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Abstract. We deal with suitable nonlinear versions of Jauregui’s isocapacitary mass in
3-manifolds with nonnegative scalar curvature and compact outermost minimal boundary.
These masses, which depend on a parameter 1 < p < 2, interpolate between Jauregui’s
mass p = 2 and Huisken’s isoperimetric mass, as p — 17. We derive positive mass theorems
for these masses under mild conditions at infinity, and we show that these masses do coincide
with the ADM mass when the latter is defined. We finally work out a nonlinear potential
theoretic proof of the Penrose inequality in the optimal asymptotic regime.
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1 Introduction

The isoperimetric concept of mass was introduced by Huisken [26] to study 3-manifolds with
nonnegative scalar curvature that are possibly nonsmooth, and not fulfilling the asymptotic
requirements needed to define the classic ADM mass [6]. Given a 3-manifold (M, g), the isoperi-
metric mass is indeed defined as

Miso = Sup hmsupmiso(Qj>v (1'1>
(Q)jen J—+o0

where the supremum is taken among all exhaustions (£2;);en consisting of domains with ¢1-

(Q
boundary and the isoperimetric quasi-local mass migo(§2) is
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Notice that, without any further assumption on the 3-manifold, the isoperimetric mass might
in principle be any number in [—oo,+o0c]. Unlike the ADM mass, which is defined on an
asymptotically flat chart x = (a:l, z2, x3) at infinity as
. 1 ¥
mapym = lim / (Orgii — Oigri) — do,
r—+oo 167 {|z|=r} \ac]

the isoperimetric mass does not require passing to a chart to be defined. Rather, it is based
on the geometric concepts of volume and perimeter, making it well-defined even when there is
limited information on the asymptotic behaviour of the metric. Inspired by this observation,
in [11], we proved a Riemannian Penrose inequality [13, 27] for the isoperimetric mass in the class
of strongly 1-nonparabolic Riemannian manifolds with nonnegative scalar curvature. With the
locution strongly 1-nonparabolic manifolds, we denote manifolds on which any bounded Q2 C M,
whose boundary is homologous to OM, admits a proper locally Lipschitz weak inverse mean
curvature flow (IMCF for short), that is a solution w; to the problem

D
div( i > = |Dwi| on M \ €,

|Dw1| 192
wr =0 on 09, (1.2)
w1 — 400 as d(x,0Q) — 400,

according to the definition introduced in [27]. The analysis leading to the isoperimetric Rieman-
nian Penrose inequality in [11] was carried out using a new asymptotic comparison between the
Hawking mass (see (2.11) below) and the isoperimetric mass along the level sets of the weak
IMCF.

In the present paper, we are going to develop a similar theory, in the case where the weak
IMCEF (1.2) is replaced by the level set flow of weak solutions w,, € ‘Kkljcﬁ(M ) to the boundary
value problem

Apwp = |[Dwp|’ on M \IntQ,
wp, =0 on 012, (1.3)
wp — +00 as d(z,0Q) = 4o0.

The link between the above problem and the weak IMCF (1.2) relies on the fact that w, — w;
as p — 17 locally uniformly on M [30, 35, 36, 37], provided some natural global requirements
are met by the manifold (M,g). On the other hand, the solutions to problem (1.3) are di-
rectly connected to the notion of p-capacitary potential of a compact body 2. In fact, setting
wp = —(p — 1) logu, implies that u, is p-harmonic, that is Aju, = 0. These relationships have
been instrumental in demonstrating a series of geometric inequalities by means of monotonicity
formulas, holding along the level sets of solutions to equation (1.3). As p — 17, these inequal-
ities become increasingly close to the desired result. This machinery, firstly introduced in the
case p = 2 for harmonic functions in [1, 4], has proven to be powerful enough to produce an
enhanced version of the Minkowski inequality [2, 21], later extended to Riemannian manifolds
with nonegative Ricci curvature [10] as well as to the anisotropic setting [47]. In [5] and subse-
quently in [3], the authors used this approach on 3-manifolds with nonnegative scalar curvature
to prove the Riemannian Penrose inequality for a single black hole, based on the monotonic be-
haviour of a suitable p-harmonic version of the Hawking mass (see (2.12) below). Throughout the
manuscript, Riemannian manifolds are assumed to be smooth, connected, metrically complete,
noncompact, with one single end.

The main object of interest in the present paper is the following nonlinear potential theoretic
version of Huisken’s isoperimetric mass (1.1), that we call the p-isocapacitary mass. It involves
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the classical notion of p-capacity of a compact set K C M, that, in dimension 3 and for 1 < p < 3,
is given by

, 1 /p—1\""
K)=inf{ — (2= Dol?d
»(1) ln{47r<3p) /M\K‘ o du

When the boundary of K is regular enough, such infimum is realized by the p-capacitary potential
of K, i.e., the unique p-harmonic function u,, equal to 1 on 0K and vanishing at infinity.

veEF(M),v>1on K}

Definition 1.1 (p-isocapacitary mass). Let (M, g) be a Riemannian 3-manifold with compact
boundary, and let 1 < p < 3. Given a closed bounded subset 2 C M containing M with
¢'-boundary the quasi-local p-isocapacitary mass of € is defined as

1 4 3
m(@) = o (10] - e (00)7 ).
2pme, (0€2) 35—

The p-isocapacitary mass m") of (M, g) is defined as

m” = sup limsupm{ (99;), (1.4)
(Q5)jen J—+o0

where the supremum is taken among all exhaustions {€2;}, .

As for the isoperimetric mass, the p-isocapacitary mass might be any number in [—o0, +00].
The special and particularly relevant case of the 2-isocapacitary mass has been recently intro-
duced and studied by Jauregui [28].

A first natural and fundamental question about these newly introduced quantities is whether
they are nonnegative, on the class of 3-manifolds with nonnegative scalar curvature, where
a solution to (1.3) exists for any bounded 2 with regular boundary. The latter mentioned
property will be referred to as the strong p-nonparabolicity of the manifold (M, g), a terminology
that interpolates between the notion of strong nonparabolicity introduced by Ni [39] and the
notion of strong l-nonparabolicity, which was employed in [11] and recalled above.

Our first main result is a nonlinear potential-theoretic version of the Riemannian Penrose
inequality, that, although not sharp, implies the positive mass theorem for the p-isocapacitary
mass, with its associated rigidity statement. We prove its validity under the following asymptotic
integral gradient estimate:

(t) Given any Q C M closed bounded subset with smooth and connected boundary homologous
to OM, the function w, € 6L (M \ Q) that solves (1.3) satisfies

/ |Dw,|*do = o(et/(pfl))
o

as t — 400 where = {w, <t}.

Theorem 1.2 (p-isocapacitary Riemannian Penrose inequality). Let (M, g) be a strongly p-
nonparabolic Riemannian 3-manifold, 1 < p < 3, with nonnegative scalar curvature and with

smooth, compact, connected, minimal, possibly empty boundary. Assume also that (M, g) satis-
fies (1) and Ho(M,0M;Z) = {0}. Then

1

¢p(OM)3—p < 2P P

- 2 iso*

(1.5)

In particular, mf;’()) > 0 and it vanishes if and only if (M, g) is isometric to the flat 3-dimensional
FEuclidean space.
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As we are going to show below in Theorem 1.3, under natural assumptions of asymptotic
flatness, the p-capacitary masses coincide with one another, and they are all equal to the classical
ADM mass. Then, in the limit as p — 11, (1.5) yields the Riemannian Penrose inequality. In [12]
and its extension [48], the version of (1.5) with the sharp exponent is derived employing the
weak inverse mean curvature flow. The above result on the other hand just involves nonlinear
potential theoretic concepts, such as the notions of p-nonparabolicity and of p-isocapacitary
mass.

The condition (t) is actually very mild. As we are going to detail in Remark 3.4, it is
always fulfilled on manifolds that are merely 4%-asymptotically flat, provided a suitable Ricci
lower bound is also satisfied. %'-asymptotically flat Riemannian manifolds are also fulfilling
condition () for 1 < p < 2, as proved in Lemma 2.5. This latter class of manifolds is particularly
natural in the framework of mathematical general relativity, as the works of Bartnik [7] and
Chrusciel [16] showed that the ADM mass is well defined on %’!-asymptotically flat Riemannian
manifolds, with 7 > 1/2. In fact, our second main result shows that on %!-asymptotically
Flat Riemannian 3-manifolds with nonnegative scalar curvature the p-isocapacitary masses do
coincide with the ADM mass for any 1 < p < 2. This fact was previously known only for p = 2
and only for harmonically flat manifolds, as proven by Jauregui in the insightful paper [28,
Corollary 8]. Most of the authors assume that the scalar curvature belongs to L!'(M) in the
definition of the ADM mass so that the latter is not only a geometric invariant but also a finite
number. Here, we do not assume any integrability of the scalar curvature, hence, our ADM
mass is not finite a priori. The statement below, can be understood in the sense that all masses
are infinite as soon as one of them is, and they all coincide with one another as soon as one of
them is finite.

Theorem 1.3. Let (M, g) be a €-asymptotically flat Riemannian 3-manifold, T > 1/2, with
nonnegative scalar curvature and with smooth, compact, minimal, possibly empty boundary. As-

sume that Ho(M,0M;7Z) = {0}. Then

mfé’g = Mjso = MADM
foralll <p<2.

What we will actually prove in this paper is the chain of inequalities mapy < mfé’()) < Migo-
This will in turn give the identities above due to the equality mis, = mapn, obtained in the
setting of Theorem 1.3 in [11, Theorem 4.13]. In the proof of Theorem 1.3, the inequality
mf;)) > myg is deduced substantially arguing as in [28, Theorem 5], combining some of the com-
putations in [19] together with an extension of the main estimate in [12, 48] for the isoperimetric
mass (see Proposition 2.13).

The reverse inequality, for which the harmonically flat condition was invoked in [28], is
instead proven by integrating the sharp isoperimetric inequality in [15, Corollary C.3] to obtain
a sharp p-isocapacitary inequality in terms of the isoperimetric mass, Theorem 5.5. This last
step is inspired by the classical derivation of the sharp p-isocapacitary inequality from the sharp
isoperimetric inequality, as in [10, Theorem 4.1]. The identification with the ADM mass finally
follows from [11, Theorem 4.13], where it was showed to coincide with the isoperimetric mass in
the above optimal regime, sharpening [29, Theorem 3].

It is natural to conjecture that the equivalence among p-isocapacitary masses also holds under
weaker asymptotic assumptions, where the ADM mass may not even be well defined. In this
direction, in the generality of ¢“-asymptotically flat Riemannian manifold satisfying (1) for
1 < p <2, we will prove the following two-sided estimate (see Lemma 5.1 and Theorem 5.6):

1
22p—17rpz;1pp(3§(p_1) o )

() .
Miso < Miso < (3 _ p)(p _ 1)p—1 Migo>
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where Cg is the global Sobolev constant on (M, g). The lower bound is optimal, while the upper
bound sharpens as p — 17. As a consequence, in this generality mjs, can at least be recovered
as the limit of its p-capacitary versions as p — 17.

In concluding the paper, we propose an alternative proof of the Riemannian Penrose inequality
in the sharp asymptotic regime given in [11], that is for €} -asymptotically flat Riemannian 3-
manifolds, with 7 > 1/2. In this previous work, we exploited the better asymptotic behaviour
of harmonic functions and the monotonicity of the 2-Hawking mass discovered in [5] to improve
the original argument by Huisken and Ilmanen [27] based on the IMCF, as far as the asymptotic
analysis at infinity is concerned.

Replacing the IMCF with the level sets flow of the solutions wy, to (1.3), we obtain a nonsharp
family of p-Penrose Inequalities in terms of the p-capacity of the horizon. These then provide
the optimal and classical Riemannian Penrose inequality in the limit as p — 17. We recall that
a minimal boundary M is outermost if no other closed minimal surface homologous to M
is contained in M. Moreover, we understand that, in case such boundary is empty, then no
minimal closed hypersurfaces exists in (M, g). We can now state the last main result of the

paper.

Theorem 1.4. Let (M, g) be a €!-asymptotically flat Riemannian 3-manifold, T > 1/2, with
nonnegative scalar curvature and with smooth, compact, minimal, connected and outermost pos-
stbly empty boundary. Then

¢,(AM)TF < 2mapns (1.6)

for any 1 <p < 2. Letting p — 17, we get
) g g

[|oM
‘167r| < MADM. (1.7)

Both in the above result and in Theorem 1.3, the restriction to p < 2 is due to technical
reasons, that can be devised in the proof of Theorem 5.6.

Outline of the paper

In Section 2, we gather some basic facts about p-harmonic potentials. The content of this
section is substantially well known. In Section 3, we work out the main asymptotic comparison
at infinity between the p-Hawking mass and the quasi-local p-isocapacitary mass, see Lemma 3.2.
We deduce the nonsharp Riemannian Penrose inequality Theorem 1.2 for the p-isocapacitary
mass. In Section 5, we show relations among the p-isocapacitary masses for the various values
of p, in turn obtaining Theorem 1.3. Finally, in Appendix A, we include a proof of the full
monotonicity of the p-Hawking mass, since the original [3, Theorem 1.1] actually yields such
result only along regular values. We will also relate such quantity with a similar one considered
in [14] that will naturally appear in the asymptotic comparison argument ruling our main results.

2 Preliminaries in nonlinear potential theory

We first remind that the operator A, is defined by A, f = div (\Vf|p72Vf), for f € €2 with
nonvanishing gradient. As far as basic principles and regularity for weakly p-harmonic functions
are concerned, we just refer the reader to [17, 18, 22, 31, 32, 33, 41, 42, 43, 44, 45], and [24, 25] for
the theory of p-capacitary potentials in exterior domains (see also [8, Chapter 1] and reference
therein), including existence issues. The function w,, that solves (1.3) can be written as w, =
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—(p — 1) log uy,, where u, € ‘Kll’ﬁ(M N Int ) is the solution to

ocC

AP u, =0 on M~ Int,
up, =1 on 012, (2.1)
up, =0 as d(z, 082) — +oo,

the following definition of strongly p-nonparabolic Riemannian manifold is consistent with that
of strong nonparabolicity [39] and with the limit case of strong 1-nonparabolicity [11].

Definition 2.1 (strongly p-nonparabolic). We say that a 3-dimensional Riemannian mani-
fold (M, g) with compact possibly empty boundary is strongly p-nonparabolic, 1 < p < 3, if
there exists a solution to (1.3) for some © C M closed bounded with smooth boundary homol-
ogous to M.

Remark 2.2. By the maximum principle, in a strongly p-nonparabolic manifold every €2 with
%'-boundary homologous to M admits a solution to (1.3).

This definition naturally comes with the notion of the p-capacity of a compact subset K C M,
which we recall to be

, 1 /(p—1\""
K)=inf{ —(=—= Du|Pd
cp( ) ln{47r<3_p> /]\/[\K‘ v‘ a

When the boundary of K is sufficiently regular, the above infimum is realized by the function u,,
solving (2.1). A fundamental property of the p-capacity is that it is monotone with respect to
the standard inclusion of sets. More specifically, if we consider sublevel sets €, = {w, <t} of
solutions to (1.3), we have that their p-capacities grow exponentially with respect to the arrival
time parameter ¢t. This is completely analogous to the exponential growth of the area along the
IMCEF. We recall this useful property in the following lemma, proved in [24, Lemma 3.8].

veEX(M),v>1on K}

Lemma 2.3. Let (M, g) be a 3-dimensional Riemannian manifold with compact possibly empty
boundary OM. Let Q C M be a closed bounded subset homologous to OM with € -boundary, w,
the solution to (1.3) starting at Q and Q = {w, <t}, 1 <p < 3. We have

p—1
cp(0Q:) = e’ ¢,(09) = i /89 (pr‘> do.

3—p

2.1 Estimates on asymptotically flat Riemannian manifolds

In [9], we prove the asymptotic behaviour of p-harmonic potential (2.1) assuming a lower bound
on the Ricci curvature other than asymptotic assumptions on the metric. Here we want to
remove the additional assumption on Ricci curvature. We will prove that it is superfluous if we
assume the metric is ¢'-asymptotically flat.

We start by giving the precise definition of asymptotically flat 3-manifolds.

Definition 2.4 (asymptotically flat Riemannian manifolds). A 3-dimensional Riemannian man-
ifold (M, g) with compact possibly empty boundary is €*-asymptotically flat (resp. €*-asymp-
totically ﬂat), with order k € N and rate 7 > 0, if the following conditions are satisfied.

1. There exists a compact set K C M such that M \ K is differmorphic to R? \ {|z| < R},

through a map (xl, x2, x?’) whose components are called asymptotically flat coordinates.
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2. In the chart (M N K, (:cl, z2, a:3)) the metric tensor is expressed as
g = gz’jdwi ®da! = (055 + Uij)dxi ® da’

with

3 k
>3 (a9, = O(1)  (resp. = 0(1)), as |z| = +oo.
i,j=1|5|=0

¢-asymptotically flat Riemannian manifolds are in particular strongly p-nonparabolic. This
is a consequence of [35, Theorem 3.6], implying it under the mere existence of a global (even
weighted) Sobolev inequality.

We first point out a decay estimate for the gradient of u, holding on %'-asymptotically
flat Riemannian manifolds. It is immediately obtained as a consequence of the Cheng—Yau
inequality for p-harmonic functions [46] when the Ricci curvature is quadratically asymptotically
nonnegative (see also [9, Proposition 2.27]). However, as the proof presented in [46] is purely
integral, integrating by parts the term containing the Ricci curvature and exploiting the &'
decay of the metric leads to the following.

Lemma 2.5. Let (M, g) be a €*-asymptotically flat Riemannian 3-manifold with compact pos-
sibly empty boundary. Let Q C M be a closed bounded subset with €1 -homologous to OM , and
let uy, be the solution to (2.1), 1 < p < 3. Then, there exist C >0 and R > 0 such that

Duyl(z) < 2l (2.2

]
on {|z| > R}.

Proof. We drop the subscript p. Let |z| > R for some R large enough so that \I‘f]] < C/|x|
|9ij — 6i5] < C on {|z| > R/3} for some C > 0 and every i,j,k = 1,2,3 and Bjy2(z) C
{lz| > R/3} for all x € {|z| > R}. The constant C may change during the proof, but its
value depends only on R, g and p, not on u or z. We explain how to modify the proof of the
Cheng-Yau inequality in the ball B = Bj,|/2(x) presented in [46] to replace their lower bound
on the Ricci curvature with the €'-decay of the metric coefficients. The proof begins with an
integral version of the Bochner formula

_ 21 2 p 2,82
| 2wau=2 [ ripoul wdu+<2 1>/B\Df| 752 dp
+ / £571 Ric(Du, Du)y dp (2.3)
B

for any 1) € €>°(B), where f = |Du|* and

Z(f) =div [fp/“ (Df +(p—2)(Du| Df>|§5|2ﬂ — pfP* "1 (Du|Df).

The only term containing the second derivatives of the metric is the one involving the Ricci
curvature tensor. It can be written as

/BfglRic(Du,Du)z/J dpu :/B(akrfj — OLf, + TEDT — TRTk \DiuDIu f2 1 dp. (2.4)
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The terms containing products of Christoffel symbols can be estimated using the ¢'-asymptotic
behaviour of the metric, using the fact we are on {|z| > R}. Indeed,

/ (Ckrm, — Tk YDiuDIu f2- 1¢du_—/ 2y du. (2.5)
B
On the other hand, using integration by parts, we have
/ OREDuDIu f2~ 1y du = —/ TE0), (D'uDiu 571y /det g) dps
B

1 p p D
>cof |x|DDur|Du|f2—1¢+fz<‘ , + 2 an

c [ pou sty A+=9v | DO 4 2)
B 2|z |z|

Y

for any € > 0, where we employed Young’s inequality in the last step to the product between
(|$|71]DDu|) and |Dul, recalling that f = |Du|>. Observe that we used the €'-asymptotic
behaviour of the metric not only to control |dg|, but also to estimate [9u|? in terms of |DDu/*
and |z|"%Dul®. We can deal with the remaining term in the same way. Combining (2.4)(2.6),
we finally get

2
/Bf’z’—lRic(Du,Du)wdu > —C/B€2IDDU\2f§_1¢+fg <(1+€ )V + |D¢’> du (2.7)

2|z |? ||

Following the argument in [46, Theorem 1.1], one can chose ¥ = f*n? for some b > 1 and with
|IDn| < Cn/|z|. With this specification, the integrand of the last term in (2.7) is pointwise
estimated by

DY 2
]

The last term in (2.7) can be absorbed in the others. Plugging this into (2.3), we deduce

f <Cy (52|DDU|2fg_1 (12’ ‘ )f ¢>

[ 2thwanz (-2 [ sipvupedus (5-1) [ prert2eds

Sithy) /f ¥y (2.8)

82!a?l

for any € > 0. Plugging now the last displayed identity at the bottom of [46, p. 763] into (2.8),
we get, choosing ¢ > 0 small enough (depending only on p), the inequality [46, formula (2.3)],
with x given by a suitable uniform constant multiplying ]:c|72. From this point on, the proof
can be followed line by line, and yields the Cheng—Yau inequality of [46, Theorem 1.1] in terms

of k above in the ball By, /4(r). This is exactly the claimed (2.2). [
Remark 2.6. We can rewrite the above estimate in terms of w, = —(p — 1) logu,,. It reads
C
[Dwp(2)] < —
. ||

on {|z| > R}, for R large enough and some positive constant C > 0 depending on p.

The following is a double-sided control on the solution u, to (2.1) of a bounded €2 C M with
smooth boundary with respect to the Euclidean distance.
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Lemma 2.7. Let (M, g) be a €*-asymptotically flat Riemannian 3-manifold with compact pos-
sibly empty boundary. Let Q C M be a closed bounded subset with €' -homologous to OM, and
let w, be the solution to (2.1), 1 < p < 3. Then, there exist C >0 and R > 0 such that

C e 7 < wp(a) < Cla| 0t
on {|z| > R}.

Proof. We drop subscript p. The rightmost inequality follows by [35, Theorem 3.6], since

having a positive isoperimetric constant is equivalent to having a global Sobolev inequality.
We get the leftmost inequality adapting the argument used for [25, Proposition 5.9]. Inte-

grating Lemma 2.5 as in [46] we have a Harnack inequality holding on large coordinate spheres

max u < C min_ u,

{|m|:r} {lz|=r}
where C does not depend on r. We are now committed to proving that

3—p
max u > Cr »-T,
{lz|=r}

which concludes the proof. Let m = max{u(x)||x| = r}. Then
o({lel <73) > gp({u = m}) = m~ Ve, (50).
Using [23, Theorem 2.6], we have

1 1 oo . . 1
mep(00)7 7 = op({la] <)) 2 (p({lel < 20}, {Jaf < 27Fr})) T, (2.9)
5=0

where we point out that the p-capacity of a condenser (K, A) where A is a open subset of M
and K is a compact subset of A, is just defined as

_ 1 (p—1\"" P
CP(K,A) —lnf{47r<3_p) A\K|DU| d/,&

Picking now a test function ¢, € €°({|z| < 271r}) taking the value 1 on {|z| < 27r} and such
that |V,.| < C/r, we directly estimate the right-hand side of (2.9) with

veEEF(A),v>1on K}

+oo
Z (Cp({|x’ S 2j7"}, {’x‘ < 2j+17"}))7p7i1
j=0
1 L
p—- 4
2 471' p— 1C / vwrpd )
3— P Z < {|m|<2J+1T}| [P du
1
p—1 2%’ o
> ———(4m) "1 (@
S8 p g CZ <|{\x| < 2]+1T}’>
1
Pl vie [T ( t >p_1
2 —(4r p—1C ot dt‘ .
N SN -

Finally, since |{|z]| < t}| = t3(47/3 + 0(1)) as t — 400, we can choose R such that |{|z| < r}| <
Cr? for every r > R, so that, by (2.9) and (2.10), we get

oo t T _3-p
m > C <) dt > Cr v
2 \z| <t}

which concludes the proof. |
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Corollary 2.8. We can rewrite the above estimates in terms of w, = —(p—1)logu,. They read
(3—p)loglz| —C™' <w, < (3—p)loglz| +C
on {|x| > R}, for R large enough and some positive constant C > 0 depending on p.

We conclude by resuming some basic asymptotic expansions for w,, substantially worked out
in [9]. We specialise in the case of € !-asymptotically flat Riemannian 3-manifolds and take
advantage of the above observations in order to get rid of any Ricci curvature assumption.

Lemma 2.9. Let (M, g) be a €' -asymptotically flat Riemannian 3-manifold with compact, pos-
sibly empty boundary. Fix 1 <p < 3. Let Q C M be a closed bounded subset with €*-boundary
homologous to OM, wy, the solution to (1.3) starting at Q and Q4 = {w, < t}. Then, for every
1<qg<3

(1) wp = (3 — p) log lo] — log(c,(92)) + o(1) as [a] — +ox,

(2) Diwy = (3= p) (14 0(1)) as |a| = +oo,

3—
(3) limyspooe 39 cg(A) =1,
(4) limy_ o0 e 57 |9 = 47.

Proof. Items (1) and (2) follow with the same strategy of [9, Theorem 3.1|, replacing [9,
Corollary 2.25 and Proposition 2.27] with Lemmas 2.7 and 2.5, respectively. Having (1), item (3)
follows at once. Indeed, for every € > 0

{3=p)loglz| <t—c} U C{(B—p)log|z| <t+e},
for sufficiently large t. Hence, by monotonicity of the g-capacity we obtain

({3 —p)log|z| =t —e}) < ¢q(9%) < ¢s({3 —p)log|z| =t +¢}).
Dividing both sides by e~(3~9%/(3-P) and passing to the limit as ¢ — +oo, in virtue of 9,
Lemma 2.21] we get
3—q

_3=q . _3=q 3—q
e 3% < lim e 377 ¢y (00) < e3—r°

~ t—+4oo ’

from which we infer item (3) sending ¢ — 07. Item (4) follows as [9, Proposition 3.4] replacing [9,
Theorems 1.1 and 3.1] with items (1) and (2), respectively. [ |

Remark 2.10. Up to this point, the content of this Section can be extended in any dimen-
sion n > 3 with obvious modifications. From now on we focus on dimension 3 since the mono-
tonicity formulas introduced are peculiar to this dimension.
2.2 Concepts of mass in nonlinear potential theory
The classical Hawking mass myy, that is
1002 2
my(0Q) = —5 (47r —/ — da), (2.11)
1672 oa 4

for Q@ C M, monotonically increases along the level sets of the weak IMCF [27]. Such a property
is clearly not preserved in general when one replaces the weak IMCF with solutions wj, to (1.3).
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For this reason, we consider a different family of quasi-local masses. We will call p-Hawking
mass the quantity

cp(092) =
8

m®) (09) = (2.12)

2
47r+/ |pr|da—/ Dwsl 44
o0 (3—p)? o (3—p)
for 9Q € ¢! with weak second fundamental form in L2(9€2). This should be thought of as
a p-version of the classical Hawking mass. In fact, it is immediately seen that the p-Hawking
mass formally converges to the Hawking mass as p — 17, having in mind that along the weak
IMCF w; we have |Dw;| = H and that the p-capacity of an outward minimizing set recovers
the perimeter in such limit [20, Theorem 1.2]. Crucially, as the Hawking mass is monotone
along the weak IMCF [27, Geroch Monotonicity Formula 5.8], so the function ¢ — m%(9),

for ; = {w, < t}, is monotone nondecreasing, as proven in [3] (see actually Appendix A for the
full monotonicity result).

Theorem 2.11. Let (M, g) be a strongly p-nonparabolic Riemannian 3-manifold, 1 < p < 3, with
nonnegative scalar curvature and with connected, compact, possibly empty boundary. Assume
that Ho(M,0M;Z) = {0}. Let Q C M be a closed bounded subset with connected €*-boundary
homologous to M and with second fundamental form h € L?(0N), w,, the solution to (1.3) start-
ing at Q and Q; = {w, < t}. The function t — m'} (0Q) defined in (2.12) admits a monotone
nondecreasing BVio.(0, +00) representative and

1 ° 2
d cp(O82) 3> / R’ / > R DT [Duw,l]
Ca@a) =D ([ R gy [ B R IR DU
dt H( t) (3 —p)87T IR 2 GIoR 2 2 ’pr’2

5—p<|pry H>2
+ [ —= ~ =) do 2.13
/antp—l 3—p 2 (2.13)

holds at every t regular for w,.

The p-Hawking mass has the very useful feature of dominating the Hawking mass times
a constant involving the global Sobolev constant of the underlying Riemannian manifold.

Lemma 2.12. Let (M, g) be a strongly p-nonparabolic Riemannian 3-manifold, 1 < p < 3, with
compact possibly empty boundary. Assume that the Sobolev constant Cg of (M, g) is positive.
Then for every outward minimising Q@ C M with €*-boundary homologous to OM with second
fundamental form h € L?(09), we have

1

(-1 ) (09,

_ 3 (Hh_
22p—17r%ppc§(p 1

m}’;) (0Q) > <

Proof. Observe that

D Duw,|? H2 H |D 2 H2
/ |Dw,| Hda—/ |1UP|2dU:/ da—/ <_wﬂ) dgg/ ~ do.
o0 (3—p) a0 (3 —p) o0 4 sa\2 3—p o0 4

It is then enough to proceed as in the proof of [20, Theorem 1.3] to prove that

_1
3—p)(p—1)pL\*>? 1
LRSS il APEY
4mpPCg

gmm@z<
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In [12, Theorem 2] (see also the new proof proposed in [40]) then extended to all 1 < p < 3 [48],
the authors prove an upper bound for the capacity in terms of the area and the Willmore
deficit. Observe that in their proof the asymptotically flat condition is assumed only to grant
the existence of an IMCF starting at some ). Here we assume the existence of the IMCF
by requiring that (M, g) is strongly 1-nonparabolic (see [11]). We report here the statement,
referring the reader to [12, 48] for the proof.

Proposition 2.13 (Nonlinear version of Bray—Miao’s estimate). Let (M, g) be a strongly 1-non-
parabolic Riemannian 3-manifold with nonnegative scalar curvature and with connected, compact,
possibly empty boundary. Assume that Ho(M,0M;Z) = {0}. Let Q C M be closed, bounded
with connected €*-boundary homologous to OM with h € L*(0S2). Then

3—p
o\ _[(13-p 2 1 )
cp(092) < 1o oF (P =i — [ Hdo ;
47 2’p—1p-—-1 167 Jaq
where o is the hypergeometric function.
We recall that the hypergeometric function satisfies the following useful relation

1

13- 2 2 —p 3=p [T 2 2m\ 2

o F1 f,u,i;—m :3 ptifl) 3;;31 - ds, (2.14)
2’p—1"p—1" 1t p—1 " s

where 1 < p < 3 and m € R. Here, the integrand on right-hand side is, up to a scaling factor,
the radial derivative of the rotationally symmetric p-capacitary potential of the horizon of the
Schwarzschild of mass m.

Combining the previous proposition, the minimality of M and the isoperimetric Riemannian
Penrose inequality [11, Theorem 1.3], we obtain a sharp Penrose-type inequality for the p-
capacity of the boundary, for every 1 < p < 3.

Theorem 2.14. Let (M, g) be a strongly 1-nonparabolic Riemannian 3-manifold with nonnega-
tive scalar curvature and with smooth, compact, connected, minimal outermost boundary. Then,
for every 1 < p < 3 it holds

4 ri;2) \
¢p(OM)5> <2 ﬁip(i_l) Miso, (2.15)
p—1 2

where T is the gamma function. Moreover, the equality holds in (2.15) if and only if (M, g) is
1sometric to

. 4 . .
(Rn AN {’fL‘| < Qmjso}, (1 + mlSO> ((Sijdl‘z (29 d$])>

2]

Proof. By [11, Lemma 2.8], under the above assumptions we have Ho(M,0M;Z) = {0}. By
Proposition 2.13, we have

p—1

2 T3-p
¢, (OM)T7 <2 (ﬁ”l"%) ’%\7{'.

Then, (2.15) follows from [11, Theorem 1.3]. The equality in (2.15) implies the equality in [11,
Theorem 1.3] yielding the rigidity statement. |

This result has been provided in [12, Theorem 4] for p = 2 and [48, Theorem 1.1} for every
1 < p < 3, in terms of the ADM mass and in the asymptotic flat regime. One can recover such
formulation applying Theorem 2.14 in conjunction with Theorem 1.3, proved below.
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3 p-isocapacitary Riemannian Penrose inequality

In establishing the asymptotic comparison between the p-Hawking mass (2.12) and the p-iso-
capacitary mass, the quantity

= 2

~ (p) Cp(aQ) sp / |pr|
my(00) = —————— | 47 — do 3.1
O =g\ Joa B—pp )
will naturally appear. This quantity is closely related to the ones studied in [14, 38] (see
Theorem A.2 and Remark A.3 for details). In the following lemma, we discuss the monotonicity

properties of (3.1) along the level sets of the solution w), to (1.3) and its relations with the
p-Hawking mass (2.12).

Lemma 3.1. Let (M, g) be a strongly p-nonparabolic Riemannian 3-manifold, 1 < p < 3, with
nonnegative scalar curvature and with connected, compact, possibly empty boundary. Assume
also that (M, g) satisfies () and Ho(M,0M;Z) = {0}. Let Q@ C M be a closed bounded subset
with connected € -boundary homologous to OM and with second fundamental form h € L?(952),
w,, the solution to (1.3) starting at Q and Q = {w, <t}. Then the function t — W', (0Q)

1,1 . ‘
belongs to W, (0,400) is monotone nondecreasing. Moreover, we have

m'P (09) < mP (99;) (3.2)
for every t € [0,400), and
; (p) — 1 = (P)
tlzinoo my (0) = til?oo my (0). (3.3)

Proof. Denote

1 w 2
N(t) = cp(0) »—1 <47T - /69 (|;)_;|)2 da),

D(t) = cp(aQt)‘w—piip—l)’

we have that

1 wp|?
1agXaﬂg::(q48903-p<4ﬂ-—/29t‘D ; d”) :i%g'

(3 —p)?

Observe that, N(t) is the quantity studied in [14, 38], while 1/D(t) is an exponentially grow-
ing term we multiplied it by. The function N(t), and thus m(9Q) = N(t)/D(t), belongs
to W/I})’CI(O,—i—oo) by Theorem A.2. Moreover, (A.4) in Theorem A.2 gives that N'(t)/D'(t) =
47(3 — p)m¥(9€) which is nondecreasing by Theorem 2.11. Finally, D(t) — 0 as t — +o0,
while N(t) — 0 as t — +oo by the assumption (). It is now a general fact that given two
functions f,g € I/Vlicl (0, 4+00), with g(t) # 0 and ¢'(¢) # 0, such that f(t),g(t) — 0 as t — +o00
and with f/(¢)/g¢'(t) monotone nondecreasing, the function f(t)/g(t) is monotone nondecreasing
as well (see, e.g., [49, Lemma 3.2]). Applying it with f(¢t) = N(t) and g(t) = D(t), we have that
the function in ¢ — 61}’;)(09,5) is nondecreasing. To prove (3.2), it is enough to observe that

d (N@#)\ N@®DE - N@HD(t) 8«
~dt <D(t)> a D(t)? (-1

for almost any ¢. It then remains to prove (3.3). On the other hand, by de L’Hopital rule
(see [11, Theorem A.1])

(—m(ﬁ) (8Qt) =+ ﬁl(ﬁ) (6Qt))

: - . N(t) . N'(¥) .
(p) _ < _ (p)
. hin 47(3 — p)m}; (08) = . hin o S 1 m W e hin 47 (3 — p)m 7 (0€2).

The reverse inequality easily follows by (3.2). |
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The following result gives the p-capacitary counterpart of [11, Lemma 2.7|, that asymptoti-
cally controls the Hawking mass with the quasi-local isoperimetric mass of the evolving sets.

Lemma 3.2 (asymptotic comparison lemma). Let (M, g) be a strongly p-nonparabolic Rieman-
nian 3-manifold, 1 < p < 3, with nonnegative scalar curvature and with connected, compact,
possibly empty boundary. Assume that Ho(M,0M;Z) = {0} and (M,g) satisfies (f). Let
Q C M be a closed bounded subset with connected €*-boundary homologous to OM and with
second fundamental form h € L*(99), w, the solution to (1.3) starting at Q and Q = {w, < t}.
Then

lim my (0Q;) = Jlim my (09) < hm+1nfm<p) (), (3.4)

t——+o0 +oo 150
where y = {w, < t}.
Proof. Assume that the right-hand side of (3.4) is finite, otherwise there is nothing to prove.

The function t +— [ \ Critw,| is monotone continuous in [0,+00), hence it is absolutely
continuous. The generalised de L’Hopital rule gives

1 4 3
lim inf m{® () > liminf ——————— <|Qt ~ Crit wy| — ch(aﬁt) 33?)
t—+o00 t—+o00 2p7rcp(69t)3 7
— 1 4 3
> lim inf & </ ——do — ch(OQt)3Ep>. (3.5)
t=+00 4p7rcp((99t) 0 ‘pr‘ 3 - p

By Holder inequality, we have that

p

1 2 I -1 =
do > |Dwp|” do (47 (3 — )P~ ep(O)) >
00, Dwp o9

Plugging it in (3.5), we obtain

1 _p
Q 3—p D 2 3—p
lim inf m{) (Q;) > liminf p(06h) . (4@& - / [Duwy| do
o B bl ) o, (3 1P
(faszt 3—p)? )
To simplify the notation, denote f(z) = zP/B3=P) and z(t faQ IDw,|*/(3 — p)?do. Since

z(t) < 4r in virtue of our assumptions, by Lemma 3.1

lim inf m{”) (Q;) > liminf L J{n) = J(=(0) cp(O ) p(4dm — z(t))

t—rtoo 150 t=+oo pf(z(t))  4m —=2(t)
g 48 167~ )
- 1t—>+oof pf(z(t)) 4 — 2(t) i (02)
> lim inf Am(3 —p) f(4m) — f(=(¢)) (p)(aQ ). (3.6)

to+oo pf(z(t)) 4w — z(t)
The theorem follows once we prove the following claim.

Claim 3.3. There exists a divergent increasing sequence (t,)nen realising the rightmost limit
inferior of (3.6) and such that z(t,) — 47 as n — +o0.

Indeed, we would have

T ¥R g LU SC) s
m f(z(tn)) = (4m) 3>, m a2 (L) f'(4m) = 3_ ——(4 )

that plugged into (3.6), gives (3.4) in virtue of Theorem 2.11 and Lemma 3.1.
Let t,, be a divergent increasing sequence (t,)nen realising the rightmost limit inferior of (3.6).
By Lemma 3.1, we have two possible cases:
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(1) there exists T' > 0 such that @ (0,) > 0 for all t, > T, or
(2) mP (0, ) <0 for all n € N.

Case 1. Since Mm% )(8Qtn) >0, 2(t,) < 4x for every t,, > T. By contradiction, suppose there
exists € > 0 such that z(t,) < 47 — ¢ for every n sufficiently large. Then, by (3.6), there exists
C(p,e) > 0 such that

+oo>11m1nfm (Qt)> lim C(p, )cp(f)Qtn)ﬁ,

t——+o0 n—-+00
which is clearly a contradiction. Hence, up to a not relabeled subsequence, z(t,) — 47 as
n — +oo. This proves the claim in this case.

Case 2. Since m(09,) < 0, 2(t,) > 4r for every n € N. Suppose by contradiction
z(ty) > 4w + € for some € > 0. Then, by Theorem 2.11, there exists C(p,e) > 0 such that

E(00) < lim ®(0%) < ~C(p,2) lim_ep(0,)57 = —o0,

t—+oo
which is a contradiction since |Dw,| € €°(9Q), proving the claim also in this case. |

Differently from [11, Lemma 2.7], here we assumed (). We already mentioned in the In-
troduction that this condition is very mild. In the following remark, we better specify our
assertion.

Remark 3.4. First of all, observe that

B
5= p)? P B (3.7)

/ |pr| do < 4rme ¢, (09) sup Dy
0 (

If Ric(z) > —2x% for some k € R and every x € M, by [46, Theorem 1.1] we have that
|Dwp| < C; for some constant depending on p and . In particular, for 1 < p < 2, (1) is fulfilled.
The case p = 2 may be treated as in [14, Corollary 1.1]. For the same reason, if (M,g) is
¢1-asymptotically flat Riemannian manifold (1) is implied for every 1 < p < 2 by Lemma 2.5
(see also Remark 2.6).

Alternatively, assuming that (M, g) is €-asymptotically flat and the Ricci tensor satisfies
Ric(z) > —2k?/(1 4 d(z, 0))? for some x € R a fixed 0 € M and for every x € M, one can cover
the whole range 1 < p < 3. Indeed, by [46, Theorem 1.1] and [9, Theorem 1.1], |[Dw,| < Cze™*
for some positive constat C3 depending only on p, x and Q. Plugging it into (3.7), we infer that
fagt \pr\Q do < C4 for a positive constant Cy.

We establish a nonsharp Penrose inequality for the p-isocapacitary mass in the generality of
Theorem 1.2.

Proof of Theorem 1.2. Assume first that M = @. Then, we let w, = —(p—1)G),, where G,
is the p-Green function issuing from some point o € M. Then, all of results stated above for w,
starting from a given set can be obtained with no modifications in the proofs for such limit
case. Moreover, by the asymptotic development of the p-Green function at the pole (see [35,
Theorem 2.4]), we have

lim m (0Q:) =

t——o00

Applying Lemma 3.2 and Theorem 2.11, we deduce that mf;’g > 0, as claimed.
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We do now treat the case OM # @. Let w), the solution to (1.3) and define Q; = {w, < t}.
Observe that we can write

26, (OM) T = 2m® (IM) + (3 — p)® (IM).

Then, combining the monotonicity of m{, that of m‘" following from (A.4), and the asymptotic
comparison Lemma 3.2, we obtain

2cp(aM)ﬁg Tim 2m{;(900) + (3 - )y (9%)

< hm+1nf(5 p)m () < (5— p)miZ). (3.8)

Finally, we just have to discuss the equality case in the positive mass theorem. By the just
prove Penrose-type inequality, M must be empty. Let then again, as above w, = —(p—1) log G,,.
We deduce from the argument that yielded the positivity of the mass that m;? must actually
be constant. In particular, the right-hand side of (2.13) constantly vanishes along the flow. The
isometry with flat R™ then follows through very classical computations, that can be performed
following the lines of [27, proof of Main Theorem 2]. |

Remark 3.5. We could have used the monotonicity of m(lf'}) alone in (3.8), instead of combining
with the monotonicity of m(” ). However, this would have led to the worse constant 2 in the
right-hand side of (1.5).

4 Proof of Theorem 1.4

The proof of Theorem 1.4 follows from an asymptotic equivalence of p-Hawking masses. As one
can expect, the p-Hawking mass has a better behaviour along the level set flow of w,, which is
the solution to (1.3). But interestingly, under the right assumption on the asymptotic flatness,
it tends to coincide with (the superior limit of) the Hawking mass on large sets. Moreover, it
is asymptotically controlled by the other g-Hawking mass for 1 < ¢ < 3. Here we employ both
the monotonicity of the mass m%; and the better asymptotic behaviour of m{ defined in (3.1).
Indeed, we will use the latter one to ensure that e /3P m® (9{w, < t}) = o(1) as t — +o0,

which permits to trigger the computations in [3, formula (2.12)].

Proposition 4.1. Let (M, g) be a €' -asymptotically flat Riemannian 3-manifold with nonneg-
ative scalar curvature and with connected, compact, possibly empty boundary. Assume also that
Hy(M,0M;Z) = {0}. Fizx1 < p < 3. Let Q C M be homologous to OM with connected
¢ -boundary and h € L*(99Q), w, the solution to (1.3) starting at Q and Q¢ = {w, < t}. Then

lim m® (9Q:) = limsup my (9€) < limsupm'? (9€) (4.1)

t—=+o0 t—+o0 t—+o0
for every 1 < q < 3.
Proof. The inequality appearing in (4.1) is obtained arguing as in Lemma 2.12. Indeed, we get
o
lim sup mg (0€) < limsup ¢, (9€) 3 \/ 195 m'® (09;) = lim supm'® (9Q), (4.2)
t—+o00 t—+o00 4 p—+00

where the last identity follows by Lemma 2.9 (3) (4). In order to show the identity appearing
n (4.1), we are thus left to show the inequality

lim m' (09;) < limsupmpy (9Q), (4.3)

t—+o0 t——+o00



Nonlinear Isocapacitary Concepts of Mass 17

the reverse one consisting in (4.2) with p = ¢. To do so, we claim that

Duw, | D
47T+/ |wp|2d0—/ | wp|Hd0
o0 (3—p) o0 (3—p)
as t — +oo. Indeed, if this happens, we can follow the chain of inequalities in [3, (2.12)] (see
also [11, Theorem 4.11]) and obtain

1 4
lim m% (09;) < limsup ¢, () 7 T oy (09) = limsup my(9€),
t—r+o0 t—+o00 |0 t—+00

where again we applied Lemma 2.9 (3) (4), proving (4.3).

We then proceed to prove (4.4). If m%(0£) < 0 for every t € [0, +00), arguing as in Case 2
of the proof of Lemma 3.2, we deduce that (4.4) must hold. Otherwise, we would contradict
the monotonicity formulas in Theorem 2.11. Conversely, appealing again to the monotonicity
formulas in Theorem 2.11, ¢t — mg)(aﬂt) must be definitely nonnegative. Observe that by
Lemma 2.9 (1) (2), we have

Duw.|?
47r—/ ﬂdazo(l)
o

= o(1) (4.4)

(3-p)?
as t — +o0o. Hence, Lemma 3.1 implies
0 <mP(99:) <P (99:) = o(e)
as t — +oo. Dividing both sides by ¢,(9)"G7P) we get (4.4). [

Conclusion of the proof of Theorem 1.4. Differently from the case p = 1, corresponding
to the classical Hawking mass, here we assume connectedness of the boundary of the manifold.
In fact, it is not clear to us how to adapt the argument employed in [27, Section 6], where
the authors took advantage of the horizons being minimal and outward minimizing in order
to prescribe a jump that maintains the monotonicity of the Hawking mass. The difficulties
when dealing with the p-Hawking mass arise in connection with the gradient of w, appearing
in its expression. Assuming OM to be connected, we can consider the solution w, to (1.3)
starting at Q@ = OM and Q; = {w, <t}. The boundary of M being outermost implies that
Hy(M,0M;Z) = {0} (see [27, Lemma 4.1], or the alternative argument in the proof of [11,
Lemma 2.8]). Applying Proposition 4.1 for ¢ = 2, we have

1
3—p
cp(a]\j) < lim m® (09) < 1'113&;) m' (09).
Since by Lemma 2.9 (2), 9€; is regular for any ¢ large enough, we can use [11, Theorem 4.11]
to control the right-hand side with mapy, concluding the proof of (1.6). Observe now that an
outermost minimal boundary is outward minimising. If this were not the case, the outward min-
imising hull [20, 27] would be a closed minimal surface homologous to it and, by the Maximum
Principle, disjoint from OM. Then, letting p — 11 and appealing to [20, Theorem 1.2] recovers
the sharp Penrose inequality (1.7). |

5 Relation between the isoperimetric mass and the
p-isocapacitary mass
We now employ the explicit control of the Hawking mass in terms of the p-Hawking mass

Lemma 2.12 to produce an upper bound on the isoperimetric mass in terms of p-isocapacitary
mass. This bound is not sharp but sharpens as p — 17.
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Lemma 5.1. Let (M,g) be a €°-asymptotically flat Riemannian 3-manifold with nonnega-
tive scalar curvature and with smooth, compact, minimal, possibly empty boundary. Assume
that (M, g) satisfies (1) for some 1 <p < 3. Then

3 1
2p—1, 251 pra(P=1)\ 35
, 27~ 2 pPCy (»)
Miso =

B—=p)(p—1)P! 50’
where Cg is the global Sobolev constant of (M, g).

Proof. By the topological description of manifolds like these, reworked in [11, Lemma 2.8], we
can assume that our Riemannian manifold has a (possibly empty) minimal, outermost boundary
such that Ha(M,0M;Z) = {0}. Let E C M be a closed bounded subset with smooth boundary
such that any connected component of M is either contained in E or disjoint from E. Using [27,
Theorem 6.1] (see also [11, Proposition 2.5]), we can find a subset  closed bounded with €-
boundary homologous to M and with h € L?(9Q) such that my(0F) < my(09). Let w, the
solution to (1.3) starting at Q and €; = {w, <t} . By Lemmas 2.12 and 3.2, we now have

3 1
22p717.‘.p771ppc§(p_1) =
Gt s o0, <

t——4o00

22p717.‘_p%1ppcg(p_l) ﬁ
m H(aE) < 2 (p) .
B—=p)(p—1)P! e
Since we have a control on the Hawking mass of every E, we can apply [29] (see [11, Theorem 2.6]
for the precise statement and remarks) to control the isoperimetric mass with the same quan-
tity. |

We prove a family of equivalent formulations for the p-isocapacitary masses, as well as for the
isoperimetric one. The proofs will follow the one given in [28, Lemma 10] for the 2-isocapacitary
mass.

Proposition 5.2. Let (M, g) be a €°-asymptotically flat Riemannian 3-manifold with compact,
possibly empty boundary. Then, for 1 < p < 3, we have

1-3a

3—p

2¢, (00
m®” = sup limsup (0%)

319, Lo
0= g tmap 20D <( M) (00,)75 (5.1)

for every o > 1/3.

The main computation performed in order to prove the result above is the following one, that
we isolate for future reference.

Lemma 5.3. Let (M, g) be a €°-asymptotically flat Riemannian 3-manifold with compact pos-
sibly empty boundary, and 1 < p < 3. Let () en be an exhaustion of M such that
Q; 4
lim ’7”3 — (5.2)
g o) 3

Then, we have

1-3a
2 Q) 3-p .\ @ N
lim sup m{f) (2;) = lim sup S <<3| J|> _Cp(aﬁj);_p)

jotoo O o0 3pa 4

for any o € R\ {0}.
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Proof. Let (€;) en be a sequence such that (5.2) holds. Up to considering a subsequence, we
can assume that (€2;) ey realises the superior limit. Denote f(2) = 2%, z; = |Q;|/c,(99;)%/ 3P,
we have that

¢, (090,)7F 2 —An/3

lgjgopmgé(ﬂj) = dim_ o 10) = Fan/3) (f(25) = f(4m/3)). (5.3)
Since f is differentiable at 47 /3 and z; — 47/3 # 0 as j — +o00 by (5.2), we have
P ek .74 N S 3ol .
oo flz) = f(4m/3)  f'(4w/3)  a(dm)e!
Plugging this into (5.3) we conclude. [

Proof of Proposition 5.2. We claim that it is enough to prove the equivalence on sequences
such that (5.2) holds, so that Proposition 5.2 follows from Lemma 5.3. Let then (£2;);en be an
exhaustion. By the p-isocapacitary inequality, we have that

: 12 Am

limsup ————— < —.

R CAD T
Indeed, the metric g becomes uniformly equivalent to the flat Euclidean metric on M \ €); as
Jj — +o00o. Moreover, for sufficiently large j there exists a unique r; > 0 such that the coordinate
ball Brj has the same volume of €2;. Define

Ql- _ Qj if Capp(Qj) S Capp(Br].),
/ B,; if Cap,(2;) > Cap,(B;,;).
/ . .
The sequence (Q j)j cy 1s an exhaustion of M and
9 B,. 4
e Cp(aﬁg')?’_p Jree Cp (8Brj)3_p
where the right-hand side is computed using the asymptotic flatness. In particular, the se-
quence (€2});en fulfils (5.2), [Q%] = [©2;] and ¢,(997) < ¢,(9€Q;). Then, when o > 1/3, (})jen
is a better competitor both for mf,  as in the definition of p-isocapacitary mass (1.4) and for the
right-hand side of (5.1). This completes the proof. [

Completely analogous results hold for the perimeter and the isoperimetric mass. We gather
them in the following statement.

Proposition 5.4. Let (M, g) be a €°-asymptotically flat Riemannian 3-manifold with compact
possibly empty boundary. Let (£2;); be an exhaustion of M such that

lim |Qj‘ = L

j—rtoo ’anﬁ 6/
Then

2 092 o0, = ‘

limsup —— ( |€] — 2 )zlimsu P51~ ((6v/m|oy)) — |09,] % 5.4

msup o (193] = TG ) = timsup 222 (GvAley ) — o ) (5.4
holds for any o € R . {0}. As a consequence, we have

‘anlligsa

((6v/7Q;1)* — [09,] %)

Mijso = sup limsup
(@Q)en Gotoo 3O/

for every o > 1/3.
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The inequality m < myso will substantially be a consequence of the following p-isocapacitary
inequality for sets Wlth volume going to infinity. Its isoperimetric version was pointed out in [15,
Corollary C.3].

Theorem 5.5 (sharp asymptotic p-isocapacitary inequality). Let (M, g) be a €°-asymptotically
flat Riemannian 3-manifold with compact possibly empty boundary OM. Then, for every 1 <
p < 3, we have that

05 < () 7wt + 22 n(40) T o0 4o 6

as || — 400, where Q closed and bounded with €1*-boundary containing OM and m > —oo is
such that m > mige.

Proof. Assume that m < 400, otherwise there is nothing to prove. We claim that for ev-
ery € > 0 small enough, there exists V. > €3 such that

(63/7|Q) T < |09 + 2pv/m(m + £)|o0) T (5.6)
for every Q2 C M such that Q2] > V.. Indeed, if this were not the case, we would find a se-
quence (£25)jen with [Q;| — 400 such that the right-hand side with a = 2p/3 > 1/3, and thus
the left-hand side, of (5.4), is strictly bigger than m > mjs,. Since, by the isoperimetric inequal-
ity, the perimeters of the €2;’s diverge at infinity too, this would contradict [29, Proposition 37],
stating that one can relax the competitors in the definition of the isoperimetric mass in order
to include any sequence of bounded sets containing 0M with diverging perimeters.

We can now assume that

3—p

o = () 7 oom3

otherwise (5.5) is trivially satisfied. Let w,: M \ € — R be the solution to (1.3) starting at €,
wp = —(p — 1)logu, and let @ = {u, >t} UQ and V(t) = || > V. for every ¢t € (0,1). The
Holder’s inequality with exponents a = p and b = p/(p — 1) gives

0P < / Dy P! do / L) mane () v )
Y P 00, Duy| PAlp—1 '

for almost every t € (0,1], where ¢, = ¢,(02). Plugging it into (5.6) and integrating on (0,1)
we obtain

/ [6vav)]® )}
o (=V'()P-

3—0p p—l
<4 —_—
< ﬂ'cp(pl) +

Applying (5.6) and the isoperimetric inequality, we get

(6v/TV (1) 5 < |09y <1+ Ve >§I8Qt! (HV(t)%)’

where C depends only on m, p and the isoperimetric constant. Plugging it into (5.8), we have

that
V' @) > <3 _DP 1?(’437:)/(1)25 < + Vg)§>_1' (5.10)

M‘w

(1—e) %, (5.7)

T dt

2p—1

4mp<]?;_§)>p1] v /0 Popymmte) (5.9)

(—V/()
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3p—1

(1)
V() dt
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Hence, using (5.10), the assumption V(t) > |[©2] > ¢73, a change of variable in the integral

and (5.7) yield
[ver®a=-[1-ve Fvioa
o\ B,
R
)%cp(1+05) 217(171)/|;00V33(§i) dv

e
3%
2p(p—1)
|Q|73(p 1)

IN

p—1
(p—1)2 3—p
1 4 =
(4m) @ ¢p(1+ Ce)

<3—p <3—p> 3p )
p—1 33Gpr-1

(3 p> (1+C€)2P(P T
-1 (1— &)1

1} =

-2
3(p
— (0, 1] be the function such that {v =
—4nR(t)?/V'(t), the function v

(5.11)

3 — _p-1
<= Lun ,

/ |Do|? dx
{lz[=R(1)}

R(1)})
(5.12)
u

On the other hand, let v: {|z| > R(1)} C R" —
(t)} and || = 47 R(¢)3/3. Since by construction |Dv| =
(36 >%

{lz| = R(t
is locally Lipschitz. By coarea formula, we have
/ / IDulPtdo dt =
{v= t}

2p
p
3

ep({f2] =

vt
(36
(

/1( Vi(t))r-

Plugging (5.12) and (5.11) into (5.9), we conclude the proof by arbitrariness of €
We are ready to prove the claimed upper bound of the p-isocapacitary mass in terms of the

isoperimetric mass
compact boundary. Then, for every 1 < p < 2, we have that
J

Theorem 5.6. Let (M, g) a €°-asymptotically flat Riemannian 3-manifold with possibly empty
Proof. Let (£2;);en be an exhaustion of (M, g), then [Q;| — +oo0 as j — +o00. In particular

)

mi(spo < Myso-
by Theorem 5.5, we have that
T (3-p)
= [( 2 g9, m(1 + o(1))
¢p(02)) 37 4
as j — +oo, where m € RU {400} is such that m > mjs,. Hence
1 310\ F 3
. 3 —
lim sup o ( | J|> — ¢, (09)5) um.
i g (00)5 [\ AT 2
Taking the supremum among all exhaustions (€2;);en, we conclude employing Proposition 5.2
for @ = (3 — p)/3 and sending m — —oo if mjs, = —00. [
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Combining Lemma 5.1 and Theorem 5.6, we directly get the convergence of the p-isocapaci-
tary masses to the isoperimetric mass as p — 17.

Corollary 5.7. Let (M, g) be a €°-asymptotically flat Riemannian 3-manifold with nonnegative
scalar curvature and smooth, compact, minimal, possibly empty boundary. Assume that (M, g)
satisfies (T) for any 1 <p <149, for a fired 0 < § < 2. Then

lim m® = mjg.

p— 1+ 150

We are ready to prove, in the stronger ¢'-asymptotically flat assumptions, 7 > 1/2, that the
p-isocapacitary masses do actually coincide with each other.

Proof of Theorem 1.3. Assume that mapy is finite, otherwise [11, Theorem 4.13] yields

Migo = +00 and Lemma 5.1 implies mfg()) = 400. The first inequality, under these assump-

tions, is the content of [11, Theorem 4.13]. Following the same lines of [28, Proposition 14]
(based on computations contained in [19], which in fact only relies on the %'-character of the

metric), we have

1 2
— H? dazl—w—i—o(r_l),
167 Jop, r
|0B,| = Anr? + 4mn(r) + o(r),
3|B 3 3
’4;' =7+ 7m/;DM r? + 577(7")7’ +o(r?),

as r — +o0, where B, = {|z| < r} and |n(r)| < Cr>~7. Employing Proposition 2.13 and using
Taylor’s expansion of 9 F7 around 0 (see (2.14)), we have

W08 < (1 +ote) +olr) o (5, 2 A o(r-1>>_(p_1)
< (r*+n(r) + o(r)) =S (1 + ?’Q%Z)mADM + o(r1)> Y
= (1 2 o) ) (1= B =) 1o
e Bt OB b i)
Proposition 5.2 for o = (3 — p)/3 gives
@ > 1; 2cp(aBr)§%Z 3B,]\
o 2 Hmsup = ) (( o) - ‘p@B”)

9By)3-r (p(3 —p)

2— 2—
5 " Pmapm + o(r p)>=mADM,

where the last identity is given by [9, Lemma 2.21]. The conclusion follows by Theorem 5.6,
since mjgo = mapym [11, Theorem 4.13]. |

A Monotonicities along the p-capacitary potential

Here we slightly improve the monotonicity results in [3, 14]. Inspired by these two works, we
are approximating the p-capacitary potential with a family of smooth functions. To enter more
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in detail, let (M, g) be a strongly p-nonparabolic Riemannian manifold with (possibly empty)
boundary. Let 2 C M be homologous to dM and wu, is the solution to (1.3) starting at Q. For
every T > 1 let Qp be strictly homologous to M with connected boundary and containing
{up, > a,(T)}, where oy, (T) = T~BP)/P=1) Then, we define u, as the solution to the following
boundary value problem:

Afu, =0 on Int Qr \ Q,
uy =1 on 01}, (A1)
up, = up on 0Q,

where

Asf=div(DfE°Df) and |-

= VI P+

. . . 1,
¢ is smooth away from the exterior boundary and converges in ‘Klof to the p-

P
capacitary potential u, as e — 07. Indeed, this family was used in [17] to prove ‘flif—regularity

of p-harmonic functions. Moreover, looking more carefully at the proof of [34, Lemma 2.1],
|Du;|p ~Lig uniformly bounded in I/Vlif . Hence, up to a not relabeled subsequence, we can always

The function w

assume that |Dug|” ~1 weakly converges in Wﬁ)g Moreover, since |Dug| converges uniformly
to |Duyl, the weak limit of D|Du§,\p71 must be D|Du,|P~L.
We are now ready to prove Theorem 2.11.

Proof of Theorem 2.11. For ease of computations, we rewrite the function ¢ — m%(9¢) in
terms of the p-capacitary potential, that is,

(p—1)? 5= D), 2

5op (p—
Uy(t) = 4mt 4+ ~———tv=1 / Du,|*do — tp-1 / Du,|H do.
o) B=%  Jiy=a} Dl B=p)  J=a} Dl

Observe that

Cp@Q)ﬁ

t 1 1t
——Up(e77 ) = mfp () = S?Fp(cp(asz)aip =)

where F), is the function defined in [3]. Equation (2.13) now follows from computations in [3,
Section 1.2]. The function U, is well defined on [0, +0c0). Indeed, one can observe that

[H|Dup|* = [Dup|* 7 |D[Duy [P~ € Lipo(M ~ ),

since 1 < p < 3 and |Du,[P~! € LS. N V[/lif(M N Q) by [34, Lemma 2.1]. Then, by coarea
formula, the function

ts |Du,| H do € Li, (0, +o0)
{up=ap(t)}

and its equivalence class does not depend on the representative of |Du,|H. In particular, the
function ¢ = m{ (9Q) € LL (0, +00).

It only remains to prove that it has nonnegative first derivative in the sense of distribu-
tions, which both gives that t — m%(0%) € BVioc(0, +00) and that admits a nondecreasing

representative. Fix 7' > 0 and ug, be the solution to (A.1). One can now define the function

—1)2 s5- _
L 1)2t15>—117/ }Duf,ﬁdo — (p 1)751331/ ‘Du;‘ H® do
(3 - p) {ug:ap(t)} (3 - p) {ug:ap(t)}

FE(t) = 4mt +
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for every t € (1,T), where H® is the mean curvature of the level {u$ = a,(t)}. By [3, Lemma 1.2,
we have that the function Fy is almost monotone, in the sense that

(p+1)>*p-1)

Fy(t) = Fy(s) > —¢ (3—p)3 /{a,,(t)<u;<ap(5)}

D)5 d

holds for almost every 0 < s < ¢ <T. In particular, by coarea formula and Lebesgue differenti-
ation theorem,

2 20-p)
(Y02 B LS [ pugao
(3 _p) {u;:ap(t)}

holds for almost every ¢t € (1,7).
The monotonicity follows if one can prove the following claim.

Claim A.1. F; converges to F), in the sense of distributions as € — 0r.
Indeed, if that is the case, for every nonnegative test function ¢ € €°(1,7T), we obtain that

T T
— / G O)VF,(t)dt = —lim [ ' (t)FP(t)dt
1

1 2 T 2(3—p)
> —% lime/ p(t)t = / ’Duf,’ dodt
(3_])) e=0 g {u;:ap(t)}
2
(p+1)7° . / -1 [Duj|
=——"lime (o, (ur — dp =0,
B=p2e=0 Jo,q ( D ( p)) (ug)%%

since uj, converges t0 up in %éf This shows that F}, has nonnegative first derivative in the sense
of distributions, proving its monotonicity.
We now turn to prove the claim. Consider any ¢ € €°(0, +00). The first term is independent

of . As far as the second term is concerned, by coarea formula, we have that

-p

r % ut 2 o _ (p_ 1) ut —gfp a—l ut ul 3
/1 p(t)t /{u;ap(t)} ‘D p’ dodt = B3-p) /QT\Q( p) 90( P ( p))}D p} dp.

Since the function ¢ is smooth with compact support in (1,7) and u,, converges to uy, in %lif,
the right-hand side converges to

(p— 1)/ u_g%ggp(ofl(ue))mu \SdM: /Tso(t)tf,_’{/ |Du ]2d(fdt
B3-p) Jo,a ’ b P 1 us=ap(t) } ! 7

where the identity follows by coarea formula. The last term is a little trickier since it involves
second derivatives of the function uj, that are not converging uniformly as € — 0 to the corre-
sponding ones for u,. Employing again the coarea formula and by straightforward computations,
we then have that

T 2
Lp(t)tpl/ |Duj | He dodt
/1‘ {u;:ap(t)} P

S M - -TT PR N P
! {us=ap(t)} IDug["~ (p—1) |Dug|?

—1

(pl)/ -5 (o)) SPIPUR|T D) (p—2) ¢
—= - ]-_ d .
GANY () reloy (1) IDus [P~ (P = 1) |Dus|? g
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As before we want to prove that the right hand side converges to the corresponding term for w,,.

Since up — up in ) ’B and D‘Du ‘p_ — D|Du,[P~! weakly in L2 _, we have that

loc»

C(p-1) —y (D|Dus [ [Dug)
35%<3—p>/w\9(“p) el () g

-1 4 D|Duy,|P~!|Du,
B el () 2

T
:/ go(t)tfl/ IDu,| H do dt.
1 {up=ap(t)}

Moreover, the remaining term vanishes. Holder’s inequality and equi-boundedness in LIQOC(QT N
Q) of |D[Dus || yield

1
2
/K‘Du;‘?’_p‘D‘Du;‘p_l‘} du<C (/ o 4yDu ]6_2pdu> (A2)

for every K compactly contained in {ap(T) <up < 1} and for some positive constant Cy. Ob-
serve that

6—2p 54
[Dus |

[Du| < [Py < s,

since the function |D } converges locally uniformly and 1 < p < 3. The left-hand side converges
almost everywhere to 0. Indeed, if a point belongs to critical set of Up> ‘Dup ‘6 ? 5 0ase— 0.
Otherwise, 4 ‘ is definitely bounded away from 0, then ’Dup{ is not vanishing, thus the
left-hand side is controlled by ¢* up to a constant. By dominated convergence theorem, the
right-hand side in (A.2) approaches 0 as e — 0, so does the left-hand side, concluding the
step. |

We use this theorem to study the quantity introduced in [14, Theorem 1.2] along the level
set of the solution w), to (1.3).

Theorem A.2. Let (M,g) be a strongly p-nonparabolic Riemannian 3-manifold with smooth,
compact and connected possibly empty boundary OM. Assume that Ho(M,0M;Z) = {0}. Let
Q C M be bounded closed with connected €*-boundary homologous to M and with h € L*(952).
Let wy, be the solution to (1.3) starting at 2. Then, denoting 0 = {w, < t}, the function

¢, (9) 71 IDuw, |2
4B p) (47r - /am (3—p)? du) A

belongs to VVIEC1 (0, 4+00) and

d
dt

2 2
o) (477 /aa <|pr|>2d">] = T 00) TR O0),  (Ad)

3—p
for almost every t € [0, +00).

Remark A.3. Observe that (A.3) is, up to multiplying by a constant and changing variables, the
quantity studied in [14, 38] for p € (1, 2] along the level set of the p-Green function. In particular,
coupled with Theorem 2.11, the above result implies that the monotonicity property of (A.3)
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is preserved if, in place of the p-Green’s function, the p-capacitary potential of a connected 92
with nonnegative p-Hawking mass is considered. Clearly, the monotonicity results in [14, 38] are
recovered applying Theorem A.2 to the p-Green’s function. Hence, we settle the question raised
in [14] about the monotonicity of their quantities in the range p € (2, 3).

Finally, observe that tﬁg) is obtained multiplying the function (A.3) by the p-capacity term
cp(ﬁﬁt)Q/ (3-p)(—1) which is exponentially growing as t — 4oc0. This term forces the quan-
tity m}y to be monotone nondecreasing under assumption (1) (see Lemma 3.1) even when (A.3)
is monotone nonincreasing.

Proof of Theorem A.2. Fix T' > 1 and let u;, the solution to the problem (A.1). Consider
any ¢ € €°(0,7). Employing coarea formula and integration by parts, we have that

T - 1) _p=L - 3
/t/ DuEl? d dtz(p / "(uE) 52 (u€) 57 | DuE P d
oo, o Plara= g [ o)) ) g

T /QT\Q (Pus|Dus D [ ((u5) )] d

p—1

= / div (|Dug |Dus) o ((us) ~577) dp. (A.5)
Qpr~\Q

Clearly, employing %ji’f convergence of uy — u;, as € — 0, we obtain that

T T
lim <p'(t)/ {Du6|2dadt:/ (pl(t)/ |Duy|? do dt.
=0 Jq {uf,:ap(t)} P 1 {up=ap (1)} :

Moreover, a straightforward computation leads to

Dus|*7?
div (‘DUZ‘DUZ) = }(pi‘l) ((3 -p)

L

Dug?  [Dug?

)<D\Duz\p—1\mz>.

Arguing as in the previous theorem, since |Du§,} — |Duy| locally uniformly and D‘Du;‘p RN

D|Duy|P~! weakly L2 as e — 0, one gets

i ‘Du;f g |Du;}2 e p—1 _p=1
1 — (3 - — DIDus Dut €\ 7375) d
B Jorn -1 \® 7P pusf ~ pup DI  IPee(()) dn
3—p D|Duy,|P~tDu _p—1
B Ep—li/g Q< |D11)Lp]P*2 p>@((“p) ) du
T~
(3—p)? /T 2/
= — t)t r1 H|Du|do dt
(p—12%/y pli)t? QrQ [Dufdo dt,

where the last equality follows by coarea formula and H = (D[Duy[P~!{Duy)/|Dup[P. Then,
passing to the limit as ¢ — 0 in (A.5), we obtain

r B-p)? (T 2
/ w’(t)/ |Du,|? do dt = 2/ o(t)t Pl/ H [Du| do dt.
1 {up=aip()} (=121 {up=aip(D)}

By arbitrariness of T" and ¢ one has that the function

_ 12 sl
ts Hy(t) = <4wtf>’f _ o e / \Dup|2do>
( {u=ap ()}
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belongs to I/Vlicl(l, +00) and its derivative is given by

_ —_1)2 5_
5 p)tﬁ<4wt+(p A=

—

B = -5 G-pp

x / Duy[?do — L= 1)tp21/ H Dyl da>
{u=ayp ()} B-p) {up=ap(D)}

holds for almost every ¢ € (1,400). Then

2 1
% cp(O6) 7T (47T - /BQ %du)] _ Cp<29_) p’” H! (77 ) 77
_ —p%lcp(aat)mmg(am),
concluding the proof. [ ]
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