parameter family is said to be regular if it can be
smoothly compactified along the invariant divisors, D;, encoded by the edges F; of the momen-
tum polytope, ¢ = 0,...,r, with a suitable choice of conical singularities of angles 2wa; along
each D;. In view of the above, this happens if and only if we can choose ag, a1, as, as, all pos-
itive, satisfying the conditions (3.24)—(3.27), hence, equivalently, the conditions (3.21)-(3.23),
in fact (3.21)—(3.22) only, since o and ap are then be defined by (3.23). We first observe that,
in this case, it follows from (3.23) that a; and g are completely determined by «p and as,
as p + ¢ > 0; moreover, only the quotient ag/as is relevant, so that we can arrange that, say,
ag = 1. This being understood, we can formulate the following statement:

Theorem 3.3. Let (M, g) be an element of the 4-parameter Chen—Teo family, of parameter p,
q, a, b; let n be the total NUT-charge of g:

(1) (M,gq) is regular (that is has a smooth compactification on which it has at worst conical
singularities) if and only if n is an integer.

(2) If (M, g) is regular, then the boundary at infinity is diffeomorphic to L, where L is
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(i) a lens space of type £/n, where { is a factor of n+ 1, if n # —1;
(ii) the sphere S3, if n = —1;
(iii) S' x S2, ifn=0

Proof. (i) We already know that n is an integer whenever g is regular. For the converse, in
view of the above, we simply have to show that if n is an integer there always exist «g, a3
positive, in fact only as > 0 if we choose o = 1, satisfying the conditions (3.21)-(3.22), where
{1, Uy is some pair of integers such that n = ¢,/ — 1. From (3.14), we infer that

q1-p) \  p+qg—aq(l-p)
<”p+q“>— ) 529
and
bp(l1—q) \ p+q—"0bp(l—q)
<1+_27+<zn> - ag(l-p) (3.50)

If n > 0, hence £145 > 0, it follows from (3.28) that either (1+ aq;iqp) n) and (1+%n) are
both positive or both negative; the second case is in fact excluded, due to the constraints on the
parameters p, ¢, a, b: indeed, since n > 0, if p > 0, ¢ > 0, then (1+ %n) and (1 + %n)
are clearly both positive, and this is still the case if p > 0, ¢ < 0, because of (3.29), or if p < 0,
q > 0, because of (3.30). Thus, ¢;, ¢ are both positive, and a3 is then defined by (3.21)-(3.22).

If n < —1, hence {1, < 0, then either (1 + Ml’l) > 0and (1+ Mn) < 0 or vice

ptq
versa. In the former case, we can choose £1 > 0, #5 < 0, in the latter case, chose instead ¢ < 0,
_ ) —
/5 > 0, and, in both cases, define a3 by ag = p?fbpcg(lq)p) pﬁ}‘ﬁg(l@q).
If n = —1, then £145 = 0, so that either £; = 0 or £ = 0 or both. In the former case, we can
define ag = #}% where ¢ may be any integer of the sign of p+q—bp(1—q), and likewise
if /5 = 0. The most interesting case is when /1 = f» = 0, i.e., when p+q = aq(1—p) = bp(1l —q);

then, we can choose a3 = g =1, a = q(pﬂ) b=

ler ’ 1 , g =

(ii) If (M, g) is regular, we know by (3.20) that v; —Q)le — Ezvo Acco(i"dlng to Proposition 4.1
n [3], the function z + ip identifies the interior of the moment polytope P, equipped with the
complex structure induced by g, with the Poincaré upper half-plane. At infinity, the topology
of (M, g) is then R x L, where L is obtained, from the product [0,1] x T2, by identifying the
circle {0} x S! with the circle {1} x S! via the rotation 21’77%2, where {0} x S! encodes the
orbit of vy, around Ep, and {1} x S! the orbit of v3 = nv; — favg, around Ej3, cf. [14, 16] and
Figure 3. |

3.2 The case when the metric is smooth

If ap = a1 = aa = a3 =1, i.e, if (M,g) is a gravitational instanton, the system (3.24)—(3.27)
becomes

bp+q=1, p+lag =1, (3.31)
p+qg—a(l—p)=0, p+qg—>b1l—-q)=0. (3.32)

By (331),p+q=1— ({1 —1)p=1— ({3 — 1)q. From (3.32), we then infer

a—1_2-4 b—1 2t

P 1—p’ q 1—q°
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AN
— R

Dy, D,

Figure 3. Lens space at infinity, obtained “by attaching two solid tori S* x D? together by a diffeo-
morphism S! x 9D? — S x 9D? sending a meridian {x} x dD? to a circle of slope £/n”, cf. [14]. The
disk D,,, resp. D,,, is formed by the orbits of the Killing vector field vy, resp. vs. The red half-circle is
the hyperbolic geodesic in the Poincaré upper half-plane relating —R to R on the real axis, and R tends
to infinity.

It follows that /1 < 2 and ¢35 < 2. From (3.31), we infer that /1p =1—¢ > 0 and fog = 1—p > 0.
pr>0andq>0,hence€1zﬁg:1,Wethusgetn:0,p+q:1,a:%,b:%,which
characterizes the Chen—Teo instanton, cf. (2.18)—(2.20). If p > 0 and ¢ < 0, then ¢; > 0, hence
¢1 =1, so that p+ g =1 and ¢ = f2q, which is impossible, since f2q > 0. Similarly, we cannot
have p < 0 and ¢ > 0. We thus recover the fact, already established in [3, Section 7], that
the only toric Hermitian ALF gravitational instantons with 3 angular points are the Chen—Teo
gravitational instantons.

3.3 Some particular cases in the general ALF case
If g = g = 1, then, by (3.24)—(3.25), we get

lipon +qaz =1, pog +Llagan =1,
while, by (3.23), we have

o= Pt (p+gar

L=p l—gq
From (3.21)-(3.22), we also infer

1 —qa 1 — pa
0= —22 14 gaom, b= —L% — 14 papn,
pan qa
lh—1 4y—1 1—pag—qas
n— = =
qa baq pgoa
and
a—1_1—€1a1—a2 b—1_1—|—061—€2062
p l—-p 7 q l-q

Particular case 3.4. We first consider the case when, in addition to ag = ag = 1, we suppose
that ap = 1, and we then put: oy = « (similar developments can be done, by simply swapping p
and ¢ if we suppose instead that a; = 1 and ag = ). We then have

bpa+q=1, pa+ laqg =1, (3.33)
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and
o1y o
1-p 1—g¢q
1—¢q 1 —pa
lh=14gn=—, ly =1+ pan = ,
yyes q
-1 b—-1 1-pa—gq
q po pga
and
a—1 2-la« b—1 1+a—4{
p 1-p’ q 1—-q

Interesting 1-parameter families are obtained by taking ¢ = 0, from which we infer: p > 0,

hence % < p < 1 — since we have then a > 1; from (3.33) we also get pa = 1, hence 1 < a < 2,
and ¢; = 1, hence n = /5 — 1; we also infer: a = %, b=1, ale = %_fz and bTTl =1+a—/ls.

For any n = £5 — 1, we thus get a l-parameter family of regular metrics parametrised either
by p € (%, 1) or, equivalently, by the angle 2w« € (27, 4m).

When p tends to 1, i.e., when « tends to 1, for any /o, a tends to +oo, b = 1 and %
tends to 2382; in view of Remark 3.1, the metric then tends to the metric encoded by the affine

piecewise function

fa:1(z)_1_(274€2)+;2'+(2_4£2)

gl

When p tends to %, i.e., when « tends to 2, for any /o, a = 1, implying that z; = 29
and % =0, and % tends to %. In view of Remark 3.1 again, the metric then tends to
the metric encoded by the piecewise affine function
(3—4f) 1 (3 — o)

] S

-5

o) =1-

This limit when the angle goes to 47 corresponds to the process described in [3, Section 9] where
the S? with the conical singularity disappears at the limit 47 with a bubble which should be
the 2-cover of the self-dual Eguchi-Hanson metric (see the family of Section 2.3 for an example
of this phenomenon).

By successively considering the particular cases when fo =2, n=1,0, =0, n= -1, {, = —1,
n = —2 and the AF case f, = 1, n = 0, we thus get the following 1-parameter families.

(i) lo =2, n = 1: f9(z) = 1 + |z|, which encodes the self-dual Taub-NUT gravitational
instanton, and f*=2(z) = 2 + 1|z + 1| + 3|z — %/, which encodes the positive Taub-bolt
metric.

() = 0.0 =1 f=I(z) = §+}
gravitational instanton, and f*=%(z) =
Taub-bolt metric.

(ili) fo=—1,n=—2: fo=1(z) = 1+ 1|2+ 2|+ 1|z — 3|, which encodes the negative Taub-bolt
gravitational instanton, and f®=2(z) = 1|z + 1| + 3|z — 1|, which encodes the self-dual
Eguchi-Hanson metric.

(iv) 2 =1, n =0 (this is an AF case): fo=1(2) = 2 + 1|2 + 1| + 3|z — 1|, which encodes the
positive Taub-bolt gravitational instanton, and f*=%(z) = £ + 3|z + 1| + 1|2 — 3|, which
encodes the Schwarzschild metric.

2| + 3|z — %], which encodes the Schwarzschild
+ 1|2+ 3|+ 3|z — 2|, which encodes the negative

N
it
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3.4 The AF case

As mentioned above, the normalized total NUT-charge n is equal to zero if and only if the metric
is AF. We then have ¢1¢5 = 1, while it follows from (3.21)-(3.22) that ¢; = £, = o Since £,
and /5 are both positive integers, we eventually infer that

lh =4y =1,
so that
ag — asg.

The conditions (3.24)—(3.27) then become

pa1 + qas = ap = Qg,
—ap(l —p)ay + (p+q —aq(l — p))ag =0,
(p+q—"bp(1—q))ar —bg(1 — q)ag = 0.

Without loss of generality, we can suppose that ag = az = 1. We thus get
pai +qag =1,

as well as

(p+q)
1—-p

a= o, b=

Q.
1—g¢q !

Particular case 3.5. An interesting case is when a1 = as =: « > 0. This happens if and
only if

and then
1
a=—-:
p+q

If p+qg=1,1ie., if a tends to 1, we thus recover the Chen—Teo instanton. If, however, p + ¢
tends to 2, i.e., if both p and ¢ tend to 1, then « tends to %, while the normalised piecewise
affine function, cf. Remark 3.1, tends to f(z) = 1 + |z|; we thus obtain a quotient by Z/2Z of
the self-dual Taub-NUT space. Finally, if p 4+ ¢ tends to 0, i.e., p and ¢ both tend to 0 and «
then tends to +o0o, then a and b both tend to 1, % = % = %, and the piecewise affine
function tends to fgu(z) = %[z + 3| + 3|z — 4|, which encodes the self-dual Eguchi-Hanson
metric, cf. Section 2.3.

Particular case 3.6. An interesting case is with ag = as = ag = 1, and we then put: a3 =: a.
We thus get
+ +
a= u, b= pra and a=——.
I=p p p

Interesting 1-parameter families are obtained by fixing the parameter ¢ (this actually amounts
to fixing the asymptotic behavior of the metric). Then 12;‘1 < p < 1 (the first inequality coming
from a > 1). We get a family of AF examples which are smooth except for one conical singularity
along a S? with angle 2ra € (27(1 — q), 47); q being fixed, this family is parametrised either
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by p, or by «, or, better by 7 := a — 1, so that —¢ < 7 < 1. In view of Remark 2.1, for each
value of 7 it is easy to check that the corresponding metric is encoded by the following piecewise
affine function

1) = S (g - ala+ 1 - (- )
+ (q+7—) (1_7—2) ‘ (1+q7-)’2|
21+7) (q+7)%((1+q7)%+(q+7)%) 2(1+7)
L (147 |
2 (1—q)2 (1 +qr)% + (1 -q)3)

When 7 =0, i.e., a =1 and p = 1 — ¢, the corresponding metric is smooth: it is the Chen—Teo
gravitational instanton of parameter ¢,p = 1 — ¢, whose piecewise affine function is

_ 1 1 1 1
fT_O(Z)Zi(l—p%—q%)‘i'gZ‘i‘ﬁ +*’Z‘+g2—ﬁ-
2pq 20 qr(l+q2)l 20 20 pr(14p2)
Ifr=—q,ie,a=1-—gq, we get
1
_ 14q)2 1 1—¢q 1—¢q 1
7 q(z):(2>((1+q)2—(1—q))+< 5 >|z|+( 5 )z— T
q 14+ (1+4q)2
Ifr=1,1ie., a=2, we get
1
— 1+4+gq)2 1 1 1+g¢
2q 2
(1—q) 2
+ 5 |7 T T |
(1-92((1+¢)2+(1-q)2)

The limit for the angle 47 is again obtained by blowing down the S? to a point and is a Kerr
metric. The limit for the angle 27 (1 — ¢) is a Kerr—Taub-bolt metric with a conical singularity:
it changes the topology at infinity because there is a bubble at infinity. The special case ¢ = 0
was already studied in Section 3.3, case (iv).
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