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Abstract. In this article, we study the spectrum of the magnetic Dirac operator, and
the magnetic Dirac operator with potential over complete Riemannian manifolds. We find
sufficient conditions on the potentials as well as the manifold so that the spectrum is either
maximal, or discrete. We also show that magnetic Dirac operators can have a dense set of
eigenvalues.
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1 Introduction

In this article, we consider the magnetic Dirac operator, and the magnetic Dirac operator with
potential over a complete Riemannian manifold with an associated Clifford bundle. Our main
goal is to study the spectral properties of these operators depending on the behavior of both
the magnetic potential and the additional potentials. In particular, we are interested in finding
sufficient conditions on the potentials so that the essential spectrum of the operator is either
maximal, in other words R, or discrete.

The spectral properties of magnetic Schrédinger operators, over R? and R? have been exten-
sively studied, see, for example, [7, 10, 20] and references therein. In this case, the operators
are classical Schrodinger operators (the Laplacian with a scalar-valued potential) plus a mag-
netic field which is a vector field acting via some Clifford-type action on C?-valued L?-integrable
functions over the Euclidean space. In [7], Cycon, Froese, Kirsch and Simon show that when-
ever the potential is relatively compact with respect to the Laplace operator and the magnetic
field vanishes at infinity, the spectrum of the magnetic Schrédinger operator coincides with the
spectrum of the Laplacian and is [0,00), it is in other words maximal [7, Theorem 6.1]. On
the other hand, Miller and Simon show that depending on the decay rate of the magnetic field,
the Hamiltonian operator of a spinless particle can have purely absolutely continuous spectrum,
dense point spectrum in [0,00), or dense point spectrum in a closed interval and absolutely
continuous spectrum in its complement [13] (see also [7, Theorem 6.2]). The case of ‘pure’
Schrodinger operators over Euclidean spaces was extensively studied (see, for example, [1, 22]).

The case of the Dirac operator with varying types of potentials over Euclidean spaces was
considered in [11, 24]. General notes on the occurrence and meaning of different type of potentials
for the Dirac operator in R™? and discussions on self-adjointness can be found in [23, Sections 4.2
and 4.3], see also Remark 2.3. Yamada showed for example in [24] that if the mass-type potential
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becomes unbounded at infinity and its derivative as well as the one of the electric potential do
not grow faster than the potential itself, then the spectrum will be purely discrete.

While several results for Schrodinger operator both with scalar potential and with magnetic
fields were transferred to manifolds, see, e.g., [19, 21], to the best of our knowledge little has
been done for magnetic Dirac operators over complete Riemannian manifolds and their spectrum.
Over compact odd-dimensional spin manifolds, with certain restrictions on the eigenvalues of
the contact endomorphism, Savale proves Weyl-type of estimates for the number of eigenvalues
of the coupled Dirac operator when the magnetic form is a contact 1-form, and he also provides
a limit formula for the eta invariant of the magnetic Dirac operator when the magnetic potential
is a non-resonant contact form in [17, 18]. In the context of compact manifolds with boundary,
spectral estimates for Callias-type Dirac operators that can be interpreted as Dirac operators
with mass-type potentials were studied for example by Cecchini and Zeidler in [3].

In this short note, we start by generalizing the small selection of the theorems in [7] and [24]
which we mentioned above, to a more general class of complete Riemannian manifolds with
Dirac-type operators.

First, we give some preliminaries on the different types of potentials for Dirac operators. We
restrict ourselves to potentials that are functions or one-forms acting via Clifford multiplication
as in Remark 2.1. Then, in Theorem 3.1 we prove that the spectrum of the magnetic Dirac
operator is discrete if the mass-type potential goes to infinity at infinity and dominates the
magnetic and electric potential as well as the derivatives of all these potentials. On the other
hand, in Theorem 3.3 we show that a pure magnetic Schrodinger operator over asymptotically
flat manifolds with magnetic field vanishing at infinity has essential spectrum [0, c0). Moreover,
we will see in Theorem 3.4 that similarly to magnetic Schrédinger operators, magnetic Dirac
operators can also have dense eigenvalues. Our results illustrate that the vast variability in
the behavior of the spectrum of Schrédinger operators, can be generalized to magnetic Dirac
operators with potential over complete manifolds. Certainly, there are many intermediate cases
depending on the behaviour of the various potentials at infinity which are not discussed here,
and which could merit further investigation.

2 Preliminaries

We consider a complete Riemannian manifold (M™, g). Let S — M be a Clifford bundle. That
means S is a bundle of Clifford modules over M which has a fiberwise Hermitian metric (-, -)
and a metric connection V° on S such that the Clifford action of a tangent vector is skew-
adjoint with respect to (-,-), and V¥ is compatible with the Levi-Civita connection on M, cf.
[16, Definition 3.4]. The sections of S are called spinors and the space of smooth section will be
denoted by T'(S). The Riemannian metric induces an L%-inner product on spinors over M™ by

(pym) = /M<s0,n> dv,

where dv is the Riemannian measure.

Moreover, there is an associated Dirac operator acting on the sections of S which we denote
by D. When M is a spin manifold and S is the associated spinor bundle, the associated Dirac
operator is known as the classical Dirac operator. 1t is well known that the square Dirac operator
satisfies the Weitzenbock formula

D? =V*V + R,

where R € End(S) is the Clifford contraction which acts as a tensor on spinors. When M is
spin and D is the classical Dirac operator, the Clifford contraction is simply a constant multiple
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of the scalar curvature of the manifold, R = scal/4. The Weitzenbock formula allows us to treat
the square Dirac operator as a Schrodinger-type of operator, with the Clifford contraction as its
potential. Controlling this potential allows us to then obtain analytical and spectral properties
for the operator. When one considers the classical Dirac operator, this process reduces to
controlling the scalar curvature of the manifold.

Next we present the different types of potentials. We introduce the notation step by step,
since for magnetic and electric potentials less structure is needed than for mass-type potentials.

2.1 Magnetic Dirac operators

Let (M™, g) be a Riemannian manifold with Clifford bundle S and associated Dirac operator D.
Let A € Q'(M) be a smooth real-valued one-form on M.

The magnetic Dirac operator with magnetic potential A is defined as
Dy:=D+1iA-: T(S) - I'(9)
and the spinorial magnetic connection Laplacian as
Hy = (V9 +14)7 (V9 +14): 1(S) — I(S),

where A: ¢ e T'(S) —» AR ¢ e (T*M ® S) and A-: ¢ € T'(S) — A- ¢ € T'(S) is given by the
Clifford multiplication.

Remark 2.1. We note that adding the iA-term is a special type of change of connection
for the bundle: In general, if V! and V? are two connections on the same bundle S, then
VI-V2=we QY(M,EndS). Adding iA corresponds to the special choice ws := iA ® s for
all s € I'(S). Since (1A(X)p,¢) = —(¢,1A(X)y) for all p € M, X € T,M and ¢,¢ € S,
the connection V + i4 is also metric. Moreover, it is still compatible with the Clifford action.
The spinc construction is related to the above setting. In that case A is the connection on an
auxiliary line bundle which is tensored to the (locally) spinor bundle. In principle, we could
also generalize the potentials used here and in the following by using bundles constructed from
twisting the spinor bundle. But here we restrict to the case of no additional bundle.

The operators D 4 and H 4 are essentially self-adjoint on complete manifolds [5, pp. 411-412].
Next we calculate the Lichnerowicz formula (see, for example, [12, 16]) for the explicit choice
of the Dirac operator which we will be using in this article.
Lemma 2.2. [t is

DDy =Hs+R+idA- and  Ha= (V®)'V® —2iV] —idivA + [A],

where R € End(S) is the Clifford contraction and where for a local orthonormal frame e; of T M
the action of dA- is given by

dA - (Z) = ZdA(ei, ej)e,; c €5 gb

1<J

We note that H4 is not of standard Schrédinger type, since a first derivative Vf‘ appears.
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Proof. We perform a local calculation at a given point p € M. In a neighbourhood of p, we
choose a local orthonormal frame {e;}; such that Ve,e;(p) = 0 for all i, j. Let A = Y, Asel,
where {eg}i denotes the dual cotangent frame. Using the fact that D% = D4, we compute,
pointwise,

D3Dy¢ = (D +1iA-)(D +iA-)¢

=D*D¢ + ie; - V‘;(Ajej : gf)) +iA- D¢ — ZAzAjez e 10}
i?j

= (V)'V ¢+ Ro+1dA- ¢ —idivAp— 21 ) AVE ¢+ AP

Note, that A*(e; ® ¢) = A;¢ and (VS)*(ei ® ¢) = =V ¢. Hence,

Hpgp = (Vo +iA)" (V5 +id)p = (V5)'Vop -2 Y " A;VE e —idiv Ag + A%, n

2.2 With electric potential

Instead of only working with magnetic potentials we can also add an electric potential Ag, in
other words a function on M and consider the more general operator

DA,AO =Dy + Ap.

Remark 2.3. Above A is interpreted as the magnetic potential and Ag as the electric potential
which can be seen as follows: If we work on RY3, with coordinates z°,..., 23 the (physical)
Dirac operator with potential A = A, dx* looks like iv,(0, +14,) (by borrowing the notation
from physics using gamma-matrices, cf. [23]). A spinor in its kernel satisfies iyy0;¢ = (—i'_y’ﬁ +
5/’[( + ’yvo)qﬁ, where the right hand-side is D4 4,¢ as defined above. If A itself does not depend
on time, Ay gives the part of the electric field in ' = dA and (A, Az, A3) the magnetic field
(also compare to [23, Section 4.2]).

Remark 2.4. Let V be a zero order symmetric operator on S acting as (V¢)(x) = V(z)¢p(x)
with V(x) € Hom(S,, S;;). Assume that for each point p € M there is a V,, € L} _ that coincides
with V' in a neighbourhood of p and such that D4 + V is essentially self-adjoint on C2°(S).
Then by [6, Theorem 2.1], D4y is essentially self-adjoint.

In particular, this is true for V' smooth [5, Theorem 2.2]. In case the potential is singular,
the essential self-adjointness depends both on how fast the singularity blows up as well as the
coupling constant, in other words the scalar multiple in front of it (see [23, Section 4.3.3]). Here
we will only consider C''-potentials for simplicity.

2.3 With (mass-type) potential

Let again (M™,g) be a Riemannian manifold with Clifford bundle S and associated Dirac
operator D.

Assume that S is Zs-graded, in other words there is a parallel and orthogonal Zo-grading
S = ST @ S~ and the Clifford multiplication by a tangent vector is an odd map with respect to
this grading. Then the associated Dirac operator has the form

0 D-
v=(5- %)
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with respect to this splitting. Moreover, we define v - (¢,1) = i(¢, —1). This corresponds to
a choice of representation of the Clifford action as in [9, 23]. Then, v- commutes with Clifford
multiplication for all X € I'(T'M), since it is an odd map. Then we define for V € L?

loc?
Dav.a,:=D+iA-+iVv - +Ay: F(S’) — F(S‘).
If Ag =0, we write Dy y := Dayvyo. If A=0and Ay =0, we write Dy := Dy y.

Remark 2.5. Let M be spin (with a chosen spin structure) and S the spinor bundle. In case
dim M is even, the spinor bundle is automatically Zs-graded. Then ¢*S, ¢: M — M X R, is the
spinor bundle of M x R and the v- from above is the Clifford multiplication by the unit vector
in the R direction. In case dim M is odd, then S := S @ S and X - (¢, 0) = (X -9, —X -0) for
X € I'(T'M) defines a Zg-graded Clifford bundle as above, cf. [9, Section 1.4].

For RY3, in other words for the manifold M = R?® with C*valued spinors, the V-term
above corresponds to the scalar potential in [23, Section 4.2.1]. Over Riemannian manifolds the
operator D + iV v- is often referred to as a Callias-type operator, see [3].

For the essential self-adjointness Remark 2.4 is applicable.

Lemma 2.6. For V € C'(M), we have DiyyDay =DiDa+idV -v- +V2.
Proof. It is
DY yDay =D4Ds—VA-v-—Vv-A-+iVv-D+iD(Vv) + V?
= DDy +idV -v - +V?,

where we use the anticommutativity between D and Clifford multiplication by v in the last
line. |

Remark 2.7. If V = const, then iVv- can be interpreted as a mass term and D 4 1 as a massive
(magnetic) Dirac operator. In this case, the term dV in D% ;D4 y vanishes and the operator
becomes a truly Schrodinger-type operator. Thus, in general, such a potential can be interpreted
as a position-dependent mass term.

2.4 Diamagnetic inequality

For a metric connection V on a vector bundle, we have |d|¢|| < |[V¢| for all ¢ € C°(S) and
at all points where ¢ # 0. Since V + iA4 is just another metric connection on the bundle, the
following diamagnetic inequality holds:

|djol] < [(V +i4)e].

3 Spectral results

In this section, we will explore whether and how the results of [7, Section 6] and [24] generalize
to complete manifolds under appropriate conditions.

3.1 Potentials and discrete spectrum

It is known that the self-adjoint Schrodinger operator Hy := (VS)*VS +V?2: domHy C
L?(S) — L?(S) has discrete spectrum whenever the potential term blows up at infinity (condi-
tion (7) in Theorem 3.1) since the quadratic form associated to the operator can be made as large
as possible on the complement of a large enough ball (see, for example, [15, Theorem XIII.16)).
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In this section we show that this result also holds for the magnetic Dirac operator with potential
under the additional assumption that the magnetic potential is bounded and that the derivative
of the magnetic potential and the potential Ag is dominated by V.

We note that having a magnetic and/or electric potential that goes to infinity at infinity is
not enough to ensure that the spectrum is discrete.

In the following let |x| := d(z, p) for a fixed p € M.

Theorem 3.1. Assume that M is complete, connected and noncompact. Let S be a Zs-graded
Clifford bundle as in Section 2.3. Let V, Ag € C*(M) and A € Q*(M). Assume

(8) g0 |V ()] = o0

(7i) R and A are both bounded;

(t3i) |[dV|+ |[dA| 4 |dAo| + | div A| = O(V) as |z| — oo;

(v) |Ao| < €|V| on |z| > Ry for an € < 1 and some Ry > 0.

Then the spectrum of Dayv,a, = D +1A - +iVv - +Aq is discrete.

This generalizes a result for M = R? with D = ) by [24], and our proof follows the same idea
as in this paper. In [24], only an electric potential and a mass-type potential are considered.

Proof. In order to prove the theorem, we will show that (D v,4, —i)~! is compact. For that
let ¢, € L%(S) be a bounded sequence and set ¥y, := (D4 v, 4, —1) 1¢n € H (S). Since D4y,
is essentially self-adjoint, its spectrum is real and hence (D v a, — i)~! is bounded. Thus, ¥, is
a bounded sequence in L?. We need to show that this sequence has a convergent subsequence.

As mentioned above Hy := (VS)*VS + V2 — A3 has discrete spectrum. By [15, Theo-

rem XIII.64], the set
= {¢ € dom Hy C L*(S) | ||¢llr2 < 1, (4, (V)" VI + V2 — A2)¢) < b}

is compact for all b. We want to show that the sequence 1, is in a set Sp for some b, then our
claim follows by the compactness of this set.

We apply Dayv — Ag +1 = Dyy,—a, +1 on both sides of Dy v, a0%n — ity = ¢y, and use
Lemmas 2.6 and 2.2, as well as the self-adjointness of D4y to obtain

((V5)'VS = 2iV5 + [A2 + R — idiv A + idA-
+ 11V v 4VE = A4 2400+ dAg)ion = (Day—ay +1)én.

Define H := {p € L*(S) | |9|Z = 19l12x + ||[v/VZ— A2o||5. < co}. Then H C HY(S) is
a Hilbert space with inner product (¢, %)y = (¢,¢)m + ((V? — A3)¢,v) 2. By (iv), V2 <

a(V? — A3) < aV? for some a > 1. Thus, the norms |[¢|ly and (|[¢[|3,. + [V]||¢]7 ,)? are
equivalent.

By assumptions (7i7) and (iv), there exist R > Ry and C' > 0 such that (|dV| + |dA| +
|div A| + |dAo| + |Ao|)(z) < CV(x) for all |z| > R. Let n be a smooth cut-off function with
n(z) =1 for || > R+ 1 and n(z) =0 for |z| < R. Let u € C2°(S). Then

(V) V5 (o)) pa + (14 V2 = AG)imn, ) 1
(V) V) o+ (L4 VE)i0n, ) o + (Ul = 295, 00n, 1) 1
(&ns (Dav-ag =) (7)) g2 + (Ul = 2V, 0n, ) 12
+ ((2iV3 — JA? = R+idivA —idA - —2A¢i — dAg - —idV - v)ihn, nu)
= (d)n, (Dav,.a, — i)(nu))L2 + (wn, ulAn + QV%nu) 12

nwna

|
/\/\
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+ (Y, (21V] —idivA —idA - +240i + dAg - —idV - v- =R — |A]?)(nu)) -

Using our assumptions together with ’Viu} < |X||V5u

, we obtain

(s v | S lonllz2(Dayi—ao = D)2 + a2 llnulli

and, as a result

(n, w)v < Cllenll + [[nlD)llully < Cflufly.

Thus, |7y ||V is bounded for all n. Hence, this sequence lies in the compact subset Sj for some b
and therefore has a convergent subsequence in L?(.S). n

3.2 Magnetic Schrodinger operator with vanishing magnetic field at infinity

In this section, we prove that the essential spectrum of a magnetic Schrédinger operator with
vanishing magnetic field at infinity will be maximal over asymptotically flat manifolds. Our
result generalizes [7, Theorem 6.1] who considered the case of Euclidean space. The main idea is
to compare the spectrum of the magnetic Schrédinger operator to that of certain gauge perturbed
operators, using the fact that the magnetic field vanishes at infinity. Since the spectrum of the
Laplacian on functions is maximal over asymptotically flat manifolds, and we have ‘nice’ spinors
over this space, we can then find an appropriate family of approximate eigenspinors to prove
that the essential spectrum of our operator is also maximal.

Definition 3.2. A manifold (M™,g) with m > 2 is asymptotically flat of order 7 if there is
a compact set K C M and a diffeomorphism ¢: M \ K — R™ \ B, (0) such that

(¢s9)ij(x) = 6ij + O(|=|™7) and
O (p«9)ij(x) = O(]g;‘—(wrl)), O (p+9)ij(z) = O(]x\—(ﬂr?))

for some 7 > 0, where |z| is the Euclidean distance of = to 0.

Note that under the above assumption on the metric, the curvature tensor of the manifold
and hence its scalar curvature tend to zero as |z| — oo.

To prove that the spectrum of the magnetic Schrodinger operator is maximal requires, as
we will see, the construction of a large class of L? integrable approximate eigenspinors. Even
though the spectrum of the Laplacian on functions would be [0, c0) over these manifolds [4], we
cannot use the bounded test functions with L! estimates constructed in that article. Instead, we
use the idea of [7] choosing gauges such that the magnetic potential becomes small on growing
balls, as well as the volume doubling property which holds for asymptotically flat manifolds.
This volume doubling property is defined as follows: There is an R, > r, such that for all R > 0

and p € M \ ¢* (R" \ B3R+R, (0))7
vol Bag(p) < C'vol B(p), (3:-1)

where C is a uniform constant, independent of p and R. For asymptotically flat manifolds
this follows completely analogously to the estimates in [14, Proof of Proposition 1]. The only
difference between our volume doubling property and the statement in [14] is that the balls in
the latter are all centered at zero.

Theorem 3.3. Let (M™, g) be an asymptotically flat spin Riemannian manifold of order T > 0,
with Dirac operator D. Let A € QY (M) such that |B = dA| — 0 as |z| — oo, in other words the
magnetic field vanishes at infinity. Then, [0,00) = 0ess(D%Da). In particular, R = 0ess(Da) in
dimension 0, 1, 2 mod 4.
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Proof. First, we will argue that W = %al + iB- is relatively compact to H4, in other words

W(H4+1)"! is a compact operator on L2. The argument is mainly analogous to [15, Example 6,
p. 117 and Problem 41, p. 369] but will be given here for completeness. We approximate
W = %al +iB-: L? — L? by W,, = x B.(p)W where xp, () is the characteristic function of
the geodesic ball B,(p) C M. Since the scalar curvature and the magnetic field B tend to
zero at infinity, lim, o [|[W — Wy|| — 0 in the operator norm. Let now ¢ be a bounded
sequence in dom Hq = {¢ € L? | Ha¢ € L?} equipped with the graph norm. Then, ¢y, is locally
also bounded in H' and hence locally strongly converges in L? to some ¢ (after possibly taking
a subsequence). In particular, W,, ¢y converges to W, = x Bn(pW¢ in L?. This implies that W,
is compact as an operator from dom H 4 (equipped with the graph norm) to L? and hence, that
Win(Ha +1)71 is compact. Since lim,, o ||[W — W,|| — 0, then also W (Ha + 1)~! is compact.
By [15, Corollary 2, p. 113], we get 0ess(D} D) = Tess(HA).-

Next, we want to show that [0,00) C 0ess(Ha). As in [7, Step 3, p. 117], we want to use
the following fact. Let T" > 0 be a self-adjoint operator on a Hilbert space H. Whenever
there exists an orthonormal sequence %, in H which converges weakly to zero and satisfies
(T + 1)1 (T = N)tbn|| = 0 then X € oess(T).

Before we find the test functions ,,, we first exploit the condition that the magnetic field
vanishes at infinity.

For any p € M we define |p| = |p(p)|. Since |B| — 0, there is a sequence of points ¢, € M
with |g,| — 0o and sup,ep,, () 1Bl < # By taking a subsequence, we may choose ¢, such
that |gn| > 6n + R,.

Since the spinor bundle is trivial on M \ K, we can choose a spinor ® that is constant with
norm 1 on M \ K. We note that by our assumptions on the decay of the metric, and hence for
the Christoffel symbols corresponding to our coordinates, we get

V5®|(2) = O(J2|~ D) and  [(V5)'VIB|(z) = O(|2[~+?)

for |x| — oo (see [12, Section 4] for the spinorial connection V¥ in local coordinates).

Now let g,: M — [0,1] be a radial (with respect to g,) smooth cut-off function which is
constant on By, (gyn), 0 on M \ Bay(gy) and satisfies [Vg,| < 2 and [Ag,| < 2.

So far we know that B is small on the support of g,, but the term A also appears in H4
on its own. Next we choose another vector potential A, corresponding to the same magnetic
field B which is small on B,,(gy).

In local coordinates, we have B = B, dz* A dz” with B, = —B,,. Then 0 = d?A =dB =
Ok Bdx™ A dat A dz¥. Thus,

OBy — 0yByy — 0y By = 0.

Using the asymptotically flat coordinates on Bay,(gy), shifted such that g, has coordinates
zero, we define on Bay,(qy),

Aj(z) ::—Z/ Buy(azl,...,x”fl,t,o,...,O)dt.
V> 0
Then

o)== 3 [ Bt o0

v>min{u,x}
+ 8pusn B (zh, ... 2",0,...,0).
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Thus for k < p,

O Af(x) — 0 AR (z) = — Z/O (0xByw — 0uBy) (2!, ... ,2"71,¢,0,...,0)dt

Thus A” A”dx” is an equivalent potential to A on Ba,(g,) and by construction it satisfies
|A| < ¢2 for some uniform constant ¢ > 0.

Hence, by the Poincaré lemma, A™ — A = df,, for a smooth function f,, on Bgn(qn) Let fn
be a smooth function on all of M that coincides with f, on B, (g,) and set A" = A+df,. Then

Hy = elf"H € —ifn.
For k € R™, we define ¢, = e*»*" g, ®. By our assumptions on g, and ®, we have

HﬁanQ > Covol By (gn)
for a uniform constant C,. Setting A = |k|?, we obtain

(Ho = Nén(@) = (D9 = N (Gne™™" )@ = 295 e @ + 5 (V) V5D

= (® " Aggn + 2(Vin, Veru™) + G (Ag — [k]*)e™") ®
S ~ S\ *S
=2V 5 aikpay +gn(V°) V7.

By the decay estimates of Ay, Vg, and the uniform upper and lower bound on ® and g, we get

(™ Aggin + 2(Viu, Ve ) @|* < %vol Bon(gn) < %voan(qn) < %!\¢n||2,

where C is a constant that changes from line to line but is always uniform in n. Similarly, the
upper bounds on the derivatives of ¢ give

C

C c
ey VOl Ban(gn) < 5y vol Bu(gn) < o

HVS G etknat (T+ n

1@+ 3a (V)" vio|® <

Moreover,
(Ag — [k[?)en" = eFn (|, k, (g" — 6") — ik,g"? — ik,g Ox(Indet g)).
By the asymptotic flatness of M we get
(A = [k[*)e™ | = O(|a] 7).
Together with the volume estimate above and the choice of ¢, this implies
1(Ag — [E[2)e="||* < C(|gn| — 20) " vol Ban(gn) < Cn ™ |[n®

in a similar way as above. Combining all of the above we get that for any € > 0 and we can
find n large enough such that

Set iy (z) == eifn (@) gikua’ gn(2)®/||¢n||. By construction, 1, is an orthonormal sequence.
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We have
[(Ha+ 1) (Ha = Non| = |(Hz, + 1) (Hy = Aénl-
Using Hy = Ho—2iV; —idivA, + [An|* = Ho +i(V +i4,)* A, —i4,V, we obtain

|(Ha+ 1) (Ha = Nwon|| < ||(Hz + 17| - |(Ho — X nll
+{[(Hg, + 1)V +i40) || ([ Anlgnl[+[(Hz, + 1) 7] [[][A0]V(322) -

Since H 4, is a nonnegative operator, by the spectral theorem (H i, T 1)~! is bounded on L2
uniformly in n. Similarly, we can show that (H i+ H'H 4, 1s bounded on L?, uniformly in n.
Thus, also (Hjz + 1)~Y(V 41i4,)* is bounded on L? uniformly in n. Since fln|32n(qn) — 0 as
n — oo and using again the properties of g,,, ® as before, we obtain H (Ha+1)"YHa— Ny H -0
and, hence, that \ € oess(H4).

The remaining claim on the spectrum of D4 follows from to the symmetry of the spectrum in
these dimensions. The symmetry of the spectrum D itself, follows for m even by w-D¢ = —D(w-
@) by w=e;1-ea---egimm, and for m = 1 mod 4 by the existence of a Spin(m)-equivariant real
structure that anticommutes with Clifford multiplication, cf. [8, Proposition, p. 31]. Since in even
dimensions w- also anticommutes with Clifford multiplication as does the real structure just men-
tioned, D 4 anticommutes with these maps as well and has, as a result, symmetric spectrum. W

3.3 Dense eigenvalues

In [13], see also [7, Theorem 6.2], an example of a magnetic potential A, such that the magnetic
Schrodinger operator (V 4+1A4)*(V 4+1A4) on functions has pure point spectrum which is dense in
[0,00) was given. The magnetic potential used there was

Yy x

R AN (Y s

where p = p(z,y) = (2% + yz)% and v € (0,1). We will prove here that this phenomenon
still occurs for the Dirac operator (with the same magnetic potential). We note that (on RQ)
D%Dy = (V +i4)*(V +1A) + idA-., therefore one cannot deduce the spectrum directly from
the result on the Schrédinger operator. But we can run an argument using similar ideas. In [7,
Theorem 6.2], it is used that (V 4+14)*(V 4 1A) commutes with the orbital angular momentum
which is not true for D 4. But this can be circumvented by adding the spin angular momentum
as we will see in the following result.

Theorem 3.4. On R? we consider the magnetic potential A provided above. Then, the magnetic
Dirac operator Dg = D + 1A has pure point spectrum which is dense in R.

Proof. We consider the total angular momentum J, = L, + S, where L, = —i(:r:a% — y%) is
the orbital angular momentum and S, = %diag(l, —1) is the spin angular momentum. Direct
calculation gives [D 4, J.] =0 (but L, itself does not commute with D 4).

Since div A = 0, we have

DZDA =V*V + ’A’Q —2iV 4 + idA(el, 62)61 ceg .

Using ie; - ep- = diag(1, —1), dA = Bdz Ady with B = — 3785 + (1+2pw and —iV 4 = ﬁLz

this gives

2 p?

1
D%Djy= A+ J. + + B - —— | diag(1,—1).
aDa e EPE ( <1+p>v> iog(1, 1)
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The operator J, has discrete spectrum. We denote the eigenvalues by p,, m € Z. The dis-
creteness of the spectrum for J, allows us to write H = L? (RZ, (CQ) as the direct sum of the
eigenspaces E,, corresponding to the eigenvalue pi,,. At the same time, the fact that [Dy4, J.] =0
allows one to claim that D4 restricts to E,,. Then,

D Dalp,, = diag(T;, T;y)

2

with TF = A+ 2y, + L £ (B — #) Thus, 7> is an operator on LQ(RQ,(C)

(T+p)7 (1+p)27 (1+p)7
of Schrodinger-type, 1112 other words the Laplacian on functions plus a scalar potential. For
~v € (0,1), the term (wa is the dominating term of this potential at infinity. Thus, this poten-

tial goes to infinity at infinity and hence, Tt and thus also D% D|E,, have discrete spectrum.
If D% D4 has discrete spectrum, so does D4 (see, e.g., [2, Lemma B.8]).

On the other hand, |B| — 0 as || — oo. By Theorem 3.3, this implies [0, 00) = gess(D% D).
Over R?, Clifford multiplication on spinors anticommutes with the map B: (¢1,¢2) € C? —
(é1,¢2), see [8, Section 1.7]. Thus, Da(B(1))) = —B(Dath) which implies that the spectrum
of Dy is symmetric and, thus, oess(D4) = R. Hence, the pure point spectrum above must be
dense. |
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