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Abstract. We investigate geometric evolution equations for Legendrian curves in the 3-
sphere which are invariant under the action of the unitary group U(2). We define a natural
symplectic structure on the space of Legendrian loops and show that the modified Korteweg—
de Vries equation, along with its associated hierarchy, are realized as curvature evolutions
induced by a sequence of Hamiltonian flows. For the flow among these that induces the
mKdV equation, we investigate the geometry of solutions which evolve by rigid motions
in U(2). Generalizations of our results to higher-order evolutions and curves in similar
geometries are also discussed.
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1 Introduction

Broadly speaking, the study of integrable geometric evolution equations for curves has led to
fruitful discoveries of the interactions between the structures associated to integrability (e.g.,
Lax pairs, conservation laws, and Béacklund transformations) and the geometric and topological
features of solution curves. While several authors (including some of us) have extensively stud-
ied integrable realizations of the sine-Gordon and nonlinear Schrodinger equations in Euclidean
geometry [2, 3, 16], additional integrable equations arise through investigations of flows in less
familiar geometries. For example, the KdV equation appears in many geometric contexts, in-
cluding flows for curves in the centroaffine plane [5, 27] and null curves in Minkowski 3-space [23],
and investigations of curve evolutions in the projective plane and higher-dimensional centroaffine
spaces have uncovered geometric flows that realize the Boussinesq and Kaup—Kuperschmidt hi-
erarchies [6, 22].

In this article, we study flows for curves in 3-dimensional pseudohermitian Cauchy—Riemann
(CR) geometry, specializing to the homogeneous geometry of the 3-sphere. Recall that a CR
structure of hypersurface type (sometimes referred to as a pseudoconformal structure) on a mani-
fold of real dimension 2n + 1 consists of a contact structure together with a compatible almost-
complex structure on the 2n-dimensional contact planes. (Additional non-degeneracy conditions
are usually assumed, but these are vacuous in the case n = 1 on which we will focus.)

This paper is a contribution to the Special Issue on Symmetry, Invariants, and their Applications in honor of
Peter J. Olver. The full collection is available at https://www.emis.de/journals/SIGMA /Olver.html
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The 3-sphere inherits its standard CR structure via its embedding as the hypersurface in C?
comprised of the set of unit length of vectors with respect to the Hermitian inner product.
The automorphism group of this structure is strictly larger than U(2); in fact, the pseudocon-
formal 3-sphere is preserved by the 8-dimensional group SU(2,1) acting on C? by preserving
a Hermitian inner product of split signature. In that setting, the 3-sphere is identified with the
projectivization of the cone of non-zero null vectors in C* and the standard contact structure
in S3 can be expressed in terms of this inner product.

In previous work [4, 21, 24, 25], we investigated geometric invariants and geometric evolu-
tion equations for Legendrian curves as well as curves transverse to the contact distribution
in the pseudoconformal 3-sphere. The setting of this article is pseudohermitian CR geometry,
a sub-geometry of CR geometry in which a contact form is specified, resulting in a compati-
ble hermitian metric on the contact planes. The canonical connection and curvature for such
structures were introduced by Webster [30]. In dimension three, the simply-connected homoge-
neous pseudo-Hermitian CR manifolds with constant Webster curvature consist of the 3-sphere
83 =U(2)/U(1), the universal cover of anti-de Sitter space A3 = U(1,1)/U(1), and the Heisen-
berg group H3. In each case, the group preserves a fibration to a 2-dimensional space form,
where the fibers are transverse to the contact planes. For the case of the 3-sphere, this is the
Clifford map mc: S — S?, a geometrical version of the Hopf fibration (see Section 2.1 for
details).

In this article, we will focus on closed Legendrian curves in pseudo-Hermitian S2, in particular
their discrete invariants, how their geometry is related to that of their images under 7w, and
integrable geometric evolution equations that arise naturally for such curves. Among other
results, we will show that there exists an infinite sequence of geometric evolution equations

oy
ot
which induce the nth flow of the mKdV hierarchy for the curvature of the Legendrian curve ~.
These evolution equations are related to geometric realizations of the mKdV hierarchy that
have already appeared in the literature. Indeed, applying the Clifford projection to a Legendrian
curve in S% produces a curve in S? with the same curvature (up to a factor of 1/2), and curves
evolving by (1.1) project to curves evolving by flows previously identified by Goldstein and
Petrich [10, 11] as inducing the mKdV hierarchy (see also the works by Doliwa and Santini [7]
and by Langer and Perline [17]). However, the flows we define in this work are geometrically
distinctive for two reasons. First, each flow Z, is Hamiltonian with respect to a symplectic
structure on the space of periodic Legendrian curves, which is not induced by any corresponding
structure on S?. Moreover, while curves in S? can be lifted to Legendrian curves in S3, the
Clifford projection does not induce a surjective map from the space of closed Legendrian curves
to closed curves in S2. As we shall see, a closed curve in S? must satisfy a rationality condition on
its total curvature in order to have a lift into S as a closed Legendrian curve, where the resulting
rational number is related to the discrete invariants of the lift, as a closed Legendrian curve.
We now summarize the contents of the paper:

Z,[], n>1, (1.1)

— In Section 2, we review the geometry of Legendrian curves in S® — in particular, the
moving frame and curvature, and their relation to the projection under m¢. We define the
Legendrian lift of a regular curve in S?, and compute the lifts of constant curvature circles
as an example. We also review the discrete invariants of closed Legendrian curves, and
compute such invariants for the circle lifts.

— In Section 3, we define a symplectic structure on the space of periodic Legendrian curves
in $3 (modulo symmetries), and show that Hamiltonian vector field for total length induces
mKdV evolution for curvature. More generally, we show that the entire mKdV hierarchy
can be induced by geometric flows for Legendrian curves.
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— In Section 4, we compute the stationary curves for the mKdV vector field Z;, determining
which of these are closed and, possibly, periodic in time. For a selection of representative
examples, we use the Heisenberg projection, a contactomorphism of the sphere punctured
at a point with R3, to obtain planar projections that enable us to compute discrete invari-
ants, such as the Maslov index and Bennequin number (see [8] and the literature therein
for an introduction to Legendrian knots and their contact invariants.)

— In Section 5, we discuss some open questions and directions for future research.

2 Legendrian curves in pseudohermitian S3

2.1 Moving frames and curvature

Let (—, —) be the standard Hermitian inner product on C2, and S3 C C? denote the set of unit
vectors. We will think of a regular parametrized curve v: R — S3 as a C2-valued function of
parameter x. Differentiating (,v) = 1 shows that (y;,v) is pure imaginary. The curve 7 is
Legendrian if it satisfies the condition

{(Va,v) = 0. (2.1)

We will say that 7 is a unit-speed curve if (y;,7,) = 1 identically, and we will use s in place
of x whenever we are assuming a unit-speed parametrization. We let P denote the set of regular
parametrized Legendrian curves in S3, and P! denote the subset of those with unit speed. The
group U(2) of unitary matrices acts transitively on S3, preserving the Hermitian inner product,
and thus inducing actions on P and P'.

Differentiating (7y,y) = 1 and using both the Legendrian condition (2.1) and the unit-speed
condition (7s,7s) = 1, shows that the matrix

L= (y7)
takes value in U(2). We will refer to this as the U(2)-valued moving frame of ~.
Lemma 2.1. The moving frame I' satisfies the Frenet-type equation
I, =TU, U= (2 Tkl> , (2.2)
where we designate k(s) as the curvature function of .
Proof. Expanding s in terms of the moving frame gives
Yss = —7 + 1k7s, (2.3)

where the first coefficient is determined by differentiating (2.1), and differentiating the unit-
speed condition (7s,7vs) = 1 implies the second coefficient is purely imaginary. Its imaginary
part is computed by k& = Im(vss, 7Vs)- [ |

For a more general parametrization, we have the following.

Lemma 2.2. If v is a reqular Legendrian curve parametrized by an arbitrary variable x, its
curvature is given by

k= —— (2.4)
(Vs Y2 )32
Moreover, if B := (Ve, Vo) /% denotes the speed of y, then the analogue of (2.3) is

Yex = _/827 + (/Bﬁx + 16"/‘) V- (2'5>
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Proof. Since any arclength parameter satisfies ds/dz = g, then

Vs = 6717&:7 Vss = /871(/671713)23 = 672’71% - 673/Bx’7x-

It follows that

<’7557 ’Ys) = /873<7mc,’7/:c> - ﬁiQﬁx-

Since f is real, we obtain (2.4) by taking the imaginary part of each side of the last equation.
Using (2.3), we write

5_2790% - B_gﬁm%n = =7+ iﬂ_lk%c?
which, when solved for 7,,, gives (2.5). |

Definition 2.3. If v is periodic with minimal period L, we say that v is a closed Legendrian
curve of period L, and we let |[7]| C S3 denote the image or trace of v. We let P} denote the
space of closed unit-speed Legendrian curves in S® with fixed length L. If the map ~: Si — 93
is injective, we say that v is a (parametrized) Legendrian knot.

We remark that the elements of Pi can be viewed as isometric immersions of the circle Si
of circumference L into S3. Also note that the curvature function of a closed curve of period L
must satisfy k(z + L) = k(x), but L is not necessarily the minimal period of k.

Clifford projections and Legendrian lifts

The well-known diffeomorphism between S® and the group SU(2) can be defined by mapping
a unit vector w = (wy,ws)" € S? to the matrix

#= (“” _102) € SU(2). (2.6)

w9 w1
We also identify the Lie algebra su(2) with R? via the linear isomorphism

. ix1 ixg + T3 T
J: < . — (1;1,.7;2,333) .
irg —x3  —izg

Combining these allows us to define the 2-to-1 spin-covering homomorphism o: S — SO(3) as
o(w) :=joAdgo ™, (2.7)

where Ad denotes the adjoint representation of SU(2), and we take the standard inner product
on R3.

We define the Clifford map tc: S® — S? in terms of o as follows. Let {e1, ez, e3} be the
standard basis on R3; then

Since o (ew) differs from o(w) by rotation that fixes eq, this endows S with the structure of
a circle bundle whose fibers are the integral curves of the characteristic vector field w — iw.
Thus, condition (2.1) can be interpreted as saying that a curve in S3 is Legendrian if and only
if it is orthogonal to the fibers of the Clifford map.

Definition 2.4. The Clifford projection of a Legendrian curve v is the immersed curve n: R — S?
defined by n = m¢ o . (Note that v is regular if and only if 7 is regular.)
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Proposition 2.5. Let v be a Legendrian curve parametrized by arclength s, with curvature
function k(s). Then its Clifford projection has speed 2 and Frenet curvature k/2.

Proof. Let w = (w1, wsz)" be the vector of components of . By applying (2.7) to the standard
basis, we can write o(w) in matrix form as

|wi]? — |ws? —wiws — Wiy 10 0
o(w) =] wiws + Wiws %(w% — w%) %(wl — 1722) 01 —il, (2.8)
i(w1wg — wrws) %i(w% —I—wg) —%i(uﬁz +W22) 01 i

and compute

0 —2cosa —2sin«
o(w)s =0(w) | 2cosa 0 0 ,
2sin o 0 0

where cosa + isina = wywh — wjwse. (The fact that this has unit modulus follows from the
Legendrian condition wiwi’ +wewy’ = 0 and the unit-speed condition wjwi’ + whwy’ = 1.) The
last equation shows that o(w) gives a parallel orthonormal along the Clifford projection.

In order to construct a Frenet frame for the Clifford projection, we modify o(w). From (2.8),
one can check that

1 0 0
o(e?w) =o(w) [0 cos(2¢) sin(2¢)
0 —sin(2¢) cos(2¢)
(Note that the first column of o(w), which gives the value of the Clifford map, is unchanged.)

In particular, setting ¢ = —a/2 and differentiating this formula shows that F' = U(e*ia/ 2W)
satisfies

0 -2 0
F,=F|2 0 —as
0 Qg 0

On the other hand, the component-wise form of (2.3) gives

w! = —wy + ikwi, why = —woy + ikwh,

from which we compute

/ / / " "
. (wywh — wiws) wiwh —wjwy .
10[3 == 7 7 = 7 7 e lk‘.
wywh — wiws wiwh — wiws

This gives as = k and the result follows. |

Remark 2.6. Conversely, suppose 17: R — S? is a curve parametrized by 2 with constant
speed 2 and curvature function k/2. Identify SO(3) with the oriented orthonormal frame bundle
of S%, with the basepoint map SO(3) — S? is given by the first column. Then the Frenet frame
F = (n,T,N) is a lift of n into SO(3) satisfying

0 -2 0
F,=F|2 0 -k
0 k£ O

In turn, let 7: R — S2 be a lift of F relative to the double cover o (i.e., such that F' = oo 7y’),
which is unique up to a minus sign. Then, if () is an antiderivative of k(z), v(z) = €*/23(x)
is a unit-speed Legendrian lift of 7, unique up to multiplication by a unit modulus constant.
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2.2 Closed Legendrian curves in S® and their discrete invariants

The classical invariants of closed Legendrian curves and Legendrian knots are the Maslov index
(or rotation number) and the Bennequin invariant (see, e.g., [8]). We first discuss how these are
computed, before passing to less familiar discrete invariants.

For a given unit vector w = (wy,w)" € S3, let w* = (—wg,wr)" (i.e., the second column
in (2.6)). Then vector fields w — w* and w — iw" give an orthogonal parallelization of
the contact distribution on $%. Hence, for any v € P}J there is a unique smooth function
0: R/(LZ) — R/(27Z) such that

7s =07, (2.9)

and the Maslov index p., is the degree of 6.
If |[y]] is a Legendrian knot /IC, we define the Bennequin invariant tb, by the following
construction. For € € R, let K. = e*™€kC. Then there exists a connected open interval I C (0,1)

such that X N K. = & for every € € I, and the Bennequin invariant tb, equals the linking
number Lk(K, K.).

Definition 2.7. Let 1 be the Clifford projection of v € P} and let L, be its length. Since the
Clifford map doubles the speed of the curve, there is a positive integer cl, called the Clifford
index such that 2L = cl, L,,.

We say that v has spin 1 if o oy has trivial homotopy class in m(SO(3)) = Z/2, or has
spin 1/2 if the homotopy class is non-trivial. Similarly, we say a closed curve in S? has spin 1 if
its Frenet frame F' has trivial homotopy class, and has spin 1/2 if the Frenet frame has non-trivial
homotopy class.

Proposition 2.8. Let v € P}. Then
1 (L

=— k(s)ds.
o7 Jy (s)ds

o
Hence, the total curvature’ of a closed Legendrian curve is an integer. In addition, this implies
that the total curvature of the Clifford projection is the rational number ,u,ﬁ//clv.
Proof. Differentiating (2.9), we get

Yss = 107vs + eie('Y*)s = 0575 + eie(’YS)* = i057s — .

Comparing with (2.3) shows that 6, = k. Hence, deg(f) = 5 fOL k(s)ds. On the other hand,
if we use § to denote the arclength parameter along the Clifford projection, then § = 2s and
K(3) = 3k(2s), so

L clyLy Ly
/ k(s)ds = / k(35)ds = cl,y/ k(3)ds,
0 0 0

and the second assertion follows. [ |

Remark 2.9. Conversely, let 7 be a closed curve in S? of length 27, with total curvature equal
to a/b, where a € Z and b € Z* have no common divisors. Let v be a unit-speed Legendrian

lift of n constructed as described in Remark 2.6. Then
(—1)%(s) if n has spin 1,
V(s +0T) = : +£ . .
(=1)*""x(s) if n has spin 1/2.

Hence, in the case of spin 1, the Clifford index is cl, = b if a is even and cl, = 2b if a is odd. In
the case of spin 1/2, cl, = b if a + b is even and cl, = 2b if a + b is odd.

'For the sake of convenience, for us the ‘total curvature’ will always mean the integral of the curvature function
with respect to arclength, divided by 2.



mKdV-Related Flows for Legendrian Curves in the Pseudohermitian 3-Sphere 7

Figure 1. Left: the Heisenberg projection of the Legendrian knot +; 1, a topologically trivial knot
with Maslov index 0 and Bennequin invariant —1. Right: the Heisenberg projection of the Legendrian
knot 73 5, a torus knot of type (—3,5) with Maslov index 2 and Bennequin invariant —15. The tori are
the Heisenberg projections of 7,,., C S3, m =n =1 (left) and m = 3, n = 5 (right).

Definition 2.10. The CR-analogue of stereographic projection is the Heisenberg projection pr,
a contactomorphism from the punctured sphere to R? with the contact form dz — ydz + zdy.
Taking S = (—1,0) € C? as the omitted point, then for (zl, 22) € 83\ {S},

pr: (2',2%) (Re(iﬁz?>,Im<i\/§z2>,Re<M>>T. (2.10)

1+27 1+2 1+ 2

Remark 2.11. The Maslov index and the Bennequin invariant can be computed directly from
the Heisenberg projection vy = pg o 7y, assuming that S ¢ |[v]|. The Maslov index is the
turning number of the Lagrangian projection of vy, defined by o = 7, o g7, where 7, denotes
the orthogonal projection from R? onto the zy-coordinate plane. If v is a knot, the Bennequin
number is the writhe of o with respect to upward oriented z-axis (see, e.g., [8]).

2.3 Constant-curvature examples

To illustrate the Legendrian lift, we consider lifting circles obtained by intersecting the unit
sphere S? C R3 with the plane z = h. Let C(h) = {(:r,y,z) €S?|x= h} for h € (—1,1).
Since C(h) has radius £ = v/1 — h? and constant curvature h/¢ as a curve on S?, the total
curvature of C(h) is equal to h. (Note that the curvature may be negative due to choice of
orientation.) Thus, the only circles with closed Legendrian lifts are those for which A is rational.

Proposition 2.12. For a pair of relatively prime positive integers m, n, let Cp, 5, denote be the
circle C(h) for h = (m —n)/(m + n). Then Cy,, has spin 1/2, and its Legendrian lifts are
left-handed torus knots of type (—m,n). Moreover, these lifts have constant curvature kp, , =
(m —n)/v/mn, total curvature equal to m —n, and Clifford index m + n.

Proof. Let vpmn: R — S be defined by

1
mnls) = Jrw

One can check that 7, ,, is a unit-speed Legendrian curve with curvature k, , = (m —n)/y/mn
and least period 2m/mn. Thus, the total curvature of 7, , is m —n. By construction,

(me—ins/m’ \/ﬁeims/\/m). (2.11)
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Ymn is a closed solenoidal curve of type (—m,n) contained in the embedded torus 7p,, C S3
parametrized by

1
vm-—+n

The Clifford projection of 7y, , is

fmm(61,02) = (ﬁeiel, \/ﬁew?).

Nm,n(s) = (h,Lcos(2s/0), £sin(2s /L)),

where we define ¢ := 2y/mn/(m + n) for short. Thus, 7, , is a parametrization with constant
speed 2 of Cy, . The least period of 9y, , is 7¢, while the least period of 7y, , is 2my/mn; it
follows from Proposition 2.8 that m + n is the Clifford index of v, .

As in the proof of Proposition 2.8, we use § = 2s to denote the arclength parameter along
the Clifford projection, and let 7, ,(5) = 9mn(5/2) be its unit-speed reparametrization. This
has least period 27¢ and curvature h/¢. Thus, its Frenet frame is of the form F, ,(3) =
A exp (5Myy, ), where A is some fixed matrix in SO(3) and

0 -1 0
Mm,n =|1 0 —h/f
0 h/t 0

Since the Lie algebra isomorphism induced by the spin-covering homomorphism o is

2a? 0 201 |,

( bl —a? +ib?
207 —2b} 0

0 —2a2 —2b
a3 + ib? —ibi >

the lift of F,,, to SU(2) is Fi.n(3) = A exp(sMy,.,), where o(A) = A and

. —ih/(20) —1/2
Mm“:( 1/2 ih/(2£)>'

On the other hand, the eigenvalues of an are +i/(2(), so it follows that the least period
of Fy,p is 4m¢, which is twice the least period of F,, ,,. This proves that C,, , has spin 1/2. R

Remark 2.13. Proposition 2.12 is an adaptation to the context of pseudo-Hermitian geometry
of the classification of Legendrian curves with constant CR-curvature given in [25]. It follows
from Propositions 2.8 and 2.12 that the Maslov index of 7, 5 is m —n. Computing the writhe
of the Lagrangian projection of pg © ¥y, we find that the Bennequin invariant of 7, ,, is —mn.
Thus, according to the classification of the contact isotopy classes of Legendrian torus knots [9],
closed Legendrian curves with constant curvature provide explicit models for negative torus
knots with maximal Maslov index and maximal Bennequin number.

Remark 2.14. We also note a rather curious fact: the inversion of the Lagrangian projection
of Py © Ym,n With respect to the origin is an epicycloid traced by the path of a point at distance

(v/m~++/m+n)/v/2n from the origin, generated by rolling a circle of radius r = m//2n(m + n)
along a fixed circle of radius R = n/+/2n(m + n) centered at the origin (see Figure 2). Indeed,
from (2.10) and (2.11), it follows that the Lagrangian projection of pg © vy, p is

n m+n
U |, Cmym COSU + dp, p, COS u |,
m

1
Om,n ()

amn(u) =

. . (m—+
—Cm,n SINU — iy, SIND
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0.5

0.0

-1.0

Figure 2. Left: the Lagrangian projection a3 5 of pg o3 5. Its turning number is 2, and there are fifteen
ordinary double points, each with intersection index —1. Right: the epicycloid obtained inverting as s
with respect to the origin.

where ¢, = \/2n(Mm +n), dppn = V2mn, omn(u) = 2m+n+2/m(m + n) cos(nu/m) and we

have made the change of variable u = \/(m/n)s. Thus, the inversion By, n = ||amn || 2mn is
- m+n - m+n
B (u) = (ém,n sinu — dpp sin( + u> s Cmon COSU + dim p cos( + s) > ,
m m

where ¢, = vVm+n/v2n = R+ r and Jmn = /m/v2n. By comparison, the epicycloid
traced by the path of the point (a + R + 7,0), generated by rolling of a circle with radius r on
the fixed circle of radius R centered at the origin, can be parametrized by

Tu),(R—i—r)sinu—l—asin(R—i_ru)).
r

Hence, if we set a = dy, ,, then |[5p, 5] is obtained by rotating the epicycloid by 7/2 about the
origin.

NRra(U) = ((R + 1) cosu + acos <R

3 mKdV-type flows for Legendrian curves

3.1 Symplectic structure

Recall that P, denotes the space of regular periodic parametrized Legendrian curves v: R — S3
with period L in parameter z. The space Py, has the structure of an infinite-dimensional mani-
fold.2 We begin by characterizing its tangent spaces.

Lemma 3.1. Assume vy € Pr, and let (z,t) be a variation of v, i.e., ¥(x,t) is smooth, belongs

to Pr, for every fized t (for |t| sufficiently small) and §(x,0) = v(x). Let V = w o’ Then

the variation vector field V along v is of the form

V = pve + q(ive) +r(iv),

where p, q, r are real-valued L-periodic functions of x satisfying ry = 2q{Vx,Yx)-

2Tt can be shown that Py has a Fréchet manifold structure by adapting the argument used in Section 43.19 of
Kriegl and Michor’s monograph [15] for the group of contact diffeomorphisms. See also Lerario and Mondino [19],
where a Hilbert manifold structure is discussed, and Haller and Vizman [12], where it is proven that the space of
weighted Legendrian knots in a contact 3-manifold is a co-adjoint orbit of the group of contact diffeomorphisms,
endowed with a Fréchet manifold structure.
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Proof. We compute

0=0/0t,_y(2:7) = (Va, 1) + (2, V)
= ((pz +1g2)72 + 72(17) + (P +19) Ve + r(172), )
+ (Yo, (P +19)72 +7r(i7))
= iry(v,7) + (P +10) (Vaw, V) + (P —10) (Vas Va),

where several terms vanish because (vy;,7) = 0. Differentiating the latter gives (viz,7) +
(Vzsvz) = 0. Using this, and (vy,7v) = 1, we get
0= a/at‘t:0<:}\/w7$> = i'r'ac - 2IQ<'7307’Y$> [ |

In particular, the deformations generated by vector fields H = iy and Ry = f(x)7,, where
f(z) is any L-periodic function, preserve the Legendrian condition. These deformations are, re-
spectively, a constant-speed rotation along the fibers of the Clifford map, and reparametrization
in z (while fixing the period). We wish to consider functionals on Py, that are invariant under
these transformations (which form a group); accordingly, we define Qp, to be the quotient of Py,
by the action of this group, and let [y] € Qr, denote the equivalence class of v € Pr.

A tangent vector V € T},;Qy, corresponds to an equivalence class of vector fields V along 7,
any two of which differ by adding the sum of a constant multiple of H and a vector field of the
form Ry. Thus, V has a unique representative of the form

Te . .
Vo= ———=(ivz) + r(ivy),

such that fOL rdz = 0.
We define the following skew-symmetric form on Qp. Given V, W € T},,Qy, choose represen-
tatives V, W € TP, and compute

L
Qp (VW) = — /0 det 5 (7, 7e, V, W) da, (3.1)

where the notation detgr means that we apply a standard® identification C? =2 R* to each vector
before taking the determinant of the resulting 4 x 4 matrix. (Note that the value of Qp,;(V, W)
does not depend on the choice of representative.) If we write

V = pyve + qv(ive) + rv (i)

and similarly for W, then it is easy to compute that

L L
QM(V,W):% /O (v (1 )e — P (7)) s = /O Py (r)a da.

Theorem 3.2. Q is a symplectic form on Q.

Proof. The skew-symmetric product is non-degenerate, since if Qp,(V, W) = 0 for all V €
11,19L, then ry is constant, and hence W is equivalent to zero.

The fact that Q is a closed 2-form follows as a special case of the calculus developed by
Vizman in [28] for a ‘hat pairing’ of differential forms. Let S be a compact oriented k-dimensional
manifold and M a finite-dimensional manifold, and let w be a differential p-form on M and «
a differential g-form on S. Then the pairing

m:—][ev*w/\pr*a,
S

3In other words, column (z1, 2z2)" € C? is identified with column (Re z1,Im 21, Re 22, Im 22)" € R%.
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defines a differential (p + ¢ — k)-form on F (S, M), the space of smooth functions from S to M.
Here ev: S x F(S, M) — M is the evaluation map ev(x, f) := f(x), pr: S x F(S,M) — S the
projection pr(z, f) := x, and fS denotes the fiber integration. Then by [28, Theorem 1],

d(@ ) = (dw) - a + (—1)Pw - da. (3.2)

We will show that the 2-form €2 in (3.1) can be realized as the hat pairing 7 = v - 1 = fo1 evy,
where v is the canonical volume form on S2 and 1 is the constant function on S'. (Note that v
is the pullback to the sphere of the interior product 1gu, where p is the standard volume form
on R* and E is the Euler vector field rd/dr.)

When ~ is an embedding of the circle into the 3-sphere, v applied to a given V and W
in T, F (S, 5%) reduces to the so-called transgression map (see [28])

mmm:/ymmwm.

Sl

We compute

L L
PV, W) = / () = / V(s V, W) dr = / det & (7, 7e, V, W) da.
0 0

ol

The closure of  follows immediately from the hat calculus formula (3.2), since dv = 0, as v is
a volume form on S3, and d1 = 0. |

The symplectic form defines a correspondence between functionals on Q; (Hamiltonians)
and vector fields in T'Qy, in the usual way. Namely, given a smooth functional H: Q; — R, the
associated Hamiltonian vector field Wy is defined by the correspondence

A% (V) = Qp (V, Wag).

In other words, whenever 7(z,t) is a one-parameter family of Legendrian curves such that
dy/dt|t=0 = V, then

d

3| TEAG)) =0 (V, W)

t=0

Proposition 3.3. Let A denote the total arclength functional on Qr, defined by

L
A: [fy]l%/ <'yx,'y$>1/2dx.
0

Then the Hamiltonian vector field for 4A is equivalent to

k(E . .
W= (i) + 20().

Proof. Let v € Pr, let 4(x,t) be a variation of v, and let

 9a,t)

v |
ot =

S PVt qv (ivz) + rv (iv). (3.3)

Using (2.4), we compute
0

8t <;)\’x>aac>1/2 = <%7’A7x>71/2 Re@xtﬁxﬂt:o = <’YI77=’B>_1/2 Re<V$77$>

t=0
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= (Yo, v2) "2 Re(((pv +igv)e +17v) Yo + (PV + 10V ) Vaas Vo)
= <’Y:L“7 '7x>_1/2 Re ((pV)x<’Yxa '7x> + (pV + iQV)<7xxa ’7:6)) . (3'4)

Because A is invariant under period-preserving reparametrizations, we may assume that v has
constant speed ¢ = (v, v.) /2. Then (42, 72) = ic*k from (2.4), and integrating (3.4) gives

L L
dAp) (V) = / (C(pv)x - C2qu) dzr = —/ Akqy da.
0 0

Setting this equal to

L L
Q) (V, Wy) = _/ rw(ry ), de = —/ 2rw (qv) dz,
0 0

we get ryy = %k Hence,

(TW)w km
qw = = . [ |
2(Ye,Y2) Ve Va)

Corollary 3.4. Let v € P! be a unit-speed curve (not necessarily periodic), let ¥(z,t) be a vari-
ation of vy through unit-speed curves, and let V be as in (3.3). Then ps = kq and rs = 2q.

Proof. If we set (J;,7,) = 1 identically and z = s in (3.4), we obtain

0= (pv)s +Re((pv +iqv) (Vss, Vs))-

Then substituting the expansion (2.3) for 7 gives ps = kq, while ry = 2¢ follows from
Lemma 3.1. ]

We now consider the evolution of the curvature function k& induced by vector fields in T, P.
(Again, for what follows it is not necessary to assume periodicity.)

Proposition 3.5. Let y(xz,t) be a family of reqular Legendrian curves and let

oy

V=g =pet q(ivz) +r(iv) (3.5)

for real-valued functions p,q,r depending on = and t. Let B(z,t) = (vz,72)"/? be the speed
function. Then the curvature k satisfies the PDE

8]{: xr)x xX
- (2) e

In particular, if we have a family of unit-speed curves, then x = s and

ki = qss + (kp)s + 4q. (3'7>
Proof. From differentiating (2.4), we have
ke = B3I (Vi V) + (Ve Vi) — 366715y (3.8)

Recall from (2.5) that v.e = —3%Y + by, where b := 3713, +ifk.
Next, we differentiate the expansion (3.5) twice, substitute into (3.8), and use the inner
product formulas

<’7:L‘:):v 7> = _52’ <’73m’ ’Y:):x> = /82 (BZ + bB)v
<’Ya::ca 7x> = BQba <'7m:a:7 ’Yw> = /82 (ba: + b* — 52)
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As well, from the proof of Proposition 3.3, we have

Bt = 671 Re<vx7’7ac> = (/Bp):c - 62kq' (39)

The expression for k; then follows by substituting these expressions into (3.8) and simplifying.
Then (3.7) follows by setting f = 1 and using the relation ps = kq from Corollary 3.4. |

Along a unit-speed curve v € Pi, the Hamiltonian vector field Wyy from Proposition 3.3
has a representative

1
§k2% + ks(ivs) + 2k(iv),

which satisfies the conditions from Corollary 3.4, and is thus tangent to Pi. By Proposition 3.5,
this vector field induces the curvature evolution

1
ky = ksss + § (k?))s + 4ks,

which differs by a Galilean transformation from the mKdV equation (with s as spatial variable).
In what follows, we will identify an infinite hierarchy of Hamiltonian vector fields that induce
evolution equations for curvature which belong to the mKdV hierarchy.

3.2 The mKdV hierarchy

In this subsection, we review the recursive construction of the mKdV hierarchy. What follows
is essentially the same as in Olver [26], with some changes in notation; for example, we use u to
denote a scalar function of spatial variable s and time ¢, and let ug = w and w1, ug,... denote
its successive s-derivatives. In this notation, the mKdV takes the form

3
up = ug + §u2u1. (3.10)

On the space J[u] of differential polynomials in finitely many of the u;, we will need the total
s-derivative operator § and the Euler operator E, defined respectively by

G oP G ([ OP
— ) — _ 8
oP JE:O Ujt1 o, EP jE:U( J) <8uj>’ P e Jlul.

The mKdV hierarchy is an infinite sequence of evolution equations

Ut = MJ’, ] Z 1,
where My = u; and My is the right-hand side of (3.10). It can be constructed recursively as
follows. There is an infinite sequence {p;} of differential polynomials in u with p; = %uQ and
satisfying

DEp;+1 = CEp;, (3.11)
where

D =4, ¢ =6 + dud " ud.

Then M; = DEp; (e.g., My = uy). Since ©, & are a Hamiltonian pair of skew-adjoint dif-
ferential operators (in the sense of [26, Definition 7.19]) each member of the mKdV hierarchy
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is a bi-Hamiltonian system; moreover, each p; is a conserved density for each of these flows
(see [26, Theorem 7.24)).
It follows from (3.11) that the M; satisfy the recurrence M;;1 = 9iM;, where

R=CoD ! =6+ 0udtu,

while the densities satisfy the recurrence Epj11 = R*Ep; for R* =D~ ! o €. For example,

3 ) ) 15
M = uq, My = ug + §u2u1, M3 = us + §U%U3 + 10 upuius + 511);’ + gulué,
1 1 1 1 D ) 1
p1 = §U27 p2 = _§u% + §U47 p3 = 5“3 + 6“8“2 + ZU%U% + E“gv

It also follows from M, = ((52 + 5u6‘1u) M; that there are differential polynomials N; such
that UM]' = 5N]

Let L; = 2Ep;. The connection between the ingredients of the mKdV hierarchy and defor-
mations of Legendrian curves becomes apparent when we observe that if

V = pys + qlivs) + r(iy) € TP,

then by Corollary 3.4, p, ¢ and r satisfy the same relationships as N;, M; and L;, respectively —
provided we replace u by k. Moreover, from (3.7) the curvature of a unit-speed curve, under
flow by V, evolves by

kt = (SR + 4)(]7

where again we replace u by k in the expression for Y. Matters being so, we define the following
mKdV-type vector fields

Vj = Njvs + Mj(ins) + Li(ly),  j=1L

(From now on, we will take Lj, M;, N;, as well as the operators for the mKdV hierarchy, as
having u replaced by k.) As noted, these are tangent to the submanifold P!, and it is easy to see
that on unit-speed curves they induce curvature evolutions by linear combinations of members of
the mKdV hierarchy (see below). However, these vector fields are defined on the larger space P,
and in the periodic case we will explore their properties in relation to the symplectic structure.

For example, when we restrict our attention to the space Pr of periodic curves, the vector

field
]{,‘2
Vo +
2(Vz, Yz)1/? (Ve Va)

is equivalent to the Hamiltonian vector field from Proposition 3.3. Similarly, we will show below
that the rest of the vector fields V; represent Hamiltonian vector fields on Q..

1
Vi = *kz’Ys + ks(ivs) + 2k(iy) =

5 i, + 2k(iv)

Proposition 3.6. Let V; be the vector field on Qy, represented by V. Then Q(Vp,V;) =0 for
j=1....m—1.

Proof. Let v € Pr. By definition of Q,), the statement is equivalent to fOL Lm(Lj)zdz = 0.
Because this equation is invariant under arbitrary reparametrizations, it suffices to verify this
when v € Pi and x = s, an arclength parameter. The rest of the argument is essentially the
same as the last step in the proof of [26, Lemma 7.25]. [

To show that the V; are Hamiltonian, we need to compute the variations of reparametrization-
invariant integrals involving the curvature and its derivatives.
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Lemma 3.7. Let v € Pr, let §(-,t) € Pr, be a smooth variation of vy, and let V be as in (3.3),
but with the subscript V' omitted from the components p, q, r. Let k; denote the jth derivative
of curvature with respect to arclength and let 5 = (’yw,fyx>1/2. Then for the functional

L
:/0 f(k k1, ... ky)Bde,

we have

4 gem— [Fep(Pu  (B) | a2 )

X tZOJ{(V) —/0 (Ef)< 3 +Q<ﬁ)m+ﬁ (k +4)q> — (Ff)B%kqdz,
where

n m-—1 o
5= Z< 38) i e fin- ]<s> 8kf
m=0 j=0 m

Proof. By straightforward differentiation,

d L L/ @f

dt t:o%(w _/o (m « Ok, )Bﬂcﬁdx (3.12)

where the dot indicates 9/0t. We wish to express Ky, in terms of k. For this purpose, note that

o 0

ot’ Os

Applying this to k;, we obtain
0

ki1 = %ifj — B Bkj1.

By iterating this formula, it follows that
a m m—1 .
_ . BNF ol 2
b= (55) k=X G (37 0.
=0

We substitute this in (3.12), use dz = 37 1ds to apply integration by parts with respect to s,
and substitute expressions for k from (3.6) and for 4 from (3.9), giving

|9 40 s 0 150
}—[(%,5 ax}— 5250 = gl

ot Ear (ot e, ny
wavi= [~ >k <88> k—zj()(%) (6~ 3kms) | | + r67 15 as
LB
a =0 [P aS akm
n m—1 i 8f .
=300 kmj<< 88) B ) 516 ds
m=0 j=0

_ /OL(Ef)( bt)s (%)x + Bkup + B2 (K2 +4)q> + (Ff)((Bp)e — Bkq) dx

It is easy to check that
(Ef)kx = (Ff):ra (3.13)

and thus the terms in dH[V] involving p make up an exact z-derivative of a periodic function,
whose integral is zero. This gives the desired expression. |
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Proposition 3.8. Each mKdV vector field V; represents a Hamiltonian vector field on Q..

Proof. Let v € Pr, and let functional H and vector field V be as in Lemma 3.7. Because of
reparametrization invariance of H, we can assume that 7 is parametrized with constant speed .
Then, using r, = 28%¢, we have

L
dH[V] = /0 (Ef) (qaa + 372 (K> +4)) — 3(Ff)kry da.

Applying integration by parts to the second derivative term gives

1 [t -2 2
dG{[V]:2/ (B72Ef)aa + (K +4)Ef — kFf)ry da.
0

Since (kEf — Ff)s = k(Ef)s from (3.13), we can express this in terms of an mKdV recursion
operator applied to Ef:

L L
dH[V] :;/0 12 (6% + k6 ks + A)Ef do = ;/0 ro(R* + 4)Ef du,

where & denotes the total s-derivative.
Recall that the third ‘v’ component of V; is L;. Since L; = 2Ep; and R* is the recursion
operator for the L;, then

Liy1 +4L; = 2(%* + 4)Epj, 7> 1
Using this inductively, we have
L1 — ()7L = SO (=AY (L +4Ly) = 2008 +4) Y (—4)7FEp,.
k=1 k=1
In particular, if we set f = Zizl(—ll)j_kpk, we see that
AH[V] = Q(Vjz1 — (=4)' V4, V).

Since it has already been shown that V7 is Hamiltonian, it follows that V,, is Hamiltonian for
any n > 1. |

From (3.7), when restricted to unit-speed curves, the Hamiltonian vector field V; induces
the curvature evolution

ki = (9%-1- 4)Mj = Mj+1 + 4Mj (3.14)

for j > 1. For the sake of convenience, we define Vo = ~y,, which induces the translation flow
k; = k. If we define

n

Z, = Z(_4)n_jvjv

Jj=0

then Z,, induces the curvature evolution

ke = (—4)"M1 + (R +4) (Zn:(—4)”‘j Mj>,

J=1
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since My = kg. Using (3.14) and telescoping, this simplifies to
ke = (—4)"M1+ Y (=4 (M1 +4M;j) = My g1,
j=1

Thus, Z,, induces the (n + 1)st mKdV equation for curvature.
For later use, we now derive the evolution of the Frenet frame under flow Z;.

Lemma 3.9. Let I'(s,t) be the U(2)-valued Frenet frame for a smooth family of curves 3(s, t)
parametrized by arclength s, such that
5 = Z, = <2kz - 4) s + ks(ivs) + 2k (i),

~

~ ~ o -
where k(s,t) is the curvature. Then T satisfies — = I'P, where

ot

2ik 4— 12 4 ik,
p=( ., 2 0 ZTaN P (3.15)
§k2 —4 + lks l(k'ss + §k3 — 2]{3)

Proof. Since 7 is the first column of f, then entries of the first column of P are dictated by the
flow of 4. Since I' is U(2)-valued then P takes value in u(2), and this determines the upper-right
entry. Finally, since r s = TU where U = <(1) 1_121
necessary compatibility condition

U —Ps—[UP]=0,

), then equating mixed partials leads to the

which determines the lower right entry in P. |

4 Stationary curves

Let v be a periodic unit-speed Legendrian curve with curvature function k and let (s, t) be its
evolution by the flow of Z,,. We say that ~ is stationary if ¥(s,t) = A(t)y(s—at) for some constant
a € Rand A: R — U(2). If v is stationary, then the evolving curvature @(s,t) = k(s — at) is
a periodic traveling wave solution of the (n + 1)st mKdV equation.

This section focuses on closed curves with non-constant curvature which are stationary for Zj,
which we will call s-loops. By substituting & into the mKdV equation, we see that k(s) = k(s,0)
is a solution of the third-order ODE

K" + gk%’ +ak’ =0, (4.1)

where prime denotes d/ds. Obviously the converse also holds: if k is a solution of (4.1), then

E(s, t) := k(s — at) is a traveling wave solution of the mKdV equation.

Remark 4.1. Equation (4.1) implies that the Clifford projection of an s-loop is a closed elastic
curve in S? (see, e.g., [13] and the literature therein). However, due to the constraint on the
rationality of the total curvature, the Legendrian lifts of closed elastica of S? are, in general, not
closed.

We will refer to a unit-speed Legendrian curve whose curvature is a non-constant periodic
solution of (4.1) as an s-curve; thus, while s-loops are closed, s-curves are not necessarily closed
despite having periodic curvature.

The study of s-loops is organized in two steps. The first is the analysis of the s-curves
(obtained from periodic solutions of (4.1)) and the second is the derivation of the closure con-
ditions, via integration of the Frenet equations (2.2). We describe this scheme for the general
case, suppressing some details, before we apply it to a specific class of stationary curves.
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4.1 The general scheme

By integrating (4.1) twice, we obtain the two conservation laws
" 1 3 1
E" + §k + ak + 5b =0, (4.2a)
1
(K2 + Zk“ + ak® + bk +c=0. (4.2b)

Thus, k is determined by inverting an Abelian integral along the phase curve y* + Py .(z) = 0,
where P, . is the fourth-degree polynomial

1
Popelz) = Zx‘l + az® 4+ bx + c.

As a consequence of the Poincaré-Bendixon theorem, periodic solutions of (4.2b) exist if and
only if P, . possesses either

e four distinct real roots e; > ey > e3 > eq = —(e1 + ea + e3), which we will call the dnoidal
case; or

e two distinct real roots e; > es and two complex conjugate roots —%(61 + e9) =+ ieg where
ez > 0, which we will call the cnoidal case; or

e three distinct real roots, one them with multiplicity two, which is a degenerate limit of the
cnoidal case.

In each case, the coefficients a, b and ¢ of P, . can be written as functions of real parameters
(e1,e2,e3). We will refer to e = (e, €2, €3) as the modulus of k.

Assuming that v is an s-curve, we can arrange (by translating in s, and reversing the orien-
tation of v if necessary) that k(0) = ey, from which it follows that k'(0) = 0. With this choice
of initial condition, the modulus e uniquely determines k(s). Moreover, any other s-curve with
the same modulus is of the form Avo(s + ¢) for some matrix A € U(2) and constant ¢, and is
thus congruent to . Consequently, the congruence classes of s-curves of dnoidal type are in
one-to-one correspondence with the elements of

D= {(61,62,63) eR3 |e1 >ea >e3 > —(e1+ e —l—eg)},

while the congruence classes of s-curves of cnoidal type are in one-to-one correspondence with
the elements of

C= {(61,62,63) S Rg | €1 > eg,e3 > 0}

Sets C and D are the moduli spaces of the s-curves of dnoidal and cnoidal type, respectively.
The curvature of an s-curve with modulus e = (e, ea, €3) is given by

_ gt dn?(gs, m)
g21 + q22 dn(gs, m)
Q11 T q12 cn(gs, m)

s) = )
¢21 + q22 cn(gs, m)

k(s)

, dnoidal case,

cnoidal case, (4.3)

where cn and dn are the Jacobi elliptic functions, m is the square of the Jacobi modulus [18],
and coefficients g;; and parameters ¢, m are certain functions of e (see [1, formulas (256.00)
and (259.00)]). In the degenerate cnoidal case, m = 0 and cn(gs, m) is replaced by cos(gs); in
the sequel, we will not consider this case.
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The wavelength (i.e., the least period of the curvature) is

_ {QK(m)/q, dnoidal case, (4.4)

4K(m)/q, cnoidal case,

where K(m) denotes the complete elliptic integral of the first kind. By integrating the curvature
over its wavelength, we obtain the quantum of total curvature

w
Dy (e) := 217T/0 kds = AK(m) + BII(ny, m), (4.5)
which can be expressed in terms of K(m) and the complete elliptic integral of the third kind
II(n1, m), where A, B and n; are functions of e (see in [1, formulas (340.03) and (341.03)]). By
Proposition 2.8, rationality of the quantum of curvature is a necessary condition for an s-curve to
be closed; however, this is not sufficient. In order to deduce sufficient conditions, we next define
the conserved momentum and show how explicit s-curves can be obtained through integration
by quadratures.
The momentum. Let hy(2) be the vector space of traceless 2 x 2 hermitian matrices. For
every modulus e, we consider the map H: R — ho(2) defined by

B 2k + 1b K +i(3k% +a—4)
= <k:’ — (3 +a—14) “ok—1p ) (4.6)

where k£ is as in (4.3). From (4.2), it follows that H has constant eigenvalues £\, where

1
A= Z\/256 — 128a + 16a2 + b2 — 16¢ > 0.

(Given the expression for A\? in terms of the components of e, it is straightforward to use calculus
to prove that it never vanishes in either the cnoidal or dnoidal cases.) Moreover, equation (4.2)
implies that

0 -1

H +[U,H =0, where U = (1 ik:) as in formula (2.2).

It follows that, if ' is the moving frame along an s-curve y with curvature k, then
THI ! = m, (4.7)

where m is a constant element of (2), called the momentum of . By multiplying v by a matrix
in U(2) if necessary, we can assume that

m= <_3 2) (4.8)

4.2 Integrability by quadratures
Let V/: R — C? for j = 1,2 be the periodic maps

H} —H3 + A
vlz( 2 > v2=< 2 > 4.9
—Hl — )\ H? (4.9)

Proposition 4.2. For every s € R, Vi(s) and V?(s) belong to the FA-eigenspaces of H(s),
respectively. They are everywhere linearly independent if v is of dnoidal type, or if v is of
cnoidal type with generic modulus (i.e., 8ea + b+ 4\ # 0). In the exceptional (i.e., non-generic
cnoidal) case, V' and V? vanish at s = hw for each h € 7 (where w is the wavelength in (4.4)),
and are linearly independent everywhere else.
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Proof. The first part of the statement is a straightforward consequence of (4.9). Moreover,
if V! and V? are nonzero then they are linearly independent as they are eigenvectors for different
eigenvalues.

Since V!, V2 are periodic, we can assume that s € [0,w). Note that the derivative &’ vanishes
at s=0o0rs= %w and is nonzero elsewhere, so V!(s), V2(s) are nonzero if s # 0 and s # %w.

Note also that k(0) = e2 and k(iw) = e1. Thus, we have

Li(e2 a— L(ge
o (Y - (5523)

and

Vi) = (BT v = (TR,
—5(8e1+b) — A si(e? +2a —8)
Hence, it suffices to prove that V' is nowhere zero in the dnoidal or generic cnoidal cases, and
that, in the exceptional case, V! vanishes only at s = 0.
Consider the cnoidal case. In this case, expressing a in terms of e, es, e3 gives

1
el 420 —8 = g(5e§ — 2e1eg — €3 + 4e3 — 64) (4.10)

for one half of the imaginary part of the upper entry of V! (%w) Suppose this vanishes; then

1
e3 = 5\/—56% + 2e1e9 + 36% + 64.

Using this equality and writing A and b as a functions of e; and ey, minus one times the bottom
entry of V! (%w) becomes

1 1

Hence, Vl(%w) # 0. Tt is clear that if 8es + b + 4\ # 0 then V!(0) # 0. On the other hand, if
4\ = —(8ez + b), then squaring both sides and using (4.10) gives €2 + 2a — 8 = 0, so V'(0) = 0.
Consider now the dnoidal case. In this case, the analogue of (4.10) is

(e% — e% — e% — e1e9 — €163 — e9e3 — 16). (4.11)

N | —

e%+2a—8:

Suppose that left-hand side (Which is one half of the imaginary part of the upper entry of V! (%w))
vanishes. Recall that the roots ey, es, e3, e4 have been ordered so that ey > es > e3 > e4. Since
their sum is zero, root e; is positive. Then, setting the right-hand side of (4.11) to zero and
solving gives

1

el = 5(62-1—634—\/644—56%-1—66263-1—56%).

Then, expressing b in terms of e1, ez, e3 and using the last equation gives

1
b+ 8 = 1 (16 + (e2 + 63)2) (262 + 2e3 + \/64 + 5e + 6eges + 56%) > 0.
Hence, since )\ is positive we have b+8e; 44\ > 0, and so V* (%w) =# 0. Next, suppose the upper

entry of V1(0) vanishes. Then (4.11) gives

e% — eg —l—e% + ejeg + e1e3 + eges + 16 = 0.
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Solving with respect to e; and taking into account that e; > e4, we obtain

1
el = 5(—62 —e3+ \/56% — 2ege3 — 36% — 64).
Again, expressing b in terms of the moduli and using the last equation gives
1 1
4 16
Since es > e3 the left hand side is strictly negative, and thus V!(0) # 0. |

(b + 862) - A (—(62 — 63)((62 + 63)2 + 16) — ‘(62 — 63)((62 + 63)2 + 16) D

Let J = R in the generic case and J = R\ {hw}nez in the exceptional case. From (4.7),
it follows that I'(s)V!(s) and I'(s)V?(s) are FA-eigenvectors of m, for every s € J. Since these
vectors are fixed up to scalar multiple, it follows that there exist smooth functions ¢;: J — C,
7 =1,2 such that

%(ij) =4IV, j=1,2 (4.12)

Using (2.2), we rewrite (4.12) in the form

d . 4

diV] =—(U — fjldgxg)vj, j=1,2. (4.13)
s

From (4.6) and (4.9), we can express V/ and its derivative in terms of & and k’. Solving (4.13)

for ¢1 and ¢5, we obtain

4k 3k k
/1 = Vg = ——— Imlé; =—+A Imb, =—-—A
Refi=Reby =gty Wmh=p 4 Imb=7-4
where
16(4 — 4
A= 6(4—a)+ (b+4Nk (4.14)

4(8k + 4N+ )
On the other hand, (4.12) implies that

F|Je—ijdsvj = Eja J=1L2

where Z! and Z? are locally constant maps with values in the F\-eigenspaces of m. Since m is in
diagonal form, E! = (511, O)T and 22 = (O,fg)T, where £1, €2 are nonzero constants. Choosing
appropriately the primitives of the /;-functions, we may assume ¢l = €2 = 1. Hence, the Frenet
frame along an s-curve with modulus e is given by

VT ol [ Gk+Ads 0 .
[y = vV8k + 4\ + 0 oi J th-Ads v, (4.15)

where V = (V',V?) and A is as in (4.14). Using (4.3), we can rewrite A in the form

_ putpi dn®(gs,m)
pa1 + p22 dn®(gs, m)’

Als) = P11 + pi2 en(gs, m)
p21 + p22 cn(gs,m)’

the coefficients p;; being appropriate functions of e. Using standard elliptic integrals we obtain

A(s) dnoidal case,

cnoidal case,

1 w
Dy(e) := 27r/0 A ds = CK(m) + DII(ng, m),

where C, D and ng are functions of the modulus e. As a consequence of (4.5) and (4.15), we
have the following.
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Proposition 4.3. An s-curve with modulus e is closed if and only if
(®1(e), P2(e)) € Q%

Remark 4.4. If we compute the monodromy M := T'|,T|;* € U(2) for an s-curve v, then 7 is
closed if and only if M has finite order, the order being the wave number of ~.

Proposition 4.5. Let vy be an s-curve with modulus € and momentum m given by (4.8). Then

5(s,t) = exp <i <m _ lebIdQXQ)t>v(s ~ at)

is the evolution of v by the flow of Zy.
Proof. From (2.2) and Lemma 3.9, we have

Il = U(s — at)ds + P(s — at) dt,

where U(s — at) = (? ik(:at)> and P(s — at) is given by (3.15) with %(s,t) = k(s — at).

Using (4.2a), we can write

1 1
kss(s — at) + Qk‘(s —at)® — 2k(s — at) = —(a + 2)k(s — at) — ib’

so that
T _ l’\z T
P(s — at) = Ak A=k ik ) (4.16)
Since 7 is stationary, its evolving Frenet frame satisfies I'(s,t) = A(t)[(s — at), where

A:R — U(2) is a smooth map with A(0) = Idax2. Substituting this into %—I: TP(s — at),
we deduce that

P(s—at)=T(s— at)_lA(t)_I%(A(t)F(s —at))
=T'(s—at) *A@t)! (A’(t)f‘(s —at) + A(t)aatf(s - at))
=T(s—at) *A(t) 'A'(H)T(s — at) — aU(s — at). (4.17)

From (4.16) and (4.6), we obtain
1
P(s—at) +aU(s —at) =1 (H(s —at) — 4bId2X2> ) (4.18)
Then (4.17) and (4.18) imply that
—1 A/ : -1 1 . 1
A(t)""A'(t) =i'(s — at)H(s —at)[(s —at) " — IZbIdQXQ =i({m-— Zbldgxg .

Exponentiating the matrix on the right and substituting in 7(s,t) = A(t)y(s — at) gives the
required formula. [ |

Remark 4.6. The evolution of 7 is periodic in ¢ if and only if there exist p1,p2 € Q such that
b = p1A and ma = pswA. An s-loop satisfying these two constraints is said to be t-periodic.
However, in some cases (for instance if b = 0) the trace |y(—,t)| can evolve periodically in time
even though ~ is not time-periodic.
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4.3 Phase-symmetrical s-curve of cnoidal type

We now specialize the general scheme to s-curves and s-loops of cnoidal type whose phase curves
are symmetrical about the imaginary axis; we call these ¢-curves and ¢-loops for short. The
moduli of a ¢-curve satisfy e = —e;. We drop the dependence upon ey and we identify the
moduli space of ¢-curves with the quadrant Co = {(e1,e3) € R* | e; > 0, eg > 0}. (The zero
subscript indicates our symmetric assumption.) The curvature and the wavelength of a ¢-curve
with modulus e = (ej, e3) are given by

4

k = —ejcn(fs,m), We = ZK(m), (4.19)

2
where m = 26% and { = Lle| = \/e? + e} From the curvature formula it follows that the

2
61 63
quantum ®; of total curvature of a ¢-curve vanishes. As a consequence we have:

Corollary 4.7. A ¢-curve of modulus e is closed if and only if ®2(e) € Q. The Maslov index
of a ¢-loop is zero.

Remark 4.8. The modulus e is exceptional (in the sense of Proposition 4.2) if and only if it is
an element of C§ = {e € Cp | |e| = 4}.

In order to compute ®o(e) := % fa‘) ¢ A ds, we start with the expressions for @ and A in terms
of the modulus, take into account that b = 0, and use (4.19). Then expression (4.14) for the
A-function becomes

164 €3 — €3 — Xegen(fs, m)

A
4\ — 8ey cn(fs,m) ’

(4.20)

while (4.14) specializes to A = $+/(e? + €2 — 16)2 + 64e?.
From (4.20), using the standard elliptic integral (341.03) of [1], we obtain

A ( le| + 16 ( —64e?
K(m) — 5 II 2 2 m , € ¢ CSJ
B (e) = 2rle| , le|2—16 "\ (Je|2 — 16)

fpla
47 16 )’

ec ().

The function @, is real-analytic on Cp \ Cj and has a jump discontinuity on Cj. However, its
regularization

(I)Q(e), eGCU_,
~ 1
Ba(e) = Bale) 45, e Cy,
(I)Q(e)+1, eGCa'_,

where Cf = {e € Cy | |e|] > 4} and C; = {e € Cy | |e| < 4} are the connected components
of Cp \ C§, is real analytic on Cy. Since @9 differs from ®9 by a rational number, we have the
following.

Corollary 4.9. A ¢-curve with modulus e is closed if and only if &32(6) € Q.

Definition 4.10. Let « be a ¢-loop with modulus e such that 52(9) =q € Q. We call g the
characteristic number of .

An experimental analysis of the symplectic gradient of ®, leads to the following observations
(see also Figure 3):
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0 5 10 15 20 25 30 W2

Figure 3. Selected level sets X, for r-values specified in the legend.

e The map ®, is a submersion from Cy onto the interval Jij2 = (1/2,+00). For r € Jy /9,

let 3, denote the fiber (or level set) :I;Q (r). Then X, intersects C; transversely in a single
point. In particular, for every ¢ € J;/2NQ, the points along X, correspond to a 1-parameter
family of distinct congruence classes of ¢-loops with characteristic number gq.

e The fiber ¥; is unbounded, and 0X; = {e] } where ] = (0,2). When e € ¥; tends to e,
the tangent to 1 at e limits to a horizontal line. In addition, the oblique line e3 = pe;
for p ~ 0.448103 is an asymptote of ;.

e If r € (1/2,1), the fiber ¥, is bounded, lies above ¥;, and has two boundary points
along the es-axis: the upper boundary point e} = (O, ei}ir) where eir > 4, and the lower

boundary point e, = (0, eir) where 2 < eg, < 4. When e € %, tends to e}, the tangent
to 2, at e tends to a horizontal line.

e If r > 1, the fiber ¥, lies below ¥; and has a unique boundary point e, = (0, e:;r), with
e, € (0,2). As in the previous case, when e € ¥, tends to e, the tangent to X, at e
tends to the horizontal line e3 = €5 .. In addition, the ej-axis is an asymptote of X,.

For g € J;,2NQ, we call ¥, the modular curve of q. The exceptional point 3, NC{ is denoted
by e;. Then %, \ {€}} has two connected components: ¥, C Cy and £} C Cy.
Congruence class representative
For a given modulus e, we pick a representative ¢-loop e, uniquely specified by initial conditions
7e(0) = [Ug Ve, 75(0) = [,

where

[(—4i(2e; + A) . (0%
Ue—< ]e|2—16 >a Ue_(Ule :

We call this is a standard ¢-loop; clearly, any ¢-loop is congruent to a standard one. From now
on we assume that ¢-loops are in their standard forms.
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Figure 4. Left: for e = (0.600642,2.44722) € 5 ¢, the Clifford projection 7, of the loop ve; the blue
vector passing through the cyan point is i = (1,0,0). Right: the Heisenberg projection (ve)m of 7e; the
blue vector is parallel to k = (0,0,1).

Figure 5. Left: for ef ¢ ~ (2.39412,3.2044), the Clifford projection ne of the loop ve. Right: the
Heisenberg projection ('Ye?,/e) 1. (Blue vectors are the same as in Figure 4.)

Definition 4.11. We call the 1-parameter family G, = {7e | € € ¥4} of ¢-loops the isomon-
odromic family of q. The terminology is motivated by the fact that every loop in G, has mon-
odromy

ei27rq 0
Mq = ( 0 e—i27rq) .

(The diagonal form of the monodromy is the reason for our choice of initial conditions for
standard loops.)

Finally, we discuss the geometry of ¢-loops, along with several examples.

Geometric features

Let e € ¥y for ¢ = m/n € Jy/5 N Q. From formula (4.15) for the Frenet frame, setting ®; = 0,
®y = g along Yy, and using the properties of the map ®2, we derive the following results:

e If n is odd, the spin s and the Clifford index cl of 7 are both 1. If n is even, s = 1/2
and cl = 2.

e The image of 7, is invariant by the group of order n generated by the monodromy, while
the image of the Clifford projection 7, is invariant by the group generated by the rotation
of 27 /(sn) around the z-axis.
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Figure 6. Left: the Clifford projection 7e of the loop with modulus e = (2.59382,3.35732) € Y5, The
blue vector passing through the cyan point is i = (1,0,0). Right: the Heisenberg projection (ve)s of Ye.
The blue vector is parallel to k = (1,0,0).

Figure 7. Left: the Clifford projection e of the loop with modulus €' = (2.65939,3.41132) € X5, The
blue vector passing through the cyan point is i = (1,0,0). Right: the Heisenberg projection (ye/) s of Ye.
The blue vector is parallel to k = (1,0,0).

e The image of ne; passes through each of the poles Ny = (£1,0,0) ns times. If e # e,
the image of 7, is bounded by the planes z = 7.(0) € (0,1) and = = n}(we/2) = —1L(0) €
(—1,0), where n} denotes the first component of 7e.

e Let SL C S? be the equator S2NOyz oriented counterclockwise with respect to i = (1,0,0).
Taking the homotopy class of S. as generator, we identify the fundamental group 7 (82 \
{N.}) with Z. Similarly, if we let S} € R*\ Oz be the unit circle centered at the origin and
contained in the plane z = 0, equipped with the counterclockwise orientation with respect
to upward oriented z-axis, then that generator allows us to identify the fundamental group
m (R3 \ Oz) with Z. Using these identifications, for a given e € E(‘; the homotopy class
[ne] € m1(S* \ {N+}) is 2s(n — m); equivalently, the homotopy class [Ye] € 71 (R?\ Oz) is
2s(n —m). For e € ¥, the homotopy classes [n¢] and [Je] are both 2sm sign(n — m).

e Ase limits to eflt, 7Ne tends to the (standard) Legendrian lifts of the corresponding multiply-
covered circles.

e If e € X, the Clifford projection 7e is a simple curve if and only if m = n — 1 and
e — e[l < &g, where £, > 0 depends on ¢ = (n —1)/n.
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Figure 8. Left: the Clifford projection 7z of the loop with modulus € = (3.99723,5.1619) € ¥5,5. The
blue vector passing through the cyan point is i = (1, 0,0). Right: the Heisenberg projection (yg)g of vs.
The blue vector is parallel to k = (1,0, 0).

e There exist countably many e € ¥, such that the evolution e(—,t) of 7 is periodic in t.
More precisely, let P;: ¥, — R be the real-analytic function

W(eg - e%) e

Pal®) = 6xK(m)

and suppose its range is the interval I, C R. From Proposition 4.5 and Remark 4.6,
it follows that the evolution Je(—,t) of a ¢-loop e € G, is periodic in ¢ if and only if
P(e) = m/n € Q. The time period is 27nn/hAe, where h = ged(n, m).

Examples

We consider the isomonodromic family with ¢ = 5/6. Given e, e’ € X, let ¥,(e,€’) be the
oriented, open arc of ¥, joining e and €'. The limit points of ¥5/5 are €55 = (0,12/5) and

e;r/G = (0,12). The exceptional point is €56 = (2.39412,3.2044).

e Lete € Xy (eg/G, e;/ﬁ). Then the image of 7 is contained in S?\{N*} and has 12 ordinary
double points (see Figure 4). Since 7e(s) for s € [0, 3we] turns clockwise 5 times around the
x-axis, then [ne] € m (82 \Ni) is —5. Meanwhile, the image of the Heisenberg projection
(7e)m is a Legendrian unknot contained in R® \ Oz and (ve)m(s), s € [0,6we], turns
clockwise 5 times around the upward-oriented vertical axis. Thus, [(ye)r] € 71 (R?\ Oz)
is —5.

e For the exceptional modulus e} /67 Tle ¢ Passes three times through the poles of S? and has
six additional ordinary double points, while ('ye;/ﬁ) 7 intersects the Oz-axis in six points
(see Figure 5).

o Let e € 25/6(63/67(3;/6)‘ The image of 7 is contained in S? \ {NT} and 7(s), s €
[0,3we], turns counterclockwise once around the z-axis, so that [ne] € m (S \ {N*})
is 1. Meanwhile, the image of the Heisenberg projection (ve)m is a Legendrian unknot
contained in R3\ Oz and (ve)g(s), s € [0, 6we], turns counterclockwise once around the
upward-oriented vertical axis. Hence, [(ve)n] € m1(R?\ Oz) is 1.

o Let e = (2.65939,3.41132) € X5/5. 7me has six tangential double points (see Figure 7).
Ife €35 (e’, e;/G), Ne is a simple curve (see Figure 8).
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Figure 9. 7s(—,t),t =0,0.05,0.1,0.12 and the orbit t — 75(0, t).

e The function P/ has an absolute minimum p_ ~0.408156 attained at el ~(2.7904, 3.5253).
The function is decreasing on 356 (eg/b,, eT), increasing on s /g (eT, e;/ﬁ) and tends to

pr ~ 6.75 as e — e} .. Thus, for every p = m/n € (p_,py) N Q there exist a time-

5/6°
periodic s, € G, whose evolution has period 1277/gcd(6,m)Ne,. For instance, let & =
(3.245612,10.568031) € ¥5/6, then P5 (&) = 5. Hence, 7& is time-periodic and the time-
period of 7 is 67, 7 = 0.229849. Figure 9 depicts the evolving curves Js(—,t), t =

0,0.05,0.1,0.12, and the orbit ¢t — 75(0, t).

5 Discussion

To summarize, we have shown that, in the context of pseudo-Hermitian geometry on S3, there
are flows for Legendrian curves that induce curvature evolution by any integrable PDE in the
mKdV hierarchy. Moreover, we constructed a natural symplectic structure on the space of pe-
riodic Legendrian curves relative to which each of these flows is Hamiltonian. For the flow Z;
which induces evolution by the mKdV equation itself, we have carried out a detailed analysis
of curves that are stationary (i.e., whose flows are congruent to the initial curve), identify-
ing closure conditions and obtaining a complete description of periodic stationary curves in
a significant special case. These results naturally suggest further questions and directions for
research.

First, it is worth highlighting that the closure conditions for stationary curves could only
be obtained because these curves are integrable by quadratures (see Section 4.2). In fact,
7 -stationary curves arise as projections to S° of trajectories of a completely integrable contact-
Hamiltonian system on U(2) x R3. It is natural to ask if this holds for higher flows in the
hierarchy. That is, for n > 1 are Z,-stationary curves also the projections of the trajectories of
some completely integrable finite-dimensional contact-Hamiltonian system?

Next, as a completely integrable PDE the mKdV equation has a rich structure, including
infinitely many conservation laws (as mentioned above), but also a Bécklund transformation
which generates new solutions from old ones [14, 29]. Since this transformation can be realized
as a gauge transformation or ‘dressing’ at the level of the Lax pair, and these Lax equations are
equivalent to the AKNS-type system satisfied by our U(2)-valued Frenet frame, it is natural to
ask if there is a geometric transformation for Legendrian curves that corresponds to the Backlund
transformation for curvature. If available, this transformation could be used to generate new and
interesting solutions to our flows, starting with some of the stationary curves we have obtained
above.
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Last, the pseudo-Hermitian 3-sphere has, as mentioned in the introduction, a non-compact
dual A3, the 3-dimensional anti-de Sitter space equipped with its pseudo-Hermitian structure of
constant Webster curvature —1. In this case, we expect that the defocusing mKdV equation and
its associated hierarchy can be realized by flows of Legendrian curves in A3. It is also possible
that there are integrable flows for null curves in this space, which would likely be related to the
KdV hierarchy. If this is the case, it is natural to ask whether the Miura transformation [20]
between KdV and defocusing mKdV equations has some geometric realization that mediates
between flows of Legendrian and null curves in A3.
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